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Abstract

In manufacturingprocesseslike injectionmoldingor die casting, a 2-piecemold is requiredto beseparable, that is, be
ableto havebothpiecesof themoldremovein oppositedirectionswhile interferingneitherwith themoldnor with each other.

Thefundamentalproblemis to �nd a viewing(i.e. separating)direction,fromwhich a valid partition line (i.e. thecontact
curvesof thetwo moldpieces)exists. Whilepreviousresearch work on this problemexistsfor polyhedral models,verifying
and�nding such a partition line for general freeformshapes,representedbyNURBSsurfaces,is still anopenquestion.

This papershowsthat such a valid partition existsfor a compactsurfaceof genusg, if and only if there is a viewing
directionfromwhich thesilhouetteconsistsof exactlyg+ 1 non-singulardisjoint loops.Hence, the2-piecemoldseparability
problemis essentiallyreducedto thetopological analysisof silhouettes.In additionwedealwith removing almostvertical
surfaceregionsfromthemoldsothat theform canmore easilybeextractedfromthemold.

It followsthat theaspectgraph,which givesall topologically distinctsilhouettes,allowsoneto determinetheexistence
of a valid partition aswell asto �nd such a partition whenit exists. In this paper, wepresentan aspectgraphcomputation
techniquefor compactfree-formobjectsrepresentedas NURBSsurfaces. All the vision event curves(parabolic curves,
�ecnodal curves,andbi-tangencycurves)relevant to moldseparability are computedby symbolictechniquesbasedon the
NURBSrepresentation,combinedwith numericalprocessing. An image dilation techniqueis thenusedfor robust aspect
graph cell decompositionon the sphere of viewing directions. Thus,an exact solution to the 2-piecemold separability
problemis givenfor such models.
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1 Intr oduction

Design-for-manufacturingnecessitatesthata CAD systembe enhancedwith the capabilityto verify that the designed
modelcanbemanufactured.In thispaper, weconsidertheproblemof determiningtheexistenceof and�nding (if oneexists)
a valid 2-piecemold for a designedsolidmodel,whoseboundaryis representedasNURBS

Most paperson 2-piecemold separabilityproblem(e.g. [1, 2, 3]) work on polyhedralmodels. Typically, they select
someheuristicdirectionsfrom which to verify separability. Thus, the algorithmsarenot completein the sensethat they
only verify but cannot�nd a valid 2-piecemold even thoughonemight exist. In [3], a completealgorithmis presented,
but for implementationit falls backto verifying someheuristicallyselecteddirectionsbecauseof thehigh complexity of the
completealgorithm.

In this paper, we usemodelsboundedby NURBSsurfacesthathaveC (3) continuity, presentandimplementa complete
algorithmfor themold separabilityproblem.C (3) is requiredonly becauserelevantaspectgraphcomputationrequiresthird
derivatives.
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A 2-piecemold,denoted2PM hereafter, is usedin manufacturingprocessessuchasinjectionmoldingor diecasting[4,
5]. In general,

De�nition 1 Anobjectthat is manufacturablewith theaid of ann-piecemoldis denotedbynPM . Thecurves
alongwhich theobjectis partitionedarecalledpartitionline, anddenotedbyPL .

Speci�cally in this paper, we consider2PM , andrequirethat therebeanopposingseparatingdirectionV for thetwo
piecesof themold.

Obviously theexistenceof a 2PM for a solid modelis completelydeterminedby its boundarysurface.Theboundary
surfacemustbeclosedandbounded,i.e. compact.

If thetheseparatingdirectionV andthetheboundarysurfaceS areto beemphasized,wewill usethenotation2PM V
S .

Notewe assumea connectedboundarysurfacefor any solid model(in fact,theconnectednessis usuallyimplicit in the
mathematicalde�nition of a surface),andhencewe do not considervoid objects(suchasa hollowedsphere),whoseinner
andouterboundarysurfacesarenot connected.This assumptiondoesnot make our discussionany lessgeneral,sincevoid
objectsobviouslycannothaveavalid 2PM .

As silhouettegeneratorsandsilhouettesareourstartingpoint to solve the2PM problem,wegive theirde�nition here.

De�nition 2 Givena viewingdirectionV , anda surfaceS,

1. ThesilhouettegeneratorGV
S is thelocusof pointsonS, whosesurfacenormalsareperpendicularto V .

2. ThecorrespondingsilhouetteSV
S is theprojectionof thesilhouettegenerator along thedirectionV onto

anarbitrary imageplane.

Therestof thepaperis organizedasfollow. In Section2, we give thenecessarybackgroundof vision eventsandaspect
graphs.In Section3, the relationsbetweenmold accessibilityand,silhouettesandvisibility, areinvestigated.In Section4,
a completesetof algorithmsfor computingthe2PM separabilityfor NURBSsurfacesis given. The implementationuses
a combinationof symbolicandnumericcomputation,aswell asa techniquefrom imageprocessing.Someexamplesare
given in Section5. Also for practicalmanufacturing,Section6 computesthepartition line itself given the view direction,
showshow to prescribinga relief angle,andfurthershowshow to redesignthedif�cult to removeregions. Finally, thepaper
concludesin Section7.

2 Background

In this sectionwe brie�y review relevant basic termsand resultsaboutvision eventsand aspectgraphs,which are
essentialto thetwo theoremsandthealgorithmsof this paper. Referto Koenderink[6] for moredetail. For readersfamiliar
with differentialgeometryandsingularitytheory, this sectioncanbeskippedsafely.

1. Let S be the surface,p be any point on S, andnp the surfaceunit normalat p. The GaussMapping is de�ned as
N : S � ! S 2; N (p) = np;

Here,S 2 denotesthemanifoldof all unit surfacenormals,andis calledtheGaussSphere.Later, S 2 will alsobeused
to representthemanifoldof unit orthogonalviewing directions,andconsequentlyis alsocalledtheviewing sphere.

Everyviewing directionV 2 S 2 prescribesa greatcircleC onS 2 orthogonalto V . Then,

GV
S = f p 2 S j N (p) 2 Cg.

2. A paraboliccurveis de�nedasthelocusof pointsonS with zeroGaussiancurvature,i.e.,oneof theprincipalcurvature
beingzero.Thezeroprincipalcurvaturedirectionis necessarilyanasymptoticdirection, sincethesecondfundamental
form is 0 (i.e. self-conjugate),or, intuitively thetangentline at thatdirectionhasorder3 contactwith thesurface.The
asymptoticdirectionsonaparaboliccurvegenerateadevelopablecalledaxiscylinderdevelopable.

3. Paraboliccurvesseparatethe elliptic from the hyperbolicregionsof the surface. Thereare0, 1, and2 asymptotic
directionson eachpoint of elliptic surfaceregions,paraboliccurves,andhyperbolicsurfaceregions,respectively. At
ahyperbolicsurfaceregion,therearetwo asymptoticdirection(vector)�elds, theintegralof whicharetwo familiesof
asymptoticcurves. Thelocusof all thegeodesicin�ection pointson thesetwo familiesof asymptoticcurvesgivestwo
�ecnodal curves. At thesegeodesicin�ection points,thereareorder-4 contactasymptoticdirections,which generate
two non-developableruledsurfaces(witheitherof the�ecnodal curveasthebasecurve),called�ecnodal scrolls.



4. A bi-tangentray is a line tangentto thesurfaceat two differentpoints. If theline alsolies in theplanethatis tangent
to thesurfacepoints,it is thena limiting bi-tangentray, thelocusof which is a bi-tangentdevelopable, contactingthe
surfaceat abi-tangencycurve.

5. For all of thesethreeruledsurfaces,translatingtheir generatinglinesto theorigin givesthecorrespondinggenerating
cones.

6. For orthographicprojection,themanifoldof viewing directionscanberepresentedastheunit spheresurfaceS 2. S 2

canthenbepartitioned(by thevariousgeneratingcones)into regions,with thepropertythat thesilhouettesof all the
viewing directionsin any oneregion have thesametopology. Whentheviewing directioncrossestheboundaryof a
topologicallyequivalentregion on S 2 into antherone,the topologyof thesilhouettesuddenlychanges,i.e., a vision
eventoccurs.A graphwhosenodesaretherepresentativesilhouettesof all thepartitionedregionson S 2, andwhose
edgesarethevisioneventsbetweenthem,is calledanaspectgraph.

7. A point on a curve is calledanordinary cuspif locally thecurve canberepresentedasy2 = x3 afteranappropriate
coordinatetransformation.In this paper, all cuspsconsideredareordinary, andaresimplycalledcusps.

8. It mayhappenthatthereis a crosson thesilhouette,eitherfrom oneloop or two distinct loops.For anopaqueobject,
partof oneof thefour branchesis occluded,andhencethecrossappearsasa T-shape,calleda T-junction.

Aspectgraphsplay a major role in many geometricapplications,most noticeablyin computervision and recogni-
tion. Thesegraphscapturevision eventsof topologicalchangesin theobjectappearanceastheview directionis changed.
A completeunderstandingof aspectgraphrequiresdifferentialgeometryandsingularity theory, both of which arewell-
established[7, 6, 8, 9]. The implementation,however, is not assatisfactoryevenafter threedecadesof researchanddevel-
opment.Earlier researchhasbeenconductedmainly on polyhedralmodels[10, 11, 12] or somespeci�c kind of surfaces,
suchasquadraticsurfacesor surfacesof revolution [13]. Petitjean[14] computedaspectgraphsof smoothalgebraicimplicit
surfaces.

In thispaper, we implementasetof algorithmsto computetheaspectgraphof a freeformobjectrepresentedasNURBS
surfaces.The computedaspectgraphis almostcomplete,exceptwe do not computecusp-crossingandtriple-point vision
events,whichareirrelevantto themoldseparabilityproblem.SeeSection3. Symboliccomputationis usedextensively, with
thehelpof numericcomputation.This differentiatesour approachfrom previousmethods.We alsousea differentmethod
basedonimagedilationto decomposeviewing sphereinto topologicallyequivalentmaximalregions.Seedetailsin Section4.

We now givesomerelevantresultsfrom singularitytheoryonaspectgraphwith brief explanation.

1. A silhouettegeneratorGV
S generallyconsistsof oneor moreclosedregular spacecurveson S, exceptwhenV is the

asymptoticdirectionof a parabolic point on S. ThenSV
S hassingularityof eitheran intersection(or cross)or an

isolatedpoint. Thesingularitiesareunstable, i.e., they disappearundersmallperturbation.This is because

GV
S = f p 2 S j N (p) 2 Cg,

(whereC is thegreatcircleorthogonalto V ), andN is a locally differmorphismexceptat parabolicpoints.

2. The viewing directionV andtangentdirectionT to GV
S areconjugate,i.e., their secondfundamentalform is zero,

I I (V; T) = 0 [15, pp.61-62].

Thissimpleresultis actuallyall weneedto completelyunderstandany kind of cuspsingularities.

3. Theonly singularitiesthatasilhouetteSV
S canhaveconsistsof cuspsandT-junctions,bothof whicharestable.A cusp

occurswhenV is theasymptoticdirectionat thecusp'spre-imageonS. A T-junctionoccurswhenV is tangentto two
distinctpointsonS

WhenV is the asymptoticdirection,which is self-conjugate,i.e., I I (V; V ) = 0, we arenecessarilylooking at the
tangentdirectionof thesilhouettegenerator(cf. 2), andSV

S will potentiallyhaveacusp.

Vision eventsarecloselyrelatedto paraboliccurves,�ecnodal curvesandbi-tangency curveson thesurface,or more
preciselyto their correspondingasymptoticray manifoldsor bi-tangentray manifolds. Thereare two othermulti-
tangentray manifoldsrelatedto vision events(seecusp-crossandtriple-point eventsbelow). For mold separability
problems,however, they canbesafelyignored.

4. Thereare6 typesof visionevents,3 localand3 multi-local (Fig. 1 andFig. 2).



Figure 1. Local Vision Events under or thographic projection. Row1 on the left showsa lip eventat a
parabolicpoint of elliptic type. The�r st andsecondimagesare beforeandafter thevisionevent.Thethird image is a
closeupsilhouettecorrespondingto thesecondimage. Row2 on the left androw 1 on theright showa beak-to-beak
eventat a parabolic point of hyperbolictype. Row2&3 on the right showa swallow-tail eventat a �ecnodal point.
Fromleft to right, each of thesefour rowsshowsimagesbefore, at andafter thevisioneventrespectively.

(a) A lip eventoccurswhentheviewing directioncrossestheaxiscylinderdevelopableataparabolicpointof elliptic
type[6, pp.297-303].In this case,2 cusps(dis)appear.

(b) A beak-to-beakeventsoccurswhenthe viewing directioncrossesthe axis cylinder developableat a parabolic
point of hyperbolictype[6, pp.297-303].In thiscase,2 cusps(dis)appear.

(c) A swallowtail eventoccurswhentheviewing directioncrossesthe�ecnodal scroll. Again2 cusps(dis)appear,
andin addition,aT-junction(dis)appears.

(d) A tangentcrossingeventoccurswhentheviewing directioncrossesthelimiting bi-tangentray manifold,In that
case,2 segmentsof silhouetteapproach,touch,andthenseparateagain.

(e) A cuspcrossingeventoccurswhentheviewing directioncrossesthemanifoldof thosebi-tangentrays,which
happento betheasymptotesatoneof thetwo surfacepoints

(f) A triple point eventoccurswhentheviewing directioncrossestri-tangent(touching3 surfacepointsat thesame
time) raymanifold.

3 Mold AccessibilityAnd Silhouettes& Visibility

For a genericcompactsurfaceS, viewed from directionV , its silhouettegeneratorGV
S is formedout of oneor more

disjointclosedregularcurves.Genericityis amathematicalconceptof openness,densenessandtransversality. In thecontext
of thispaper, agenericsurfaceis simplyasurfacewhosesilhouettetopology, underany suf�ciently smallperturbationof the
surface,doesnot change.

2PM manufacturabilityis closelyrelatedto thevisibility andsilhouetteprocessingproblem,andis reducedto themby
thefollowing theorem;

Theorem1 A compactsurfaceS of genus-g hasa valid 2PM V
S if andonly if thesilhouettegenerator GV

S has
exactlyg + 1 loops,each of which is totally visiblefromthedirectionV .

Intuitively genuscanbeunderstoodasthenumberof handlesor through-holesin asurface.

Proof:
() ). If thesurfacehasa valid 2PM , thenthetwo piecescanbeseparatedin oppositeV direction,interferingneither

with eachothernor with the moldedobject inside. In otherwords,if a ray parallel to V is emittedfrom a point p on the
surfacefacingtheviewer, theray is not occludedby any othersurfacepoints,andsop is visible. Speci�cally thepartition
line PL is visible from V . Furthermore,PL is identi�ed with GV

S , because,



Figure 2. Multi­Local Vision Events under or thographic projection. From left to right, Each row shows
modelsbefore, at andafter thevisioneventrespectively, followedwith their correspondingsilhouettes.Row1 showsa
bi-tangentcrossevent.Row2 showsa cusp-crossevent.Row3 showsa triple-point event.Thearrowsof thelast row
showwhere thetriple-pointeventoccurs.

1. PL � GV
S . PL is visible from V asshown above. PL is alsovisible from � V by exactly thesamereason.

2. GV
S � PL . If not, therewould beaddedsilhouettegeneratorsegments.Consequentlytherewould bea back-facing

region andoverlapat leastonepiece,so pulling this pieceaway would necessarilyinterferewith the moldedobject
inside,henceacontradiction.

Now we needto prove,GV
S hasexactlyg + 1 loops.This is readilyprovedby consideringthefactthatthesurfacehasg

through-holes,andthatPL is thecommoncontactof thetwo pieces.First,if it hasmorethang+ 1 loops,theneachadditional
loop would necessarilyintroducea through-hole,contradictingthehypothesisof genusg. On theotherhand,thesilhouette
generatorcannothave fewer thang + 1 loopseither;if it did, therewould exist onethrough-holecompletelyembeddedin
only oneof thetwo moldpieces,which is impossible.

(( ). Thiscanbemostreadilyprovedif weconsiderconstructingaviewing raycylinder for eachlooponGV
S . Thereare

g + 1 suchcylinders,all with V asthegenerator, but with distinctloopsof GV
S astheir distinctbasecurves.

Becauseall loopson GV
S aretotally visible, it is obviousno pair of suchcylinder surfacescanintersect.Considering

furtherthatthemodelsurfaceis connected,theonly possiblelayoutof thesecylindersis thatthereis oneoutercylinder that
completelycontainstheremainingg cylinders,noneof which is insideany of themselves.Actually theseg cylindersexactly
correspondto theg through-holesof themodelsurfacewhich is of genusg.

Therefore,all theg + 1 loopsonGV
S actuallyonly cut themodelinto two pieces.

Further, eachpiecemustbe totally visible. If not, therewould exist somesilhouettegeneratorsegmentbetweenthe
invisible back-facingareaand the visible front-facingarea. This segmentis necessarilyinvisible, which contradictsthe
hypothesisthatthesilhouettegeneratoris totally visible.

Finally, completevisibility of thetwo piecesensuresthesuccessfulseparatingalongdirectionV .

Theorem1 is powerful. But to verify thevisibility of thesilhouettegeneratordirectly is quitedif�cult. Thefollowing
theoremgivesusarelationbetweenthevisibility of asilhouettegeneratorandthesingularityof its correspondingsilhouette.
Thesingularityof thesilhouette,in turn,canbereadilypredictedby theaspectgraph.

Theorem2 If S is a compactsurfacewith genus-g , thenGV
S hasg + 1 loops,each of which is totally visible, if

andonly if SV
S hasg + 1 loops,each of which is non-singular.

To provethis theorem,we needtheconceptof contactorderof a tangentline touchingthesurface[15, 6]. Intuitively, a
line touchessurfacewith ordern if, underslight perturbation,it will possiblyintersectthesurfaceat n but no moredistinct
points.



Proof:
() ). GV

S with g + 1 loopsis projectedontoSV
S with g + 1 loops,eachof which mustbe freeof singularity, because

bothcuspandT-junctionsingularitiesimply occlusionof GV
S (seeSection2).

(( ). GV
S cannot have fewer thang + 1 loops. On theotherhand,if it hasmorethang + 1 loops,then2 loopsmust

projectontothesameloop onSV
S , which is thesingularcaseof adegenerateT-junction.SoGV

S hasexactlyg + 1 loops.
Second,GV

S mustbetotally visible. If not,

1. eithertherewould beanon-localocclusionof GV
S . In this case,SV

S wouldhavea T-junction,a contradiction.

2. or therewould be a local occlusionof GV
S . At this local point, sayp, a visible silhouettegeneratorsegmentandan

invisible silhouettegeneratorsegmentmeet. The visible segmenthasnormal2-ordercontactwith the surface. The
invisible segmentlocally hasnormal2-ordercontact. However it will piercethe surfaceat an extra point sinceit is
invisible. Approachingp alongtheinvisiblesegment,thisextrapointmergeswith p andthevisualraywill have3-order
contactthere,i.e. it is anasymptoticdirection.Therefore,theremustbeacuspon thesilhouetteatp, acontradiction.

Sothereis a contradictionin bothcases,andthetheoremis proved.

By Theorems1 and 2, astraightforwardwayto �nd avalid 2PM for agenus-g compactsurfaceis to enumerateall the
possibletopologiesof its silhouetteunderall orthographicviewing directions,andto seewhetherthereis onethatsatis�esthe
conditionin Theorem2. This is exactly the informationcontainedin vision eventsandaspectgraphs.Methodsto compute
aspectgraphsof differentkinds of surfaces,from polyhedraland quadricsurfaces,to surfacesof revolution andgeneral
implicit surfaces,have beenpresented[10, 11, 12, 13, 14]. Oneresultof this paperis a methodto computeaspectgraphsof
freeformcompactNURBSsurfacesunderorthographicprojection.However, sincewe areusingaspectgraphsto solve the
moldseparabilityproblem,wedonothaveto computetriple-pointsandcusp-crossings.This is becausecuspsor T-junctions
exist bothbeforeandafter theevents. So,by Theorems1 and 2, thevalidity of the2PM doesnot change.We alsoonly
have to renderthetransparentsilhouette.

4 AspectGraph of a NURBSSurface

Sincevision eventsoccurwhentheviewing directioncrossesthegeneratingconesof axiscylinder developables,�ecn-
odalscrollsandlimiting bi-tangentdevelopables,it is necessaryto computethe intersectionof their generatingconeswith
theviewing sphere.Fromtheresultingpartitionof theviewing sphere,we selecta representativepoint, i.e. a representative
viewing direction,from eachregion,andcomputethesilhouettecorrespondingto thatviewing direction. If thesilhouetteis
freefrom singularities,andhasg + 1 loops(for a surfaceof genusg), thenwe aresurethatall theviewing directionsin that
regionarevalid separatingdirectionsof the2-piecemold.

Now, we giveall thealgorithmsto solve the2-piecemoldseparabilityproblem.
Note,algorithmsaregivenonly to computethefeaturedcurveson surface;onemustevaluateasymptoticdirectionsto

gettheaxiscylinderdevelopableandthe�ecnodal scroll.

4.1 Computation of the Axis Cylinder Developable

A paraboliccurve( [16]) is thelocusof zeroGaussiancurvaturepointson thesurface.In [17], a methodthatcombines
symboliccomputationof theGaussiancurvature�eld of NURBssurfacesandnumericextractionof theparaboliclinesasits
zeros,is presented,via subdivision. Beziersurfacesaretreatedin [18] usinga similarapproach.

The paraboliccurvesseparateseparatesan elliptic region (K > 0) from a hyperbolicregion (K < 0). The Gaussian
curvatureequals[16]

K =
jjL jj
jjF jj

;

whereF andL arethematricesof the �rst andsecondfundamentalforms[16] respectively. Sincethezerosof K equates
with thezerosof jjL jj for regularsurfaces,thesetof parabolicpoints,P, of surfaceS(u; v) canbecomputedas,

P =
�

(u; v)
�
� 0 = (Suu � n)(Svv � n) � (Suv � n)2 	

; (4.1)

wheren = n(u; v) is theunit normal�eld of S.



The unit normal �eld n(u; v) is not rational for the given parametrization,even for a rational surfaceS, due to its
normalizationfactor. However, jjL jj is rationaldueto thefactthatit containstermswith only thesquareof thenormalization
factor. Becausewe seekonly the zerosof jjL jj , we cansubstituten(u; v) = Su � Sv for n(u; v). And asthe surfaceis
assumedto beregular, thezerosof jjL jj , usingn(u; v), areidenticalto thezerosof jjL jj .

The zerosof the rationalmodi�cation of constraint(4.1), usingn(u; v), canbe computedusing the equationsolver
presentedin [19]. This solver employs the subdivision and convex hull containmentof the NURBS representationand
combinesit with multivariateNewtonRaphsonimprovementsteps.See[19] for more.

Having 2 degreesof freedom,u andv, and1 constraint,jjL jj , P is a univariatecurve in theparametricdomainof S, in
general(seeAlgorithm 1).

4.2 Computation of the FlecnodalScroll

The �ecnodal curve is the locusof in�ection pointsof either family of asymptoticcurves. At a �ecnodal point, the
asymptoticrayhascontactof order4 with thesurface[15, 6].

At any surfacepoint p, a local (typically not orthogonal)coordinatesystemfor 3D spaceis (Su ; Sv ; np), wherenp =
Su � Sv . (Su ; Sv ) is acoordinatesystemfor thetangentplaneat p.

Noteall thederivativesareevaluatedatsurfacepointp throughthis section.
SupposeaSu + bSv is anasymptoticdirectionof 4-ordercontactwith thesurface.Then,by order3 contact,

(a2Suu + 2abSuv + b2Svv ) � np = 0; (4.2)

andby order4 contact,
(a3Suuu + 3a2bSuuv + 3ab2Suv v + b3Svvv ) � np = 0: (4.3)

Equation(4.2)simplymeansthatthesecondfundamentalform is 0 for anasymptoticdirection(order-3 contact).Equa-
tion (4.3)canbeunderstoodasfollow.

De�ne a functionF as
F : S � ! R; F (x) = (x � p) � np;

for any pointx onsurfaceS.
If thereis aorder-4 contactatsurfacepointp alongdirectionaSu + bSv , thenthethird directionalderivativeof F should

be0 atp, whichimmediatelygivesEq. (4.3).(Of course,thesecondderivativeshouldalsobe0,whichgivesEq. (4.2), exactly
assecondfundamentalform does).

Finally,
a2 + b2 = 1: (4.4)

Note that this equationis not theconditionfor a unit vectorbecause(Su ; Sv ) is not necessarilyanorthonormalbasis.
Instead,it just letsuspick oneuniquevectorfrom eachdirection.

PuttingEq. (4.2), (4.3)and(4.4) together, we have 4 variables(parameteru andv, tangentdirectionvariablesa andb)
and3 equations,sothesolutionshouldbeonedimensionset,i.e.,a curveon thesurface(seeAlgorithm 2).

Again we usetheconstraintsolver, presentedat [19], to �nd thesolution. This techniqueis applicablebecauseall the
above3 equationsarethesum,product,andderivativeof NURBS,andthereforeF i arealsoNURBS[17].

4.3 Computation of the Bi­tangent Developable

Givena C1 continuousparametricsurfaceS, surfacepointsS(u; v) andS(s; t) arebi-tangentpointsif :

0 = hn(u; v); S(u; v) � S(s; t)i ; (4.5)

0 =
�

n(u; v);
@S(s; t)

@s

�
; (4.6)

0 =
�

n(u; v);
@S(s; t)

@t

�
; (4.7)

wheren(u; v) = @S(u;v )
@u � @S(u;v )

@v .



Constraint(4.5) ensuresthat the normal at (u; v) is orthogonalto the line segmentconnectingS(u; v) and S(s; t).
Constraints(4.6)and(4.7)guaranteethatthetwo normalsat (u; v) andat (s; t) areindeedin theexactsamedirection.

Onceagain,weemploy theconstraintssolverof [19] to solveEq.(4.5) to (4.7).
Having 4 degreesof freedom,u, v, s andt, and3 constraints,F i (u; v; s; t), i = 1; 2; 3, thesolutionB is aunivariateover

S, in general(seeAlgorithm 3). Here,eachsolutionis apair of points,andde�nesabi-tangentline in spacefrom S(u; v) or
S(s; t). A developablesheetcouldthenbeeasilyconstructedby connectingthesecorrespondingbi-tangentpointsfor all the
solutionsetof B.

4.4 Partitioning the Viewing SphereVia ImageDilation

After computingall the intersectionsbetweenS 2 and the variousgeneratingconescorrespondingto axis cylinder
developables,�ecnodal scrollsandbi-tangentdevelopables,it is necessaryto �nd a representative point in eachpartitioned
regiononS 2.

Ouralgorithmusesimagedilation [20], andis implementedin openGL. It is robustandef�cient.
First, the intersectioncurvesand their antipodalsarecentrallyprojectedonto left, backand top facesof a cubethat

boundstheunit sphere.Notetheright, front, andbottomfaceswould yield similar antipodalregionsto the�rst threefaces
andhenceareignored.The intersectioncurvesarerenderedinto 3 binary images.Dilation is thenused3 timesto �nd, for
eachregionof pixel value0 (background),thecentralpoint,which is thencentrallyprojectedbackontoS 2.

The�rst dilation is appliedto thebinaryimageto achievetheeffectof shrinkingtheboundaryforegroundcurvesinward
to �nd the representative points, i.e., P in Algorithm 4. The seconddilation is appliedto the binary imageof reversed
polarity (i.e., regardingbackgroundpointsasforegroundpoints,andvice versa.)to partitionP into equivalentclasses,i.e.,
P in Algorithm 4. Two pointsareequivalentif they are4-connected,i.e. reachableto eachothervia dilation usingthecross
kernelfrom equation4.8.Thethird dilationis appliedto eachequivalentclassof pointsto �nd theheuristicallyoptimalpoint,
whichhasthemaximaldistanceto thesurroundingforegroundcurve. (seeAlgorithm 4).

All dilationsusethesamecrosskernel, 0

@
0 1 0
1 1 1
0 1 0

1

A ; (4.8)

i.e.,eachforegroundpixel is expandedto its 4-neighbors.
Becausecentralprojectionof S 2 onto theboundingcubeis usedto generatethebitmap,anextra boundarycurve for

eachcube's faceimageis introduced.Therefore,for thoseregionsspanningacrosstheboundaryof a faceunderthecentral
projection,morethanonerepresentative point will be returnedby our algorithms.However, this causesno harmbeyonda
slight computationaloverhead.

5 Examples

We give two examples.SeeFig. 3 andFig. 4.
For eachexample,we show its NURBSmodel,its partitionedviewing sphere,andits representativeviewing directions

andtheir correspondingsilhouettes.
For the�rst examplemodel,therearefour representativenon-singularsilhouettesandcorrespondinglyfour representa-

tiveviewing directions,from eachof which thereis avalid 2PM .
Thus,for thismodel,any viewing directionfrom thesameregionasany oneof thesefour directionsis avalid separating

directionfor a 2PM .
Note, thereareactuallyonly two topologicallydistinct valid viewing directions. We have two extra sincewe project

thespheresurfaceonto threefacesof theboundingcube,but we applydilation to themseparatelyasif the threefacesare
disconnected.

For thesecondexamplemodel,thereis only onerepresentative non-singularsilhouette,andcorrespondinglyonly one
representative viewing direction, from which thereis a valid 2PM . Any viewing direction from the sameregion asthis
directionis alsoavalid separatingdirectionfor a 2PM .



Algorithm 1 ComputeParabolic Curves

Input:
S(u; v), a C(2) surfaceto computeits parabolicset.

Output:
P, thesetof parabolicpointsof S.

Begin
jjL jj ( Determinantof secondfundamentalform

of S usingunnormalizednormal�eld of S;
P ( Zerosof jjL jj ;

End

Algorithm 2 ComputeFlecnodalCurves

Input:
S(u; v), a C(3) surfaceto compute�ecnodal curves.

Output:
B, thesetof �ecnodal scrolls of S.

Begin
F1(u; v; a; b) ( (a2Suu + 2abSuv + b2Svv ) � np;
F2(u; v; a; b) (

(a3Suuu + 3a2bSuuv + 3ab2Suv v + b3Svvv ) � np;
F3(u; v; a; b) ( a2 + b2 � 1;
B ( Simultaneoussolutionof f F i (u; v; a; b) = 0g3

i =1 ;
End

Algorithm 3 ComputeBi-tangent Curves

Input:
S(u; v), a C1 surfaceto computebi-tangentcurves.

Output:
B, thesetof bi-tangentsheetsof S.

Begin
n = @S(u;v )

@u � @S(u;v )
@v ;

F1(u; v; s; t) ( hn; S(u; v) � S(s; t)i ;

F2(u; v; s; t) (
D

n; @S(s;t )
@s

E
;

F3(u; v; s; t) (
D

n; @S(s;t )
@t

E
;

B ( Simultaneoussolutionof f F i (u; v; s; t) = 0g3
i =1 ;

End

Algorithm 4 Partition the View Sphere

Input:
C, a setof curvesandtheir antipodalcurvesonS 2.

Output:
V, a setof points,onefor each regiononS 2

partitionedbyCandcubeedgesprojectedontoS 2.
Begin

f I i g3
i =1 ( bitmapsrenderedbycentral projection
of Contoleft, back andtop facesof thecube;

V ( ; ;
ForeachI i , i = 1; 2; 3, Do

P ( ; ;
Repeat

Do dilation;
If backgroundpointp, has�lled 4-neighbors

P ( P
S

f pg;
Until nomore backgroundpoints;
Partition P into setof 4-connectedpointsetsP;
ForeachP 0 in P, Do

Foreachp in P 0, Do
Setp asa foregroundpoint;
Expandp to theforegroundboundary;
If p hasmaxdist to theboundarysofar;

v  projectingp back ontoS 2

Od
V ( V

S
f v ; � vg;

Od
Od

End



Figure 3. Mold Accessibility Example One. Shownon the left is a NURBSmodel,and on the middle the
intersectingcurvesof the various generating coneswith the viewing sphere, as well as the representativeviewing
directionsof thepartitionedregions. Thecurvecorrespondingto a parabolic developableis in cyan,to a bi-tangent
developablein magenta,and to a �ecnodal scroll in yellow. Therepresentativeviewing directionsare represented
as pairs of antipodalsmall spheresembeddedon the transparent viewing sphere. Silhouettesviewedfrom all these
directionsare shownon the right. There are four representativenon-singularsilhouettes,showninsideboxeswith
greencolor, andcorrespondinglyfour representativeviewingdirections(shownin green),fromeach of which there is a
valid 2PM . Note, there are actuallyonly two topologically distinctvalid viewing directions.We havetwo extra since
weproject thesphere surfaceontothreefacesof theboundingcube, but weapplydilation to themseparatelyasif the
threefacesare disconnected.

Figure 4. Mold Accessibility Example Two. Shownontheleft is a NURBSmodel,andthemiddletheintersecting
curvesof the variousgenerating coneswith the viewing sphere, as well as the representativeviewing directionsof
thepartitionedregions. Thecurvecorrespondingto a parabolic developableis cyan,to a bi-tangentdevelopableis
magenta,and to a �ecnodal scroll is yellow. Therepresentativeviewing directionsare representedas small spheres
on the opaqueviewing sphere. Silhouettesviewed from all thesedirectionsare shownon the right. There is one
representativenon-singularsilhouette, showninsidea box with greencolor, and correspondinglyonerepresentative
viewingdirection,coloredgreen,fromwhich there is a valid 2PM .

6 Computing the Partition Line

Let V bea selectedunit vectorviewing directionfrom which a regularC (3) surfaceS(u; v) shouldbesplit, to createa
proper2PM mold. Thesilhouetteextractionproblemcanbereducedto thefollowing algebraicconstraint:

S :
�

@S
@u

�
@S
@v

; V
�

= hn(u; v); V i = 0;

wheren(u; v) is theunnormalizednormal�eld of S(u; v).
However, in many practicalcases,apropermoldshouldpresentnoverticalwalls. Thatis, thedesignof themoldshould



(c)(b)(a) (d)

V VV

(e)

Figure 5. 90 � 10 isoclines(thick black lines) from V for a wine glasssurface(a). Thesilhouettesof the surface
fromV are shownin graycolor. In (b), theregionswith normalsthatare almostverticalare trimmedaway. (c) shows
theruled extensionthat covers up thesegapsat thepropervalid slopes.(d) and(e) showthe �nal clippedandruled
extendedmodelsof thewineglassfrom(a) andof thehandleof theUtah teapot.Notethesharp,normaldiscontinuity,
alongthepartitioning line.

allow no surfaceregionswherethe surfacenormalsare (almost)orthogonalto V . Suchvertical surfaceregionsgreatly
increasethedif�culty in extractingthemanufacturedpartout of themold andhenceshouldbeeliminated.Mathematically
speaking,we seekto eliminateall regions,R, in thesurface,with normalshaving anangulardeviation from V of almost90
degrees:

R = f (u0; v0) j hn(u0; v0); V i < cos(� )g ;

wheren is thenormalizednormal�eld of S and� is thepermissibleangulardeviation from thenormal.
Theboundaryof regionR is prescribedby anisoclineor isophotes, de�ned in [21] asthelocusof pointsonS(u; v) that

presentsanormalwith aconstantinclinationanglewith respectto aprescribedvectorV , suchasa light sourcedirection.An
isoclineis typically a curve. Theisocline'sconstraintcouldbeformulatedas

I : hn(u; v); V i = cos(� );

which is not rationalfor thegivenparametrization.Hence,wesquaretheexpressionto yield,

I : hn(u; v); V i 2 = cos2(� ) hn(u; v); n(u; v)i : (6.1)

Equation(6.1) extracts,dueto thesquaringoperation,both front facingandbackfacingisoclines.In otherwords,we
extactall surfacepointswith normalswith eithera90� � or a90+ � degreeangulardeviation from V .

Figure5 (a) shows the isoclinesextractedfor a surfacein the shapeof a wine glass,at 90 � 10 degreesinclinations.
In (b), the regionsnearthesilhouette,between90 � 10 and90 + 10, aretrimmedaway andthe resultis irepresentedasa
trimmedsurface.

Thetrimmingof theregionswith normalsthatarealmostverticalleavesgapsin thegeometry(SeeFig.5 (b)). Weshould
�ll thesegapswith themaximallyvalid mold-extractionslopeasprescribedby � . This ruling extensionis conductedin pairs
from both90 � � and90+ � , towardthelocal silhouette(at 90) andfurtherclippedagainsteachother. Figure5 (c) shows
theresultof this ruling extensionfor thewineglass.

To summarize,weendupwith amodi�ed modelthatis bettersuitedasamoldwith noverticalwallsandmaximalslopes
of 90� � degrees.Figure5 (d) and(e) showstwo shadedexamplesof thewineglassfrom Fig. 5 (a)andof thehandleof the
Utahteapotmodel,afterapplyingthepresentedisoclines'clippingandruling extensionprocesses.

7 Conclusion

In this paper, we have presenteda completesolutionto the2-piecemold separabilityproblemfor a modelboundedby
C(3) surfacesrepresentedasNURBSanda setof algorithmsfor computingtheaspectgraphof sucha model. Clearly, the



presentedsolutionis not limited to NURBSsurfacesandany representationthatsupportsthedifferentialanalysisconducted
in this work might beequallyemployed. In additionwe show how to computeanddealwith surfaceshaving almostvertical
parts.

The solutionto the 2-piecemold separabilityproblemis basedon the aspectgraph. All algorithmshave beenimple-
mentedandresultsaredemonstratedby severalexamplesin this paper. OursolutionrequiresthattheboundarybeC (3) only
becausethatconditionis necessaryto computecontinuous�ecnodal curves.

Extensionsto this work includethesupportof modelsboundedby surfaceswhich areonly piecewisesmooth,handling
thesurfacesoneat a time andprocessingtheboundariesbetweensurfacesasspecialcases.The treatmentof planarfacets
(polyhedralmodels)mightbeof interestaswell, beinga simpleyetcommoncase.

It takesa few minutesto achieve the resultspresentedin this work on a Pentium4 machine,but it is expectedto take
muchmoretime for any practicalmodels.Hence,methodsto optimizetheextractof all the featurecurvesmustbesought
alongwith robustmethodsto automaticallydetectsingularityin thesilhouettes.
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