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Abstract

In manufacturingprocessesike injectionmoldingor die casting a 2-piecemoldis requiredto be sepaable, thatis, be
ableto havebothpiecesof themoldremorein oppositedirectionswhile interferingneitherwith the moldnor with eadh other

Thefundamentaproblemisto nd aviewing (i.e. sepaating)direction,fromwhich a valid partition line (i.e. thecontact
curvesof the two mold pieces)exists. While previousreseach work on this problemexistsfor polyhedal modelsverifying
and nding sud a partition line for genesl freeformshapesrepresentedy NURBSsurfacesis still an openquestion.

This papershowsthat sud a valid partition existsfor a compactsurfaceof genusg, if and only if there is a viewing
directionfromwhich thesilhouetteconsistsof exactlyg+ 1 non-singulardisjointloops. Hence the 2-piecemold sepagbility
problemis essentiallyreducedo thetopolagical analysisof silhouettes.In addition we dealwith remaring almostvertical
surfaceregionsfromthe moldsothattheform canmore easilybe extractedfromthe mold.

It followsthat the aspectgraph,which givesall topolagically distinctsilhouettesallows oneto determinethe existence
of a valid partition aswell asto nd sud a partition whenit exists. In this paper we presentan aspectgraph computation
techniquefor compactfree-formobjectsrepresentedas NURBSsurfaces. All the vision event curves(parabolic curves,

ecnodal curves,and bi-tangencycurves)relevantto mold sepaability are computedoy symbolictechniquesbasedon the

NURBSrepresentationcombinedwith numericalprocessing An image dilation techniqueis thenusedfor robust aspect
graph cell decompositioron the sphee of viewing directions. Thus, an exact solutionto the 2-piecemold sepaability

problemis givenfor sud models.
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1 Intr oduction

Design-formanufacturingnecessitatethata CAD systembe enhancedvith the capabilityto verify thatthe designed
modelcanbemanugcturedIn this paperwe consideithe problemof determiningheexistenceof and nding (if oneexists)
avalid 2-piecemold for a designedsolid model,whoseboundaryis representedsNURBS

Most paperson 2-piecemold separabilityproblem(e.g.[1, 2, 3]) work on polyhedralmodels. Typically, they select
someheuristicdirectionsfrom which to verify separability Thus, the algorithmsare not completein the sensethat they
only verify but cannot nd a valid 2-piecemold eventhoughone might exist. In [3], a completealgorithmis presented,
but for implementatiorit falls backto verifying someheuristicallyselectedirectionsbecaus®f the high compleity of the
completealgorithm.

In this paper we usemodelsboundedy NURBS surfacesthathave C® continuity, presenandimplementa complete
algorithmfor the mold separabilityproblem.C® is requiredonly becauseelevantaspecgraphcomputatiorrequiresthird
derivatives.
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A 2-piecemold,denoted?P M hereafteris usedin manufcturingprocessesuchasinjectionmoldingor die casting[4,
5]. In general,

De nition 1 Anobjectthatis manufactuablewith the aid of an n-piecemoldis denotecoynP M . Thecurves
alongwhich the objectis partitionedare called partitionline, anddenotecby PL .

Speci cally in this paper we consider2P M , andrequirethattherebe an opposingseparatinglirectionV for the two
piecesof themold.

Obviously the existenceof a2P M for a solid modelis completelydeterminedyy its boundarysurface. The boundary
surfacemustbe closedandboundedj.e. compact.

If thetheseparatinglirectionV andthetheboundarysurfaceS areto beemphasizedye will usethenotation2PM ¥ .

Notewe assumea connectedoundarysurfacefor ary solid model(in fact,the connectedness usuallyimplicit in the
mathematicatle nition of a surface),andhencewe do not considervoid objects(suchasa hollowed sphere)whoseinner
andouterboundarysurfacesarenot connected.This assumptiordoesnot make our discussiorary lessgeneral sincevoid
objectsobviously cannothave avalid 2P M .

As silhouettegeneratorandsilhouettesareour startingpoint to solve the2P M problem,we give theirde nition here.

De nition 2 Givena viewingdirectionV, anda surfaceS,

1. ThesilhouettegeneratolGY is thelocusof pointson S, whosesurfacenormalsare perpendicularto V.

2. ThecorrespondingsilhouetteSY is the projectionof the silhouettegeneator along the directionV onto
anarbitrary image plane

Therestof the paperis organizedasfollow. In Section2, we give the necessarpackgroundf vision eventsandaspect
graphs.In Section3, the relationsbetweermold accessibilityand, silhouettesandvisibility, areinvestigated.In Section4,
a completesetof algorithmsfor computingthe 2P M separabilityfor NURBS surfacesis given. Theimplementatioruses
a combinationof symbolicand numericcomputationaswell asa techniquefrom imageprocessing.Someexamplesare
givenin Section5. Also for practicalmanufcturing,Section6 computeghe partition line itself given the view direction,
shaws how to prescribinga relief angle, andfurthershawvs how to redesigrthe dif cult to remareregions. Finally, the paper
concludesn Section?.

2 Background

In this sectionwe brie y review relevant basictermsand resultsaboutvision eventsand aspectgraphs,which are
essentiato thetwo theoremsandthe algorithmsof this paper Referto Koenderini6] for moredetail. For readerdamiliar
with differentialgeometryandsingularitytheory, this sectioncanbe skippedsafely

1. Let S bethe surface,p be ary pointon S, andn, the surfaceunit normalat p. The GaussMappingis de ned as
N:S ! S2N(p) = np;
Here,S 2 denoteghemanifoldof all unit surfacenormals andis calledthe GaussSphere Later, S 2 will alsobeused
to representhe manifold of unit orthogonakiewing directions,andconsequentlys alsocalledtheviewing sphere.

Everyviewing directionV 2 S 2 prescribes greatcircleC onS 2 orthogonato V. Then,
& =fp2SjN(p)2Cg.

2. A paraboliccurveis de ned asthelocusof pointson S with zeroGaussiarturvature,i.e.,oneof theprincipalcurvature
beingzero.The zeroprincipal curvaturedirectionis necessarilyanasymptotialirection sincethe secondundamental
formis O (i.e. self-conjugate)or, intuitively thetangentine at thatdirectionhasorder3 contactwith the surface.The
asymptotiadirectionson a paraboliccurve generatex developablecalledaxis cylinderdevelopable

3. Paraboliccurves separatéehe elliptic from the hyperbolicregionsof the surface. Thereare0, 1, and 2 asymptotic
directionson eachpoint of elliptic surfaceregions,paraboliccurves,andhyperbolicsurfaceregions,respectiely. At
ahyperbolicsurfaceregion, therearetwo asymptotiadirection(vector) elds, theintegral of which aretwo familiesof
asymptoticcurves Thelocusof all thegeodesidn ection pointsonthesetwo familiesof asymptoticcurvesgivestwo
ecnodal curves At thesegeodesidn ection points,thereareorder4 contactasymptoticdirections,which generate
two non-developableruled surfaces(witheitherof the ecnodal curve asthe basecurwe), called ecnodal scolls.



4. A bi-tangentrayis aline tangento the surfaceat two differentpoints. If theline alsoliesin the planethatis tangent
to thesurfacepoints,it is thenalimiting bi-tangentray, thelocusof whichis a bi-tangentdevelopable contactingthe
surfaceat a bi-tangencycurve

5. For all of thesethreeruledsurfacesranslatingtheir generatindinesto the origin givesthe correspondingenesating
cones

6. For orthographigorojection,the manifold of viewing directionscanbe representedsthe unit spheresurfaceS 2. S 2
canthenbe partitioned(by the variousgeneratingcones)into regions,with the propertythatthe silhouettesof all the
viewing directionsin ary oneregion have the sametopology Whenthe viewing directioncrosseshe boundaryof a
topologicallyequivalentregionon S 2 into antherone,the topologyof the silnouettesuddenlychangesi.e., a vision
eventoccurs.A graphwhosenodesarethe representatie silhouettesof all the partitionedregionson S 2, andwhose
edgesarethevision eventsbetweerthem,is calledanaspecigraph

7. A pointon acurveis calledan ordinary cuspif locally the curve canbe representedsy? = x3 afteranappropriate
coordinateransformationln this paperall cuspsconsideredreordinary andaresimply calledcusps.

8. It mayhapperthatthereis a crosson the silhouette eitherfrom oneloop or two distinctloops. For an opaqueobject,
partof oneof thefour branchess occluded andhencethe crossappearsasa T-shapecalleda T-junction

Aspectgraphsplay a major role in mary geometricapplications,most noticeablyin computervision and recogni-
tion. Thesegraphscapturevision eventsof topologicalchangesn the objectappearancasthe view directionis changed.
A completeunderstandingf aspectgraphrequiresdifferentialgeometryand singularity theory both of which are well-
established?, 6, 8, 9]. Theimplementationhowever, is not assatishctoryevenafterthreedecade®f researctanddevel-
opment. Earlier researcthasbeenconductedmainly on polyhedralmodels[10, 11, 12] or somespeci ¢ kind of surfaces,
suchasquadraticsurfacesor surfacesof revolution[13]. Petitjean14] computedaspecgraphsof smoothalgebraidmplicit
surfaces.

In this paperwe implementa setof algorithmsto computethe aspecgraphof afreeformobjectrepresentedsNURBS
surfaces. The computedaspecigraphis almostcomplete exceptwe do not computecusp-crossingndtriple-pointvision
events,which areirrelevantto themold separabilityproblem.SeeSection3. Symboliccomputatioris usedextensvely, with
the help of numericcomputation.This differentiatesour approachHrom previous methods.We alsousea differentmethod
basednimagedilationto decompose&iewing spherédnto topologicallyequivalentmaximalregions. Seedetailsin Sectiord.

We now give somerelevantresultsfrom singularitytheoryon aspecgraphwith brief explanation.

1. A silhouettegeneratoiGY generallyconsistsof oneor moreclosedregular spacecurveson S, exceptwhenV is the
asymptoticdirection of a parabolic pointon S. ThenS¢ hassingularity of eitheran intersection(or cross)or an
isolatedpoint. Thesingularitiesareunstablei.e., they disappeaundersmallperturbationThisis because

@ =fp2SjN(p) 2 Cg,
(whereC is thegreatcircle orthogonato V), andN is alocally differmorphismexceptat parabolicpoints.

2. Theviewing directionV andtangentdirectionT to GY areconjugatej.e., their secondfundamentaform is zero,
[1(V;T)= 0[15, pp.61-62].

This simpleresultis actuallyall we needto completelyunderstandry kind of cuspsingularities.

3. Theonly singularitieghatasilhouetteSY canhave consistof cuspsandT-junctions,bothof whicharestable.A cusp
occurswhenV is theasymptotiadirectionatthe cusps pre-imageon S. A T-junctionoccurswhenV is tangento two
distinctpointson S

WhenV is the asymptoticdirection, which is self-conjugatej.e., I 1 (V;V) = 0, we arenecessarilyooking at the
tangentdirectionof thesilhouettegeneratolcf. 2),andS¥ will potentiallyhave acusp.

Vision eventsarecloselyrelatedto paraboliccurves, ecnodal curvesandbi-tangeng curveson the surface,or more
preciselyto their correspondingasymptoticray manifoldsor bi-tangentray manifolds. Therearetwo other multi-
tangentray manifoldsrelatedto vision events(seecusp-crossandtriple-point eventsbelow). For mold separability
problemshowever, they canbe safelyignored.

4. Thereare6 typesof vision events,3 local and3 multi-local (Fig. 1 andFig. 2).



Figure 1. Local Vision Events under orthographic projection. Rowl on theleft showsa lip eventat a
parabolic point of elliptic type The r standsecondmagesare befole and after the visionevent. Thethird image is a
closeupsilhouettecorrespondingo the secondmage. Row2 on the left androw 1 on theright showa beak-to-beak
eventat a parabolic point of hyperbolictype Row2&3 on the right showa swallow-tail eventat a ecnodal point.
Fromleft to right, eadh of thesefour rowsshowsimagesbefor, at and after the visioneventrespectively

(a) A lip eventoccurswhentheviewing directioncrossesheaxiscylinder developableataparaboligpoint of elliptic
type[6, pp.297-303].In this case2 cuspg(dis)appear

(b) A beak-to-bealeventsoccurswhenthe viewing direction crosseshe axis cylinder developableat a parabolic
point of hyperbolictype[6, pp.297-303].In this case 2 cuspddis)appear

(c) A swallowtail eventoccurswhentheviewing directioncrosseshe ecnodal scroll. Again 2 cusps(dis)appear
andin addition,a T-junction(dis)appears.

(d) A tangentcrossingeventoccurswhentheviewing directioncrosseghelimiting bi-tangentray manifold, In that
case2 sggmentf silhouetteapproachtouch,andthenseparateagain.

(e) A cuspcrossingeventoccurswhenthe viewing directioncrosseghe manifold of thosebi-tangentrays, which
happerto betheasymptotesit oneof thetwo surfacepoints

(H A triple pointeventoccurswhentheviewing directioncrossedri-tangent(touching surfacepointsat the same
time) ray manifold.

3 Mold Accessibility And Silhouettes& Visibility

For a genericcompactsurfaceS, viewed from directionV, its silhouettegeneratoiGY is formed out of oneor more
disjoint closedregularcurves.Genericityis amathematicatoncepiof opennessjensenesandtrans\ersality In thecontext
of this paperagenericsurfaceis simply a surfacewhosesilhouettetopology, underary sufciently smallperturbatiorof the

surface,doesnot change.
2P M manufcturabilityis closelyrelatedto thevisibility andsilhouetteprocessingroblem,andis reducedo themby

thefollowing theorem;

Theorem1 A compactsurfaceS of genusg hasa valid 2PM ¢ if andonly if the silhouettegenemtor GY has
exactlyg + 1 loops,ead of which is totally visible fromthe directionV .

Intuitively genuscanbe understoodisthe numberof handlesor through-holesn a surface.

Proof:
() ). If thesurfacehasavalid 2P M , thenthe two piecescanbe separatedn oppositeV direction,interferingneither

with eachothernor with the moldedobjectinside. In otherwords,if aray parallelto V is emittedfrom a point p on the
surfacefacingthe viewer, theray is not occludedby ary othersurfacepoints,andsop is visible. Speci cally the partition
line PL is visiblefrom V. FurthermorePL is identi ed with GY , because,
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Figure 2. Multi-Local Vision Events under orthographic projection. Fromleft to right, Each row shows
modelshefore, at andafter thevisioneventrespectivelyfollowedwith their correspondingsilhouettesRow1 showsa
bi-tangentcrossevent. Row2 showsa cusp-cossevent. Row3 showsa triple-point event. Thearrowsof the last row
showwhele thetriple-pointeventoccurs.

1. PL & .PL isvisiblefromV asshavn above.PL is alsovisible from V by exactly thesamereason.

2. &  PL. If not, therewould be addedsilhouettegeneratosegments. Consequentlyherewould be a back-facing
region andoverlapat leastone piece,so pulling this pieceaway would necessarilyinterferewith the moldedobject
inside,hencea contradiction.

Now we needto prove, &Y hasexactlyg+ 1 loops.Thisis readily provedby consideringhefactthatthe surfacehasg
through-holesandthatP L is thecommoncontactof thetwo pieces.First,if it hasmorethang+ 1 loops,theneachadditional
loop would necessarilyntroducea through-hole contradictingthe hypothesiof genusg. Onthe otherhand,thesilhouette
generatoicannothave fewer thang + 1 loopseither;if it did, therewould exist onethrough-holecompletelyembeddedn
only oneof thetwo mold pieceswhichis impossible.

(( ). Thiscanbemostreadily provedif we considerconstructingaviewing ray cylinder for eachloopon GY . Thereare
g+ 1sucheylinders,all with V asthegeneratorbut with distinctloopsof G¢ astheir distinctbasecurves.

Becausell loopson QY aretotally visible, it is obvious no pair of suchcylinder surfacescanintersect. Considering
furtherthatthe modelsurfaceis connectedthe only possibleayoutof thesecylindersis thatthereis oneoutercylinder that
completelycontaingheremainingg cylinders,noneof whichis insidearny of themseles. Actually theseg cylindersexactly
correspondo theg through-hole®f the modelsurfacewhichis of genusg.

Thereforeall theg+ 1loopson QY actuallyonly cutthe modelinto two pieces.

Further eachpiecemustbe totally visible. If not, therewould exist somesilhouettegeneratorsegmentbetweenthe
invisible back-facing areaand the visible front-facing area. This segmentis necessarilyinvisible, which contradictsthe
hypothesighatthe silhouettegeneratois totally visible.

Finally, completevisibility of thetwo piecesensureshe successfuseparatinglongdirectionV. B

Theoreml is powerful. But to verify the visibility of the silhouettegeneratodirectly is quite dif cult. Thefollowing
theoremgivesusarelationbetweerthevisibility of a silhouettegeneratoandthesingularityof its correspondingilhouette.
Thesingularityof the silhouettejn turn, canbereadily predictecby theaspecgraph.

Theorem?2 If S is acompacturfacewith genusg , thenG&! hasg+ 1 loops,ead of which is totally visible if
andonlyif SY hasg+ 1 loops,eac of which is non-singular

To provethistheoremwe needthe conceptof contactorderof atangentine touchingthe surface[15, 6]. Intuitively, a
line touchessurfacewith ordern if, underslight perturbationjt will possiblyintersectthe surfaceat n but no moredistinct
points.



Proof:

() ). Q¥ with g+ 1 loopsis projectedontoSY with g + 1 loops,eachof which mustbe free of singularity because
bothcuspandT-junctionsingularitiesmply occlusionof GY (seeSection2).

(( ). & cannothave fewerthang + 1 loops. Onthe otherhand,if it hasmorethang + 1 loops,then2 loopsmust
projectontothe sameloopon S¢ , whichiis the singularcaseof a degeneraté-junction. SoGY hasexactlyg+ 1 loops.

SecondG¥ mustbetotally visible. If not,

1. eithertherewould beanon-localocclusionof GY . In thiscase S¢ would have a T-junction,a contradiction.

2. or therewould be a local occlusionof GY . At this local point, sayp, a visible silhouettegeneratoisggmentandan
invisible silhouettegeneratoiseggmentmeet. The visible sggmenthasnormal 2-ordercontactwith the surface. The
invisible sgmentlocally hasnormal2-ordercontact. However it will piercethe surfaceat an extra point sinceit is
invisible. Approachingp alongtheinvisible sggment this extrapointmermgeswith p andthevisualraywill have 3-order
contactthere,i.e. it is anasymptotiadirection. Thereforetheremustbe a cuspon the silhouetteat p, a contradiction.

Sothereis a contradictionin bothcasesandthetheoremis proved.l

By Theoremdl and 2, astraightforvardwayto nd avalid 2PM for agenusg compacturfaceis to enumeratell the
possibleopologiesof its silhouetteunderall orthographicziewing directions,andto seewhetherthereis onethatsatis esthe
conditionin Theorem2. Thisis exactly the informationcontainedn vision eventsandaspecgraphs.Methodsto compute
aspectgraphsof differentkinds of surfaces,from polyhedraland quadricsurfaces,to surfacesof revolution and general
implicit surfaceshave beenpresented10, 11, 12, 13, 14]. Oneresultof this paperis a methodto computeaspecgraphsof
freeformcompactNURBS surfacesunderorthographigrojection. However, sincewe areusingaspecigraphsto solve the
mold separabilityproblem we do not have to computetriple-pointsandcusp-crossingsTlhisis becauseuspsor T-junctions
exist both beforeandafterthe events. So, by Theoremsl and 2, the validity of the2PM doesnot change.We alsoonly
have to renderthetransparensilhouette.

4  AspectGraph of a NURBS Surface

Sincevision eventsoccurwhenthe viewing directioncrosseghe generatingconesof axis cylinder developables,ecn-
odalscrollsandlimiting bi-tangentdevelopablesit is necessaryo computethe intersectionof their generatingconeswith
theviewing sphere.Fromtheresultingpartition of the viewing spherewe selecta representatie point, i.e. arepresentatie
viewing direction,from eachregion, andcomputethe silhouettecorrespondingo thatviewing direction. If thesilhouetteis
freefrom singularitiesandhasg + 1 loops(for a surfaceof genusg), thenwe aresurethatall the viewing directionsin that
region arevalid separatinglirectionsof the 2-piecemold.

Now, we give all thealgorithmsto solve the 2-piecemold separabilityproblem.

Note, algorithmsare givenonly to computethe featuredcurveson surface;onemustevaluateasymptoticdirectionsto
gettheaxiscylinder developableandthe ecnodal scroll.

4.1 Computation of the Axis Cylinder Developable

A paraboliccurve([16]) is thelocusof zeroGaussiarcurvaturepointson the surface.In [17], a methodthatcombines
symboliccomputatiorof the Gaussiarcurvature eld of NURBs surfacesandnumericextractionof the paraboliclinesasits
zeros,is presentedyia subdvision. Beziersurfacesaretreatedn [18] usinga similar approach.

The paraboliccurvesseparateseparatesn elliptic region (K > 0) from a hyperbolicregion (K < 0). The Gaussian
cunatureequalq16]

iiLj
K= +—;
ik
whereF andL arethe matricesof the rst andsecondundamentaforms[16] respectiely. Sincethe zerosof K equates
with thezerosof jjL jj for regularsurfacesthe setof parabolicpoints,P, of surfaceS(u; v) canbecomputeds,

P= (uv) 0=(Sw n)(Sw N) (Sw Nn?* ; (4.1)

wheren = n(u;v) istheunitnormal eld of S.



The unit normal eld n(u;v) is not rational for the given parametrizationgven for a rational surface S, dueto its
normalizatiorfactor However, jjLjj is rationaldueto thefactthatit containgermswith only thesquareof thenormalization
factor Becausewe seekonly the zerosof jjL jj, we cansubstituten(u;v) = S, S, for n(u; v). And asthe surfaceis
assumedo beregular, the zerosof jjL jj, usingn(u; v), areidenticalto the zerosof jjL jj.

The zerosof the rational modi cation of constraint(4.1), usingn(u; v), canbe computedusing the equationsolver
presentedn [19]. This solver emplgys the subdvision and corvex hull containmentof the NURBS representatiormnd
combinest with multivariateNewton Raphsonmprovementsteps.Seg[19] for more.

Having 2 degreesof freedom,u andv, and1 constraintjjL jj, P is a univariatecurve in the parametricdomainof S, in
generalseeAlgorithm 1).

4.2 Computation of the Flecnodal Scroll

The ecnodal cune is the locusof in ection points of eitherfamily of asymptoticcurves. At a ecnodal point, the
asymptoticray hascontactof order4 with the surface[15, 6].

At ary surfacepoint p, a local (typically not orthogonal)coordinatesystemfor 3D spaceis (Sy; Sv;Tp), wherem, =
St Sv. (Su; Sy) is acoordinatesystemfor thetangentplaneat p.

Noteall thederivativesareevaluatedat surfacepoint p throughthis section.

SupposasS, + bS, is anasymptotiadirectionof 4-ordercontactwith the surface.Then,by order3 contact,

(azsuu + 2abs,, + bZSvv) n, = 0; (4.2)

andby order4 contact,
(@®Suuu + 3a%bS,y + 3alPSyy + B*Syyy) My = 0 (4.3)

Equation(4.2) simply meanghatthe secondundamentaform is O for anasymptotiadirection(order3 contact).Equa-
tion (4.3) canbe understoodsfollow.

De ne afunctionF as

F:S ! RRF(X)=(x p) np;
for ary pointx onsurfacesS.

If thereis aorder4 contactat surfacepointp alongdirectionaS, + bS,, thenthethird directionalderivative of F should
be0 atp, whichimmediatelygivesEq. (4.3).(Of coursethesecondlerivative shouldalsobe0, which givesEqg. (4.2), exactly
assecondundamentaform does).

Finally,

a?+ k=1 (4.4)

Note that this equationis not the conditionfor a unit vectorbecaus€S, ; S,) is not necessarilyan orthonormalbasis.
Insteadjt justletsuspick oneuniquevectorfrom eachdirection.

PuttingEq. (4.2), (4.3) and(4.4) togetherwe have 4 variables(parametet andv, tangentdirectionvariablesa andb)
and3 equationssothe solutionshouldbe onedimensiorset,i.e., a curve onthe surface(seeAlgorithm 2).

Again we usethe constraintsolver, presentedt [19], to nd the solution. This techniques applicablebecausall the
above 3 equationsarethe sum,product,andderivative of NURBS,andthereforer; arealsoNURBS[17].

4.3 Computation of the Bi-tangent Developable

GivenaC? continuougparametricsurfaceS, surfacepointsS(u; v) andS(s;t) arebi-tangentpointsif :

0 = m(u;v);S(u;v) S(s;t)i; (4.5)
0 = (v EED (4.6)
0 =  n(uv); @g;t) ; (4.7)

@(uyv) @(uv)
& —a

wheren(u; v) = @



Constraint(4.5) ensureghat the normal at (u; v) is orthogonalto the line segmentconnectingS(u; v) and S(s;t).
Constraintg4.6) and(4.7) guarante¢hatthe two normalsat (u; v) andat(s;t) areindeedin the exactsamedirection.

Onceagain,we employ the constraintsolver of [19] to solve Eq. (4.5)to (4.7).

Having 4 degreesof freedomu, v, s andt, and3 constraintsF; (u; v; s;t),i = 1; 2; 3, thesolutionB is aunivariateover
S, in generalseeAlgorithm 3). Here,eachsolutionis a pair of points,andde nesabi-tangentine in spacdrom S(u; v) or
S(s;t). A developablesheetcouldthenbe easilyconstructedy connectinghesecorrespondindpi-tangentointsfor all the
solutionsetof B.

4.4 Partitioning the Viewing Sphere Via Image Dilation

After computingall the intersectionsbetweenS 2 and the various generatingconescorrespondingo axis cylinder
developables,ecnodal scrollsandbi-tangentdevelopablesit is necessaryo nd arepresentatie pointin eachpartitioned
regiononS 2.

Ouralgorithmusesimagedilation [20], andis implementedn openGL. It is robustandef cient.

First, the intersectioncurves and their antipodalsare centrally projectedonto left, back andtop facesof a cubethat
boundsthe unit sphere.Note theright, front, andbottomfaceswould yield similar antipodalregionsto the rst threefaces
andhenceareignored. The intersectioncurvesarerenderednto 3 binaryimages.Dilation is thenused3 timesto nd, for
eachregion of pixel value0 (background)the centralpoint, whichis thencentrallyprojectedbackonto S 2.

The rst dilationis appliedto the binaryimageto achieve theeffect of shrinkingthe boundaryforegroundcurvesinward
to nd the representatie points,i.e., P in Algorithm 4. The seconddilation is appliedto the binary imageof reversed
polarity (i.e., regardingbackgroundpointsasforegroundpoints,andvice versa.)to partition P into equivalentclassesi.e.,
P in Algorithm 4. Two pointsareequivalentif they are4-connectedi.e. reachabléo eachothervia dilation usingthe cross
kernelfrom equatior4.8. Thethird dilationis appliedto eachequivalentclassof pointsto nd theheuristicallyoptimalpoint,
which hasthe maximaldistanceto the surroundingoregroundcurve. (seeAlgorithm 4).

All dilationsusethe samecrosskernel, 0 1
010
@1 1 1A; (4.8)
010

i.e., eachforegroundpixel is expandedo its 4-neighbors.

Becausecentralprojectionof S 2 onto the boundingcubeis usedto generatehe bitmap, an extra boundarycurve for
eachcubes faceimageis introduced.Therefore for thoseregionsspanningacrosghe boundaryof a faceunderthe central
projection,morethanonerepresentatie point will be returnedby our algorithms. However, this causesio harmbeyonda
slightcomputationabverhead.

5 Examples

We give two examples.SeeFig. 3 andFig. 4.

For eachexample,we shawv its NURBS model,its partitionedviewing sphereandits representatie viewing directions
andtheir correspondingilhouettes.

For the rst examplemodel,therearefour representatie non-singularilhouettesandcorrespondinglyour representa-
tive viewing directions from eachof which thereis avalid 2P M .

Thus,for this model,ary viewing directionfrom the sameregion asary oneof thesefour directionsis avalid separating
directionfora2PM .

Note, thereare actually only two topologicallydistinct valid viewing directions. We have two extra sincewe project
the spheresurfaceonto threefacesof the boundingcube,but we apply dilation to themseparatehasif the threefacesare
disconnected

For the secondexamplemodel,thereis only onerepresentatie non-singularsilhouette and correspondinglyonly one
representatie viewing direction, from which thereis a valid 2P M . Any viewing directionfrom the sameregion asthis
directionis alsoavalid separatinglirectionfor a2P M .



Algorithm 1 Compute Parabolic Curves

Input:
S(u;v), aC®@ surfaceto computets parabolic set.
Output:
P, thesetof parabolic pointsof S.
Begin
jiLjj ( Determinanbof secondundamentaform
of S usingunnormalizechormal eld of S;
P ( ZemwsofjjLjj;
End

Algorithm 2 Compute FlecnodalCurves

Input:

S(u;v), aC® surfaceto computeecnodal curves.
Output:

B, thesetof ecnodal scolls of S.
Begin

Fi(u;v;aib) ( (a?Su + 2abSy + PPSyy) Mp;

Fa(u;v;a;b) (

(assuuu + 3aZbSJuv + 3abzsuvv + bSSvvv) ﬁp;

Fa(uviash) ( @+ b 1;

B ( Simultaneousolutionof f F;(u; v;a;b) = Ogi3:1 ;
End

Algorithm 3 Compute Bi-tangent Curves

Input:

S(u; v), a C* surfaceto computebi-tangentcurves.
Output:

B, the setof bi-tangentsheetof S.
Begin

n= &) Gly).

@ @ .
Fi(usvisit) (B S(uv)g S(s;t)i;

Avisi) (o S0
Fa(uvisit) (- m &8

B ( Simultaneousolutionof f F;(u; v;s;t) = 0g>, ;
End

Algorithm 4 Partition the View Sphere

Input:
C, a setof curvesandtheir antipodalcurveson S 2.
Output:
V, a setof points,onefor eac regionon'S ?
partitionedby C and cubeedgesprojectedontoS 2.
Begin
fligd, ( bitmapsrendeedby central projection
of Contoleft, badk andtop facesof thecube
V(s
Foreachl;,i = 1;2;3,Do
P( 5
Repeat
Do dilation;
If badgroundpoigtp, has lled 4-neighbos
P( P fpg
Until nomore badkgroundpoints
Partition P into setof 4-connectegboint setsP;
ForeachP%in P, Do
Foreachp in P Do
Setp asa foregroundpoint,
Expandp to theforegroundboundary
If p hasmaxdistto theboundarysofar;
v projectingp badkontoS ?
Ood ¢
V(V fv;, vg
Od
Od
End
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Figure 3. Mold Accessibility Example One. Shownon the left is a NURBSmodel,and on the middlethe
intersectingcurvesof the various geneiting coneswith the viewing spheg, as well as the representativeviewing
directionsof the partitionedregions. The curvecorrespondingo a parabolic developableis in cyan,to a bi-tangent
developablein magenta,andto a ecnodal scoll in yellow The representativeviewing directionsare represented
as pairs of antipodal small sphees embeddedn the transpaent viewing sphee. Silhouettesviewedfrom all these
directionsare shownon the right. Thete are four representativenon-singularsilhouettes showninside boxeswith
greencolor, andcorrespondinglyfour representativeviewing directions(shownin green) fromead of which thereis a
valid 2P M . Note there are actually only two topolagically distinctvalid viewing directions.We havetwo extra since
we projectthe sphee surfaceontothreefacesof the boundingcube but we applydilation to themsepaately asif the
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Figure 4. Mold Accessibility Example Two. Showrontheleftisa NURBSmodel,andthemiddletheintersecting
curvesof the various generting coneswith the viewing spheg, as well as the representativeviewing directionsof
the partitionedregions. Thecurvecorrespondingo a parabolic developableis cyan,to a bi-tangentdevelopableis
magenta,andto a ecnodal scoll is yellow Therepresentativeviewing directionsare representedas small sphees
on the opaqueviewing sphee. Silhouettesviewed from all thesedirectionsare shownon theright. Thee is one
representativenon-singularsilhouette showninside a box with greencolor, and correspondinglyonerepresentative
viewingdirection,coloredgreen,fromwhich thereis avalid 2P M .

6 Computing the Partition Line

Let V bea selectedunit vectorviewing directionfrom which aregularC® surfaceS(u; v) shouldbe split, to createa
proper2P M mold. Thesilhouetteextractionproblemcanbereducedo thefollowing algebraicconstraint:

LB B, g
S: @ @,V m(u;v); Vi = 0

wheren(u; v) is theunnormalizedhormal eld of S(u; V).
However, in mary practicalcasesa propermold shouldpresenno verticalwalls. Thatis, thedesignof the mold should



(a) (b) (c) (d) (e)

Figure 5. 90 10isoclines(thick black lines) fromV for a wine glasssurface(a). Thesilhouettesof the surface
fromV are shownin gray color. In (b), theregionswith normalsthat are almostvertical are trimmedaway (c) shows
theruled extensionthat covers up thesegapsat the proper valid slopes.(d) and (e) showthe nal clippedandruled
extendednodelsof thewine glassfrom (a) andof the handleof the Utah teapot.Notethe sharp,normaldiscontinuity
alongthe partitioning line.

allow no surfaceregions wherethe surface normalsare (almost)orthogonalto V. Suchvertical surfaceregions greatly
increasethedif culty in extractingthe manufcturedpartout of the mold andhenceshouldbe eliminated. Mathematically
speakingwe seekto eliminateall regions,R, in the surface,with normalshaving anangulardeviation from V of almost90
degrees:

R = f(uo; Vo) j M(uo;vo); Vi < cos( )g;

wheren is thenormalizedhormal eld of S and is the permissibleangulardeviation from thenormal.

Theboundaryof regionR is prescribedy anisoclineor isophotesde nedin [21] asthelocusof pointson S(u; v) that
presents normalwith aconstaninclinationanglewith respecto aprescribedrectorV, suchasalight sourcedirection.An
isoclineis typically a curve. Theisocline's constraintcould be formulatedas

I :(u;v); Vi = cog );
whichis notrationalfor the givenparametrizationHence we squarehe expressiorto yield,
I :rn(u;v);Vi2 = cog( ) m(u;v);n(u;V)i: (6.1)

Equation(6.1) extracts,dueto the squaringoperation both front facingandbackfacingisoclines. In otherwords,we
extactall surfacepointswith normalswith eithera 90 ora90+ degreeangulardeviationfromV.

Figure5 (a) shaws the isoclinesextractedfor a surfacein the shapeof a wine glass,at 90 10 degreesinclinations.
In (b), the regionsnearthe silhouette betweer®0 10and90+ 10, aretrimmedaway andthe resultis irepresentecdsa
trimmedsurface.

Thetrimming of theregionswith normalsthatarealmostverticalleavesgapsin thegeometry(SeeFig. 5 (b)). We should
Il thesegapswith themaximallyvalid mold-extractionslopeasprescribedy . Thisruling extensionis conductedn pairs
from both90 and90+ , towardthelocal silhouette(at 90) andfurtherclippedagainstachother Figure5 (c) shavs
theresultof this ruling extensionfor thewine glass.

To summarizewe endup with amodi ed modelthatis bettersuitedasa mold with no verticalwallsandmaximalslopes
of 90 degrees Figure5 (d) and(e) shavs two shadedxamplesof thewine glassfrom Fig. 5 (a) andof thehandleof the
Utahteapotmodel,afterapplyingthe presentedsoclines'clipping andruling extensionprocesses.

7 Conclusion

In this paper we have presentea completesolutionto the 2-piecemold separabilityproblemfor a modelboundecdby
C® surfacesrepresentedsNURBS anda setof algorithmsfor computingthe aspecigraphof sucha model. Clearly, the



presentedolutionis notlimited to NURBS surfacesandary representatiothat supportshedifferentialanalysisconducted
in thiswork mightbe equallyemployed. In additionwe shav haw to computeanddealwith surfaceshaving almostvertical
parts

The solutionto the 2-piecemold separabilityproblemis basedon the aspectgraph. All algorithmshave beenimple-
mentedandresultsaredemonstratetly severalexamplesin this paper Our solutionrequiresthatthe boundarybe C®) only
becausehatconditionis necessaryo computecontinuousecnodal curves.

Extensiongo this work includethe supportof modelsboundedoy surfaceswhich areonly piecavise smooth handling
the surfacesoneat a time and processinghe boundariedetweensurfacesas specialcases.The treatmenbf planarfacets
(polyhedralmodels)might be of interestaswell, beinga simpleyet commoncase.

It takesa few minutesto achieve the resultspresentedn this work on a Pentium4 machine but it is expectedto take
muchmoretime for ary practicalmodels. Hence,methodsto optimizethe extractof all the featurecurvesmustbe sought
alongwith robustmethodgo automaticallydetectsingularityin the silhouettes.
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