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Abstract

This paperpresentsa methodthat usesthe level setsof volumesto reconstructthe shapesof 3D objectsfrom

rangedata.Thestrategy is to formulate3D reconstructionasa statisticalproblem:�nd thatsurfacewhich is mostly

likely, giventhedataandsomeprior knowledgeabouttheapplicationdomain.Theresultingoptimizationproblemis

solvedby an incrementalprocessof deformation.We representa deformablesurfaceasthe level setof a discretely

sampledscalarfunctionof 3 dimensions,i.e. avolume.Suchlevel-setmodelshavebeenshown to mimic conventional

deformablesurfacemodelsby encodingsurfacemovementsaschangesin thegreyscalevaluesof thevolume. The

result is a voxel-basedmodelingtechnologythat offers several advantagesover conventionalparametricmodels,

including�e xible topology, noneedfor reparameterization,concisedescriptionsof differentialstructure,andanatural

scalespacefor hierarchicalrepresentations.Thispaperbuildson previouswork in both3D reconstructionandlevel-

setmodeling. It presentsa fundamentalresult in surfaceestimationfrom rangedata:ananalyticalcharacterization

of the surfacethat maximizesthe posteriorprobability. It alsopresentsa novel computationaltechniquefor level-

set modeling,called the sparse-�eldalgorithm, which combinesthe advantagesof a level-setapproachwith the

computationalef�ciency andaccuracy of a parametricrepresentation.The sparse-�eldalgorithmis moreef�cient

thanotherapproaches,andbecauseit assignsthe level setto a speci�c setof grid points, it positionsthe level-set

modelmore accuratelythan the grid itself. Theseproperties,computationalef�ciency andsub-cellaccuracy, are

essentialwhentrying to reconstructtheshapesof 3D objects.Resultsareshown for thereconstructionobjectsfrom

setsof noisyandoverlappingrangemaps.
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1 Intr oduction

Therearetwo aspectsto thisresearch.The�rst aspectis theapplication,whichis thedevelopmentof 3D modelsfrom

rangedata.Thatproblemis formulatedusinga statisticalapproach,which maximizestheposteriorprobabilityof a

surface.Theresultis asurfacethatis describedby anonlinearobjective function.Thatoptimizationis solvedusinga

variationalapproachandagradient-descentmethod.Thisoptimizationproducesanevolutionequationfor deforming

a surfacesothat it matchesa givensetof data.Thework in this paperusesthe level setsof volumesasa meansof

representingandmanipulatingobjectshapes.Thesecondaspectof theresearchis theenhancementof theunderlying

level-settechnologyin orderto make it suitablefor problemsin 3D reconstruction.Thissectionintroducestheissues

surroundingthosetwo aspectsof thework, andlaysout theoverall structureof thepaper.

1.1 3D Reconstruction

When investigating3D reconstruction,it is necessaryto describethe kind of databeing considered. This work

dealsprimarily with datathat is from rangeor distancesensorsthathave somekind of “scanningcapability”. Three

differentpropertiesof thisdataareimportant.First,thedatais rangeor distance(i.e.,direct3D) comparedto intensity

or luminance,asonewould expectfrom anX-ray or a videocamera.Second,thedatais relatively dense,ratherthan

a sparsescatteringof 3D points. This densityis obtainedby rotatingor translatinga device that takesa discreteset

of 3D measurements.Froma singlepoint of view therange�nder sweepsout a volume,andthereis a 2D topology

on theserangemeasurementsthatis inducedby themotionof thescanningdevice. Thethird importantaspectof this

datais that it is noisy. Thus,the 3D reconstructionproblemis not strictly geometric;it is alsostatistical. For this

work weassumethatalgorithmsfor calibratingtherangesensorandregisteringthemultipleviewsaretakenfrom the

varietyof automatedandsemiautomatedtechniquesthatarein the literature— e.g. (BeslandMcKay 1992,Chen

andMedioni1992,Zhang1994).

Under the circumstancesdescribedabove, approachesto 3D reconstructioncanbe distinguishedbasedon the

“level” of themodelsthatoneuses.High-level modelshavebeenusedextensively in computervision— someexam-

plearegivenin (JainandJain1990,JainandFlynn1993).High-level modelsarethosethatrepresentspeci�c objects

or classesof objects.Suchapproachescanwork with relatively little information(suchassparsesetsof features),and

whenthey work they canleaddirectly to higherlevel processessuchasrecognition.High-level approachesusually

work bestin situationswherethe domainis restrictedandwell characterized,andwherethe distinguishingshape

characteristicsof a particularobjectcanbecapturedby relatively few parameters.Typically, suchreconstructionsdo

notcapturethosedetailsthatareuniqueto a particularobject.

Anotherclassof approachescouldbe characterizedas“mid level”. Mid-level approachesto reconstructionare

characterizedby the useof geometricprimitives that canbe combinedin variouswaysto form morecomplicated

objects.Theassumptionis that theobjectsin thedomaincanbedecomposedinto �nite setof suchprimitives.This

strategy canwork quite well on certaindomains,suchasman-madeobjects—many of which weredesignedusing

suchprimitives. The �tting of primitives can also provide importantstructuralinformation suchas part/sub-part

decomposition.Theresultsof suchsystemsaregenerallysomemixtureof thedataandthemodels,but they tendto

stronglyre�ect theshapesof themodelsor primitivesthatarechosen.

Finally, onecouldcharacterizetheclassof “low level” approachesto 3D reconstruction.Theseapproachesuse

a few generalassumptionsabout the domain; assumptionsare often at the level of basicsurfacegeometry, e.g.

continuity. Low-level approachescancapturemoredetailbut oftenprovide very little higherlevel information. For

this reasonsuchapproachesarewell suitedfor applicationsthataregearedto visualizationby a human,ratherthan

recognitionby someautomatedsystem.Theseapproachesform surfacesfrom setsof 3D databy performinga fusion

of differentscans,but they typically imposevery little structureonthedata.Theperformanceof low-level approaches

tendsto degradegraduallyastheassumptionsabouttheenvironmentandthesensorareviolated.However, low-level

approachestypically requiremoredatain orderto give usefulresults.The voxel-basedapproachin this paperis a

low-level approachandis thereforebestsuitedto applicationsthatprovidearelatively largeamountof datathatmust

befusedto producea resultwith agreatamountof detail.
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1.2 Level-setmodels

The strategy taken within this researchis to posethe reconstructionproblemasthe processof �nding the surface

or setof surfacesthat aremost likely to have given rise to the data. Thus, it is a Maximum A Posteriori(MAP)

strategy which cancombinethedatawith known propertiesor tendenciesof the surfacesbeingmeasured.Finding

thosesurfaceswith thehighestlikelihoodis generallya nonlinearoptimizationproblem.

A commonandofteneffective strategy for solvingsuchoptimizationproblemsis to usea variationalapproach.

That is, startwith an initial solutionandperturbor deformthat solutionso that it improvesthe overall likelihood.

Thus,thevariationalapproachrequiresamodelingtechnologythatcanundergosuchgoal-drivendeformations.Such

models,oftencalleddeformablemodels, areusedextensively in thecomputergraphicsandcomputervisionliterature,

e.g. (Kass,Witkin andTerzopoulos1987,Staib and Duncan1992,Miller, Breen,Lorensen,O'Bara and Wozny

1991,Terzopoulos,Witkin andKass1988). Thesemodelstypically undergo evolution processeswhich implement

sometypeof hill-climbing strategy on theobjective function.

Conventionalgeometricmodelsareparametric.Thatis, they aremappingsfrom onespace,whichcoincideswith

thedimensionalityof themodel,to another, which is therange.Typically, theseparameterizationsrely onasetof ba-

sisfunctionsthatspansome�nite subspaceof all possibleshapes.Thuswhenconsideringdeformations,parametric

modelshave several drawbackswhich make theminadequatefor certainkindsof applications.Thedependency on

theparameterizationandanassociatedbasisis critical; it limits thekindsof shapesa modelcanrepresent.Models

typically do not deformfar from their initial conditionswithout somesortof reparameterization.Suchreparameteri-

zationsareofteninef�cient anddevelopedonthebasisof heuristicsratherthanaconsistentmathematicalfoundation.

The parameterizationcanalsomake it dif�cult to measurethe intrinsic geometryof the model,aswith polygonal

meshesfor instance.

An alternativeto aparametricmodelis animplicit model,i.e.,specifyingamodelasalevel setof ascalarfunction,
�

. This scalarfunctioncanbesampledon a discreterectilineargrid. Sucha level-setrepresentation(Sethian1996)

hasanumberof practicalandtheoreticaladvantagesoverconventionalparametricmodels,especiallyin thecontext of

deformationandreconstruction.First, level-setmodelsaretopologically�e xible, that is, themodelscan“split” into

piecesto form multiple objects(Malladi, SethianandVemuri1995,Whitaker andChen1994).Secondtheevolution

of the embedding
�

is a differentialexpressionthat is invariantto orthogonalgrouptransformations(rotationsand

translations).Theshapesformedby the level setsof
�

arerestrictedonly by theresolutionof thediscretesampling

usedto represent
�

. Finally, therepresentationof deformablemodelsin termsof a multidimensionalimage provides

a methodfor multi-scaleor multi-grid solutions.For instancesolutionscanstarton a relatively coarsegrid andthen

proceedto progressively �ner grids asthe energy reachesa minimum (Whitaker 1995). Sucha multigrid strategy

reducescomputationtime,controlstherelative importanceof largeandsmall-scalestructuresin theinput image,and

helpsto simplify theobjective function.

Despitetheseadvantages,level-setmodelssuffer from severaldrawbackscomparedwith parametricmodels.One

disadvantageis the large numberof computationsneededto solve theseequationsover the entire range. Surface

deformationsin 3D, for example,requiresolutionsto a 3D, nonlinear, partial differential equation: a signi�cant

computationaltask.Anotherdrawbackof level-setmodelsis theabsenceof any direct,ef�cient representationof the

surfaceduringdeformation.Suchdirectrepresentationsareusefulwhenincorporatingforcesthatdependonthemulti-

localor globalinformation.A third drawbackis the�nite resolutionthatis imposedby thediscreteapproximationto

thescalar�eld. Level-setmodelsarelimited by resolutionratherthanshape.

Theseproblemsaresigni�cant in thecontext of 3D reconstruction.Thesparse-�eldalgorithmdescribedin this

paperaddressestheseissuesby representingasurfaceasbotha discretely-sampled3D �eld anda subsetof that�eld

which consistsof a setof grid points (or voxels), calledactivepoints, throughwhich the modelpasses.At each

time stepin the deformationprocessonly a thin layer of voxels nearthe active pointsarevisited andupdated.In

this way thecomputationalcomplexity of thealgorithmgrows with thedimensionalityof thesurface,ratherthanthe

dimensionalityof thevolume.Thesetof activepointsarekeptin alinkedlist whichenablesquickandef�cient access

to a setof pointsnearor on themodel.

Theremainderof this paperproceedsasfollows. After a brief review in Section2 of otherrelevant work, Sec-
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tion 3 presentsthe formulationof 3D reconstructionasa processof �nding the most likely surfacegiven a setof

rangedataandsomegeneralknowledgeaboutthe relative likelihoodsof differentsurfaceproperties.Solving that

problemrequiresthe ability to manipulateor deformsurfaceshapein a systematicmanner. Section4 shows how

this deformationcanbe achieved via an implicit representation,usingthe level setsof a discretely-sampledscalar

functionof 3D. Thatsectiondiscussesthenumericalmethodsthatareusedto solve theequationsof motion.Section

5 describesanef�cient computationaltechnique,thesparse-�eldalgorithm,andpresentstheresultsof anempirical

analysiswhich shows that thesparse-�eldalgorithmgivessolutionsthat comparefavorably to previously proposed

algorithms.Additionally, thesparse-�eldalgorithmis shown to overcomethealiasingartifactsassociatedwith other

level-setapproachesandtherebyachievesgreateraccuracy comparedto thoseapproaches.Section6 shows how the

level-settechnologycanbeappliedto theproblemof 3D reconstruction.It shows how usinglevel-setmodelswithin

theMAP reconstructionframework providesnew capabilitiesfor surfacereconstruction.

2 Relatedwork

Several low- andmid-level reconstructionapproachesdescribedin the literatureareworth noting. Turk andLevoy

(1994)describea “zippering” algorithmthatcombinestrianglemeshes,eachrepresentinga rangemapof thesame

objectfrom a differentpointof view. ChenandMédioni(1994)usea trianglemeshwhichexpandsinsidea sequence

of rangemaps.Thisstrategy is similar to thatof Miller et al. (1991)whichwasdemonstratedon3D medicaldata.

Several low-level volumetric approacheshave beenproposed. Chien and Aggarwal (1989) have usedbinary

volumeswith theaid of oct-treesto reconstructobjectsfrom multiple silhouettes.Thefocusis on usingsilhouettes

andobject featuresto do recognition. Muraki (1991) usesimplicit or blobby modelsto reconstructobjectsfrom

rangedata. The individual blobsaresphericallysymmetric3D potentialsthat arecombinedlinearly so that they

blendtogether. Theglobalnatureof thepotentialsmakesupdatessomewhatexpensive, thuslimiting thenumberof

primitivesthatcanbeef�ciently computed.

Hoppe,DeRose,Duchamp,McDonaldandStuetzle(1992)proposedan implicit strategy which constructsa 3D

�eld basedonthesigneddistancetransformof tangentplanesgeneratedfrom unordered3D data.Regionsarealways

associatedwith thenearestpoints,andthereforethereis little or no averaging.CurlessandLevoy (1996)describea

volume-basedtechniquefor combiningrangedata.They usethesigneddistancetransformto encodevolumeelements

with datathatrepresenttheaverages(with someallowancefor outliers)of multiplemeasurements.Surfacesof objects

arethe level setsof volumes.They show that the resolutionof the scannercanbe overcomeby suchan averaging

technique.Hilton, Stoddart,IllingworthandWindeatt(1996)describea similaralgorithmwhich is anextensionto in

(Hoppeet al. 1992)thataccountsfor interferenceat occludingcontoursandthin objects.

Anothervolumetricapproach,which is moreof a “mid-level” strategy, is thatof (DeCarloandMetaxas1995),in

which they usea combinationof primitivesthat candeform,split, andeven changetopologyin orderto matchthe

input data.Thecomputervision literatureshows numerousmid-level approachesthat �t volumetricmodelsto range

data—see(Dickinson,MetaxasandPentland1997),for example.

In roboticsseveral researchers(Elfes 1989,Moravec 1988)have investigatedthe useof occupancygrids. The

sensormodel and the methodsfor combiningsensormeasurementsfrom different points of view follow from a

Bayesianformulation. Strictly speakingan occupancy grid doesnot give a 3D reconstruction;occupanciesdo not

give themostlikely surfaces.

With regardto deformablemodels,thereareseveralparametricapproachesthatseekto overcometheusualtopo-

logical limitationsof parametricmodels.DeCarloandMetaxas(1995)allow theprimitivesassociatedwith anobject

to make discretechangesasa resultof a setof rulesandthresholds.Szeliski,TonnesenandTerzopoulos(1993)pro-

posesystemsof orientedparticlesthatjoin together, disconnect,andrejoinin orderto changetopology. McInerny and

Terzopoulos(1995)proposeparametricmodelsthatarereparameterizedbasedon a local grid structurethatallows

for changesin topology. Despitetheseadvances,for 3D reconstructionthelevel-setapproachoffersseveralpractical

advantages,whicharediscussedin moredetail in thesectionsthatfollow.

With regardto level-setmodels,this work draws on a numberof recentdevelopmentsin computationalphysics
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andcomputervision. OsherandSethian(1988)have proposedtheembeddingof wavefrontpropagationsthatmodel

physicalsystems,andthey have developednumericalschemes,calledup-windschemes,to solve theresultingequa-

tions. In imageprocessingAlvarez,Guichard,Lions andMorel (1992)have proposeda morphologicalscalespace

for planarcurveswhich relieson geometricinvariantcurve evolutions. In computervision Kimia, Tannenbaumand

Zucker(1992)haveproposedareaction-diffusionspacein whichsingularitiesrepresentbasicpropertiesof 2D shape.

They usethe samestrategy as(OsherandSethian1988)of embeddingplanarcurves in order to creategeometric

�o ws thatareindependentof any particularparameterization.

Malladi et al. (1995)have proposeda segmentationschemebasedon a wavefront propagationthat allows seed

pointsto contractor expand. The author(Whitaker andChen1994)hasshown that image“forces” (the term used

in the senseof �rst-order physics)can drive level setstoward interestingfeaturesin imagesor volumes,as with

conventionaldeformablemodels,while geometric�o ws canbeusedto enforcesmoothnessandcontinuity. Caselles,

Kimmel and Sapiro(1995) have reacheda similar formulation using a conformalmappingand have shown that

the equationsresultingfrom moving level setsin this mannerarewell posed. AdalsteinandSethian(1995)have

proposedanarrow-bandscheme,with a �nite bandof 6-12grid pointsoneithersideof thelevel set,for reducingthe

computationsassociatedwith level-setmodels.Resultsin successive sectionsof this paperwill show the ability to

reducethewidth of this narrow bandto a singlegrid pointwill improve computationalperformanceandaccuracy.

This papermakesseveral contributionsto previous work in this �eld. Oneis a statisticalformulationof the3D

reconstructionproblemthatgivesanoptimal surfaceestimatewhile makingvery few assumptionsaboutthescene.

This formulationincorporatesa noisemodelandmay includesomeprior knowledgeaboutthe relative likelihoods

of differentkindsof surfaces.Theresultis quitegeneral,but it is particularlywell suitedfor level-setmodels.This

paperpresentsexamplesthatshow effectivenessof thelevel-setapproachfor thisapplication.Anothercontribution is

thenumericalschemefor implementingthelevel-setmodels.This new schemecomparesfavorablywith previously

proposedmethodsbothin termsof computationalef�ciency andaccuracy.

3 A MAP ReconstructionStrategy

A range�nder is adevice thatproducesadistancemeasurementalongaparticularline of site.Thedistancemeasure-

mentand,to a lesserdegree,thedirectionof the line of sightarecorruptedby noise.For thepurposesof this work

we assumethat thenoiseis additive andGaussian.Whentherange�nder is combinedwith a scanningmechanism,

it producesa 2D arrayof data,andthe noiseis often assumedto be independentfrom oneelementof the arrayto

another. In theeventthatthenoiseis non-stationary, weassumethatthevariability of thenoiseprocessis known (e.g.

asa function of objectdistanceor scannerorientation). The scanningmechanismis typically calibrated,enabling

oneto calculatethedirectionof theline of sightassociatedwith eachmeasurementin the2D array. In theeventthat

thescanningmechanismdoesnot producea 2D array, but ratheranunorderedlist of rangemeasurementstaken in

differentdirections,onecanimposea 2D topologyon thedataby theuseof nearest-neighborrelationshipssuchas

Delaunaytriangulation.A single2D arrayof rangedatatakenfrom a singlelocationof thescanneris calleda range

map. Oneof thegoalsof this work is to combinetheinformationfrom a collectionof rangemaps.

Theabove sensormodelhassomesigni�cant shortcomings.First, thenoiseis rarelyadditive Gaussian.Outliers,

for instance,areaproblem.Thenoisecanoftenberelatedto surfacecharacteristics,andthereforecouldbecorrelated.

In the caseof structuredlight sensors,suchasthe oneusedfor someof the resultsin this paper, the datacontains

occludedregionsfor which thereis no dataat all. As a theoreticalconsideration,Gaussiannoiseallows �nite prob-

abilitiesfor measurementsbehindthescanner. In caseswherethenoiselevel is someappreciablefractionof thethe

distancefrom thescanner(very rarein practice),a log-normaldistribution for thenoisemightbemoreappropriate.

In this work, we startwith thesimplesensormodel,i.e. independent,additive, Gaussiannoise,to generatethe

basicalgorithmandthenmodify thatalgorithmto accountfor someof theseothercomplicatingfactors.Theoutliers,

for instance,arehandledwithin theminimizationprocessratherthantheunderlyingmodel. Areaswherethesensor

failed (eitherby lack of signalor occlusion)arehandledby giving suchpointslow con�dence,i.e. large variance,

sothat they have little effect on the�nal results.Theformulationthat resultsfrom theseassumptionsis optimal for
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independent,additive, Gaussiannoise,but latersectionswill show that it is usefulwhenthenoiseis morecomplex

(suchasin thecaseof outliers).

The strategy in this work is to usea maximuma posteriori(MAP) approachto constructan expressionfor the

surfacelikelihoodconditionalon themeasureddata.Thetotal errorassociatedwith a modelconvertsinto a volume

integral, and the Euler-Lagrangeof that volume integral de�nes the motion of a deformablemodel that seeksto

maximizethis likelihood.

Let
�

, a compactsubsetof 3D, bethesurfacethatenclosestheobject � , i.e.,
�����

� . Let ���
	���
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As is typical with suchMAP algorithms,themaximizationis performedasa minimizationon thenegative loga-
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Theright-handsideof equation(5) re�ects thecombinationof termsthat is typical with MAP reconstructions.The

termsareof two differenttypes:thosetermsthatenforcethesolutionto look likethedataandthosetermsthatenforce

theprior, i.e., thatencouragethesolutionsto conformto thoseexpectationsthatareindependentof thedata.

Eachindividual rangemeasurementis dependentnot on thesurface
�

asa whole,but on thatparticularpoint on

thesurfacethat is �rst intersectedalongtheline of sight from thescannerlocation. Considera singlerangereading
P
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Figure 1: The MAP reconstructionstrategy: (a) The squarederror along the line of sight can be written as a an
integral thatincludesa binarymembershipfunctionfor theobject.(b) A singlerangescan,consistingof a numberof
measurementsalonglinesof sightemanatingfrom thepoint at the left, createssurfacein 3D (shown hereasa curve
in theplane).A circularmodeldeformsto �t thedata(motionindicatedby arrows).
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I

P

�

)���


$��

)

�

$

P
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W��

�

�

)
�

�

I

���

���

$��

I

P

�

)

�

$

P

�

W��

�

�

)
�

�

� (9)

Given this formulation,the windowing function �

$��

) neednot be binary; it could implementa fuzzy cutoff of the

in�uence of the rangedata. Resultsin later sectionsusea Gaussiancenteredat the rangereadingwith standard

deviation  .
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To extendthis formulationto includeall of thesamplesin a singlescan,� , we representthedistancealongthe

line of sightin 3D. Let �

�

betheunit vectoralongtheline of sightand �

�

�

P

�

�

�

bethe3D locationof the
�

th range

reading.Then
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)
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) �
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where �

1���� ���
	 ��� � is unity insidetheobjectandzerootherwise,and
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whichdoesnotdependon thesurface.Thenotation !�*" refersto thefactthatthemeasurementsfrom a singlerange

maparearrangedin a 2D grid. If we assumethat this grid is relatively densewe canapproximatethe likelihoodof

the � th scanasanintegral:
I
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where
�

and � arethe continuousversionsof  and " , respectively, and �

$��

) , �

$��

) ,
\

$��

) , arecontinuousfunctions

derivedfrom somesuitableinterpolation(e.g.,bilinear)of their discretecounterparts.

Becausetheraysthatde�ne thelinesof sightassociatedwith a singlescando not cross,thereis uniquemapping

from eachpoint within the3D subspacesweptout by therange�nder to thepoint
$��

���

) within therangemapthat

hasa line of sightpassingthroughthat3D point. Therefore,thevolumeintegralof equation(13)canbereformulated

in Cartesiancoordinates:
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where  

$��

) is an integrationfactor, suchthat  

$��

)
�

�

�

�

�

�

�

�

�

. The term �

$��

)

�

$*$��

I

�

$��

)*)

�

�

$��

)*) is the

signeddistancefrom the surfacepositionto the rangemeasurement,and ! is the volumesweptout by the range

�nder. If we de�ne the con�dence
\

$��

) to be zerofor any point outsidethe spacesweptout by the scanner, then

onecanextendboundsof theintegral to � �
� . Because,� 1 is a binaryfunctionthat is oneonly within theobject,the

integralcanbere-expressedover theobjectitself
I

=�?A@

#%$
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Thegradientdescenton theposteriorfor a singlerangemapis therefore
�0�

�%$

�

I

\

$

�

)&�

$

�

)

�

$

�

$

�

)*)� 

$

�

)('

� (15)

where' is thesurfacenormal.

Equation(15) describesthe motion of a modelas it seeksto maximizeits likelihoodof giving rise to a single

rangemap � , which is setof rangemeasurements.A singlerangemapcreatesa surfacein 3D (shown in �gure 1(b)

asa curve in theplane),andthemodelexpandsor contracts,with a magnitudeproportionalto thedistancealongthe

line of sightto therangereading,sothatit exactly �lls thevolumebehindthatsurface.Thewindowing function �

$��

)

controlsthedepthof theregionbehindtherangesurfaceoverwhich thisexpandingor contractingactionoccurs.The
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function  

$��

) describestheunit-volumerelationshipbetweenthescannercoordinatesandcartesiancoordinates.For

theresultsin this paperwe assumethat the rays(linesof sight)emanatingfrom thescannerarenearlyparalleland

regularlysampled,sothat  

$��

) is a constant.

Theeffectof multiple rangemapsis additive,andtheEuler-Lagrangeof thecombinedposterioris

�0�

�%$

�

I

�

$

�

) '

W��

$

�

)

� (16)
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$��

)BC� V	 ��
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� (17)

andthesuperscriptsindicatetherange,line-of-sight,andcon�dencefunctionsassociatedwith aparticularrangemap.

The term �

$

�

)

�

I

�

=M?

#%$

�

) is the Euler-Lagrangeof the prior. In the absenceof any prior (i.e., uniform prior),
�

$

�

)

�

�

, andmaximizingthecombinedeffectsof a sequenceof rangemapsis linear; thesolutionis givenby the

zerocrossingsof the3D functionde�ned in equation(17). Indeed,thealgorithmsproposedby (CurlessandLevoy

1996),aswell as (Hoppeet al. 1992)and(Hilton et al. 1996),canbe formulatedasa specialcasesof this MAP

approach,with a particularchoiceof �

$��

) and
\

$��

) , andwith a uniform prior.

Thereareseveralreasonsfor goingto aniterativeschemefor �nding optimalsolutions.First is theuseof a prior.

In surfacereconstruction,evena very low level of noisecandegradethequality of therenderedsurfacesin the�nal

result,andin suchcasesbetterreconstructionscanbeobtainedby introducingaprior. Secondis aliasing.Discretizing
�

$��

) and�nding thezerocrossingswill causealiasingin thoseplaceswherethetransitionfrom positive to negative

is particularlysteep.A deformablemodelcanplacethesurfacemuchmoreprecisely. Thethird reasonfor goingto

an iterative schemeis thatdespitethewindowing function �

$��

) thereis interferencebetweendifferentrangemaps

at placesof high curvature. This problemis addressedby introducinga nonlinearitywhich is solved in an iterative

schemeasdescribedin Section6.1. In this work, solutionsof the linearproblemwill serve asthe initial conditions

for the nonlinear, iterative optimizationstrategy that resultsfrom the inclusionof a prior anda nonlinearterm that

compensatesfor lackof any explicit modelof selfocclusions.

3.1 The Prior

Therearenumerouspossibilitiesfor selectingpriors that areconsistentwith the MAP formulationof the previous

section.Thesepossibilitiesrangefrom high-level priors thatbiasthe solutionto look like certainshapes(Johnson

1993)to low-level priorsthatenforcesomeverygeneralpropertiesonthoseshapes.Thegoalof thiswork is to obtain

a somewhatgeneralreconstructionalgorithmthatcanbesubsequentlytunedto speci�c applications.Therefore,we

usea low-level prior thatbiasessolutionstowardsmooth,continuoussurfaces,like thoseassociatedwith many man-

madeobjectsor anatomicalstructures.Of course,the selectionof a prior will dependstronglyon the application;

the choiceof prior for the reconstructionof injection-molded,hand-heldobjectsshouldprobablydiffer from the

prior neededto reconstructtheshapesof highly irregularobjects,suchasthehumanbrainwith its many folds and

protrusions.

For many applications,a naturalchoiceof prior is to penalizethe integral of thenormalized�rst derivativeson

the objectsurface,i.e., penalizesurfacearea. This choiceis basedon the heuristicthat many physicalprocesses,

both syntheticandnatural,tend to conserve surfaceareaandproduceobjectsthat re�ect, at somelevel of detail,

this tendency to minimize area. Alternatively, onecould saythat given a setof surfacesthat arenearthe data,the

algorithmshouldchoosea surfacethat haslessarea. Often, but not always, this will be the smoothersurface. A

probabilitydistribution for theprior thatre�ects this principleis

#%$

�

)

�

$��
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)��
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	��
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�

�

1

'

�
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���

(18)
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After thelogarithm,theEuler-Lagrangeof this quantityis themeancurvatureof thesurface:

�
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�

$
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�*Q��

$

)*)

�

�

� $

�

)

�

�




�

U

�

�

P

U

W

�

U

�

�

Q

U

�

(19)

whereP

��Q is a local,orthonormalparameterization.

The term � controlsthe probabilitydistribution of surfacesin the prior. A larger � meansthat the prior favors

morestronglysurfacesthataresmoother. Theparameter� couldbesetin any numberof differentways. Oneway

would be to “calibrate” the systemby scanninga numberof known objectsanddeterminewhich valuesof � give

themostaccurate/reliablereconstructions.Anothermethodwouldbeto takea collectionof objectsthatrepresentthe

applicationdomain,modelthem,andgeneratea probability densityfunction for surfacearea,possiblyat different

scalesor resolutions. For this work, we treat � as a free parameterthat must be tunedby the personusing the

algorithm.

Theexistenceof a freeparameter� representsa typicalpropertyof signalprocessingsystemsthatmustdealwith

noisein the absenceof speci�c informationaboutthe signal. Resultsin the following sectionswill show that the

algorithmis somewhat robust with respectto this free parameter, � , andthat the algorithmsfails graduallyasthis

parameteris set too high or low. This paperwill alsoshow that very small valuesof � canreducethe effectsof

uncorrelatednoisewithoutdistortingtheoverall shapesof theobjectsbeingreconstructed.

Despitetheusefulnessof this second-ordersmoothingterm,it is somewhat limited in its effectivenessbecauseit

caninterpolateonly positionandtendsto createstraightlines,�at surfaces,or singularitieswherethereis little data.

Thetopic of developingmoreeffective low-level priors (Whitaker 1995),aswell asincorporatinghigh-level priors,

is anareaof ongoinginvestigation.Fourth-orderterms,for example,couldcreatestructureswith smoothlyvarying

normalsandallow the MAP approachto operatewith lessdata(Sethian1996). This paperwill show that despite

the limitationsof thesecond-ordersmoothinggiven in equation(19), thatprior is an improvementover noneat all,

especiallyin casesof noisysurfacedata.

4 Level-SetModels

The hill-climbing optimizationstrategy describedin the previous sectionrequiresa modeling technologythat is

capableof accommodatingincrementalchangessurfaceshapein anef�cient manner. Theequationof motiongiven

by (16)makesnoassumptionsaboutthetypesurfacemodelusedto achievethereconstruction.TheMAP formulation

couldbeadaptedto any numberof conventional,parametricsurfacemodelsby expressingchangesin surfaceposition

in termsof theparametersthatcontrolsurfaceshape.

However, therearesomedrawbacksto usingparametricdeformablemodels.For instance,asmodelsevolve and

undergo large deviationsfrom their original shapes,surfaceparameterizationsoften introducede factoconstraints.

Theexpansionof polygonalmodelscancreateakind of coarsenesswhichpreventsthemodelfrom capturingsmaller

structures;thustheevolution of polygonalmodelsrequiresthecreationanddeletionof polygons(Miller et al. 1991,

MacDonald,Avis andEvans1994,ChenandMédioni 1994),or alternatively, a reparameterization(McInerny and

Terzopoulos1995,DeCarloand Metaxas1995). Also the choicea surfacemodel with relatively few degreesof

freedom,suchassuperquadricor superelipsoid,restrictssolutionsto the relatively small spaceof shapesthat are

capturedby thosemodelingtechnologies.

An alternative to a parametricmodel,is a level-setmodel(Sethian1996),i.e., a modelthat treatsa 3D surface

as the level-setof a discretely-sampledvolume. Previous work hasshown promisingresultswith this modeling

technologyfor 3D reconstruction,primarily in the context of 3D medicaldata(Malladi et al. 1995,Whitaker and

Chen1994,Whitaker 1994).This sectiongivestheformulationfor this modelingstrategy, startingwith anequation

of motion for a deformablesurface(Whitaker and Chen1994). This formulation differs somewhat from that of

(Caselleset al. 1995),which they developby applyinga conformalmappingto theenergy functionde�ned over the

range.

Thestrategy is to rely on the propertiesof regular surfaces,which have local parameterizationsthat canbe ex-
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pressedin termsof intrinsic quantitiessuchasarc length,curvature,etc. If onestartswith a parameterizedsurface

andtheassociatedequationsof motion,andthenremovestheparameterizationfrom thedeformablemodel,all that

remainsis intrinsic geometry, which is expressedin termsof theembedding,
�

. Thestrategy for embeddingactive

surfacesconsistsof four steps:

1. Expresstheequationsof motionfor adeformablemodelin termsof someunspeci�edparameterization(aswas

donein Section3).

2. Describetheparameterizationin termsof thedifferentialstructureof themodel.

3. Assumethemodelis thelevel setof a function
�

.

4. Expressthegeometryof thelevel setin termsof thedifferentialstructureof
�

andcreateanevolutionequation

for
�

.

In order to apply this strategy to a deformablesurface
�

, represent
�

asa level setof an 3D scalarfunction,
�

� � � �

�

� ��� 	� � � , which evolvesover time. Theevolution equationsof theindividual level surfacesimply corre-

spondingevolution equationsfor thescalarfunction
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) , where
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A parametricdeformablemodel,
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Thesurface
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remainsa level setof
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over time,andthereforethetime derivative is zero:
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where'
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is thesurfacenormal.

Thedatatermfor reconstructionfrom equation(16) takestheform
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) ' (24)

where�

$��

) is thecumulativeeffectfrom all of theindividualrangemapsasin equation(17). Thelevel-setformulation,

without theprior, becomes
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Themeancurvature,usedfor theprior, from equation(19) is computeddirectly from the�rst- andsecond-order

structureof
�

,
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In thenumericalimplementation,thederivativesarecalculatedusingcentralizeddifferences(Sethian1996).

Combiningthedatatermandtheprior givesthefollowing level-setformulation:
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4 (27)

Equation(27) is invariantundercertainkinds of geometrictransformations.First, it is invariant to orthogonal

grouptransformationson
�

. Thusthepositionandorientationof themodelor thedatahasno impact(to within the
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errorintroducedby therepresentationof
�

) on thesolution.Equation(27) is alsoinvariantto monotonictransforma-

tionson
�

; thatis, equation(27)actsonly on level setsandtreatseachlevel setof
�

asanindividualsurfaceevolving

underthesamesetof setof priorsandforcesasall otherlevel setsof
�

.

4.1 Numerical Algorithms

Thedifferentialequationdescribedby equation(27)hastwo parts.The�rst partis a �rst-order termthathastheform
�

$��

)

&

	

�

$��

)

&

. It is a moving wave front with a velocity thatdependson position. This expressioncannotbesolved

with a simpleforward�nite differencescheme.Suchschemestendto overshoot,andthey areunstable.To solve this

problemOsherandSethian(1988)proposeanup-windscheme.Theup-windmethodusesaone-sidedderivative that

looksin theup-winddirectionof themoving wavefront,andtherebyavoidstheovershootingassociatedwith forward

�nite differences.

Theone-sidedderivativesaredenotedby �
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For the�rst termof equation(27) theup-windschemehasthefollowing form (OsherandSethian1988):
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wherethetimestepsarelimited by thespeedof thefastestmoving wavefront,
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Thesecondtermin equation(27) is a diffusiontermthatcanbesolvedusinga �nite forwarddifferencescheme

anddoesnot requiretheup-windmethod.

4.2 Narr ow-Band Methods

If oneis interestedin only a single level set,the formulationdescribedpreviously is not computationallyef�cient.

This is becausesolutionsareusuallycomputedover the entiredomainof  . The solutions,  

��9 ��9 �

$

$

) describethe

evolutionof anembeddedfamily of contours.While thisdensefamily of solutionsmightbeadvantageousfor certain

applications,thereareotherapplicationsthatrequireonly asinglesurfacemodel.In suchapplicationsthecalculation

of solutionsover a dense�eld is anunnecessarycomputationalburden,andthepresenceof contourfamiliescanbea

nuisancebecausefurtherprocessingmightberequiredto extractthelevel setthatis of interest.

Whensolvingfor only a singlelevel set,
�

$��

�

$

)

�

^

, theevolution of
�

is importantonly in thevicinity of that

level set. The evolution of the implicit modelsis suchthat the level setsevolve independently(to within the error

introducedby thediscretegrid). Thus,oneshouldperformcalculationsfor theevolutionof
�

only in aneighborhood

of the surface
� �

�

�

&
�

$��

)

�

^

� . In thediscretesetting,thereis a particularsubsetof grid pointswhosevalues

controla particularlevel set(see�gure 2).

AdalsteinandSethian(1995)proposeanarrow-bandapproachthattakesadvantageof thefactthatthemovement

of a particularlevel setis a local phenomenon.Thenarrow-bandtechniqueconstructsanembeddingof theevolving

curve or surfacevia a signeddistancetransform.Thedistancetransformis computedover a �nite width of only �

points,andthe remainingpointsareset to constantvaluesto indicatethat they do not lie within the narrow band,

or tubeas they call it. The evolution of the surface(they demonstrateit for curves in the plane)is computedby
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Figure2: A level curve of a 2D scalar�eld passesthrougha �nite setof cells. Only thosegrid pointsnearestto the
level curvearerelevantto theevolutionof thatcurve.

calculatingtheevolution of  only on thesetof grid pointsthatarewithin a �x eddistanceto theinitial level set,i.e.

within thenarrow band.Whentheevolving level setapproachestheedgeof theband,they calculatea new distance

transformanda new embedding,andthey repeattheprocess.This algorithmrelieson thefactthattheembeddingis

nota critical aspectof theevolutionof thelevel set.Thatis, theembeddingcanbetransformedor recomputedat any

point in time,solongassuchatransformationdoesnotchangethepositionof the
^

th level set,andtheevolutionwill

beunaffectedby this changein theembedding.

Despitethe improvementsin computationtime, the narrow-bandapproachis not optimal for several reasons.

First it requiresa bandof signi�cant width ( �

�

R

Z

in the examplesof AdalsteinandSethian(1995))whereone

would like to have a bandthat is only aswide asnecessaryto calculatethederivativesof  nearthe level set(e.g.

�

�

Z

). Thewider bandis necessarybecausethenarrow-bandalgorithmtradesoff two competingcomputational

costs.Oneis thecostof stoppingtheevolution andcomputingthepositionof thecurve anddistancetransform(to

sub-cellaccuracy) anddeterminingthedomainof theband.Theotheris thecostof computingtheevolution process

over theentireband. Thenarrow-bandmethodalsorequiresadditionaltechniques,suchassmoothing,to maintain

thestabilityat theboundariesof theband,wheresomegrid pointsareundergoingtheevolutionandnearbyneighbors

arestationary.

5 Sparse-FieldSolutions

Thenarrow-bandalgorithmreducescomputationtime by restrictingtheupdatesto a bandof grid pointsthatlie near

the level set. However, that strategy is basedon the assumptionthat computingthedistancetransformis so costly

thatit cannotbedoneat every iterationof theevolution process— thebandof computationmustbewide enoughto

justify this costlyupdateof theembedding.

Thesparse-�eldalgorithmproposedin this sectionusesanapproximationto thedistancetransformthatmakes

it feasibleto recomputethe neighborhoodof the level-setmodelat eachtime step. Thus, it takesthe narrow-band

strategy to theextreme;it computesupdateson a bandof grid pointsthat is only onepoint wide. Thevaluesof the

pointsin theactivesetcanbeupdatedusingtheup-windschemeandthemean-curvature�o w describedin theprevi-

oussections.Whencomputingupdateson sofew points,however, onemustbecarefulto maintaina neighborhood

aroundthosepointsso that the derivatives that control the processcanbe computedwith suf�cient accuracy. The

strategy is to extendtheembeddingfrom theactive pointsoutward in layersto createa neighborhoodaroundthose

pointsthatis preciselythewidth neededto calculatethederivativesfor thenext timestep.

Thisapproachhasseveraladvantages.Thealgorithmdoespreciselythenumberof calculationsneededto compute
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the next positionof the level curve. It doesnot requireexplicitly recalculatingthe positionsof level setsandtheir

distancetransforms.For large 3D datasets,the very processof incrementinga counterandcheckingthe statusof

all of the grid pointsis prohibitive. In the sparse-�eldalgorithmthenumberof pointsbeingcomputedis so small,

it is feasibleto usea linked-list to keeptrackof them. Thus,at eachiterationthealgorithmvisitsonly thosepoints

adjacentto the
^

-level curve. Also, thesparse-�eldapproachidenti�es a singlelevel setwith a speci�c setof points

whosevaluescontrol thepositionof that level set.This allows oneto computeexternalforcesto anaccuracy that is

betterthanthegrid spacingof themodel,resultingin a modelingsystemthatis moreaccuratefor 3D reconstruction.

The
^

-level surface,
�

, of a function  de�ned on a discretegrid hasa setof cells throughwhich it passes,as

shown in �gure 2. Thesetof grid pointsadjacentto thelevel setis calledtheactiveset, andtheindividual elements

of this setarecalledactivepoints. As themodeldeformstheactive will change.All of thederivatives(up to second

order)requiredto calculatethe updateof  arecomputedusingnearestneighbordifferences.Therefore,only the

active pointsandtheir neighborsarerelevant to theevolution of the level-setat any particulartime in theevolution

process.

Oneimportantaspectof thesparse-�eldalgorithmis themechanismto controlmembershipin theactive set. In

orderto maintainstability, onemustupdatetheactive setandneighboringpointsin a way thatallows grid pointsto

enterandleavetheactivesetwithoutthosechangesin statusaffectingtheirvalues.Thismechanismcanbeunderstood

asfollows. Active pointsmustbeadjacentto thelevel-setmodel.Thereforetheirpositionslie within a �x eddistance

to themodel. Becausetheembeddingis a distancetransform,thevaluesof  for locationsin theactive setmustlie

within a certainrangeof values.Whenactive-pointvaluesmove out of this activerange they areno longeradjacent

to themodel.They mustberemovedfrom thesetandothergrid points,thosewhosevaluesaremoving into theactive

range,mustbe addedto take their place. The preciseorderingandexecutionof theseoperationsis critical to the

properoperationof thealgorithm.

If we assumethat theembedding is a discreteapproximationto thedistancetransformof themodel,thenthe

distanceof a particulargrid point,
�

�

, to the level set is given by the valueof  at that grid point. If the distance

betweengrid pointsis de�ned to beunity, thenwe shouldremove a point from theactive setwhenthevalueof  at

thatpointno longerlies in theinterval �

I

�

U

� �

U��

(see�gure 3). If theneighborsof thatpoint maintaintheirdistanceof

1, thenthoseneighborswill move into theactive rangejust as
�

�

is readyto beremoved.

Therearetwo operationsthataresigni�cant to theevolutionof theactiveset.First, thevaluesof  atactivepoints

changefrom oneiterationto the next. Second,asthevaluesof active pointsmove out of the active rangethey are

removed from the active setandother, neighboringgrid pointsareaddedto the active setto take their place. The

appendixof this papergivessomeformal de�nitions of active setsandtheoperationsthataffect them,andit shows

thatactive setswill alwaysform a boundarybetweenpositive andnegative regionsin thediscretesampling , even

ascontrolof thelevel setpassesfrom onesetof active pointsto another.

Becausegrid pointsthatareneartheactive setarekeptat a �x edvaluedifferencefrom theactive points,active

pointsserve to control changesin the nonactive grid pointsto which they areadjacent.The neighborhoodsof the

active setarede�ned in layers, �

�

�

���������

���

and �

�

�

���������

�

�

, wherethe
�

indicatesthecity-block distancefrom

the nearestactive grid point, andnegative numbersareusedfor the outsidelayers. For notationalconveniencethe

active setis denoted�

� .

Thenumberof layersshouldcoincidewith thesizeof thefootprintor neighborhoodusedto calculatederivatives.

In this way, the insideandoutsidegrid pointsundergo no changesin their valuesthataffect or distort theevolution

of the zeroset. The work in this paperuses�rst- andsecond-orderderivativescomputedon a a 	

�

	

�

	 kernel

(city-block distance2 to thecorners).Thereforeonly � ve layersarenecessary:2 insidelayers,2 outsidelayers,and

theactive set.Theselayersaredenoted�

�

, �
U , �

�

�

, �

�

U , and �

� , respectively.

Theactivesethasgrid pointvaluesin therange�

I

�

U

�

�

U
�

. Thevaluesof thegrid pointsin eachneighborhoodlayer

arekept 1 unit from the next layer closestto the active set(asin �gure 3). Thusthe valuesof layer �

�

fall in the

interval �

�

I

�

U

�

�

W

�

U
�

. For
Z��

W

R layers,thevaluesof thegrid pointsthatarenot in any of the layersareeither

insideall of the layers,with a valueof
�

W

�

U

, or outsideall of the layers,with a valueof

I

�

I

�

U

. Theprocedure

for updatingtheimageandtheactive setbasedonsurfacemovementsis asfollows:
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Figure3: Thestatusof grid pointsandtheirvaluesat two differentpointsin timeshow thatasthezerocrossingmoves,
activity is passedfrom onegrid point to another.

1. For eachactive grid point,
�

�

, do thefollowing:

(a) Calculatethelocalgeometryof thelevel set.

(b) Computethenetchangeof  

�

� , basedontheinternalandexternalforces,usingsomestable(e.g.,upwind)

numericalschemewherenecessary.

2. For eachactive grid point
�

�

addthechangeto thegrid point valueanddecideif thenew value  

�

�

$

$

W

�
$

)

falls outsidethe �

I

�

U

�
�

U��

interval. If so,put
�

�

on lists of grid pointsthatarechangingstatus,calledthestatus

list;
�

�

or
�

�

�

, for  

�

�

$

$

W

�
$

)��

�

U

or  

�

�

$

$

W

�
$

)

�

I

�

U

, respectively.

3. Visit thegrid pointsin the layers �

�

in theorder
�

���

R

�������

�

�

, andupdatethegrid point valuesbasedon

thevalues(by addingor subtractingoneunit) of thenext inner layer, �

��� �

. If morethanone �

��� �

neighbor

existsthenusetheneighborthatindicatesa level curve closestto thatgrid point, i.e.,usethemaximumfor the

outsidelayersandminimumfor theinsidelayers.If agrid point in layer �

�

hasno �

��� �

neighbors,thenit gets

demotedto �

�

�

�

, thenext level away from theactive set.

4. For eachstatuslist
�

�

�

�

�

�

U
���������

�

�

�

do thefollowing:

(a) For eachelement
�

�

on thestatuslist
�

�

, remove
�

�

from thelist �

��� �

, andaddit to the �

�

list, or, in the

caseof
�

�	�

$

�

W

R ) , remove it from all lists.

(b) Add all �

��� �

neighborsto the
�

�

�

�

list.

This algorithmcanbeimplementedef�ciently usinglinked-listdatastructurescombinedwith arraysto storethe

valuesof thegrid pointsandtheir statesasshown in �gure 4. This requiresonly thosegrid pointswhosevaluesare

changing,theactive pointsandtheir neighbors,to bevisitedat eachtime step.Thereforecomputationtime grows as

� �

�

� , where � is thenumberof grid pointsalongonedimensionof  . Computationtime for dense-�eldapproach

increasesas � � . The � �

�

� growth in computationtime for thesparse-�eldmodelsis consistentwith conventional

(parameterized)models,for which computationtimes increasewith the resolutionof the domain,ratherthan the

range.

Anotherimportantaspectof theperformanceof thesparse-�eldalgorithmis thelargertimestepsthatarepossible.

In thenumericalschemesfor updatinglevel-setmodels,thetimestepsarelimited by thespeedof the“f astest”moving

level curve,i.e.,themaximumof theforcefunction.Becausethesparse-�eldmethodcalculatesthemovementof level

setsover asubsetof theimage,timestepsareboundedfrom below by thoseof thedense-�eldcase,i.e.,

-*.>/

� ��

� �

$

�

$

�

)*)

�

-*.0/

� ���

$

�

$

�

)*)

� (32)

where�

$

�

) is thespacevaryingspeedfunctionand � is theactive set.
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Figure4: Linked-listdatastructuresprovide ef�cient accessto thosegrid pointswith valuesandstatusthatmustbe
updated.

5.1 Empirical resultsof The Sparse-FieldAlgorithm

5.1.1 Err or analysis

The sparse-�eldalgorithm describedabove is basedon an importantapproximation: grid points adjacentto the

active points are assumedto undergo the samechangein value as their nearbyactive-setneighbors. The dense-

�eld algorithmstreateachlevel set(andeachgrid point) separately. Becauseproximatelevel setscanhave different

shapesandundergo different forces,nearbygrid points can undergo different changesin value. The questionis

how thesparse-�eldapproximationaffectsthe evolution of thezero-level set. The resultsin this sectionshow that

theevolution of thezero-level setin thesparse-�eldalgorithmintroducesanerror that is consistentwith thatof the

dense-�eldapproachandthatbotherrorsaresigni�cantly smallerthanthegrid spacing� .

In orderto measuretheeffectsof theseapproximationswe comparethemovementof thelevel setscomputedby

theboththedense-�eldandsparse-�eldmethodsto thedeformationof a circle,which canbecomputedanalytically

(AdalsteinandSethian1995). Thetotal errorof a modelis computedfrom thesetof zerocrossingsalongthe lines

connectingthegrid. Thesepointsarefoundby usinga linearinterpolationbetweenadjacentpointsthat lie on either

sideof azerocrossing.Thetotal erroris theaveragesquareddistanceof thesezerocrossingsfrom theideal.

Figure5ashowstheerrorof thedense-andsparse-�eldmethodsin 2D for acirclemoving underits own curvature.

Figure5b shows thesameresultsfor thea circle moving in thedirectionof theinwardnormalat a uniform speedof

1. The2D grid is R

� �

�

R

� �

, andthegrid spacingis unity. Thecircle beginswith a radiusof 30 units. Theseresults

show that,on thewhole,thesparse-�eldmethodanddense-�eldmethodsgive comparableerrors.Themagnitudeof

theseerrors,whenscaledappropriatelyfor differencesin time constantsandgrid spacing,areconsistentwith those

documentedin (AdalsteinandSethian1995)eventhoughtheerrormetricis slightly different.Noticethatin thecase

of constantinwardvelocity, bothdiscretelevel-setmethodshave high errorsasthecircle radiusbecomesquitesmall

(it shouldbe zeroat
$'�

	

�

). This is to be expectedandis a inevitable consequenceof usingdiscretemethodsto

representobjectswith sizesthatarecomparableto thegrid spacing.

Appearsin: TheInternationalJournalof ComputerVision , 29(3),October, 1998,pp. 203–231. 15



0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035

0.040

0 50 100 150 200

Dense-field

Sparse-field

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 10 20 30

Time

RMS
Error

Curvature Flow Constant speed (-1)

Figure5: The rms errors,relative to groundtruth, for a circle evolving underconstantspeedandcurvaturesuggest
that theerrorsassociatedwith thesparse-�eldalgorithmareno worsethanthoseintroducedby thediscretizationand
level-setapproximation.

5.1.2 Timing

Measurementsof the timing bearout the expectedimprovementsin performancewith the sparse-�eldmethod. A

roughcalculationof theexpectedimprovementsis asfollows. In 2D, an �

�

� imagerequires^

�

U calculationsper

update,where^ is thenumberof calculationspergrid point. Theupdatesfor thesparse�eld shouldbe ^��

� , where^��

includestheextracostsassociatedwith updatingandmaintainingtheneighborhood.Let �

�

^

�

^�� , betheef�ciency

of theimprovement.Of course,we expect � is lessthanonebecauseof theextraoverheadof maintainingtheactive

setandtheneighborhoodaroundit. For a circle of radius �

�

	 , thecardinalityof theactive setis approximately
Z

� .

Theneighborhoodis another
�

layers,eachrequiring R passfor anupdate.Let thecostof visiting maintainingthelist

andupdatingtheneighborhoodbedenoted
�

. heThentheratio of calculationtimes, � , for thetwo methodsshould

beapproximately

�

�

^

^

�

�

^

$�� �

W

R )

Z

^

�

R

�
�

W

Z

� (33)

If
�

is of the sameordermagnitudeas
^

(becauseit requiresseveral �oating point calculationsinvolving nearest

neighbors),thenequation33givessomeroughboundson theef�ciency:
�

�

�

R

Z

�

�

�

�

� 		� .

Of coursethesenumbersareestimatesanddependquiteheavily on the implementation.For theexperimentsof

this sectionwe have useda ratherhigh-level, object-oriented,C++ imageprocessinglibrary (developedin house),

which usesin-line functionswherepracticalaswell astemplatedimagesandgenericdatastructures.This library

emphasizeseaseof implementationratherthanperformance.The“inner loops” of themethodscompared,i.e. those

loopsthatdothecalculationsandupdatesateachpixel, arewrittenwith identicalcodewherepossible.All resultsare

computedona SunSparc10.

Table1 givestheaveragetime per iteration,averagedover 25 iterations,for a circle of radius �

�

	 moving with

�rst curvatureandthena constantinwardspeed.Theexecutiontimesandtheef�ciency factorscon�rm theexpected

improvementsin performancefrom thesparse-�eldmethod.

Making direct comparisonsof thesecomputationtimeswith the resultsof otherresearchersis dif�cult because

of differencesin implementationsandhardware. However, the ratio of the dense-�eldcomputationtime to that of

thesparse-�eldalgorithmgivesa performanceratio. We have computedthesameperformanceratio for thenarrow-

bandmethodfrom thedatain (AdalsteinandSethian1995).Figure6 shows a graphof thatratio for thesparse-�eld

approachandthe narrow-bandmethodfor two distinct bandwidths,6 and12. Theseresultsshow that the sparse-

�eld methodis somewhat faster, andtheimprovementsin computationtime grow asthedomainsizeincreases.For

largermodels,thedifferencein computationtimebetweenthesemethodsis evenmoreextreme.Themodelsin these

experimentsarerelatively small andthe time differenceshouldbe moredramaticasonegoesto 3D. For instance,
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ImageWidth Sparse-Field Dense-Field Ef�ciency Factor �

Circlemoving undercurvature.
75 0.02 0.12 0.080

150 0.03 0.49 0.109
300 0.07 1.96 0.093
600 0.14 7.87 0.094

Circlemoving atconstantspeed-1.
75 0.02 0.11 0.073

150 0.05 0.44 0.059
300 0.10 1.74 0.058
600 0.20 6.97 0.058

Table1: A comparisonof executiontimes(seconds/iteration)for computingtheevolutiona circle

0

5

10

15

20

25

30

75 150 300

Sparse Field

Narrow Band (6)

Narrow Band (12)

0

2

4

6

8

10

12

14

16

18

75 150 300

P
er

fo
rm

an
ce

 R
at

io

Image size (height)

Curvature Flow Constant speed (-1)

Figure6: A comparisonof thesparse-�eldmethodwith thenarrow-bandresultsfrom (AdalsteinandSethian1995)
bearsout theadvantageof thesparse�eld method.Theadvantageis modestfor smallmodelsbut growsasthemodels
getlarger— animportanttrendwhenconsideringlarge,volumetricmodels.
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(a) (b) (c)

Figure7: Thedeformationof a cubemovesdownhill on thedistancetransformof a torus. In (a) thesteadystateof
thedense-�eldapproachshows that the torussuffers from aliasingdueto theshockswhich form neartheboundary
of thetorus.In (b) thesparse-�eldalgorithmbouncesbackandforth betweengrid pointsthathave forcesin opposite
directions.In (c) themodi�ed sparse-�eldalgorithmusesa �rst-order approximationto positionthezero-level setto
subcellaccuracy.

thecircle in the 	

� �

�

	

� �

imagecontainsapproximately600pixelsalongits border. Thesurfaceof a spherein a

	

� �

�

	

� �

�

	

� �

volumewould containabout40,000voxels.

5.2 Subcellaccuracy

Resultsof theprevioussectiondemonstratetheaccuracy andcomputationalef�ciency of thesparse-�eldalgorithm.

However, thelevel-setapproachis still notappropriatefor 3D reconstructionbecauseof its limited spatialresolution.

This sectionshows how the sparse-�eldalgorithmcanbemodi�ed to improve the overall accuracy of the level-set

method.

It is well known that front propagationsof the form of equation(25), without any smoothingterm,form shocks

wherefronts moving in oppositedirectionsmeet. In the discretedomain,when using an upwind scheme,these

shockstake theform of highcontrastregionsthatform alongthosegrid pointsthatlie nearthezerocrossingsof �

$��

) .

Unfortunatelytheseshockshaveanadversesideeffect; they constrainthepositionsof level-setsolutionsto fall onthe

grid lines,half waybetweengrid points.Thehighcontrastregionsassociatedwith shockformationcausealiasingin

the�nal resultsof level-setmodels.

This aliasingis not an inherentpropertyof the implicit representation.Indeed,grid-point valuescanbemanip-

ulatedto positionzerocrossingsanywhereon thegrid lines,andlinearor higherorderinterpolationtechniquescan

be usedto constructparametricrepresentationsfrom level setsto within subcellaccuracy. The aliasingassociated

with themoving wavefrontsfollows from thefactthatthenumericalschemesfor propagatingfrontssampletheforce

function �

$��

) only at grid point locations;it is aninherentproblemin thelevel-setnumericalschemesthathave been

proposedto date. Any iterative deformationschemethat samplesthe forcing functionat only a discretesetof grid

locationswill belimited in its ability to accuratelylocatethesolution.

The problemsassociatedwith the discretesamplingof the forcing function areparticularly troublesomewhen

considering3D reconstruction.Figure7(a) shows the resultof allowing a cube(sampledon a
�

�

�

�
�

�

�
�

grid)

to move on thedistancetransformof a torus. Thedistancetransformof the torus(which servesasthe �

$��

) for the

reconstruction)is computedanalyticallyandthensampledon thesamegrid asthecube.Thelevel-setmodelforms

patternsthatre�ect theunderlyinggrid structurebecauseof theshocksthat form betweengrid pointsthatareinside

andoutsideof thetorusboundary. Theproblemsof shockcreationandaliasingareevenmoreseriousin caseswhere

the forces,representedby �

$��

) , have a greaterresolutionthanthemodel— asin thecaseof recovering 3D models

from high-resolutionrangemaps.In suchcaseslimiting themodelpositionto theresolutionof thegrid is far from

optimal;it introducesunnecessaryartifacts.

Thesparse-�eldalgorithmprovidesamechanismfor positioninglevel setsto subcellaccuracy. In thesparse-�eld

algorithmtheactive grid pointscanbethoughtof ascontrolpointsfor a nearbyzero-level set.Thelevel setdoesnot

necessarilypassthroughthecenterof thegrid point (exceptin thespecialcasewherethegrid pointhasavaluezero).
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Figure8: Themodi�ed sparse-�eldalgorithm: (a) For a curve in a plane,thepositionof the level setnearto a grid
point is foundusingNewton's method.(b) For a squarebeing�t to a circle, thesparse-�eldmethodobtainssubcell
accuracy andalmostperfect�t (lessthanahundredthof avoxel error),while thedense-�eldschemeformsshocksand
stabilizesatanerrorof 0.20cells.

Newton's methodgivesa �rst-order approximationto thepositionof thenearbyzero-level set,asin �gure 8(a).

Let
���

�

+

bethepositionof agrid point,
	

 -, bethevectorof �rst derivativesof themodelatsometime
$

. The

positionof theclosestzero-level setto thegrid point
.

�

is givenby

.

�

�
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I

 -,

	

 -,

	

 -,
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 /,

� (34)

exceptwhen 	

 
,

�

�

, which mustbehandledasa specialcase.Computingthe forceson level-setlocationsaway

from thegrid pointsis similar in philosophyto themethodof extendingthevelocity �elds of level setsdescribedby

Sethian(1996).

The numericalcomputationof
	

 0, in equation(34) can proceedin oneof several differentways. Although

centralizeddifferencesarepossible,theclosestzerocrossingcanbefoundby �nding thesteepestone-sidedderivative

in eachdimension.De�ne thefunction
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Thedirectionof nearestzerocrossingcanbecalculatingby using
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Figure7(c)showsthatbetterresultsareobtainedfrom themodi�ed sparse-�eldmethod(�rst-order approximation

to the level setlocation)thanmethodswhich sampleforce-�eld valuesonly at grid point locations.The �rst-order

approximationallows grid pointsto achieve grey-level valuesthat re�ect their distancefrom nearbyfeatures.This

�rst-order improvementis essentialin usingthe level-setparadigmfor modeling3D objects. The renderingof 3D

modelsmakesuseof �rst-order derivativesof thevolumedata,whicharesensitive to aliasingartifacts.

Figure8(b) shows theerror, usingthesameerrormeasuredescribedin section5.1.1,for a squaremoving down-

hill on thedistancetransformof a circle. Theerrorbeginsat about7 unitsandslowly decreasesasthemodelmoves

toward thecircle. Thedifferencein thesparse-�eldanddense-�eldmethodsdemonstratesthesubcellaccuracy that

is obtainedwith the�rst-order modi�cations. Thedense-�eldmethodformsshocks,andtheerrorstabilizesat about

0.20cells. Thedense-�eldschemeproducesa binary imagewhich is theinside-outsidefunctionfor thecircle. This

result is representative of othernumericalalgorithmsfor level sets,suchas that of (AdalsteinandSethian1995),
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which do not attemptto positionlevel setsto sub-cellaccuracy. Thesparse-�eldmethodpositionsthezero-level set

to subcellaccuracy andeventuallyobtainsverysmallerrorsin �tting thelevel set.Thesmalldip in errorat about50

iterationsis evenmoredramaticin thedense-�eldapproachbut is not easilyvisibleon thelogarithmicscalegivenin

�gure 8(b). This overshootindicatesthatthemodelmovesthroughthesolutionandslightly beyondbeforereaching

asteadystate.

This strategy of approximatingthe level-setpositionto sub-cellaccuracy cangeneralizedto higherorders.For

instance,in two dimensionsonecan�t a second-orderfunction to  in the neighborhoodof the active grid point.

Suchhigherorder schemesare not pursuedin this paperfor two reasons.First, they would addconsiderablyto

the computationalburdenof the method. Second,the embeddingof the level set is the distancetransformimplies

that
& � & �

R almosteverywhere,and thereforesecondderivative in the gradientdirection is virtually
�

exceptat

singularities(BruceandGiblin 1986).

6 Level-SetModels for 3D Reconstruction

Thissectioncombinesthelevel-setmodelingtechnologyfrom Sections4 and5 with theMAP reconstructionformu-

lation of Section3 to generate3D reconstructionsof objectsfrom multiple rangemaps.Thestrategy is asfollows.

Constructa rathercoarsevolumethat is the solutionto the linear problem,i.e. the zero-level setsof �

$��

) , without

theprior. This volumeservesasinitialization for a level-setmodelwhich movestoward thedatagivenby therange

mapswhile undergoinga second-order�o w to enforcetheprior. After therateof deformationslows to below some

threshold,theresolutionis increased,thevolumeresampled,andtheprocessrepeated.Thecoarse-to-�nestrategy is

intendedto beacontinuationmethod(asdescribedby (Nielson1997,Snyder, Han,Bilbro, WhitakerandPizer1995))

for bothreducingcomputationandpreventingthealgorithmfrom converging on localminima.

Thereareseveraladditionalconsiderationswhichaffect theperformanceof thisalgorithm.The�rst consideration

is that theMAP formulationin Section3 suffers from a problem;it ignoresthenonlinearityresultingfrom thefact

that therangescannergivesthedepthreadingfor thesingleclosestsurfacepoint alongthe line of sight. Therefore

the solutiongiven by the zerosetsof �

$��

) could containartifactsthat result from surfacesinteractingat occlusion

boundaries.Theuseof P

max or thewindowing function �

$��

) helpalleviatethis problem,but it is virtually impossible

to stopthis interactionin placeswheretheobjecthashigh curvaturenearits occludingcontour. An iterative scheme

caneliminateinteractionsof surfacesnearoccludingcontoursby takingadvantageof theknowledgethattheobjects

aresolids.Thatis, asurfacecannotreturna rangereadingif it is facingaway from thescanner. If thesurfacenormal

is takento beoutward,thenthedotproductof thesurfacenormalandtheline of sightmustbenegative. Theevolution

equation,modi�ed to includeonly thosesurfacethatfacethescannerassociatedwith a particularrangemap,is
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where �

	 ��


$��

) is theline of sightfrom arange�nder to a 3D point,
�

.

A secondpracticalconsiderationis the con�denceassociatedwith the rangedata. In Section3 the con�dence

measure
\

	 � 


$��

) wasexpressedastheinverseof thevarianceof thesensornoiseassociatedwith therangemeasure-

mentalongtheline of sight �

$

.

�

) . Otherfactorsalsoaffect thiscon�dencemetric.Onesuchfactoris theuncertainty

in the positionof the model that resultsfrom the discretizationof the embedding
�

. More speci�cally, eachgrid

point beingupdatedin the volume  , controlsthe movementa of a level surfacenearby, whosepositionis known

to only �nite accuracy. Thusthereis cloudof uncertaintyaroundeachgrid point. The �rst-order approximationto

the level-setpositiondescribedin Section5.2 improvesmattersconsiderably, but the3D positionalerror cannotbe

discountedentirely. For thiswork we assumethatuncertaintyis isotropicwith variancedenotedT

U

,

.

Thepositionalerrorassociatedwith thediscretesamplingof avolumegivesriseto anuncertaintyabouttheline of
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(a) (b)

Figure9: Therangemapof a mug,viewedasanimage(a),givesriseto a con�dencemeasure(b) thatcombinesboth
thenoiseof thescannerwith thespatialuncertaintyof themodel.

sightandtherebyuncertaintyaboutthevalueof theassociatedrangemeasurement.Usinga �rst-order approximation

to calculatethiserrorwe have
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where T
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)

U is thevarianceassociatedwith therangemeasurementalongthe line of sight thatpassesthrough
�

and �
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) , asin equation(13), is thesigneddistancealongthe line of sightbetweentherangemeasurementand
���

� ��� . Derivativesof �
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) combinethegeometryof thescannerwith derivativesof therangemap.Thatis,
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Thus,this formulationhasthe intuitive resultof lowering the con�dencenearstepedgesin the rangemap. Some

simplereasoninggivesapproximatevaluesfor T

, . If thesurfacepositionis known to within onehalf of a voxel (and

voxels have unit length), thenoneshouldchooseT

U

,

�

R

�

R

Z

. If the �rst-order approximationreducesthat by an

orderof magnitudewe have T

U

,

�

R

�

R

Z

�

. Figure9ashows a noisyrangemapgeneratedfrom theCAD modelof a

mug,and�gure 9b shows the resultingcon�dencemapwith T

U

,

�

R

�

R

Z

�

anda constantnoisevaluefor all range

measurementsof 1 unit.

6.1 Results

This sectionpresents3D reconstructionsfrom several differentsetsof data. The �rst is syntheticdataof a torus,

shown asa surfacein Figures10(a) and10(b). These200� 200 pixel depthmapsarecomputedanalyticallyand

corruptedwith 20% uncorrelatedGaussiannoise. Six suchviews of the torusarecombinedin the examplesthat

follow.

Thesecondsetof datais tensyntheticviews computedfrom a CAD modelof a mug asshown in �gure 10(c).

This mughassomesmallerfeaturessuchasthehandle(particularlywhereit attachesto thebody)andthetop of the

rim. Resultswill beshown with andwithout50%additive Gaussiannoise.

For realdata,�gure 10(d)showsa
� � �

�

�
� �

pixel depthmaptakenfrom atelephonereceiverusingatriangulating

laserrange�nder. Eight suchviews have beenpositionedrelative to eachother, initially by handandthenby an

automatedsurfacematchingtechnique(Turk andLevoy 1994).
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(a) (b)

(c) (d)

Figure10: Rangemaps: Syntheticrangedataof a torus— 200� 200 pixels with 20% Gaussianwhite noise(asa
fractionof smallerdiameter)takenof bothend(a)andside(b). Syntheticrangedataof a mug(c) — 256� 256pixels
with 50%Gaussianwhite noise(asa fractionof handlewidth). Triangulatinglaserrangedataof telephone(d).
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(a) (b)

(c) (d)

Figure11: An initial model(a) is constructedby combiningsix pointsof view of a torususingthezerocrossingsof
������� . Themodelwhich is attractedto therangedatabut undergoesinternalforcesevolvesandsettlesinto a smoother
steadystate(b) whichresemblestheuncorruptedtorus(c). Image-basedsmoothingproducesview-dependentartifacts
(d).

Figure11(a) shows the initial model usedfor �tting the level-setmodel to the rangedatafor the torus. The

initial modelis a80 � 80 � 40voxelsandis producedby �nding thezerocrossingsof thedataterm, �

$��

) . For all of the

examplesof thispaper, 3D surfacerenderingsof level setsarefrom polygonalizedsurfacesobtainedfrom thevolumes

by themarchingcubesmethod(LorensonandCline 1982).Figure11(b)shows theresultof thelevel-setmodelthat

uses11(a)asaninitial stateand � valueof
�

�

Z

�

. Theresultingmodel,whichcombinesthesix pointsof view andthe

smoothingfunction,is a reasonablereconstructionof theoriginalobject(�gure 11(c)).Figure11(d)shows theresult

of the combineddataterm �

$��

) createdby the six noisy torusrangemapsthat have beensmoothedwith Gaussian

blurring prior to their combination.Suchanimage-spaceblurring distortsthegeometricstructureof therangemaps

sothatthey no longer�t together;this resultsin view-dependentartifacts.Theobject-basedsmoothing,achievedby

incorporatingtheprior of equation(19) into thelevel-setapproach,doesnot producesuchartifacts.

Figure12 shows the effectsof the parameter� on the �nal result. The parameteris not a thresholdthat must

be setprecisely;resultschangegraduallyas � variesover an orderof magnitude.Figure13 shows, for different

valuesof � , the rmserrorof the reconstructionof the torusasa percentageof themagnitudeof thenoiseaddedto

thesyntheticrangemaps.Evenwithout theprior, theaveragingobtainedfrom theMAP methodovercomesmuchof

theinitial noisein thedata.Thequalityof thereconstructiondoesdependon thechoiceof � , but theuseof theprior
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(a) (b)

(c) (d)

Figure12: Solutionsto reconstructiondescribedin �gure 11with valuesof
�

at (a)0, (b) 0.04,(c) 0.32,and(d) 0.64.
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Figure13: The rms error of the reconstructionof a torus,given asa percentageof the magnitudeof the noise,for
differentvaluesof theprior,

�

.

Appearsin: TheInternationalJournalof ComputerVision , 29(3),October, 1998,pp. 203–231. 24



providessigni�cant improvementsin thereconstructionfor any choiceof betathatis within anorderof magnitudeof

theoptimum.

A 3D model of a mug, shown in �gure 14(a), is usedto generate10 rangemaps. Theseten views are then

combinedto reconstructthe 3D model (�gure 14(b)). The reconstructionresemblesthe original in �gure 14(c) to

within the accuracy afforded by the discretizationof the volume and somesmall shadowing artifactsaroundthe

handle,whereit is dif�cult to completelymapbecauseof selfocclusions.The�nal modelis R

� �

�

R

� �

�

R

� �

voxels.

At this resolutionthehandleis lessthantwo voxels thick, but onecanstill recover the �ne detailswherethehandle

attachesto the mainpartof themug. The facetsarein theoriginal, polygonalmodel. Suchlarge volumes(almost

3 million voxels) necessitatethe useof the sparse-�eldapproach,which visits the entiredatasetonly during the

initialization, andvisits only thosevoxels that lie nearthesurfacethereafter. With no priors (i.e. �

�

�

) andrange

imagesthatarecorruptedby additive Gaussiannoise,thesurfacetakeson anroughappearance.Figure14(d)shows

how a small in�uence of theprior, �

�

�

�

�

, producesa smootherresult.Theresultthatincludesthesmoothingprior

is alsoquantitatively betterasdeterminedby thermserrorfrom theoriginal mugmodel.The R

� �

�

R

� �

�

R

� �

grid

usedfor the mug required16 iterations. The entirereconstructionprocesslastedabout20 minuteson a Sparc10.

Mostof thattimewasspenton theinitializationandresamplingwhich requiresvisiting theentirevolume.

For the workstationusedin this work, this large model is at the limit of what canbe storedin randomaccess

memory. As a result, modelslarger than this typically introducethrashingand signi�cantly longer computation

times. Methodsfor ef�ciently representingsparsevolumesarewell documentedin the literature,but accesstime

penaltiesassociatedwith currenttechnologies(e.g. oct-trees)would make suchmethodsinef�cient for the iterative

proceduresusedin this work. Reducingthesememoryrequirementswhile maintainingrun-timeef�ciency is anarea

of ongoinginvestigation.

Figure15 shows how thealgorithmis ableto handleoutliers. Figure15(a)shows a singlescanfrom the same

mug datasetcorruptedwith 1% replacementnoise(i.e. outliers)insteadof additive Gaussiannoise. The resulting

initialization shown in 15(b) is quite poor; it containshundredsof holes. The combinationof smoothingandsub-

voxel accuracy obtainedfrom the level-setmodelspulls the modelaway from the outliersandgivesa convincing

reconstruction.

In �gure 16 eight rangemapsof a telephone(taken with a triangulatinglaserrange�nder (CurlessandLevoy

1995))arecombinedto createa 3D reconstruction.Figure16(a)shows the40 � 20 � 20 initial modelusedfor �tting

level-setmodelsto the rangedata. That modelservesasthe initial conditionsfor the evolution given by equation

(39). After the modelsettlesdown (changefrom oneiterationto the next dropsbelow a threshold),the volumeis

resampledontoa �ner grid, andtheprocessis repeated.Thescannerimageshave artifactswhich affect theresultof

themodelingasshown in �gure 17(a).Theseartifactsresultfrom falsesurfacesin thedata,aswell asmisalignments

in the rangemaps. The MAP reconstructionalgorithmasit standscannotrealignthe data,but to the extent these

artifactshave a high-frequency characterto them,they canbecontrolledby adjustingthesmoothingparameter, � .

7 Conclusions

This paperhaspresenteda strategy for reconstructing3D objectsby combiningrangemapstaken from different

pointsof view. Thestrategy is to computethesurfacewhich is mostly likely to have givenriseto thedatagenerated

by therangescanner;it maximizestheposteriorprobabilityof thesurface.

By usingthe independenceof thesensornoiseandassumingthat thecollectionof datain any onemapis dense

relative to theobjectstructure,theMAP formulationconvertstheerrorfrom individual rangereadingsinto a volume

integral. TheEuler-Lagrangeof that volumeintegral givestheequationof motion for a surfacethat seeksto mini-

mize its likelihoodconditionalon the data. The introductionof a prior leadsto a full MAP formulation. This is a

fundamentalresultin 3D reconstructionwhich posessurfacereconstructionasanevolutionaryprocessbasedon �rst

principles.

This paperhasalsoproposedlevel-setmodelsfor computingthedeformationsassociatedwith MAP estimation.

The level-setmodelingapproachis well suitedfor the MAP reconstructionformulation becauseit offers �e xible
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(a) (b)

(c) (d)

Figure14: Level-setMAP reconstructionof amugusingsyntheticdatageneratedfrom a3D model(a). Withoutnoise
thereconstruction(b) is limited only by theresolutionof themodel(

�����

�

�����

�

�����

). With noise,thesurfaceappears
rough(c). Includinga prior of

���

�
	���


improvestheappearanceof thereconstruction(d) andthermserrorfrom the
original.
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(a) (b) (c)

Figure 15: The effects of outliers: (a) The original mug dataset corruptedby replacementnoise. (b) The poor
initialization thatresultsfrom thatdata.(c) Theresultsof theiterative, level-setformulation.

(a) (b) (c)

Figure16: Theresultsof thelevel-setMAP reconstructionapproach:An initial model(a) is constructedby combining
eightpointsof view of a telephoneinto a discreteoccupancy grid of 40 � 20 � 20grid points.Resultsfrom thecourse
modelserveasinitial conditionsfor successively �ner modelsin (b) and(c).
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(a) (b) (c)

Figure17: Artif actsthatproducediscontinuitiescanbecontrolledby tuningtheweight
�

of thesmoothingterm. In
(a), (b), and(c), steady-statesolutionswith

�

= 0.1,1.0,and5.0,respectively.

topologies,multiscale/multigridrepresentations,many degreesof freedom,and ef�cient methodsfor calculating

geometricsurfaceproperties.Despitetheseadvantages,the level-setapproachasdescribedin the literaturesuffers

from high computationalcostsandlimited accuracy.

This paperhasproposedan enhancementto level-setmodelingtechnologyin the form of a new algorithm,a

sparse-�eldmethod. The sparse-�eldmethodperformscalculationsandupdatesonly at thosegrid point locations

thatlie nearthezero-level set(or any level setof interest).As aresultthisalgorithmis computablein afractionof the

timerequiredfor otherlevel-setapproaches.Thispaperhasshown thatthisnew methodintroduceserrorsthatareno

worsethanpreviousalgorithms.Thesparse-�eldalgorithmalsoenablesoneto usea �rst-order approximationto the

level-setposition,andthereforeit is actuallymoreaccurateundercircumstanceswheretheforcingfunctionis de�ned

to greateraccuracy thanthegrid structure,asis thecasewith theproposedMAP formulationfor 3D reconstruction.

Resultsonbothrealandsyntheticdatacon�rm theeffectivenessof combiningtheMAP strategy with thelevel-set

modelingmethod.Theuseof averysimpleprior, whichbiasessolutionstowardthosethathavelesssurfacearea,can

improve thereconstructionin thepresenceof uncorrelatednoiseandhigh-frequency artifacts.

Thereare,however, several areasthatwarrantfurtherdevelopment.Oneareais theproblemof largedatasets.

While thesparse-�eldmethodreducesthenumberof computationsrequiredfor deforming,it doesnot alleviate the

needto storedatafor thevolumethat coverstheentiredomain. Anotherareaof ongoinginvestigationis the prior.

Thesecond-ordersmoothingusedin this papertendsto distort theshapesof objectswhenappliedtoo aggressively.

This is particularlytruewhentheobjectshavehighcurvature,suchasthehandleof themugin �gure 14. Priors,such

asthebendingenergy, thatrely onhigherordergeometryor priorsthatincorporatehigherlevel knowledgeaboutthe

objectscouldimprove thequalityof theresults.
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Appendix

A formalde�nition of activesetsandtheoperationsperformedonthemgivessomegeneralpropertiesregardingtheir

behavior duringthesparse-�eldalgorithm.Let  bea discreteapproximationto
�

on a rectangulargrid. On eachof

thegrid points(or voxelsin 3D),  hasavalueequalto thatof
�

. An active setis asetof grid pointsthatareadjacent

to thelevel set.For notationalconveniencethezero-level setis used,andthusactivesetsconsistof grid pointsthatlie

nearzerocrossings.As thelevel setmoves,two thingshappento activesets.First, thevaluesof activesetandnearby

pointschange.Second,pointsareaddedandremoved from the active set,i.e., activity is passedon from onegrid

point to another. Theremainderof thissectionservesto formalizetheseideasandshow thatactivesetsmaintaintheir

importantpropertiesasthesparse-�eldalgorithmprogresses.In orderto maintaingenerality, thediscussionproceeds

in � dimensions,where�

�

	 for surfacereconstructionproblemat hand.

A volume �

�

�

�

�� � of dimension� is a setof grid points,
�

, arrangedin a rectilineargrid anda discrete

mapping 

�

�

	� � � . A grid point
�

�

� �

hasanassociatedindex
� $

�

�

)

�

�

� (i.e.,
�

�

�

�

���������

�

�

and
�

�

�

� ).

This index hasa basis, �

�

���������

�

�

, which consistsof unit vectorsalongthe grid lines, i.e., �

�

�

$

R

�

�

�

�����

)

�

�

U

�

$ �

�
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�

�

�

�����

)

�

��� �

�
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�

�

$ �

�

� ���

�

R�) .

Eachgrid pointhasasetof
Z

� connectedneighborswhicharegivenby
�

$

�

�

)

�

�

���0&

� $

���

)

�

� $

�

�

)

�

�

�

�

R

�

�

�

�

�

�

� . Thatis, the
Z��

neighborsof
�

�

, givenby
�

$

�

�

) , arethosepointsthatlie adjacentto
�

�

in oneof thegrid

directions.

Oneminor point is thehandlingof boundaryconditionson thedomain.For this work we assumethatevery grid

pointhas
Z��

adjacentgrid points,meaningeithera toroidaltopology(wraparound)or anin�nite arrayof grid points.

All of theresultsdescribedin this sectioncanbeextendedto othertopologiesor boundaryconditions.

Theadjacentoperator, �

$

�

�

�

�

�

) for
�

�

�

�

�

� �

, indicateswhetheror not two or moregrid pointsareadjacent,

i.e.,

�

$

�

�

�

�

�

)

�

� �

�

�

�

$

�

�

)

� (41)

Thesignoperator O
$

�

�

�

�

�

�* 

) indicateswhetheror not thevaluesof  associatedwith two grid pointshave values

of oppositesign,i.e.,

O
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Note that both O
$

�

�

�

�

�

) and �

$

�

�

�

�

�

�* 

) are commutative. An adjacentgrid point pair with valuesthat have

oppositesignsaresaidto lie ona zero crossing.

An activeset � is a subsetof
�

suchthat for every adjacentpair with oppositesign, at leastoneof the grid

pointsof that pair is in the active set. That is, �

� �

is an active set if andonly if �

�

�

�

�

�

� �

, �

$

�

�

�

�

�

�* 
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and �
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�

�

�

�

�
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�
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�

�

�

�

�

��� ��


���

. This de�nition meansthat an active setcould includegrid pointsthat are

not necessaryto satisfythecondition. An active setis saidto beef�cient if for all membersof theactive sethave a

neighborof oppositesign,i.e., � is ef�cient if andonly if �

�

�

�

���

�

�

s.t. �

$

�

�

�

�

�

�� 

) and �

$

�

�

�

�

�

) . Ef�cient

active setsconsistentirelyof grid pointsthatlie on zerocrossings.

Thereareseveralpropertiesof active setsthatareimportant.First,anef�cient active setcanbeconstructedfrom

a volume(if it is �nite) by testingthevaluesof eachgrid point andits neighborsandconstructinga unionof all of

thosegrid pointsthatlie on zerocrossings.Second,anef�cient active setcanbeconstructedfrom any (�nite) active

setby successively removing thosegrid pointsthatdo not lie on zerocrossings.Third, active setsdivide imagesinto

enclosedpositive andnegative regions. This is truebecause,by thede�nition of anactive set,thereis no connected

path(asequenceof adjacentgrid points)from a grid pointwith positive valueto a grid point with negative valuethat

doesnotpassthroughanactive grid point.

The sparse�eld algorithmworks with active setsandperformstwo distinct actionson thesesets;it movesthe

activity of grid pointsto adjacentgrid points,andit changesthevaluesof grid points.Thefollowing resultsshow that

sparse-�eldalgorithmmaintainsthepropertiesof active sets(they continueto divide positive andnegative regions).

A movementof an active set � is a procedurefor constructinga new setof grid points �

�

���

$

� �

� ) . This

procedureis to remove a grid point
�

�

�

� from � andaddto � all of
�

�

's neighborsthathave oppositesign.That
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is,
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Proposition1 A setof grid points �

� constructedby a movementprocedure, �

�

� �

$

� �

� ) , is anactiveset.

Proof Proposition1 Let
�

�

denotethe grid point that is removed. Assumethat �

� is not an active set. Then

thereexists a pair of grid points �
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. Thus � is notanactiveset,which

violatesoneof theassumptions.
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� This alsoviolatestheassumptionbecauseall opposite-signneighborsof
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arein �

� .
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Proposition2 If � is an ef�cient activeset, thenthe setof grid points �

� constructedby a movementprocedure
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� ) , is alsoanef�cient activeset.

Proof Proposition2 Let
�

�

denotethegrid point thatis removed. �

� is anactivesetby Proposition1. Thusonly

theproofof ef�ciency is necessary. Assumethat �

� is notef�cient, thenthereexistsanactivegrid point
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with a neighborhood
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consider:
�

�

�

� : Thisviolatestheassumptionbecause� is assumedto beef�cient.
�

�
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�

� : In this case
�

�

is one of the grid points that is addedto �

� by the movementprocedure.

However, thesegrid pointsareaddedbecausethey have a neighborof oppositesign,namely
�

�

.
�

An updateof anactive setis theconstructionof a new imagewhich hasa new valuefor oneof its active points,

i.e., �
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Proposition3 An updateof � to �
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) preservestheactiveset � , i.e., � is still

anactivesetof �

� .

Proof Proposition3 Let
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bethegridpointwith avaluethatis changed.Assumethat � is notanactivesetof �
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�* (since and  

� differ only in thevalueat
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), whichviolatesoneof theassumptions.
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� This alsoviolatestheassumptionbecause
�
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is by de�nition in theactive set � .
�

It is provable that the updateproceduredoesnot preserve the ef�ciency of an active set in all cases.Certain

combinationsof grid pointscanbeshown to produceinef�cient active setsafteranupdateprocedure.Pathological

casescanproducedensesetsof active pointsthat�ll wholeregionsandrenderthesparse-�eldmethodinef�cient.

Onesolutionto theproblemof inef�ciency is apruningprocesswhichsystematicallyremovesunnecessaryactive

points.A pruningprocedure
#%$

 !� �

) isaprocedurethatproducesanew activeset �
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I
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� if theneighborhood
�

of
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is of the samesign, i.e., �
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, and �
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�

� otherwise.The pruningprocedurecanbe

repeatedfor each
�

�

�

� afteranupdatestepandcanbeshown to produceanef�cient active set. Theauthorhas

found that in practicesucha pruningprocedureis unnecessary, andthatundernormalsituationsactive setsremain

ef�cient exceptatsingularities,i.e.,wherelevel setsbreak,join, or disappear.
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