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Outline

• Bayesian vs. frequentist
• Uninformative priors
• Exchangeability, de Finetti's theorem
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Bayesian vs. Frequentist 

• Let us consider to estimate a parameter     , e.g., the 
chance of head (tossing a coin), from observed data

4
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• Frequentist:      is some fixed parameter, no randomness
– We want to estimate it from observations

– How to quantify your uncertainty?
• confidence level, note that              is a R.V., but        is not. 

✓
<latexit sha1_base64="V2dQ0/4Gbat4olcLfvuGoqxNibU=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzJTBV0W3bisYB/QGUomk7ahmcmQ3BHqUPwVNy4Ucet/uPNvzLSz0NYDIYdz7iUnJ0gE1+A431ZpZXVtfaO8Wdna3tnds/cP2lqmirIWlUKqbkA0EzxmLeAgWDdRjESBYJ1gfJP7nQemNJfxPUwS5kdkGPMBpwSM1LePMi+QItSTyFzYgxEDMu3bVafmzICXiVuQKirQ7NtfXihpGrEYqCBa91wnAT8jCjgVbFrxUs0SQsdkyHqGxiRi2s9m6af41CghHkhlTgx4pv7eyEik83xmMiIw0oteLv7n9VIYXPkZj5MUWEznDw1SgUHivAoccsUoiIkhhCpusmI6IopQMIVVTAnu4peXSbtec89r9buLauO6qKOMjtEJOkMuukQNdIuaqIUoekTP6BW9WU/Wi/VufcxHS1axc4j+wPr8AQKllZQ=</latexit>

216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269

Z(⌘) = |2⇡⌃|1/2 exp(1
2
µ>⌃�1µ)

= |2⇡⌃|1/2 exp(1
2
µ>⌃�1⌃⌃�1µ)

= |2⇡⌘�1
1 |1/2 exp(1

2
⌘>
2 ⌘

�1
1 ⌘2)

⌘1

⌘2

r logZ(⌘) =
1

Z(⌘)
rZ(⌘)

rZ(⌘) =

Z
h(x) exp

�
u(x)>⌘

�
u(x)dx

r logZ(⌘) = E[u(x)]
D = {x1, . . . ,xN}

p(D|⌘) =
NY

n=1

h(xn)
1

Z(⌘)N
exp

�
⌘>

NX

n=1

u(xn)
�

log
�
p(D|⌘)

�
= �N logZ(⌘) + ⌘>

NX

n=1

u(xn)

r log
�
p(D|⌘)

�
= 0

r logZ(⌘) =
1

N

NX

n=1

u(xn)

p(⌘|�, ⌫) / 1

Z(⌘)⌫
exp(⌫⌘>�)

p(⌘|x,�, ⌫) / 1

Z(⌘)⌫+1
exp

�
⌘>(⌫�+ u(x))

�

p(⌘| 1

⌫ + 1
�+

1

⌫ + 1
u(x), ⌫ + 1)

r2 logZ(⌘) = var
�
u(x)

�

✓ =

✓
µ
⌃

◆

I = E[�r2 log(p(x|⌘))]

L(✓;x1, . . . ,xN ) =
NY

n=1

p(xn|✓)

x1, . . . ,xN

5

216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269

Z(⌘) = |2⇡⌃|1/2 exp(1
2
µ>⌃�1µ)

= |2⇡⌃|1/2 exp(1
2
µ>⌃�1⌃⌃�1µ)

= |2⇡⌘�1
1 |1/2 exp(1

2
⌘>
2 ⌘

�1
1 ⌘2)

⌘1

⌘2

r logZ(⌘) =
1

Z(⌘)
rZ(⌘)

rZ(⌘) =

Z
h(x) exp

�
u(x)>⌘

�
u(x)dx

r logZ(⌘) = E[u(x)]
D = {x1, . . . ,xN}

p(D|⌘) =
NY

n=1

h(xn)
1

Z(⌘)N
exp

�
⌘>

NX

n=1

u(xn)
�

log
�
p(D|⌘)

�
= �N logZ(⌘) + ⌘>

NX

n=1

u(xn)

r log
�
p(D|⌘)

�
= 0

r logZ(⌘) =
1

N

NX

n=1

u(xn)

p(⌘|�, ⌫) / 1

Z(⌘)⌫
exp(⌫⌘>�)

p(⌘|x,�, ⌫) / 1

Z(⌘)⌫+1
exp

�
⌘>(⌫�+ u(x))

�

p(⌘| 1

⌫ + 1
�+

1

⌫ + 1
u(x), ⌫ + 1)

r2 logZ(⌘) = var
�
u(x)

�

✓ =

✓
µ
⌃

◆

I = E[�r2 log(p(x|⌘))]

L(✓;x1, . . . ,xN ) =
NY

n=1

p(xn|✓)

x1, . . . ,xN

✓ML = argmax
✓

NX

i=1

log p(xi|✓)

5

216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269

Z(⌘) = |2⇡⌃|1/2 exp(1
2
µ>⌃�1µ)

= |2⇡⌃|1/2 exp(1
2
µ>⌃�1⌃⌃�1µ)

= |2⇡⌘�1
1 |1/2 exp(1

2
⌘>
2 ⌘

�1
1 ⌘2)

⌘1

⌘2

r logZ(⌘) =
1

Z(⌘)
rZ(⌘)

rZ(⌘) =

Z
h(x) exp

�
u(x)>⌘

�
u(x)dx

r logZ(⌘) = E[u(x)]
D = {x1, . . . ,xN}

p(D|⌘) =
NY

n=1

h(xn)
1

Z(⌘)N
exp

�
⌘>

NX

n=1

u(xn)
�

log
�
p(D|⌘)

�
= �N logZ(⌘) + ⌘>

NX

n=1

u(xn)

r log
�
p(D|⌘)

�
= 0

r logZ(⌘) =
1

N

NX

n=1

u(xn)

p(⌘|�, ⌫) / 1

Z(⌘)⌫
exp(⌫⌘>�)

p(⌘|x,�, ⌫) / 1

Z(⌘)⌫+1
exp

�
⌘>(⌫�+ u(x))

�

p(⌘| 1

⌫ + 1
�+

1

⌫ + 1
u(x), ⌫ + 1)

r2 logZ(⌘) = var
�
u(x)

�

✓ =

✓
µ
⌃

◆

I = E[�r2 log(p(x|⌘))]

L(✓;x1, . . . ,xN ) =
NY

n=1

p(xn|✓)

x1, . . . ,xN

✓ML = argmax
✓

NX

i=1

log p(xi|✓)

5

✓
<latexit sha1_base64="V2dQ0/4Gbat4olcLfvuGoqxNibU=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzJTBV0W3bisYB/QGUomk7ahmcmQ3BHqUPwVNy4Ucet/uPNvzLSz0NYDIYdz7iUnJ0gE1+A431ZpZXVtfaO8Wdna3tnds/cP2lqmirIWlUKqbkA0EzxmLeAgWDdRjESBYJ1gfJP7nQemNJfxPUwS5kdkGPMBpwSM1LePMi+QItSTyFzYgxEDMu3bVafmzICXiVuQKirQ7NtfXihpGrEYqCBa91wnAT8jCjgVbFrxUs0SQsdkyHqGxiRi2s9m6af41CghHkhlTgx4pv7eyEik83xmMiIw0oteLv7n9VIYXPkZj5MUWEznDw1SgUHivAoccsUoiIkhhCpusmI6IopQMIVVTAnu4peXSbtec89r9buLauO6qKOMjtEJOkMuukQNdIuaqIUoekTP6BW9WU/Wi/VufcxHS1axc4j+wPr8AQKllZQ=</latexit>



Bayesian vs. Frequentist 

• Let us consider to estimate a parameter     , e.g., the 
chance of head (tossing a coin), from observed data

7

✓
<latexit sha1_base64="V2dQ0/4Gbat4olcLfvuGoqxNibU=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzJTBV0W3bisYB/QGUomk7ahmcmQ3BHqUPwVNy4Ucet/uPNvzLSz0NYDIYdz7iUnJ0gE1+A431ZpZXVtfaO8Wdna3tnds/cP2lqmirIWlUKqbkA0EzxmLeAgWDdRjESBYJ1gfJP7nQemNJfxPUwS5kdkGPMBpwSM1LePMi+QItSTyFzYgxEDMu3bVafmzICXiVuQKirQ7NtfXihpGrEYqCBa91wnAT8jCjgVbFrxUs0SQsdkyHqGxiRi2s9m6af41CghHkhlTgx4pv7eyEik83xmMiIw0oteLv7n9VIYXPkZj5MUWEznDw1SgUHivAoccsUoiIkhhCpusmI6IopQMIVVTAnu4peXSbtec89r9buLauO6qKOMjtEJOkMuukQNdIuaqIUoekTP6BW9WU/Wi/VufcxHS1axc4j+wPr8AQKllZQ=</latexit>

• Bayesian:       is a random variable as well!✓
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qWe can encode our beliefs, previous experience and 
desires in the prior 
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qWe can encode our beliefs, previous experience and 
desires in the prior 

qWe can make probabilistic statements about      
(mean, variance, quantiles, etc.).
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qWe can encode our beliefs, previous experience and 
desires in the prior 

qWe can make probabilistic statements about      
(mean, variance, quantiles, etc.).

qWe can make Bayesian prediction that integrates all 
the possible outcomes
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Bayesian vs. Frequentist 

• Is Bayesian analysis subjective?
– Not necessary: Bayesian provides a convenient way to 

incorporate subjective believes (important for AI!) But it 
can also uses uninformative priors (this is objective 
Bayesian!)

– Frequentist models make assumptions, too!  
– Whether using frequent or Bayesian models, always check 

the assumptions you make
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Outline

• Bayesian vs. frequentist
• Uninformative priors
• Exchangeability, de Finetti's theorem
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Uninformative priors

• In many cases, we have little idea of what  form the 
distribution should take 

• Though conjugate priors are computationally nice, 
objective Bayesians instead prefer priors which has 
little influence on the posterior distribution. Such a 
prior is called an uninformative prior. 

• Let the data speak for themselves

16



Uninformative priors

• What priors do you have immediately in mind?

17



Uninformative priors

• What priors do you have immediately in mind?
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Uniform distribution! 



Uninformative priors

• What priors do you have immediately in mind?
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Now that I do not know which parameter is more likely to 
be sampled, let us just assume the chances are equal!

Uniform distribution! 



• Uniform distribution
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Uninformative priors

For finite states: 
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• Uniform distribution
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Uninformative priors
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What about unbounded domains?



• Uniform distribution
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What about unbounded domains?
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118 2. PROBABILITY DISTRIBUTIONS

any subsequent observations of data. In many cases, however, we may have little
idea of what form the distribution should take. We may then seek a form of prior
distribution, called a noninformative prior, which is intended to have as little influ-
ence on the posterior distribution as possible (Jeffries, 1946; Box and Tao, 1973;
Bernardo and Smith, 1994). This is sometimes referred to as ‘letting the data speak
for themselves’.

If we have a distribution p(x|λ) governed by a parameter λ, we might be tempted
to propose a prior distribution p(λ) = const as a suitable prior. If λ is a discrete
variable with K states, this simply amounts to setting the prior probability of each
state to 1/K. In the case of continuous parameters, however, there are two potential
difficulties with this approach. The first is that, if the domain of λ is unbounded,
this prior distribution cannot be correctly normalized because the integral over λ
diverges. Such priors are called improper. In practice, improper priors can often
be used provided the corresponding posterior distribution is proper, i.e., that it can
be correctly normalized. For instance, if we put a uniform prior distribution over
the mean of a Gaussian, then the posterior distribution for the mean, once we have
observed at least one data point, will be proper.

A second difficulty arises from the transformation behaviour of a probability
density under a nonlinear change of variables, given by (1.27). If a function h(λ)
is constant, and we change variables to λ = η2, then ĥ(η) = h(η2) will also be
constant. However, if we choose the density pλ(λ) to be constant, then the density
of η will be given, from (1.27), by

pη(η) = pλ(λ)
∣∣∣∣
dλ

dη

∣∣∣∣ = pλ(η2)2η ∝ η (2.231)

and so the density over η will not be constant. This issue does not arise when we use
maximum likelihood, because the likelihood function p(x|λ) is a simple function of
λ and so we are free to use any convenient parameterization. If, however, we are to
choose a prior distribution that is constant, we must take care to use an appropriate
representation for the parameters.

Here we consider two simple examples of noninformative priors (Berger, 1985).
First of all, if a density takes the form

p(x|µ) = f(x − µ) (2.232)

then the parameter µ is known as a location parameter. This family of densities
exhibits translation invariance because if we shift x by a constant to give x̂ = x+ c,
then

p(x̂|µ̂) = f(x̂ − µ̂) (2.233)

where we have defined µ̂ = µ + c. Thus the density takes the same form in the
new variable as in the original one, and so the density is independent of the choice
of origin. We would like to choose a prior distribution that reflects this translation
invariance property, and so we choose a prior that assigns equal probability mass to
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any subsequent observations of data. In many cases, however, we may have little
idea of what form the distribution should take. We may then seek a form of prior
distribution, called a noninformative prior, which is intended to have as little influ-
ence on the posterior distribution as possible (Jeffries, 1946; Box and Tao, 1973;
Bernardo and Smith, 1994). This is sometimes referred to as ‘letting the data speak
for themselves’.

If we have a distribution p(x|λ) governed by a parameter λ, we might be tempted
to propose a prior distribution p(λ) = const as a suitable prior. If λ is a discrete
variable with K states, this simply amounts to setting the prior probability of each
state to 1/K. In the case of continuous parameters, however, there are two potential
difficulties with this approach. The first is that, if the domain of λ is unbounded,
this prior distribution cannot be correctly normalized because the integral over λ
diverges. Such priors are called improper. In practice, improper priors can often
be used provided the corresponding posterior distribution is proper, i.e., that it can
be correctly normalized. For instance, if we put a uniform prior distribution over
the mean of a Gaussian, then the posterior distribution for the mean, once we have
observed at least one data point, will be proper.

A second difficulty arises from the transformation behaviour of a probability
density under a nonlinear change of variables, given by (1.27). If a function h(λ)
is constant, and we change variables to λ = η2, then ĥ(η) = h(η2) will also be
constant. However, if we choose the density pλ(λ) to be constant, then the density
of η will be given, from (1.27), by

pη(η) = pλ(λ)
∣∣∣∣
dλ

dη

∣∣∣∣ = pλ(η2)2η ∝ η (2.231)

and so the density over η will not be constant. This issue does not arise when we use
maximum likelihood, because the likelihood function p(x|λ) is a simple function of
λ and so we are free to use any convenient parameterization. If, however, we are to
choose a prior distribution that is constant, we must take care to use an appropriate
representation for the parameters.

Here we consider two simple examples of noninformative priors (Berger, 1985).
First of all, if a density takes the form

p(x|µ) = f(x − µ) (2.232)

then the parameter µ is known as a location parameter. This family of densities
exhibits translation invariance because if we shift x by a constant to give x̂ = x+ c,
then

p(x̂|µ̂) = f(x̂ − µ̂) (2.233)

where we have defined µ̂ = µ + c. Thus the density takes the same form in the
new variable as in the original one, and so the density is independent of the choice
of origin. We would like to choose a prior distribution that reflects this translation
invariance property, and so we choose a prior that assigns equal probability mass to
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any subsequent observations of data. In many cases, however, we may have little
idea of what form the distribution should take. We may then seek a form of prior
distribution, called a noninformative prior, which is intended to have as little influ-
ence on the posterior distribution as possible (Jeffries, 1946; Box and Tao, 1973;
Bernardo and Smith, 1994). This is sometimes referred to as ‘letting the data speak
for themselves’.

If we have a distribution p(x|λ) governed by a parameter λ, we might be tempted
to propose a prior distribution p(λ) = const as a suitable prior. If λ is a discrete
variable with K states, this simply amounts to setting the prior probability of each
state to 1/K. In the case of continuous parameters, however, there are two potential
difficulties with this approach. The first is that, if the domain of λ is unbounded,
this prior distribution cannot be correctly normalized because the integral over λ
diverges. Such priors are called improper. In practice, improper priors can often
be used provided the corresponding posterior distribution is proper, i.e., that it can
be correctly normalized. For instance, if we put a uniform prior distribution over
the mean of a Gaussian, then the posterior distribution for the mean, once we have
observed at least one data point, will be proper.

A second difficulty arises from the transformation behaviour of a probability
density under a nonlinear change of variables, given by (1.27). If a function h(λ)
is constant, and we change variables to λ = η2, then ĥ(η) = h(η2) will also be
constant. However, if we choose the density pλ(λ) to be constant, then the density
of η will be given, from (1.27), by

pη(η) = pλ(λ)
∣∣∣∣
dλ

dη

∣∣∣∣ = pλ(η2)2η ∝ η (2.231)

and so the density over η will not be constant. This issue does not arise when we use
maximum likelihood, because the likelihood function p(x|λ) is a simple function of
λ and so we are free to use any convenient parameterization. If, however, we are to
choose a prior distribution that is constant, we must take care to use an appropriate
representation for the parameters.

Here we consider two simple examples of noninformative priors (Berger, 1985).
First of all, if a density takes the form

p(x|µ) = f(x − µ) (2.232)

then the parameter µ is known as a location parameter. This family of densities
exhibits translation invariance because if we shift x by a constant to give x̂ = x+ c,
then

p(x̂|µ̂) = f(x̂ − µ̂) (2.233)

where we have defined µ̂ = µ + c. Thus the density takes the same form in the
new variable as in the original one, and so the density is independent of the choice
of origin. We would like to choose a prior distribution that reflects this translation
invariance property, and so we choose a prior that assigns equal probability mass to
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any subsequent observations of data. In many cases, however, we may have little
idea of what form the distribution should take. We may then seek a form of prior
distribution, called a noninformative prior, which is intended to have as little influ-
ence on the posterior distribution as possible (Jeffries, 1946; Box and Tao, 1973;
Bernardo and Smith, 1994). This is sometimes referred to as ‘letting the data speak
for themselves’.

If we have a distribution p(x|λ) governed by a parameter λ, we might be tempted
to propose a prior distribution p(λ) = const as a suitable prior. If λ is a discrete
variable with K states, this simply amounts to setting the prior probability of each
state to 1/K. In the case of continuous parameters, however, there are two potential
difficulties with this approach. The first is that, if the domain of λ is unbounded,
this prior distribution cannot be correctly normalized because the integral over λ
diverges. Such priors are called improper. In practice, improper priors can often
be used provided the corresponding posterior distribution is proper, i.e., that it can
be correctly normalized. For instance, if we put a uniform prior distribution over
the mean of a Gaussian, then the posterior distribution for the mean, once we have
observed at least one data point, will be proper.

A second difficulty arises from the transformation behaviour of a probability
density under a nonlinear change of variables, given by (1.27). If a function h(λ)
is constant, and we change variables to λ = η2, then ĥ(η) = h(η2) will also be
constant. However, if we choose the density pλ(λ) to be constant, then the density
of η will be given, from (1.27), by

pη(η) = pλ(λ)
∣∣∣∣
dλ

dη

∣∣∣∣ = pλ(η2)2η ∝ η (2.231)

and so the density over η will not be constant. This issue does not arise when we use
maximum likelihood, because the likelihood function p(x|λ) is a simple function of
λ and so we are free to use any convenient parameterization. If, however, we are to
choose a prior distribution that is constant, we must take care to use an appropriate
representation for the parameters.

Here we consider two simple examples of noninformative priors (Berger, 1985).
First of all, if a density takes the form

p(x|µ) = f(x − µ) (2.232)

then the parameter µ is known as a location parameter. This family of densities
exhibits translation invariance because if we shift x by a constant to give x̂ = x+ c,
then

p(x̂|µ̂) = f(x̂ − µ̂) (2.233)

where we have defined µ̂ = µ + c. Thus the density takes the same form in the
new variable as in the original one, and so the density is independent of the choice
of origin. We would like to choose a prior distribution that reflects this translation
invariance property, and so we choose a prior that assigns equal probability mass to
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Uninformative priors
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any subsequent observations of data. In many cases, however, we may have little
idea of what form the distribution should take. We may then seek a form of prior
distribution, called a noninformative prior, which is intended to have as little influ-
ence on the posterior distribution as possible (Jeffries, 1946; Box and Tao, 1973;
Bernardo and Smith, 1994). This is sometimes referred to as ‘letting the data speak
for themselves’.

If we have a distribution p(x|λ) governed by a parameter λ, we might be tempted
to propose a prior distribution p(λ) = const as a suitable prior. If λ is a discrete
variable with K states, this simply amounts to setting the prior probability of each
state to 1/K. In the case of continuous parameters, however, there are two potential
difficulties with this approach. The first is that, if the domain of λ is unbounded,
this prior distribution cannot be correctly normalized because the integral over λ
diverges. Such priors are called improper. In practice, improper priors can often
be used provided the corresponding posterior distribution is proper, i.e., that it can
be correctly normalized. For instance, if we put a uniform prior distribution over
the mean of a Gaussian, then the posterior distribution for the mean, once we have
observed at least one data point, will be proper.

A second difficulty arises from the transformation behaviour of a probability
density under a nonlinear change of variables, given by (1.27). If a function h(λ)
is constant, and we change variables to λ = η2, then ĥ(η) = h(η2) will also be
constant. However, if we choose the density pλ(λ) to be constant, then the density
of η will be given, from (1.27), by

pη(η) = pλ(λ)
∣∣∣∣
dλ

dη

∣∣∣∣ = pλ(η2)2η ∝ η (2.231)

and so the density over η will not be constant. This issue does not arise when we use
maximum likelihood, because the likelihood function p(x|λ) is a simple function of
λ and so we are free to use any convenient parameterization. If, however, we are to
choose a prior distribution that is constant, we must take care to use an appropriate
representation for the parameters.

Here we consider two simple examples of noninformative priors (Berger, 1985).
First of all, if a density takes the form

p(x|µ) = f(x − µ) (2.232)

then the parameter µ is known as a location parameter. This family of densities
exhibits translation invariance because if we shift x by a constant to give x̂ = x+ c,
then

p(x̂|µ̂) = f(x̂ − µ̂) (2.233)

where we have defined µ̂ = µ + c. Thus the density takes the same form in the
new variable as in the original one, and so the density is independent of the choice
of origin. We would like to choose a prior distribution that reflects this translation
invariance property, and so we choose a prior that assigns equal probability mass to
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• We want to construct a prior that reflects this shift
invariance (why: more consistent with the likelihood,
less influence on the posterior!)
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Uninformative priors
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Uninformative priors

216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269

Z(⌘) = |2⇡⌃|1/2 exp(1
2
µ>⌃�1µ)

= |2⇡⌃|1/2 exp(1
2
µ>⌃�1⌃⌃�1µ)

= |2⇡⌘�1
1 |1/2 exp(1

2
⌘>
2 ⌘

�1
1 ⌘2)

⌘1

⌘2

r logZ(⌘) =
1

Z(⌘)
rZ(⌘)

rZ(⌘) =

Z
h(x) exp

�
u(x)>⌘

�
u(x)dx

r logZ(⌘) = E[u(x)]
D = {x1, . . . ,xN}

p(D|⌘) =
NY

n=1

h(xn)
1

Z(⌘)N
exp

�
⌘>

NX

n=1

u(xn)
�

log
�
p(D|⌘)

�
= �N logZ(⌘) + ⌘>

NX

n=1

u(xn)

r log
�
p(D|⌘)

�
= 0

r logZ(⌘) =
1

N

NX

n=1

u(xn)

p(⌘|�, ⌫) / 1

Z(⌘)⌫
exp(⌫⌘>�)

p(⌘|x,�, ⌫) / 1

Z(⌘)⌫+1
exp

�
⌘>(⌫�+ u(x))

�

p(⌘| 1

⌫ + 1
�+

1

⌫ + 1
u(x), ⌫ + 1)

r2 logZ(⌘) = var
�
u(x)

�

✓ =

✓
µ
⌃

◆

I = E[�r2 log(p(x|⌘))]

L(✓;x1, . . . ,xN ) =
NY

n=1

p(xn|✓)

x1, . . . ,xN

✓ML = argmax
✓

NX

i=1

log p(xi|✓)

p(✓|D) / p(✓)
NY

i=1

p(xi|✓)

p(x⇤|x1, . . . ,xN ) =

Z
p(x⇤|✓)p(✓|x1, . . . ,xN )

p(�) = 1/K

p(x|�)

5
• How? We choose a prior that assigns equal

probability mass to an arbitrary interval [A, B] as to
the shifted interval [A+c, B+c]
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Uninformative priors
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Uninformative priors
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Conjugate prior
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Uninformative priors

• Let us take translation invariance into account

If the likelihood takes the form

2.4. The Exponential Family 119

an interval A ! µ ! B as to the shifted interval A − c ! µ ! B − c. This implies

∫ B

A

p(µ) dµ =
∫ B−c

A−c

p(µ) dµ =
∫ B

A

p(µ − c) dµ (2.234)

and because this must hold for all choices of A and B, we have

p(µ − c) = p(µ) (2.235)

which implies that p(µ) is constant. An example of a location parameter would be
the mean µ of a Gaussian distribution. As we have seen, the conjugate prior distri-
bution for µ in this case is a Gaussian p(µ|µ0, σ2

0) = N (µ|µ0, σ2
0), and we obtain a

noninformative prior by taking the limit σ2
0 → ∞. Indeed, from (2.141) and (2.142)

we see that this gives a posterior distribution over µ in which the contributions from
the prior vanish.

As a second example, consider a density of the form

p(x|σ) =
1
σ

f
(x

σ

)
(2.236)

where σ > 0. Note that this will be a normalized density provided f(x) is correctly
normalized. The parameter σ is known as a scale parameter, and the density exhibitsExercise 2.59
scale invariance because if we scale x by a constant to give x̂ = cx, then

p(x̂|σ̂) =
1
σ̂

f

(
x̂

σ̂

)
(2.237)

where we have defined σ̂ = cσ. This transformation corresponds to a change of
scale, for example from meters to kilometers if x is a length, and we would like
to choose a prior distribution that reflects this scale invariance. If we consider an
interval A ! σ ! B, and a scaled interval A/c ! σ ! B/c, then the prior should
assign equal probability mass to these two intervals. Thus we have

∫ B

A

p(σ) dσ =
∫ B/c

A/c

p(σ) dσ =
∫ B

A

p

(
1
c
σ

)
1
c

dσ (2.238)

and because this must hold for choices of A and B, we have

p(σ) = p

(
1
c
σ

)
1
c

(2.239)

and hence p(σ) ∝ 1/σ. Note that again this is an improper prior because the integral
of the distribution over 0 ! σ ! ∞ is divergent. It is sometimes also convenient
to think of the prior distribution for a scale parameter in terms of the density of the
log of the parameter. Using the transformation rule (1.27) for densities we see that
p(lnσ) = const. Thus, for this prior there is the same probability mass in the range
1 ! σ ! 10 as in the range 10 ! σ ! 100 and in 100 ! σ ! 1000.
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Uninformative priors

• Let us take translation invariance into account

If the likelihood takes the form

2.4. The Exponential Family 119
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and hence p(σ) ∝ 1/σ. Note that again this is an improper prior because the integral
of the distribution over 0 ! σ ! ∞ is divergent. It is sometimes also convenient
to think of the prior distribution for a scale parameter in terms of the density of the
log of the parameter. Using the transformation rule (1.27) for densities we see that
p(lnσ) = const. Thus, for this prior there is the same probability mass in the range
1 ! σ ! 10 as in the range 10 ! σ ! 100 and in 100 ! σ ! 1000.
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is scale parameter, and the density exhibits scale invariance
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and because this must hold for all choices of A and B, we have

p(µ − c) = p(µ) (2.235)

which implies that p(µ) is constant. An example of a location parameter would be
the mean µ of a Gaussian distribution. As we have seen, the conjugate prior distri-
bution for µ in this case is a Gaussian p(µ|µ0, σ2

0) = N (µ|µ0, σ2
0), and we obtain a

noninformative prior by taking the limit σ2
0 → ∞. Indeed, from (2.141) and (2.142)

we see that this gives a posterior distribution over µ in which the contributions from
the prior vanish.

As a second example, consider a density of the form
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where σ > 0. Note that this will be a normalized density provided f(x) is correctly
normalized. The parameter σ is known as a scale parameter, and the density exhibitsExercise 2.59
scale invariance because if we scale x by a constant to give x̂ = cx, then
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where we have defined σ̂ = cσ. This transformation corresponds to a change of
scale, for example from meters to kilometers if x is a length, and we would like
to choose a prior distribution that reflects this scale invariance. If we consider an
interval A ! σ ! B, and a scaled interval A/c ! σ ! B/c, then the prior should
assign equal probability mass to these two intervals. Thus we have
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and hence p(σ) ∝ 1/σ. Note that again this is an improper prior because the integral
of the distribution over 0 ! σ ! ∞ is divergent. It is sometimes also convenient
to think of the prior distribution for a scale parameter in terms of the density of the
log of the parameter. Using the transformation rule (1.27) for densities we see that
p(lnσ) = const. Thus, for this prior there is the same probability mass in the range
1 ! σ ! 10 as in the range 10 ! σ ! 100 and in 100 ! σ ! 1000.
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the prior vanish.

As a second example, consider a density of the form
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where σ > 0. Note that this will be a normalized density provided f(x) is correctly
normalized. The parameter σ is known as a scale parameter, and the density exhibitsExercise 2.59
scale invariance because if we scale x by a constant to give x̂ = cx, then
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where we have defined σ̂ = cσ. This transformation corresponds to a change of
scale, for example from meters to kilometers if x is a length, and we would like
to choose a prior distribution that reflects this scale invariance. If we consider an
interval A ! σ ! B, and a scaled interval A/c ! σ ! B/c, then the prior should
assign equal probability mass to these two intervals. Thus we have
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and because this must hold for choices of A and B, we have
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and hence p(σ) ∝ 1/σ. Note that again this is an improper prior because the integral
of the distribution over 0 ! σ ! ∞ is divergent. It is sometimes also convenient
to think of the prior distribution for a scale parameter in terms of the density of the
log of the parameter. Using the transformation rule (1.27) for densities we see that
p(lnσ) = const. Thus, for this prior there is the same probability mass in the range
1 ! σ ! 10 as in the range 10 ! σ ! 100 and in 100 ! σ ! 1000.
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and hence p(σ) ∝ 1/σ. Note that again this is an improper prior because the integral
of the distribution over 0 ! σ ! ∞ is divergent. It is sometimes also convenient
to think of the prior distribution for a scale parameter in terms of the density of the
log of the parameter. Using the transformation rule (1.27) for densities we see that
p(lnσ) = const. Thus, for this prior there is the same probability mass in the range
1 ! σ ! 10 as in the range 10 ! σ ! 100 and in 100 ! σ ! 1000.

Verify it by yourself



• We want to construct a prior that reflects this scale
invariance (why: more consist with the likelihood,
less influence on the posterior!)

39

Uninformative priors



• We want to construct a prior that reflects this scale
invariance (why: more consist with the likelihood,
less influence on the posterior!)

40

Uninformative priors

• How, consider an arbitrary interval [A, B], the prior 
should assign equal mass over an arbitrary scaled 
interval [A/c, B/c] 
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where we have defined σ̂ = cσ. This transformation corresponds to a change of
scale, for example from meters to kilometers if x is a length, and we would like
to choose a prior distribution that reflects this scale invariance. If we consider an
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and hence p(σ) ∝ 1/σ. Note that again this is an improper prior because the integral
of the distribution over 0 ! σ ! ∞ is divergent. It is sometimes also convenient
to think of the prior distribution for a scale parameter in terms of the density of the
log of the parameter. Using the transformation rule (1.27) for densities we see that
p(lnσ) = const. Thus, for this prior there is the same probability mass in the range
1 ! σ ! 10 as in the range 10 ! σ ! 100 and in 100 ! σ ! 1000.
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scale, for example from meters to kilometers if x is a length, and we would like
to choose a prior distribution that reflects this scale invariance. If we consider an
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and hence p(σ) ∝ 1/σ. Note that again this is an improper prior because the integral
of the distribution over 0 ! σ ! ∞ is divergent. It is sometimes also convenient
to think of the prior distribution for a scale parameter in terms of the density of the
log of the parameter. Using the transformation rule (1.27) for densities we see that
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Example: for a Gaussian likelihood
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Stat260: Bayesian Modeling and Inference Lecture Date: February 17, 2010

Lecture 7: Je↵reys Priors and Reference Priors

Lecturer: Michael I. Jordan Scribe: Kevin McLoughlin

1 Je↵reys Priors
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1 Je↵reys Priors

Recall from last time that the Je↵reys prior is defined in terms of the Fisher information:

⇡J(✓) / I(✓)
1
2 (1)

where the Fisher information I(✓) is given by

I(✓) = �E✓


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Example 1. Suppose X is binomially distributed:

X ⇠ Bin(n, ✓), 0  ✓  1

p(x|✓) =
✓

n

x

◆
✓x(1� ✓)n�x

We want to choose a prior ⇡(✓) that is invariant under reparameterizations. We saw previously that a flat
prior ⇡(✓) / 1 does not have this property. Let’s derive a Je↵reys prior for ✓. Ignoring terms that don’t
depend on ✓, we have
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Figure 1: Je↵reys prior and flat prior densities

Therefore ⇡J(✓) = I(✓) 1
2 / ✓�

1
2 (1� ✓)� 1

2 , which is the form of a Beta( 1
2 , 1

2 ) density.

Figure 1 compares the prior density ⇡J(✓) with that for a flat prior (which is equivalent to a Beta(1, 1)
distribution).

Note that in this case the prior is inversely proportional to the standard deviation. Why does this make
sense?

We see that the data has the least e↵ect on the posterior when the true ✓ = 1
2 , and has the greatest e↵ect near

the extremes, ✓ = 0 or 1. The Je↵reys prior compensates for this by placing more mass near the extremes
of the range, where the data has the strongest e↵ect. We could get the same e↵ect by (for example) setting
⇡(✓) / 1

Var(✓) instead of ⇡(✓) / 1

Var(✓)
1
2
. However, the former prior is not invariant under reparameterization,

as we would prefer.

1.1 Je↵reys priors and conjugacy

Je↵reys priors are widely used in Bayesian analysis. In general, they are not conjugate priors; the fact that
we ended up with a conjugate Beta prior for the binomial example above is just a lucky coincidence. For
example, with a Gaussian model X ⇠ N (µ,�2) we showed in the last lecture that

⇡J(µ) / 1

⇡J(�) / 1
�

which do not look anything like a Gaussian or an inverse gamma, respectively.

However, it can be shown that Je↵reys priors are limits of conjugate prior densities. For example, a Gaussian
density N (µ0,�2

0) approaches a flat prior as �0 !1, while the inverse gamma � / ��(a+1)e�b/� ! 1/� as
a, b! 0.
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Je↵reys priors are widely used in Bayesian analysis. In general, they are not conjugate priors; the fact that
we ended up with a conjugate Beta prior for the binomial example above is just a lucky coincidence. For
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Jeffreys priors – translation invariance

Jeffreys priors 5

This is an integral over the values of X with keeping θ fixed (the expectation in the frequentist sense). Using
the maximum likelihood principle, the best parameter θ cancels the first derivative of the log likelihood, and
the second derivative gives the curvature of the likelihood around the MLE.

d2 log p(X|θ)
dθ2 is a random variable over X and Eθ denotes the fact that we are integrating with respect to the

distribution fθ indexed by the (fixed) variable θ: fθ (X) = p (X|θ). The Fisher information is locally concave
around the MLE, globally concave for the exponential family, but not globally concave for all distributions.
This is not the case for example for mixture models.

We check that it works for a case we already saw: the Gaussian with fixed variance X ∼ N
(

µ,σ2
)

for which
we want to get prior on the location parameter µ. The likelihood is:

p (X|µ) ∝ exp

(

− 1

2σ2
(X − µ)2

)

(18)

thus when we take the second derivative with respect to µ:

d2 log p (X|µ)

dµ2
= − 1

σ2
(19)

which is a constant with respect to the random variable X and µ, so when we take the expectation, we get
the flat prior we obtained before:

I (µ) ∝ 1 (20)

Now that we saw the answer, here are some explanations as to where the result comes from. Let us define a
new parameter φ = h (θ) as a reparametrization. If we calculate πJ with respect to the variable θ and then
transform variables, this will give a prior π on φ by the change of variable formula. The question is thus to
check if this prior π (φ) is indeed the Jeffreys prior πJ (φ) that we would have computed in the first place
by using the variable φ. We apply Jeffreys’ principle in the φ space by using the chain rule and reexpress in
terms of θ:

I (φ) = −E

[

d2 log p (X|φ)

dφ2

]

= −E

[

d2 log p (X|θ)
dθ2

(

dθ

dφ

)2

+
d log p (X|θ)

dθ

d2θ

dφ2

]

= −E

[

d2 log p (X|θ)
dθ2

] (

dθ

dφ

)2

+ E

[

d log p (X|θ)
dθ

]

d2θ

dφ2

The previous formulas are simply in application of the chain rule. We know:

E

[

d log p (X|θ)
dθ

]

= 0 (21)

One way to see this fact is to use the total probability:

∀θ,

∫

p (X|θ) dX = 1 (22)
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6 Jeffreys priors

Assuming sufficient regularity, when we take the derivative with respect to θ:

0 =
d

dθ

∫

p (X|θ) dX

=

∫

dp (X|θ)
dθ

p (X|θ)
p (X|θ)dX

=

∫
[

dp (X|θ)
dθ

1

p (X|θ)

]

p (X|θ) dX
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∫
[

d log p (X|θ)
dθ

]

p (X|θ) dX

= E

[

d log p (X|θ)
dθ

]

This is formally proved using the dominated convergence theorem on distributions. Using this result, taking
the expectation over X with θ fixed is equivalent to take the expectation with φ fixed, so we get:

I (φ) = I (θ)

(

dθ

dφ

)2

(23)

and by taking the square root:
√

I (φ) =
√

I (θ)

∣

∣

∣

∣

dθ

dφ

∣

∣

∣

∣

(24)

By the change of variable formula, this shows that the Jeffreys prior πJ (θ) =
√

I (θ) is invariant to a change
of variable.

We know Why?

Jeffreys priors 5

This is an integral over the values of X with keeping θ fixed (the expectation in the frequentist sense). Using
the maximum likelihood principle, the best parameter θ cancels the first derivative of the log likelihood, and
the second derivative gives the curvature of the likelihood around the MLE.

d2 log p(X|θ)
dθ2 is a random variable over X and Eθ denotes the fact that we are integrating with respect to the

distribution fθ indexed by the (fixed) variable θ: fθ (X) = p (X|θ). The Fisher information is locally concave
around the MLE, globally concave for the exponential family, but not globally concave for all distributions.
This is not the case for example for mixture models.

We check that it works for a case we already saw: the Gaussian with fixed variance X ∼ N
(

µ,σ2
)

for which
we want to get prior on the location parameter µ. The likelihood is:

p (X|µ) ∝ exp

(

− 1

2σ2
(X − µ)2

)

(18)

thus when we take the second derivative with respect to µ:

d2 log p (X|µ)

dµ2
= − 1

σ2
(19)

which is a constant with respect to the random variable X and µ, so when we take the expectation, we get
the flat prior we obtained before:

I (µ) ∝ 1 (20)

Now that we saw the answer, here are some explanations as to where the result comes from. Let us define a
new parameter φ = h (θ) as a reparametrization. If we calculate πJ with respect to the variable θ and then
transform variables, this will give a prior π on φ by the change of variable formula. The question is thus to
check if this prior π (φ) is indeed the Jeffreys prior πJ (φ) that we would have computed in the first place
by using the variable φ. We apply Jeffreys’ principle in the φ space by using the chain rule and reexpress in
terms of θ:

I (φ) = −E

[

d2 log p (X|φ)

dφ2

]

= −E

[

d2 log p (X|θ)
dθ2

(

dθ

dφ

)2

+
d log p (X|θ)

dθ

d2θ

dφ2

]

= −E

[

d2 log p (X|θ)
dθ2

] (

dθ

dφ

)2

+ E

[

d log p (X|θ)
dθ

]

d2θ

dφ2

The previous formulas are simply in application of the chain rule. We know:

E

[

d log p (X|θ)
dθ

]

= 0 (21)

One way to see this fact is to use the total probability:

∀θ,

∫

p (X|θ) dX = 1 (22)



53

Jeffreys priors 5

This is an integral over the values of X with keeping θ fixed (the expectation in the frequentist sense). Using
the maximum likelihood principle, the best parameter θ cancels the first derivative of the log likelihood, and
the second derivative gives the curvature of the likelihood around the MLE.

d2 log p(X|θ)
dθ2 is a random variable over X and Eθ denotes the fact that we are integrating with respect to the

distribution fθ indexed by the (fixed) variable θ: fθ (X) = p (X|θ). The Fisher information is locally concave
around the MLE, globally concave for the exponential family, but not globally concave for all distributions.
This is not the case for example for mixture models.

We check that it works for a case we already saw: the Gaussian with fixed variance X ∼ N
(

µ,σ2
)

for which
we want to get prior on the location parameter µ. The likelihood is:

p (X|µ) ∝ exp

(

− 1

2σ2
(X − µ)2

)

(18)

thus when we take the second derivative with respect to µ:

d2 log p (X|µ)

dµ2
= − 1

σ2
(19)

which is a constant with respect to the random variable X and µ, so when we take the expectation, we get
the flat prior we obtained before:

I (µ) ∝ 1 (20)

Now that we saw the answer, here are some explanations as to where the result comes from. Let us define a
new parameter φ = h (θ) as a reparametrization. If we calculate πJ with respect to the variable θ and then
transform variables, this will give a prior π on φ by the change of variable formula. The question is thus to
check if this prior π (φ) is indeed the Jeffreys prior πJ (φ) that we would have computed in the first place
by using the variable φ. We apply Jeffreys’ principle in the φ space by using the chain rule and reexpress in
terms of θ:

I (φ) = −E

[

d2 log p (X|φ)

dφ2

]

= −E

[

d2 log p (X|θ)
dθ2

(

dθ

dφ

)2

+
d log p (X|θ)

dθ

d2θ

dφ2

]

= −E

[

d2 log p (X|θ)
dθ2

] (

dθ

dφ

)2

+ E

[

d log p (X|θ)
dθ

]

d2θ

dφ2

The previous formulas are simply in application of the chain rule. We know:

E

[

d log p (X|θ)
dθ

]

= 0 (21)

One way to see this fact is to use the total probability:

∀θ,

∫

p (X|θ) dX = 1 (22)

Jeffreys priors 5

This is an integral over the values of X with keeping θ fixed (the expectation in the frequentist sense). Using
the maximum likelihood principle, the best parameter θ cancels the first derivative of the log likelihood, and
the second derivative gives the curvature of the likelihood around the MLE.

d2 log p(X|θ)
dθ2 is a random variable over X and Eθ denotes the fact that we are integrating with respect to the

distribution fθ indexed by the (fixed) variable θ: fθ (X) = p (X|θ). The Fisher information is locally concave
around the MLE, globally concave for the exponential family, but not globally concave for all distributions.
This is not the case for example for mixture models.

We check that it works for a case we already saw: the Gaussian with fixed variance X ∼ N
(

µ,σ2
)

for which
we want to get prior on the location parameter µ. The likelihood is:

p (X|µ) ∝ exp

(

− 1

2σ2
(X − µ)2

)

(18)

thus when we take the second derivative with respect to µ:

d2 log p (X|µ)

dµ2
= − 1

σ2
(19)

which is a constant with respect to the random variable X and µ, so when we take the expectation, we get
the flat prior we obtained before:

I (µ) ∝ 1 (20)

Now that we saw the answer, here are some explanations as to where the result comes from. Let us define a
new parameter φ = h (θ) as a reparametrization. If we calculate πJ with respect to the variable θ and then
transform variables, this will give a prior π on φ by the change of variable formula. The question is thus to
check if this prior π (φ) is indeed the Jeffreys prior πJ (φ) that we would have computed in the first place
by using the variable φ. We apply Jeffreys’ principle in the φ space by using the chain rule and reexpress in
terms of θ:

I (φ) = −E

[

d2 log p (X|φ)

dφ2

]

= −E

[

d2 log p (X|θ)
dθ2

(

dθ

dφ

)2

+
d log p (X|θ)

dθ

d2θ

dφ2

]

= −E

[

d2 log p (X|θ)
dθ2

] (

dθ

dφ

)2

+ E

[

d log p (X|θ)
dθ

]

d2θ

dφ2

The previous formulas are simply in application of the chain rule. We know:

E

[

d log p (X|θ)
dθ

]

= 0 (21)

One way to see this fact is to use the total probability:

∀θ,

∫

p (X|θ) dX = 1 (22)

Jeffreys priors – translation invariance

0

6 Jeffreys priors

Assuming sufficient regularity, when we take the derivative with respect to θ:

0 =
d

dθ

∫

p (X|θ) dX

=

∫

dp (X|θ)
dθ

p (X|θ)
p (X|θ)dX

=

∫
[

dp (X|θ)
dθ

1

p (X|θ)

]

p (X|θ) dX

=

∫
[

d log p (X|θ)
dθ

]

p (X|θ) dX

= E

[

d log p (X|θ)
dθ

]

This is formally proved using the dominated convergence theorem on distributions. Using this result, taking
the expectation over X with θ fixed is equivalent to take the expectation with φ fixed, so we get:

I (φ) = I (θ)

(

dθ

dφ

)2

(23)

and by taking the square root:
√

I (φ) =
√

I (θ)

∣

∣

∣

∣

dθ

dφ

∣

∣

∣

∣

(24)

By the change of variable formula, this shows that the Jeffreys prior πJ (θ) =
√

I (θ) is invariant to a change
of variable.
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By the change of variable formula, this shows that the Jeffreys prior πJ (θ) =
√

I (θ) is invariant to a change
of variable.



54

Jeffreys priors – translation invariance

6 Jeffreys priors
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By the change of variable formula, this shows that the Jeffreys prior πJ (θ) =
√

I (θ) is invariant to a change
of variable.

Now, we can see

When we directly construct Jeffreys prior

When we derive the prior via variable transformation
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By the change of variable formula, this shows that the Jeffreys prior πJ (θ) =
√

I (θ) is invariant to a change
of variable.

The same!
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• Now we can show, for a Gaussian likelihood
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Jeffreys priors – translation invariance
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2 Lecture 7: Je↵reys Priors and Reference Priors
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Figure 1: Je↵reys prior and flat prior densities

Therefore ⇡J(✓) = I(✓) 1
2 / ✓�

1
2 (1� ✓)� 1

2 , which is the form of a Beta( 1
2 , 1

2 ) density.

Figure 1 compares the prior density ⇡J(✓) with that for a flat prior (which is equivalent to a Beta(1, 1)
distribution).

Note that in this case the prior is inversely proportional to the standard deviation. Why does this make
sense?

We see that the data has the least e↵ect on the posterior when the true ✓ = 1
2 , and has the greatest e↵ect near

the extremes, ✓ = 0 or 1. The Je↵reys prior compensates for this by placing more mass near the extremes
of the range, where the data has the strongest e↵ect. We could get the same e↵ect by (for example) setting
⇡(✓) / 1

Var(✓) instead of ⇡(✓) / 1

Var(✓)
1
2
. However, the former prior is not invariant under reparameterization,

as we would prefer.

1.1 Je↵reys priors and conjugacy

Je↵reys priors are widely used in Bayesian analysis. In general, they are not conjugate priors; the fact that
we ended up with a conjugate Beta prior for the binomial example above is just a lucky coincidence. For
example, with a Gaussian model X ⇠ N (µ,�2) we showed in the last lecture that

⇡J(µ) / 1

⇡J(�) / 1
�

which do not look anything like a Gaussian or an inverse gamma, respectively.

However, it can be shown that Je↵reys priors are limits of conjugate prior densities. For example, a Gaussian
density N (µ0,�2

0) approaches a flat prior as �0 !1, while the inverse gamma � / ��(a+1)e�b/� ! 1/� as
a, b! 0.

Leave it as your 
exercise



Jeffreys prior: cons

• Usually not conjugate
– If you choose Jeffreys prior over            for a Gaussian 

likelihood
The posterior of     will be a student t distribution

• Works well for single parameter, but not for models 
with multidimensional parameters (e.g., poor 
convergence properties, not very reasonable 
estimates)
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Reference priors

• formalize what exactly we mean by an 
“uninformative prior”: a function that maximizes 
some measure of distance or divergence between the 
posterior and prior, as data observations are made.

• A commonly used divergence is KL divergence
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4 Lecture 7: Je↵reys Priors and Reference Priors

The idea behind reference priors is to formalize what exactly we mean by an “uninformative prior”: it
is a function that maximizes some measure of distance or divergence between the posterior and prior, as
data observations are made. Any of several possible divergence measures can be chosen, for example the
Kullback-Leibler divergence or the Hellinger distance. By maximizing the divergence, we allow the data to
have the maximum e↵ect on the posterior estimates.

For one dimensional parameters, it will turn out that reference priors and Je↵reys priors are equivalent. For
multidimensional parameters, they di↵er.

One might ask, how can we choose a prior to maximize the divergence between the posterior and prior,
without having seen the data first? Reference priors handle this by taking the expectation of the divergence,
given a model distribution for the data. This sounds superficially like a frequentist approach - basing inference
on “imagined” data. But once the prior is chosen based on some model, inference proceeds in a standard
Bayesian fashion. (This contrasts with the frequentist approach, which continues to deal with imagined data
even after seeing the real data!)

2.1 Reference priors and mutual information

Consider an inference problem in which we have data X parameterized by ⇥, with su�cient statistic T =
T (X). We want to find a reference prior p(✓) that maximizes its K-L divergence from the posterior p(✓|t),
averaged over the distribution of T . This K-L divergence is

Z
p(✓|t) log

p(✓|t)
p(✓)

d✓

Its expectation over the distribution of T can be written:

I(⇥, T ) =
Z

p(t)
Z

p(✓|t) log
p(✓|t)
p(✓)

d✓dt

=
Z Z

p(✓, t) log
p(✓, t)

p(✓)p(t)
d✓dt

This may be recognized as the mutual information between ✓ and t. Therefore, choosing a reference prior
involves finding p⇤(✓) that maximizes the mutual information:

p⇤(✓) = arg max
p(✓)

I(⇥, T ) (3)

We note that defining reference priors in terms of mutual information implies that they are invariant under
reparameterization, since the mutual information itself is invariant.

Solving equation (3) is a problem in the calculus of variations. In the next lecture we’ll derive reference
priors for a variety of common situations.
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Observations



Reference priors
• We choose the prior that maximizes the expected KL 

divergence between the posterior and the prior
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4 Lecture 7: Je↵reys Priors and Reference Priors

The idea behind reference priors is to formalize what exactly we mean by an “uninformative prior”: it
is a function that maximizes some measure of distance or divergence between the posterior and prior, as
data observations are made. Any of several possible divergence measures can be chosen, for example the
Kullback-Leibler divergence or the Hellinger distance. By maximizing the divergence, we allow the data to
have the maximum e↵ect on the posterior estimates.

For one dimensional parameters, it will turn out that reference priors and Je↵reys priors are equivalent. For
multidimensional parameters, they di↵er.

One might ask, how can we choose a prior to maximize the divergence between the posterior and prior,
without having seen the data first? Reference priors handle this by taking the expectation of the divergence,
given a model distribution for the data. This sounds superficially like a frequentist approach - basing inference
on “imagined” data. But once the prior is chosen based on some model, inference proceeds in a standard
Bayesian fashion. (This contrasts with the frequentist approach, which continues to deal with imagined data
even after seeing the real data!)

2.1 Reference priors and mutual information

Consider an inference problem in which we have data X parameterized by ⇥, with su�cient statistic T =
T (X). We want to find a reference prior p(✓) that maximizes its K-L divergence from the posterior p(✓|t),
averaged over the distribution of T . This K-L divergence is

Z
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Its expectation over the distribution of T can be written:
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d✓dt

=
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p(✓)p(t)
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This may be recognized as the mutual information between ✓ and t. Therefore, choosing a reference prior
involves finding p⇤(✓) that maximizes the mutual information:

p⇤(✓) = arg max
p(✓)

I(⇥, T ) (3)

We note that defining reference priors in terms of mutual information implies that they are invariant under
reparameterization, since the mutual information itself is invariant.

Solving equation (3) is a problem in the calculus of variations. In the next lecture we’ll derive reference
priors for a variety of common situations.
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Mutual information

Observations



Outline

• Bayesian vs. frequentist
• Uninformative priors
• Exchangeability, de Finetti's theorem
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Bayesian vs. Frequentist

• Given a distribution governed by

60

• Frequentist: I believe     is objective constant, I need 
to estimate it from IID samples 

• Bayesian: I believe is some latent random variable – it 
was first sampled from a prior distribution          ,  then 
given    , we sample the observations
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Bayesian vs. Frequentist

• Bayesian: I believe is some latent random variable – it 
was first sampled from a prior distribution          ,  then 
given    , we sample the observations
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• Although it sounds a philosophical choice, can 
we justify Bayesian modeling with some 
mathematical evidence?
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Exchangeability

• Most statistical analysis are based on IID 
observations 
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• While the assumption is convenient, it may not be 
reasonable in many problems:  weather conditions, 
stock prices, precipitation, disease rate, …

• Exchangeability is a much weaker assumption
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Exchangeability – infinite sequence

• An infinite sequence of random variables                is 
exchangeable if  
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1

Exchangeability

Sayan Mukherjee

Imagine that one observes 10 coin flips of which 9 heads. It is not unreasonable to change ones
belief that the next flip will result in heads than before observing the 10 flips. From the perspective of
probabilities as beliefs, the subjectivist perspective, this makes sense. From the objective perspective
of defining a probability of success p and then taking iid draws it is not immediately obvious how to
deal with this perspective. The idea of exchangeability will allow for an objectivist interpretation for
changing the parameter p as more and more coins are flipped. The key assumption we will make is that
we don’t care when the heads or tails occur but just how many of them we have observed.

Definition 0.0.1 An infinite sequence {Xi}1i=1 of random variables is exchangeable if 8n = 1, 2, .....

X1, ...,Xn
d= X⇡(1), ...,X⇡(n), 8⇡ 2 S(n),

where S(n) is the symmetric group, the group of permutations.

An example would be the following

P(1, 1, 0, 0, 0) = P(1, 0, 0, 0, 1).

In these notes we will focus on exchangeable sequences of binary random variables but results and ideas
are valid for discrete and continuous random variables. Note that iid ) exchangeable but exchangeable 6)
iid.
Pólya’s urn

The following is a classic process to generate exchangeable binary sequences and we will return to it
several times. This is the Pólya urn model. One is given an urn with B0 black and W0 white balls. the
following procedure is run

1) Draw a ball at random from the urn and note its color.

(2) If the ball is black then Xi = 1, Xi = 0 otherwise.

(3) Increment i = i + 1.

(4) Place a balls of the same color in the urn.

(5) Goto (1).

If a = 1 then this is an iid sequence, sampling with replacement, when a = 0 this is sampling without
replacement and results in a hypergeometric distribution.

To see that X1, ...,Xn is exchangeable note the following

P(1, 1, 0, 1) = =
B0

B0 + W0
⇥ B0 + a

B0 + W0 + a
⇥ W0

B0 + W0 + 2a
⇥ B0 + 2a

B0 + W0 + 3a

P(1, 0, 1, 1) = =
B0

B0 + W0
⇥ W0

B0 + W0 + a
⇥ B0 + a

B0 + W0 + 2a
⇥ B0 + 2a

B0 + W0 + 3a
.

The sequence {Xi, i � 1} is not iid and may not be a Markov process.
de Finetti’s theorem

We start with the colloquial statement of de Finetti’s theorem:

An infinite exchangeable sequence is distributed as a mixture of iiid sequences.

We now state the formal definition of the theorem for binary sequences
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6where        are all possible permutations over the first n 
variables
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Exchangeability

• Essentially assume the symmetry of the density 

IID exchangeability
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Exchangeability - one specific example
• Polya’s Urn
– Given an urn with B0 black and W0 white balls, draw balls 

with the following procedure
• (1) Draw a ball at random from the urn and note its color
• (2) If the ball is black then Xi = 1; otherwise Xi = 0
• (3) i = i + 1
• (4) Place a balls of the same color in the urn
• (5) Goto (1)
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The sequence {Xi, i>=1} is exchangeable but not IID

864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879
880
881
882
883
884
885
886
887
888
889
890
891
892
893
894
895
896
897
898
899
900
901
902
903
904
905
906
907
908
909
910
911
912
913
914
915
916
917

T (z(n) ! z(n+1))

= p(z(n+1)
1 |z(n)2 , . . . , z

(n)
m ,D)

· p(z(n+1)
2 |z(n+1)

1 , z
(n)
3 , . . . , z

(n)
m ,D)

. . .

· p(z(n+1)
m |z(n+1)

1 , z
(n+1)
2 , . . . , z

(n+1)
m�1 ,D)

z(n) ⇠ p(z|D)

[z(n+1)
1 , z

(n)
2 , . . . , z

(n)
m ]>

[z(n+1)
1 , z

(n+1)
2 , z

(n)
3 . . . , z

(n)
m ]>

[z(n+1)
1 , . . . , z

(n+1)
m ]

z(n+1)

. . .

zn = [z(n)1 , z
(n)
2 , . . . , z

(n)
m ]>

z0 = [z(n+1)
1 , z

(n)
2 , . . . , z

(n)
m ]>

min
�
0,

p(z(n+1)
1 , z

(n)
2 , . . . , z

(n)
m ,D)p(z(n)1 |z(n)2 , . . . , z

(n)
m ,D)

p(z(n)1 , z
(n)
2 , . . . , z

(n)
m ,D)p(z(n+1)

1 |z(n)2 , . . . , z
(n)
m ,D)

�

p(z(n)2 , . . . , z
(n)
m |D)

min
�
0,

p(z(n+1)
1 |z(n)2 , . . . , z

(n)
m ,D)p(z(n)1 |z(n)2 , . . . , z

(n)
m ,D)

p(z(n)1 |z(n)2 , . . . , z
(n)
m ,D)p(z(n+1)

1 |z(n)2 , . . . , z
(n)
m ,D)

�

p(x|�) = N (x|µ,�2) =
1p
2⇡

1

�
exp

�
� 1

2

⇥x� µ

�

⇤2�

p(�) / 1/�

� = 1/�2

p(�) / 1/�

p(�|a, b) = Gam(�|a, b) / �
a�1 exp(�b�)

p(�) / 1/�

⇡J(✓) / |I(✓)| 12

p(1, 1, 0, 1) =
B0

B0 +W0
⇥ B0 + a� 1

B0 +W0 + a� 1
⇥ W0

B0 +W0 + 2a� 2
⇥ B0 + 2a� 2

B0 +W0 + 3a� 3

p(1, 0, 1, 1) =
B0

B0 +W0
⇥ W0

B0 +W0 + a� 1
⇥ B0 + a� 1

B0 +W0 + 2a� 2
⇥ B0 + 2a� 2

B0 +W0 + 3a� 3

17

864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879
880
881
882
883
884
885
886
887
888
889
890
891
892
893
894
895
896
897
898
899
900
901
902
903
904
905
906
907
908
909
910
911
912
913
914
915
916
917

T (z(n) ! z(n+1))

= p(z(n+1)
1 |z(n)2 , . . . , z

(n)
m ,D)

· p(z(n+1)
2 |z(n+1)

1 , z
(n)
3 , . . . , z

(n)
m ,D)

. . .

· p(z(n+1)
m |z(n+1)

1 , z
(n+1)
2 , . . . , z

(n+1)
m�1 ,D)

z(n) ⇠ p(z|D)

[z(n+1)
1 , z

(n)
2 , . . . , z

(n)
m ]>

[z(n+1)
1 , z

(n+1)
2 , z

(n)
3 . . . , z

(n)
m ]>

[z(n+1)
1 , . . . , z

(n+1)
m ]

z(n+1)

. . .

zn = [z(n)1 , z
(n)
2 , . . . , z

(n)
m ]>

z0 = [z(n+1)
1 , z

(n)
2 , . . . , z

(n)
m ]>

min
�
0,

p(z(n+1)
1 , z

(n)
2 , . . . , z

(n)
m ,D)p(z(n)1 |z(n)2 , . . . , z

(n)
m ,D)

p(z(n)1 , z
(n)
2 , . . . , z

(n)
m ,D)p(z(n+1)

1 |z(n)2 , . . . , z
(n)
m ,D)

�

p(z(n)2 , . . . , z
(n)
m |D)

min
�
0,

p(z(n+1)
1 |z(n)2 , . . . , z

(n)
m ,D)p(z(n)1 |z(n)2 , . . . , z

(n)
m ,D)

p(z(n)1 |z(n)2 , . . . , z
(n)
m ,D)p(z(n+1)

1 |z(n)2 , . . . , z
(n)
m ,D)

�

p(x|�) = N (x|µ,�2) =
1p
2⇡

1

�
exp

�
� 1

2

⇥x� µ

�

⇤2�

p(�) / 1/�

� = 1/�2

p(�) / 1/�

p(�|a, b) = Gam(�|a, b) / �
a�1 exp(�b�)

p(�) / 1/�

⇡J(✓) / |I(✓)| 12

p(1, 1, 0, 1) =
B0

B0 +W0
⇥ B0 + a� 1

B0 +W0 + a� 1
⇥ W0

B0 +W0 + 2a� 2
⇥ B0 + 2a� 2

B0 +W0 + 3a� 3

p(1, 0, 1, 1) =
B0

B0 +W0
⇥ W0

B0 +W0 + a� 1
⇥ B0 + a� 1

B0 +W0 + 2a� 2
⇥ B0 + 2a� 2

B0 +W0 + 3a� 3

17



De Finetti’s theorem

68

(de Finetti 1931) A binary sequence               is exchangeable iff 
there exists a distribution function F on [0, 1] such that for all n,
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de Finetti’s Theorem

de Finetti (1931) shows that all exchangeable binary sequences are
mixtures of Bernoulli sequences:
A binary sequence X1, . . . ,Xn, . . . is exchangeable if and only if
there exists a distribution function F on [0, 1] such that for all n

p(x1, . . . , xn) =

Z 1

0
✓tn(1� ✓)n�tn dF (✓),

where p(x1, . . . , xn) = P(X1 = x1, . . . ,Xn = xn) and tn =
Pn

i=1 xi .
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1. There is a latent random variable
2. It has a prior distribution
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More about de Finetti’s Theorem

It further holds that F is the distribution function of the limiting
frequency:

Y = X̄1 = lim
n!1

X

i

Xi/n, P(Y  y) = F (y)

and the Bernoulli distribution is obtained by conditioning with
Y = ✓:

P(X1 = x1, . . . ,Xn = xn | Y = ✓) = ✓tn(1� ✓)n�tn .
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• If our binary observations             are exchangeable, it 
implies a hierarchical sampling process:

70

De Finetti’s theorem – the underlying 
sampling process
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This justifies Bayesian modeling  --- prior distribution 
objectively exists!



Exchangeability

• Very widely used assumption in Bayesian modeling
• More flexible than IID, but is also restrictive
• Some classical/popular models 
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What you need to know

• Bayesian vs. Frequentist
• What is uninformative prior
• What are shift invariance, scale invariance in 

likelihood? How to derive the corresponding 
uninformative prior?

• What is Jeffery’s prior? Arbitrary translation 
invariance

• Exchangeability 
• De-Finette theorem (how does it justify Bayesian )
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