Tracking Point-Curv e Critical Distances ~

Xianming Chen, Elaine Cohen, and Richard F. Riesenfeld

School of Computing, University of Utah, Salt Lake City, UT 84112, USA,

Abstract.  This paper preserts a novel approach to continuously and
robustly tracking critical (geometrically, perpendicular and/or extremal)
distances from a moving plane point p 2 R? to a static parametrized
piecewiserational curve (s) (s2 R). The approach is a combination of
local marching, and the detection and computation of global top ological
change, both basedon the di eren tial properties of a constructed implicit
surface. Unlik e many techniques, it doesnot useany glolal search strategy
except at initialization.

Implementing the mathematical idea from singularity community, we
encade the critical distance surface as an implicit surface |l in the aug-
mented parameter space.A point ps = (p;s) is in the augmented para-
metric spaceR® = R?> R, where p varies over R%. In most situations,
when p is perturb ed, its corresponding critical distances can be ewolved
without structural change by marching along a sectional curve on | .
However, occasionally, when the perturbation crossesthe ewolute of ,
there is a transition event at which a pair of p's current critical distances
is annihilated, or a new pair is created and added to the set of p's criti-
cal distances. To safely eliminate any global seard for critical distances,
we develop robust and e cien t algorithm to perform the detection and
computation of transition events.

Additional transition events causedby various curve discortin uities are
also investigated. Our implementation assumesa B-spline represerta-
tion for the curve and has interactiv e speed even on a lower end laptop
computer.

1 Intro duction

Given a plane point p and a closedplane curve (s) : R! R?, the squared
distance function f :R! R s de ned as,

f(pis)= ( (s) M= @

Following the corvertion of [5], we call the distance from the plane point
p to the curve foot point (s) an A, distance, if f ("D (s) is the rst
non-vanishing derivative at s. An A, distance is called a critical distance
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if n> 0, and it is further classi ed asregular if n = 1, or degenerate with
multiplicit y n if n > 1. We generalizethe idea of critical distancesin
Section8, to include local extremal distancesfrom p to C° points on a piece-
wise smooth curve. In this paper, we encale a critical distance from p to the
curve point  (s) as(p;s), and consequetly regardit asa point in R®= R? R
(cf. Fig. ).

Critical distances,especially when generalizedto those betweena spacepoint
and a surface,are of interest in many geometriccomputations including minimal
distance computation (e.g., [11, [IZ]), collision detection (e.g. [18, 1Y), and
applications in motion planning and haptic rendering. It also has closerelation
to medial axis transformation [2] and Voronoi diagrams (e.g., see [g] for the
closedsmooth curve case).In this paper, we considerthe issuesof computing all
topological changesto the critic al distancesas p movesin the plane, and ewolving
critical distanceswhere there is no topological change. By topology of critic al
distances we mean the total number of critical distances,and the type of eat
one (i.e., whether it is local minimal, local maximal, or degeneratewith certain
multiplicit y). To track the critical distances,it is necessaryto start with an
initial point position and all the corresponding critical distancesfor that location.
Typically, this is done by solving Eq. (B) (seeSection[d using someconstraint
solver asdiscussedn [Z6, [8]. We will not gointo more details on this, and simply
assumethat the global initialization, including all critical distances,is given.

In this paper, we are especially interested in a topological change of criti-
cal distance, called a transition event. Mathematically, this is related to sin-
gularity and catastrophe theories [, 23, [14, [ZZ). Most recertly, [5] de nes the
extendedcurve ewvolute to serve asthe transition setof critical distanceson piece-
wise smaoth curves, especially deriving algebaically all the unfolding formulas
for degeneratecritical distances.This paper dealswith practical implemenrtation
issues,including especially the robust and e cien t detection of transition everts.
The set of all critical distancesfor all possibleplanar points is formulated asan
implicit surfacel in the augmerted parametric spaceR® = R? R, and sub-
sequettly, the evolution and transition of critical distancesare performed using
rst and secondorder shape computation on | .

2 Motiv ation

We presert a set of algorithms to track point-curve critical distancesexactly,
continuously, and robustly. In this implementation,the critical distances from
the point to the static curve are updated interactively as the user moves the
point (by mouse)on the plane without restriction. The critical distance tracking
doesnot approximate the curve with a polyline, asis donefrequently for distance
and collision queries.While point-curv e distanceis important on its own, we are
mostly motivated by its future extensionto the surfacecase,that is, tracking the
point-surface or surface-surfacecritical distances,and our ultimate goal is the
continuous distance tracking betweentwo trimmed NURBS models both under
either rigid motion or more generaldeformation. Many techniquesin both haptic



rendering and motion planning discretely approximate the curves [9, 20, [13].
While [IG, 27] works directly on the NURBS models, a global minimal distance
seard still must be conducted periodically.

Transition events of critical distancesare important to be able to ensurefor
algorithm robustnessand e ciency . If every transition evert is detectedand the
corresponding topological changeof critical distancesis computed, then onecan
guarantee that no any critical distancesare missed,and be assuredof robustly
reporting the global minimum or maximum. Furthermore, this also eliminates
typically expensive (comparedto local updating) global seard, which givesan
eciency benet.

For the point-curve case,the transition setis identi ed either with the evo-
lute of the curve if the consideredcurve is piecewisesmooth with at least C?
continuity at its break points [14], or with the extended ewolute if the piecewise
smooth curveis C° cortin uous[5]. For the point-surface case the transition setis
the two focal surfaces|15, [22]. More complex situations arisefor the point-model
casewhen the model consistsof multiple trimmed NURBS surfaceswith C° con-
tinuity betweensurfacesand for the surface-surfaceand model-model cases.On
the other hand, the basic idea of replacing the global extremal distance seart
with robust transition detection and computation, has a straightforward exten-
sionto higher dimension, and we presert the current work asa rst step toward
that more ambitious goal.

The rest of the paper is organizedas follows. Section[3 preserts the problem
formulation in the augmerted parametric space.Sectiond performsthe ewvolution
of the critical distance by marching locally on a sectional curve | onl. An
osculating circle basedcorrection algorithm is preserted in Sectionl Sectiond
computes the newly created pair of critical distancesby contouring the local
osculating parabolato | . By exploiting the rational B-spline represenation for
the ewlute, robust and e cien t detection of transition ewverts is investigatedin
Section@ using bounding volume tree of the curve ewlute. Section[d presens
a way to classify the transition evert by using at the sign of  ° To apply
our approach to realistic curve models, Section 8 develops algorithms for the
additional transition events causedby various curve discortin uities that occur in
real models. After examplesin Sectiond, conclusionsare preserted in SectionId

3 Implicit Surface Formulation in the Augmen ted
Parametric Space

The condition for critical distancesbetweenpoint p 2 R? and plane curve (s) 2
R? is,

%= ((s) p (9°=0 )

Regarding the LHS of Eq. [ asa function of g= f°%: R®! R, the locusof all
critical distances,as points (p;s) in R3, is the zero set of g. The Jacobian of g,



Fig. 1. Implicit Surface Formulation of Point-Curv e Critical Distances

(a) shows the normal bundle to a parabola curve; also shovn are 4 plane points with
their corresponding critical distances(shown asperpendicular lines to the curve). From
left to right, they have one regular critical distance (CD), one regular plus another
degenerate(with multiplicit y 2) CD, 3 regular CD, and a degenerate(with multiplicit y
3) CD to the curve, respectively. Lifting into 3-space,in (b), the corresponding vertical
lines pierce | once, pierce once and touch once (on the fold), pierce three times, and
pierce once (at the cusp of the fold), respectively. Finally a sectional curve of I is showvn
in (c).
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always has rank 1 when is regular; so the O-setof g is a 2-manifold in RS,
denoted hereafter as | . Geometrically, | is the lifted normal bundle to the
curve (Fig. [ (a)&(b)), and is called the catastrophe surfacein [14].

Notice that the normal to | actually hasthe sameexpressionasthe RHS of
Eq. (@), and can be succinctly written as

N, = %+ Des: (4)

where es is the unit vector along the vertical s-axis in R, °2 R? is regarded

as %2 R?®in a natural way (i.e., the last componert is 0), and D = ( p)
004 | 9e2,
Finally, we recall seeral identities which are usedin this paper.

e a= a; a b= (a Dbes; (&)= & a bhb=ahb (5)

wherea and b are vectorsin R?, and the subscript r denotesa 90 degreerotation
around the positive s-axis.

4 Evolution

Givenany perturbation ofp, , , the evolution problemis to transform all critical
distancescorresponding to p to thosecorrespondingto p= p+ ,. Geometrically,



the set of critical distancesf (p;s)g, for a xed p, is the set of intersection points
of I with the vertical line passingthrough p. There may be sewral critical
distancesfor a xed p corresponding to dierent values of s. Analogously, the
set of critical distancesf(p+ p;s+ 5)gis the set of intersection points of |
with the vertical line passingthrough p= p+ |, (cf. Fig. [b). In the following,
we considera particular critical distance (p;s) only locally .

First, construct the sectional curve, | , on |, that is, the intersection of |
with a vertical plane P passingthrough both plane points p and p+ , (Fig. k).

By Eqg. @), and sinceP hasnormal N, = ( ), the tangent to | s,

T=N, N =(p) ( °+De)= (p)r %#D(p)k &
By Eq. @),
T=( P O)es+ D p: (6)

0
Therefore, the critical distance (p;s) is ewlvedto (p+ p,;s+ -5—), assuming
that D doesnot vanish (otherwise, there hasto be a transition event, which is
discussedlater in Section[H).

4.1 Correction

The local evolution of critical distances,asjust described, essetially usesa tan-
gert plane approximation to the implicit surface |, and there is error accunu-
lated over time. We dewelop a curvature-basedcorrection algorithm in this sec-
tion.

The basic idea is to approximate
the local curve with its osculating cir-
cle (Fig. 2(@)). Suppose that for a
plane point p, one of its approximate
critical distanceshas a foot point F.
However, p is not really on the normal
line to F; instead, it deviatesfrom the

F FFE normal line by an angled =\ FCp,

whereC is the curvature certer corre-
Fig. 2. Circle/T angert Approx. sponding to F. Recallthat, for aplane
curve, the signedcurvature is the rate
of change with respectto arc length,

; _ 1 .d_.
i€, = x5 So,

d .

k &
If F is neara point with = 0, we replacethe osculating circle basedcorrection
algorithm by a tangent basedone (Fig. (b)),

_kF® Fk_(p F) ©
T % T k% ®)

ds= @)

ds
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5 Transition

If D=0;1 islocally vertical at the considered(p;s) 2 R® (cf. Eq. (@), then
there is no way of ewlving (p;s) to the next approximate critical distance by
following 1 tangentially . Mathematically, the locus of sud points (p;s) forms
the fold singularity of projection of | ons-axis. For C? curve case the projection
of the fold is actually the ewolute of [14].

When the plane point moves acrossa point on the ewlute, there will be a
transition ewen, i.e., a structural changeto the form of the critical distances.
Therefore, all points on the ewlute (or the extended ewlute, for piecewise
smooth curves later in Section[@) are called transition points. At a transi-
tion point, the corresponding critical distance, is degeneratewith multiplicit y 2.
Away from the transition point, the critical distance disappears completely in
onedirection, and unfolds into a pair of critical distancesin the other direction.
They are called an annihilation event and a creation event, respectively.
Notice that the created pair of critical distanceshave to be of opposite types
(one minimum, and the other maximum). Detailed algebraic derivations related
to transition ewerts are givenin [5].

In this section, we initialize the created pair of critical distancesby second

order di erential computation on | , i.e, more speci cally, by contouring the
local osculating parabola to |
Eq. (@ givesthe tangent vector eld on the curve | , and it allows us to

compute the covariant derivative with respectto itself. At a singular point where
D=0and T=(p 9e+D p=(p 9e (cf. Eq. @), the curvature of |
is (we denote, generally, asthe unit normal of the curve under consideration,
scaledby the signedcurvature ),

(1 oremy T (o % (p 9% (p 9

! T4 ( p (94
@(p 9 es+D
= & @ & = @ (es p) & = DO (9)
p ° @ p ° p OF
where (seedetail in [3]),
D%= @ = ( p "+k% . k (kz—o: (10)

@

Assumethat p is originally at a transition point with a degeneratecritical
distance (p;s) of multiplicit y 2. Further,assumethat p is perturbed by ,. If

("13—00) > 0,then | hasthe samedirection as , by Eq. (8, or the perturbation
direction is toward the curved side of | . Thus, a pair of new critical distances
are created by this perturbation (cf. Fig [c). Approximating the local curve of

| by its osculating parabola,

1
NI =

NI =

0
D 2
s

(p 9

“ N

P
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1 DO
—— _ 2=1

2(p 9°

Therefore, the pair of critical distancesare (p+ p;s+ ) and (p+ ;s s),
where s is,

r—
_ 2, 9,

o= 2L (11)

On the other hand, a perturbation away from the curved side of | , causes
the original critical distanceto disappear. It is clear that which pair of critical
distances must be annihilated, given the fact since there is no other critical
distance between (p;so) and (p;s1), that is, for with s 2 (sg; s1).

In addition to A, critical distances,there are also A3 or even higher de-
generateonesh]. A3 critical distancescorrespond to isolated ordinary cuspson
the ewlute. and therefore, due to numerical error and/or intentional numerical
perturbation, the creation events can be safely assumedto be of only A, type.
However, for a robust tracking algorithm, special implementation is required for
the situation when the plane point is closeto a cusp point (other type of cusps
may also arise on an extended ewvolute, cf. Fig. H). See[3] for detalils.

6 Detecting Transition Events

In principle, detecting a transition event is not more complicated than a special
curve-curve intersection problem [I4, [16, 25, [24]. We use the interval subdivi-
sion method [I€] to do the subdivision, and to construct a bounding volume
tree H(BVT) from the axis aligned bounding boxes resulting from the interval
subdivision. For most situations, the BVT allows the intersection algorithm to
stop at a very early stage. In this section, the word \in tersection” will mean
line-diagonal intersection, while the word \hit" will refer to the intersection of
the line with the box edges

Construct Evolute BVT by Interv al Subdivision Interval subdivision
requires a pre-processingof breaking the initial curve at any point where a
componert of the curve derivativ e vanishes.Howewer, the ewolute is not a regular
curve, and the pre-precessinglsoneedsto split the ewvolute at both its asymptote
and cusp points (seeFig. @). See[3] for more implemertation details.

Line Hits Axis Aligned Box The rst stageof transition detection cheds
if a parametrized line L(t), with L(0) = p and L(1) = p, hits an axis aligned
box. While this is essetially the typical ray tracing algorithm [24], more hit
information is required for the next stage algorithm. Speci cally, if there is a
hit, the algorithm should compute the following three piecesof information for
both near and far hit points.

! Notice that the volume here is the 2-dimensional area on the plane.



1. the hit edge.
2. the ratio of hit point with respectto pp, i.e., parametert of hit point.
3. the ratio of hit point with respect to the hit edge.

If both hit points are outside the line segmen pp, pp cannot intersect the box
diagonal. Therefore there is no transition evert, and the algorithm stops.

Line Segment Intersects Box Diagonal A leaf node axis aligned box of
the BVT, is constructed simply from the 2 end points of the control polygon
resulting from interval subdivision. Throughout this section, \diagonal'is used
only to mean the diagonal that connectsthese 2 end points. Notice that the
diagonal segmet is supposedto approximate the local curve, and hasparameters
for both of its endsthat are on the ewolute.

The secondstage of the transition detection chedks if the line segmen inter-
sectsthe diagonal of the hit box, and, if so,computesthe ratio of the intersected
point with respect to the two end points of the diagonal. The intersection point
is an approximation to the real intersection point of pp with the curve ewlute,
and its parameter is interpolated from those of the two diagonal endsinstead of
the simple midpoint approximation.

Remark 1 An interpolation basedapproach gives more accurate result than
the midpoint approximation, which is highly desirable because,at a transition
point, perturbing the point p by , causesthe corresponding critical distance

foot points to perturb by = k pk. For details seeLemma 1 in [5].

Three genericsituations of line-diagonal intersection are illustrated in Fig. B
It is either a through-intersection, when the near and far hit points are on the
opposite edges,or a corner-intersection, when they are on the neighboring edges.
On the other hand, consideringthe relative orientation of the diagonal segmen
qo® with respect to the line segmen pp®, either qqJi] has the samesign as ppYi]
for bothi = O andi = 1, or the sign relations are opposite fori = Oandi = 1
(the boolean array diag[2] in Algorithm [0 keepsthis information).

Basedon this classi cation, and by constructing the auxiliary similar trian-
gles(shadedin Fig. ), the ratio of intersection point with respectto the diagonal
is computed. Seedetails in Algorithm [1

7 Classication of Transition Types

If Algorithm [0 returns true, then the line segmen pp (i.e., the perturbation)

intersectsthe ewlute so a transition evert occurs. If the perturbation is toward
curved side of | , the transition event is of creation type: otherwise it is of
annihilation type(cf. Fig. [Ik). By Eq. (@), the perturbation direction is toward the
curved side of the sectionalcurvel , or | hasthe samedirection as , if and
only if DY ° p) > 0. Hence,ewaluation of D%and © , at the transition point

will determine the exact transition type. However, by Eq. (0), D° only changes
sign at isolated curve points where  ° changessign; therefore, the evaluation

of DY which involvesthe third order derivative, is not necessaryat run time,

provided that all the sign ipping points of 9 are already pre-computed.
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Input:
diag [2]  box diagonal direction w.rt. pp
(€o0;to;ro) near hit point
(e1;tq1;rq1) far hit point
Output:  on true return,
) (@) t ratio of intersected point w.r.t. pp
r ratio of intersected point w.r.t. diagonal
ry Return:
true if intersected (i.e. t 2 [0; 1]), false otherwise
Begin
If diag[0] 6 diag [1]
t( (1 ro)=(1 ro+r1)
I i ( is_horizontal (ep) ?0:1
1 1o diag [i] ( ! diag [i]
(b) Else
If corner cut situation Return false
r t( ro=(ro+1 rq)
) r( t( (L nto+rty
r If t2[0;1] Return false
If case(c)inFig.B r( r r1
1 1o If (! diag [0]) r( 1 r
© Return true
End
Fig. 3. Generic Line
Box-Diagonal Intersec-
tion Algorithm 1. Line Segmern IntersectsBox Diagonal

The following algorithm determinesthe signof  © without evaluating °.

Algorithm 2 Pre-computing signsof °

1. Split the curve at all locations where = 0, at critical curvature points, and
at all points with continuity C(<3),

2. Evaluate the curvature at all split points. The evaluation may be not neces-
sary, if the point is O-curvature point or it may need to be performed twice
for left and right limit evaluationsat a C(<~? point.

3. For each sggment, tag the sign of to be the same as that of either of its
non zem curvature end points, and tag the sign of °to be the sameas the
dier ene of at its two end points.

The algorithm requires as input the 0 and critical curvature points, which are
computed using a NURBS combined symbolic-numeric computation [[7], with
degreereduction strategy as preserted in [4]. Fig. @ shows all the ipping points
of Ofor a quadratic B-spline curve.
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Fig. 4. Flipping Points of 0 of a

quadratic B-spline curve
0=0:1,357911

vertices on the curve, ordinary cusps

on the extended evolute.

P%<0and +>0:2810,12
C! breaks on the curve, cusps on the
extended evolute.

99> 0and +<0:46 cCt
breaks on the curve, asymptotes on
the extended evolute.

8 Additional Transition Events at Curv e Break Points

In this section, we make extensionto our algorithms so that critical distances
can be tracked acrosscurve break points of at least C° corntinuity. Notice that
the corresponding C( b situation is not any more di cult, and is omitted here
under the assumption that a curve boundary to a 2D shape must be closed.

C? Break Points First, obsenethat, by Eq. @), Eq. @ and Eq. (I), aslong
asthe curve is C3, the algorithms are valid. The requiremert, however, can be
relaxedto C2. A C? point of the curve correspondsto a C! point on the implicit
surfacel , and so doesnot a ect the ewlution algorithm. On the other hand,
it doesa ect the transition computation basedon |, , because , isC( Y by
Eqg. (@. A simple solution is to evaluate the left and right limits of Eq. ().
However, observingthat there are only isolated transition points on the ewolute
that correspond to C? break points on the curve this could rarely happen due
to numerical error.

C! Break Points Usually one point of any lifted normal line is on the fold of
|, and the projection of that point to R? is on the ewolute, or it is the curvature
center (cf. Fig. [b). Howewer, if the considerednormal line corresponds to a
C! curve point, there is a segmen on a fold of | . There is a creation or an
annihilation of a pair of critical distanceswhen the perturbation crossesany
point of that segmen. The normal line segmei, serving as extra transition
points, is either the line segmem connecting the two (left limit and right limit)
curvature certers, or the complemen of it with respect to the whole normal
line (see[H] for more details). The important thing to note, though, is that the
apparert transition event occurs becauseof 2 evolution events, one performed
on the left segmen and the other performed on the right segmen. The following
algorithm computesthe transition evert or evolution evert at a point (p;s) where

is C! at s, given a perturbation of . In the rest of the paper, a subscript of
| (r) denotesthe left (right) limit evaluation.
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Algorithm 3 Transition/Ev olution at C* Break

0

L If(s)= 5 < 0, (p+ p;s+ ( s)) is a perturbed critical distance.
2. 1f (&) = "D—ro >0, (p+ p;s+ (s)r) is aperturbed critical distance.

A creation/evolution/annihilation evernt happensif two/one/none perturb ed dis-
tancesare returned from the algorithm.

CO Break Points At aCP° curvebreak point, there are 2 normal lines, and ead
of the lifted oneshassomesegmei on the fold of the implicit surfacel . We can
do the transition computation directly for C° break points, but, instead usethe
strategy in [5] to convert C° break point into two (collapsed) C* break points
by inserting an arc with O-radius betweenthe two unfolded break points. The
arc hastangent continuity at both its ends,and has positive (negative) in nite

curvature if the two tangernts at the left and right endsform a right (left) hand
rotation. Notice that this essetially assignsa whole spanof normal linesto a C°
point, generatedby right (left) rotating the left limit normal to the right limit
normal; consequetly, there will be an extra critical point if the plane point is
on any of thesenormal lines.

9 Examples

The two examplesin this section are snapshotstaken from dynamically tracking
critical distancesfrom a moving (user interactive with a mouse)point to a static
curve. Demo videos are accessibleby following the link
http://www.cs.utah.edu/  xchen/papers/more.html

Fig. B givesan example of contin uously tracking critical distanceson a cubic
B-spline curve, with 6 snapshotstaken from the animation. The plane point is
shown in dark squarebox, and foot points are shawn in lled circles, while the
corresponding points on the ewolute (light gray ) are shown in unlled circles.
At somepoint betweenead pair of neighboring snapshots,5 transition events
have occurred. The rst transition annihilates a pair of critical distances,while
the last one is actually two transition everts, eat of which annihilates a pair
of critical distances.Each of the rest of the transitions createsa pair of critical
distances.The pair that becomesannihilated is shawvn in boxes,while the created
pair, in larger lled circles.

Fig. B shaws extremal distance tracking on a C° B-spline curve. Only part
of the extended ewolute curve is shown in light color (details in [5, &]).

10 Conclusion

In this paper, we have formulated the set of critical distancesfrom a plane point
to acurve,asanimplicit surfacel in the augmerted parametric space.Evolution
and transition of critical distancesare performed using rst and secondorder
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Fig. 5. Example 1: Tracking Critical Distanceson a C? B-spline Curve

Fig. 6. Example 2: Tracking Critical Distanceson a C° B-spline Curve
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di erential computation on |, respectively. Detection of transitions is robustly
and e cien tly implemented using the BVT of the curve ewolute. Additional
transition ewvents, corresponding to breaks in the curve smoothness, are also
computed.

We have not yet mentioned global minimal/maximal distance tracking be-
cause,to robustly track glokal minimal/maximal distance, all the local critic al
distancesmust be tracked. Becausecritical distancesalways occur with alternat-
ing typesE(cf. Sectiond), the global minimal/maximal distance canbe computed
at run time by comparing all current critical distances.

With the techniques in this paper, point-curve critically distancescan be
continuously and e cien tly tracked, without resorting to global searhes. Our
future researd will include extending the approad to designrobust algorithms
for the point-model and the model-model cases.
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