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Abstract

This paperpresentsa methodthat usesthe level setsof volumesto reconstructhe shapef 3D objectsfrom
rangedata. The strat@y is to formulate3D reconstructiorasa statisticalproblem: nd thatsurfacewhich is mostly
likely, giventhedataandsomeprior knowledgeaboutthe applicationdomain.Theresultingoptimizationproblemis
solved by anincrementaprocesf deformation.We represent deformablesurfaceasthe level setof a discretely
sampledscalarfunctionof 3dimensionsi.e. avolume. Suchlevel-setmodelshave beenshavn to mimic corventional
deformablesurfacemodelsby encodingsurfacemovementsaschangesn the greyscalevaluesof the volume. The
resultis a voxel-basedmodelingtechnologythat offers several advantagesover conventional parametricmodels,
including e xible topology noneedfor reparameterizatioroncisedescription®f differentialstructure andanatural
scalespacefor hierarchicakepresentationsThis paperbuilds on previouswork in both 3D reconstructiorandlevel-
setmodeling. It presentsa fundamentatesultin surfaceestimationfrom rangedata: an analyticalcharacterization
of the surfacethat maximizesthe posteriorprobability It alsopresents novel computationatechniquefor level-
setmodeling, called the sparse- eldalgorithm, which combinesthe adwantagesof a level-setapproachwith the
computationakfciency andaccurag of a parametricrepresentationThe sparse- eldalgorithmis more ef cient
thanotherapproachesandbecauset assignshe level setto a speci ¢ setof grid points, it positionsthe level-set
model more accuratelythanthe grid itself. Theseproperties,computationalefciency and sub-cellaccurag, are
essentialvhentrying to reconstructhe shape®f 3D objects.Resultsareshavn for the reconstructiorobjectsfrom
setsof noisyandoverlappingrangemaps.
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1 Intr oduction

Therearetwo aspectso thisresearchThe rst aspects theapplicationwhichis thedevelopmenif 3D modelsfrom
rangedata. That problemis formulatedusinga statisticalapproachwhich maximizesthe posteriorprobability of a
surface.Theresultis asurfacethatis describedy a nonlinearobjective function. Thatoptimizationis solvedusinga
variationalapproachtandagradient-descemhethod.This optimizationproducesnevolution equatiorfor deforming
asurfacesothatit matchesa givensetof data. Thework in this paperusesthe level setsof volumesasa meansof
representingndmanipulatingobjectshapesThe secondaspecbf theresearctis theenhancemerdf theunderlying
level-settechnologyin orderto make it suitablefor problemsin 3D reconstructionThis sectionintroducegheissues
surroundinghosetwo aspect®f thework, andlaysoutthe overall structureof the paper

1.1 3D Reconstruction

When investigating3D reconstructionjt is necessaryo describethe kind of databeing considered. This work
dealsprimarily with datathatis from rangeor distancesensorghathave somekind of “scanningcapability”. Three
differentpropertiesof thisdataareimportant.First, thedatais rangeor distancd(i.e., direct3D) comparedo intensity
or luminance asonewould expectfrom anX-ray or avideocameraSecondthedatais relatively denseratherthan
a sparsescatteringof 3D points. This densityis obtainedby rotatingor translatinga device thattakesa discreteset
of 3D measurementd=roma singlepoint of view therange nder sweepout a volume,andthereis a 2D topology
ontheserangemeasurementshatis inducedby the motionof the scanningdevice. Thethird importantaspecof this
datais thatit is noisy Thus,the 3D reconstructiomproblemis not strictly geometric;it is alsostatistical. For this
work we assumehatalgorithmsfor calibratingtherangesensomandregisteringthe multiple views aretakenfrom the
variety of automatedind semiautomatetechniqueghatarein the literature— e.g. (BeslandMcKay 1992,Chen
andMedioni 1992,Zhang1994).

Underthe circumstanceslescribedabore, approacheso 3D reconstructiorcan be distinguishedbasedon the
“level” of themodelsthatoneuses High-level modelshave beenusedextensiely in computevision— someexam-
plearegivenin (JainandJain1990,JainandFlynn 1993).High-level modelsarethosethatrepresenspeci c objects
or classe®f objects.Suchapproachesanwork with relatively little information(suchassparsesetsof features)and
whenthey work they canleaddirectly to higherlevel processesuchasrecognition. High-level approachesisually
work bestin situationswherethe domainis restrictedandwell characterizedand wherethe distinguishingshape
characteristicef a particularobjectcanbe capturedy relatively few parametersTypically, suchreconstructionsio
not capturethosedetailsthatareuniqueto a particularobject.

Anotherclassof approachesould be characterizeds“mid level”. Mid-level approacheso reconstructiorare
characterizedy the useof geometricprimitivesthat canbe combinedin variouswaysto form more complicated
objects. The assumptioris thatthe objectsin the domaincanbe decomposeéhto nite setof suchprimitives. This
stratgy canwork quite well on certaindomains,suchas man-madeobjects—manp of which weredesignedusing
suchprimitives. The tting of primitives can also provide importantstructuralinformation suchas part/sub-part
decompositionThe resultsof suchsystemsaregenerallysomemixture of the dataandthe models,but they tendto
stronglyre ect theshape®f the modelsor primitivesthatarechosen.

Finally, onecould characterizehe classof “low level” approacheso 3D reconstruction.Theseapproachesise
a few generalassumptionsaboutthe domain; assumptionsre often at the level of basic surface geometry e.g.
continuity Low-level approachesancapturemoredetail but often provide very little higherlevel information. For
this reasorsuchapproachesarewell suitedfor applicationghatare gearedo visualizationby a human,ratherthan
recognitionby someautomatedystem.Theseapproacheform surfacesfrom setsof 3D databy performingafusion
of differentscanshut they typically imposeverylittle structureonthedata.Theperformancef low-level approaches
tendsto degradegraduallyasthe assumptionaboutthe ervironmentandthe sensomreviolated. However, low-level
approachesypically requiremore datain orderto give usefulresults. The voxel-basedapproachin this paperis a
low-level approachandis thereforebestsuitedto applicationghatprovide a relatively largeamountof datathatmust
befusedto producearesultwith agreatamountof detail.
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1.2 Level-setmodels

The stratgy taken within this researchs to posethe reconstructiorproblemasthe processof nding the surface
or setof surfacesthat are mostlikely to have givenrise to the data. Thus, it is a Maximum A Posteriori(MAP)
stratgy which cancombinethe datawith known propertiesor tendencie®f the surfacesbeingmeasured Finding
thosesurfaceswith the highestlik elihoodis generallya nonlinearoptimizationproblem.

A commonandoften effective strateyy for solving suchoptimizationproblemsis to usea variationalapproach.
Thatis, startwith aninitial solutionand perturbor deformthat solutionso thatit improvesthe overall likelihood.
Thus,thevariationalapproachrequiresamodelingtechnologythatcanundego suchgoal-drivendeformations Such
models poftencalleddeformablemodels areusedextensiely in thecomputelgraphicsandcomputewisionliterature,
e.g. (Kass,Witkin and Terzopoulos1987, Staib and Duncan1992, Miller, Breen, Lorensen,O'Bara and Wozry
1991, TerzopoulosWitkin andKass1988). Thesemodelstypically undego evolution processesvhich implement
sometype of hill-climbing strategy on the objective function.

Conventionalgeometrianodelsareparametric Thatis, they aremappingsrom onespacewhich coincideswith
thedimensionalityof themodel,to anotherwhichis therange.Typically, theseparameterizationsely on a setof ba-
sisfunctionsthatspansome nite subspacef all possibleshapesThuswhenconsideringdeformationsparametric
modelshave several dravbackswhich make theminadequatdor certainkinds of applications.The dependencon
the parameterizatioandan associatedbasisis critical; it limits the kinds of shapesa modelcanrepresentModels
typically do not deformfar from theirinitial conditionswithout somesortof reparameterizatiorSuchreparameteri-
zationsareofteninef cient anddevelopedonthebasisof heuristicsratherthana consistenmathematicaloundation.
The parameterizatioran alsomale it dif cult to measurehe intrinsic geometryof the model, aswith polygonal
meshedor instance.

An alternatve to aparametrieanodelis animplicit model,i.e., specifyingamodelasalevel setof ascalarfunction,

. This scalarfunction canbe sampledon a discreterectilineargrid. Sucha level-setrepresentatiofSethian1996)
hasanumberof practicalandtheoreticabdantage®ver corventionalparametrianodels especiallyin thecontext of
deformationandreconstructionFirst, level-setmodelsaretopologically e xible, thatis, the modelscan“split” into
piecesto form multiple objects(Malladi, SethianandVemuri1995,Whitaker andChen1994). Secondheevolution
of the embedding is a differentialexpressionthatis invariantto orthogonalgrouptransformationgrotationsand
translations).The shapedormedby the level setsof —arerestrictedonly by the resolutionof the discretesampling
usedto represent . Finally, therepresentationf deformablemodelsin termsof a multidimensionalmage provides
amethodfor multi-scaleor multi-grid solutions.For instancesolutionscanstarton a relatively coarsegrid andthen
proceedto progressiely ner grids asthe enegy reachesa minimum (Whitaker 1995). Sucha multigrid stratgy
reducesomputatiortime, controlstherelative importanceof largeandsmall-scalestructuresn theinputimage,and
helpsto simplify the objective function.

Despitetheseadwantageslevel-setmodelssuffer from severaldravbackscompareadvith parametrianodels.One
disadwantageis the large numberof computationsneededo solve theseequationsover the entire range. Surface
deformationsin 3D, for example,requiresolutionsto a 3D, nonlineay partial differential equation: a signi cant
computationatask. Anotherdravbackof level-setmodelsis theabsencef ary direct,ef cient representationf the
surfaceduringdeformation.Suchdirectrepresentationareusefulwhenincorporatingorcesthatdependnthemulti-
local or globalinformation.A third drawbackis the nite resolutionthatis imposedby the discreteapproximatiorto
thescalareld. Level-setmodelsarelimited by resolutionratherthanshape.

Theseproblemsaresigni cant in the context of 3D reconstruction.The sparse- eldalgorithmdescribedn this
paperaddressetheseissuedy representing surfaceasbotha discretely-sample@D eld andasubsebf that eld
which consistsof a setof grid points (or voxels), called active points throughwhich the model passes.At each
time stepin the deformationprocessonly a thin layer of voxels nearthe active pointsare visited and updated. In
this way the computationatompleity of thealgorithmgrows with the dimensionalityof the surface,ratherthanthe
dimensionalityof thevolume. Thesetof active pointsarekeptin alinkedlist whichenablegjuickandef cient access
to asetof pointsnearor onthemodel.

Theremainderof this paperproceedsasfollows. After a brief review in Section2 of otherrelevantwork, Sec-
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tion 3 presentghe formulation of 3D reconstructiorasa processof nding the mostlikely surfacegiven a setof
rangedataand somegeneralknowledge aboutthe relative likelihoodsof differentsurfaceproperties. Solving that
problemrequiresthe ability to manipulateor deformsurfaceshapein a systemationanner Section4 shavs how
this deformationcan be achieved via an implicit representationjsingthe level setsof a discretely-sampledcalar
functionof 3D. Thatsectiondiscusseshe numericalmethodshatareusedto solve the equation®f motion. Section
5 describesanef cient computationatechniquethe sparse- eldalgorithm,andpresentghe resultsof anempirical
analysiswhich shavs thatthe sparse- eldalgorithmgives solutionsthat comparefavorably to previously proposed
algorithms.Additionally, the sparse- eldalgorithmis shavn to overcomethe aliasingartifactsassociatedavith other
level-setapproacheandtherebyachievesgreateraccurag comparedo thoseapproachesSection6 shavs how the
level-settechnologycanbe appliedto the problemof 3D reconstructionlt shavs how usinglevel-setmodelswithin
the MAP reconstructiorframevork providesnew capabilitiesfor surfacereconstruction.

2 Relatedwork

Severallow- andmid-level reconstructiorapproacheslescribedn the literatureareworth noting. Turk and Levoy
(1994)describea “zippering” algorithmthat combinegtriangle mesheseachrepresenting: rangemap of the same
objectfrom a differentpoint of view. ChenandMédioni(1994)usea trianglemeshwhich expandsinsidea sequence
of rangemaps.This stratgy is similar to thatof Miller etal. (1991)which wasdemonstratedn 3D medicaldata.

Several low-level volumetric approachesiave beenproposed. Chien and Aggarwal (1989) have usedbinary
volumeswith the aid of oct-treeso reconstrucbbjectsfrom multiple silhouettes.Thefocusis on usingsilhouettes
and object featuresto do recognition. Muraki (1991) usesimplicit or blobby modelsto reconstruciobjectsfrom
rangedata. The individual blobs are sphericallysymmetric3D potentialsthat are combinedlinearly so that they
blendtogether The global natureof the potentialsmakesupdatessomevhat expensie, thuslimiting the numberof
primitivesthatcanbeef ciently computed.

Hoppe,DeRose Duchamp McDonaldand Stuetzle(1992) proposedanimplicit stratey which constructsa 3D
eld basednthesigneddistancdransformof tangeniplanesgeneratedrom unordereBD data.Regionsarealways
associatedvith the nearespoints,andthereforethereis little or no averaging.CurlessandLevoy (1996)describea
volume-basetechniqudor combiningrangedata. They usethesigneddistanceransformto encodevolumeelements
with datathatrepresentheaveragegwith someallowancefor outliers)of multiple measurementSurfacesof objects
arethe level setsof volumes. They shaw thatthe resolutionof the scanneicanbe overcomeby suchan averaging
technique Hilton, Stoddart]llingw orth andWindeatt(1996)describea similar algorithmwhichis anextensionto in

(Hoppeetal. 1992)thataccountdor interferenceat occludingcontoursandthin objects.

Anothervolumetricapproachyhichis moreof a“mid-level” stratay, is thatof (DeCarloandMetaxas1995),in
which they usea combinationof primitivesthat candeform, split, andeven changetopologyin orderto matchthe
input data. The computervision literatureshavs numerousnid-level approachethat t volumetricmodelsto range
data—seégDickinson,MetaxasandPentlandl997),for example.

In roboticsseveral researcher¢Elfes 1989, Moravec 1988) have investigatedhe useof occupancygrids. The
sensormodel and the methodsfor combining sensormeasurementfrom different points of view follow from a
Bayesianformulation. Strictly speakingan occupang grid doesnot give a 3D reconstructionpccupanciesio not
give themostlikely surfaces.

With regardto deformablemodels thereareseveralparametriapproachethatseekto overcomethe usualtopo-
logical limitations of parametrianodels.DeCarloandMetaxag1995)allow the primitivesassociateavith anobject
to malke discretechangessa resultof a setof rulesandthresholds Szeliski, Tonneserand Terzopoulog1993)pro-
posesystem®f orientedparticlesthatjoin togetherdisconnectandrejoinin orderto changeopology Mclnerry and
Terzopoulog1995) proposeparametricmodelsthat are reparameterizetlasedon a local grid structurethatallows
for changedn topology Despitetheseadwancesfor 3D reconstructiorthelevel-setapproactoffers several practical
adwantageswhich arediscussedn moredetailin the sectionghatfollow.

With regardto level-setmodels,this work dravs on a numberof recentdevelopmentsn computationaphysics
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andcomputenvision. OsherandSethian(1988)have proposedhe embeddingf wavefront propagationshatmodel
physicalsystemsandthey have developednumericalschemescalledup-windschemesto solve the resultingequa-
tions. In imageprocessingAlvarez,Guichard,Lions andMorel (1992) have proposeda morphologicalscalespace
for planarcurveswhich relieson geometridnvariantcurve evolutions. In computetvision Kimia, Tannenbaunand
Zucker (1992)have proposedareaction-difusionspacen which singularitiesrepresenbasicpropertieof 2D shape.
They usethe samestratgy as (Osherand Sethian1988) of embeddingplanarcurvesin orderto creategeometric
o wsthatareindependentf ary particularparameterization.

Malladi et al. (1995) have proposeda segmentationschemebasedon a wavefront propagatiorthat allows seed
pointsto contractor expand. The author(Whitaker and Chen1994) hasshavn thatimage“forces” (thetermused
in the senseof rst-order physics)candrive level setstoward interestingfeaturesin imagesor volumes,as with
corventionaldeformablenodels while geometric o ws canbeusedto enforcesmoothnesandcontinuity Caselles,
Kimmel and Sapiro (1995) have reacheda similar formulation using a conformalmappingand have shavn that
the equationsresultingfrom maoving level setsin this mannerare well posed. Adalsteinand Sethian(1995) have
proposedinarrav-bandschemewith a nite bandof 6-12grid pointson eithersideof thelevel set,for reducingthe
computationsassociatedvith level-setmodels. Resultsin successie sectionsof this paperwill shav the ability to
reducethewidth of this narrav bandto a singlegrid pointwill improve computationaperformancendaccurag.

This papermalkes several contritutionsto previouswork in this eld. Oneis a statisticalformulationof the 3D
reconstructiorproblemthat givesan optimal surfaceestimatewhile makingvery few assumptiongboutthe scene.
This formulationincorporatesa noisemodeland may include someprior knovledgeaboutthe relative likelihoods
of differentkinds of surfaces.Theresultis quite generalbut it is particularlywell suitedfor level-setmodels. This
papempresente&xampleshatshav effectivenesf thelevel-setapproacHor this application.Anothercontritutionis
the numericalschemeéor implementingthe level-setmodels. This new schemecomparegavorably with previously
proposednethodsothin termsof computationakf ciency andaccurag.

3 A MAP ReconstructionStrategy

A range nder is adevice thatproduces distanceneasuremerdlonga particularline of site. Thedistancemeasure-
mentand,to alesserdegree,the directionof theline of sightarecorruptedby noise. For the purposef this work
we assumehatthe noiseis additive and GaussianWhentherange nder is combinedwith a scanningnechanism,
it producesa 2D array of data,andthe noiseis often assumedo be independenfrom one elementof the arrayto
another In theeventthatthe noiseis non-stationarywe assumehatthevariability of thenoiseprocesss known (e.g.
asa function of objectdistanceor scannerorientation). The scanningmechanisnis typically calibrated,enabling
oneto calculatethedirectionof theline of sightassociatedvith eachmeasuremenit the 2D array In the eventthat
the scanningmechanisntdoesnot producea 2D array but ratheran unorderedist of rangemeasurementsakenin
differentdirections,onecanimposea 2D topologyon the databy the useof nearest-neighbaelationshipsuchas
Delaunaytriangulation.A single2D arrayof rangedatatakenfrom asinglelocationof the scanneis calledarange
map Oneof thegoalsof this work is to combinetheinformationfrom a collectionof rangemaps.

Theabove sensomodelhassomesigni cant shortcomingsFirst, the noiseis rarely additive GaussianOutliers,
for instanceareaproblem.Thenoisecanoftenberelatedto surfacecharacteristicsandthereforecouldbecorrelated.
In the caseof structuredight sensorssuchasthe oneusedfor someof the resultsin this paper the datacontains
occludedregionsfor which thereis no dataat all. As atheoreticalconsiderationGaussiamoiseallows nite prob-
abilitiesfor measurementsehindthe scannerin casesvherethe noiselevel is someappreciabldraction of thethe
distancérom the scannefvery rarein practice) alog-normaldistribution for the noisemight be moreappropriate.

In this work, we startwith the simplesensomodel,i.e. independentadditve, Gaussiamoise,to generatehe
basicalgorithmandthenmodify thatalgorithmto accounfor someof theseothercomplicatingfactors.The outliers,
for instance arehandledwithin the minimizationprocesgatherthanthe underlyingmodel. Areaswherethe sensor
failed (eitherby lack of signalor occlusion)are handledby giving suchpointslow con dence,i.e. large variance,
sothatthey have little effect onthe nal results. Theformulationthatresultsfrom theseassumptionss optimalfor
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independentadditve, Gaussiamoise,but later sectionswill shav thatit is usefulwhenthe noiseis morecomple
(suchasin the caseof outliers).

The strat@y in this work is to usea maximuma posteriori(MAP) approacho constructan expressionfor the
surfacelikelihoodconditionalon the measurediata. The total errorassociatedvith a modelcorvertsinto a volume
integral, and the EulerLagrangeof that volume integral de nes the motion of a deformablemodelthat seeksto
maximizethis likelihood.

Let ,acompactsubsebf 3D, bethesurfacethatenclosesheobject ,i.e., . Let be
a setof rangemaps,eachof which consistf setof 3D points , which canarrangedn a 2D
grid, with coordinates , de ned by the scanningnechanism Associatedvith eachgrid pointis aray, calledthe
line of sight, alongwhich the rangemeasuremeris taken. Assumethatthe rayswithin a singlerangemapdo not
intersectasis thecasewith thesphericalcylindrical, or linearprojective scanningnechanismshatareusedon most
range nders.

The posteriomprobabilityof  is givenby Bayesrule:

@)

Thegoalisto nd themostlikely surfacemodel to give riseto a particularcollectionof rangedata,
&)

wherethedenominator isremovedbecausdt is anormalizatiorfactorthatdoesnotdepencdn
Theterm is the prior, which re ects thefactthatwithin the setof possiblesurfaces somearemorelikely than
others,independentf thedata.

Therangemaps conditionalonthe surfaceposition,areindependentandomvariableg(this ignoresthe effectsof
surfacepropertieson error, asdiscusse@borve), andthus,

®3)
Each consistof anarrayof 3D rangedatathatcanberepresenteds . Within agivenrangemapeachrange
measuremernis aindependentandomvariable,andtherefore

4

As is typical with suchMAP algorithms,the maximizationis performedasa minimizationon the negative loga-
rithm of the probability:

Q)

Theright-handside of equation(5) re ects the combinationof termsthatis typical with MAP reconstructionsThe
termsareof two differenttypes:thosetermsthatenforcethe solutionto look lik e thedataandthosetermsthatenforce

theprior, i.e., thatencouragéhe solutionsto conformto thoseexpectationghatareindependenof the data.
Eachindividual rangemeasuremeris dependentotonthesurface asawhole,but onthatparticularpointon
thesurfacethatis rst intersectedalongtheline of sightfrom the scannetocation. Considera singlerangereading
, representeas a distancealongits associatedine of sight. Supposehat the distanceto the surfacealongthat
line of sightis givenby . The Gaussiamoisemodelgivesthefollowing probability densityfunctionfor individual

rangereadings,

— — (6)
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Figure 1: The MAP reconstructiorstratgy: (a) The squarederror alongthe line of sight can be written asa an
integral thatincludesa binary membershigunctionfor the object. (b) A singlerangescan consistingof a numberof
measurementalonglines of sightemanatingrom the point at the left, createsurfacein 3D (showvn hereasa curve
in theplane).A circularmodeldeformsto t thedata(motionindicatedby arrows).

wherethevariance  associatedvith arangereading is representeéisa con dencemeasure . The
term canbe ignored,becauset doesnot dependon surfacepositionandwill not affect the outcomeof the
optimization.The squaredlistanceof the surfaceto therangemeasuremertanberepresentedsanintegral

max max

@)

where is a functionthatis unity insidethe objectandzerooutside,and ... indicatesthe maximumeffective

rangeof therange nder. Theterm ..« senesasaboundontheerrorif theline of sightfailsto intersecthesurface,

andit alsosenesto limit therangeof in uence of a particularrangereading. Thatis, surfacepointsthatlie beyond
max N&/€ Noimpacton the conditionallik elihoodassociateavith thatrangemeasurement.

Strictly speakingthis formulationis valid only if the surfaceintersectgheline of sightat mostoncebetweerthe
scanneand .., asshavnin gure 1(a). Thus,the sgmentalongthe line of sightwith length ..« shouldbelong
enoughto penetratehe model(asit deforms)but not solong thatit emegesfrom the othersideor entersthe object
again,ascouldeasilyhapperwith self occlusions Typically, ma. Shoulddepencon ,e.9. max . Theuseof

max @Nd senesto limit the effectsof therangedataandtherebysimpli es the mathematicamodelby ignoring self
occlusionsof the object. Unfortunatelyin orderfor this to work properly mustbe chosensothatscangso do not
interferewith eachotherin areaswvherethe objectself occludes.This is not alwayspossible but with modi cations
to theminimizationalgorithm,discussedn successie sectionsthis problemcanbeall but eliminated.

Insteadof putting bound .« on the integral, we canusea windowingfunction , thatnulli es the effects of
surfacethatlie beyond nax i.€.,

if
max . e (8)
If max
Theerrorbecomes
©)
Given this formulation, the windowing function neednot be binary; it couldimplementa fuzzy cutoff of the
in uence of the rangedata. Resultsin later sectionsusea Gaussiarncenteredat the rangereadingwith standard
deviation .
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To extendthis formulationto includeall of the samplesn asinglescan, , we representhe distancealongthe
line of sightin 3D. Let  betheunit vectoralongtheline of sightand bethe3D locationof the thrange
reading.Then

(10

where is unity insidethe objectandzerootherwiseand

(11)

which doesnot dependon the surface. The notation refersto the factthatthe measurementsom a singlerange
maparearrangedn a 2D grid. If we assumehatthis grid is relatively densewe canapproximatethe likelihood of
the th scanasanintegral:

(12

where and arethe continuousversionsof and , respectiely, and , , , are continuousfunctions
derivedfrom somesuitableinterpolation(e.qg.,bilinear) of their discretecounterparts.

Becauseheraysthatde ne thelinesof sightassociateavith a singlescando not cross thereis uniquemapping
from eachpoint within the 3D subspaceweptout by the range nder to the point within the rangemapthat
hasa line of sightpassinghroughthat3D point. Therefore thevolumeintegral of equation(13) canbereformulated
in Cartesiarcoordinates:

(13)

where is anintegrationfactor suchthat . Theterm is the
signeddistancefrom the surface positionto the rangemeasuremengaind  is the volume sweptout by the range
nder. If we de ne the con dence to be zerofor ary point outsidethe spacesweptout by the scannerthen
onecanextendboundsof theintegralto . Because, is abinaryfunctionthatis oneonly within the object,the
integral canbere-expressedver the objectitself

(14)
Thegradientdescenbn the posteriorfor a singlerangemapis therefore

_ (15)

where isthesurfacenormal.

Equation(15) describeghe motion of a modelasit seeksto maximizeits likelihood of giving rise to a single
rangemap , whichis setof rangemeasurementd singlerangemapcreatesa surfacein 3D (shavnin gure 1(b)
asacurwein the plane),andthe modelexpandsor contractswith a magnitudeproportionalto the distancealongthe
line of sightto therangereading sothatit exactly lls thevolumebehindthatsurface.Thewindowing function
controlsthe depthof theregion behindthe rangesurfaceover which this expandingor contractingactionoccurs.The
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function describeghe unit-volumerelationshipbetweerthe scannecoordinatesaindcartesiarcoordinates For
theresultsin this paperwe assumehatthe rays(lines of sight) emanatingrom the scanneare nearly paralleland
regularly sampledsothat is aconstant.

Theeffect of multiple rangemapsis additive, andthe EulerLagrangeof the combinedposterioris

— (16)

where
(17)

andthesuperscriptindicatetherange Jine-of-sight,andcon dencefunctionsassociateavith aparticularrangemap.
Theterm is the EulerLagrangeof the prior. In the absenceof any prior (i.e., uniform prior),
, andmaximizingthe combinedeffectsof a sequenc®f rangemapsis linear; the solutionis given by the
zerocrossingf the 3D functionde ned in equation(17). Indeed,the algorithmsproposedy (CurlessandLevoy
1996),aswell as (Hoppeet al. 1992) and (Hilton et al. 1996), canbe formulatedas a specialcasesof this MAP
approachwith a particularchoiceof and , andwith auniform prior.
Thereareseveralreasongor goingto aniterative schemdor nding optimalsolutions.Firstis the useof a prior.
In surfacereconstructiongven a very low level of noisecandegradethe quality of therenderedsurfacesin the nal
result,andin suchcasedetterreconstructionsanbeobtainedoy introducingaprior. Seconds aliasing.Discretizing
and nding the zerocrossingswill causealiasingin thoseplaceswherethe transitionfrom positive to negative
is particularlysteep.A deformablemodelcanplacethe surfacemuchmoreprecisely Thethird reasorfor goingto
aniterative schemds thatdespitethe windowing function thereis interferencebetweerdifferentrangemaps
at placesof high cunature. This problemis addressedby introducinga nonlinearitywhich is solvedin aniterative
schemeasdescribedn Section6.1. In this work, solutionsof the linear problemwill sene astheinitial conditions
for the nonlinear iterative optimizationstratey that resultsfrom the inclusion of a prior anda nonlineartermthat
compensatefor lack of ary explicit modelof selfocclusions.

3.1 The Prior

Thereare numerouspossibilitiesfor selectingpriors that are consistenwith the MAP formulation of the previous
section. Thesepossibilitiesrangefrom high-level priors that biasthe solutionto look like certainshapegJohnson
1993)to low-level priorsthatenforcesomevery generapropertieson thoseshapesThegoalof thiswork is to obtain
a somavhatgeneralreconstructioralgorithmthat canbe subsequentlyunedto speci ¢ applications.Thereforewe
usea low-level prior thatbiasessolutionstoward smooth,continuoussurfaceslik e thoseassociateavith mary man-
madeobjectsor anatomicalktructures.Of course the selectionof a prior will dependstrongly on the application;
the choiceof prior for the reconstructiorof injection-molded,hand-heldobjectsshould probablydiffer from the
prior neededo reconstructhe shapef highly irregular objects,suchasthe humanbrain with its mary folds and
protrusions.

For mary applicationsa naturalchoiceof prior is to penalizethe integral of the normalizedrst derivativeson
the objectsurface,i.e., penalizesurfacearea. This choiceis basedon the heuristicthat mary physicalprocesses,
both syntheticand natural,tendto consere surfaceareaand produceobjectsthatre ect, at somelevel of detail,
this tendeng to minimize area. Alternatively, onecould saythat given a setof surfacesthatarenearthe data,the
algorithmshouldchoosea surfacethat haslessarea. Often, but not always, this will be the smoothersurface. A
probability distribution for the prior thatre ects this principleis

. (18)
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After thelogarithm,the EulerLagrangeof this quantityis the meancunatureof the surface:
— — 19)

where s alocal,orthonormabarameterization.

Theterm controlsthe probability distribution of surfacesin the prior. A larger meansthatthe prior favors
morestrongly surfacesthatare smoother The parameter could be setin any numberof differentways. Oneway
would be to “calibrate” the systemby scanninga numberof knovn objectsand determinewhich valuesof  give
themostaccurate/reliableeconstructionsAnothermethodwould beto take a collectionof objectsthatrepresenthe
applicationdomain,modelthem, and generatea probability densityfunction for surfacearea,possiblyat different
scalesor resolutions. For this work, we treat as a free parametetthat must be tunedby the personusing the
algorithm.

Theexistenceof afreeparameter representatypical propertyof signalprocessingystemghatmustdealwith
noisein the absenceof speci c informationaboutthe signal. Resultsin the following sectionswill shav that the
algorithmis somevhat robust with respecto this free parameter , andthatthe algorithmsfails graduallyasthis
parameteis settoo high or low. This paperwill alsoshav thatvery smallvaluesof canreducethe effects of
uncorrelatedhoisewithout distortingthe overall shape®f the objectsbeingreconstructed.

Despitethe usefulnes®f this second-ordesmoothingterm, it is somavhatlimited in its effectivenesdecausdt
caninterpolateonly positionandtendsto createstraightlines, at surfacesor singularitieswherethereis little data.
Thetopic of developingmoreeffective low-level priors (Whitaker 1995),aswell asincorporatinghigh-level priors,
is anareaof ongoinginvestigation.Fourth-orderterms,for example,could createstructureswith smoothlyvarying
normalsandallow the MAP approachto operatewith lessdata(Sethian1996). This paperwill shov that despite
the limitations of the second-ordesmoothinggivenin equation(19), thatprior is animprovementover noneat all,
especiallyin case®f noisysurfacedata.

4 Level-SetModels

The hill-climbing optimization strately describedin the previous sectionrequiresa modeling technologythat is
capableof accommodatingncrementathangesurfaceshapen anefcient manner The equationof motiongiven
by (16) makesno assumptionaboutthetypesurfacemodelusedto achiere thereconstructionThe MAP formulation
couldbeadaptedo ary numberof corventional,parametrisurfacemodelsby expressingchangesn surfaceposition
in termsof the parameterghatcontrol surfaceshape.

However, therearesomedravbacksto usingparametriadeformablemodels.For instanceasmodelsevolve and
undego large deviationsfrom their original shapessurface parameterizationsften introducede facto constraints.
Theexpansionof polygonalmodelscancreateakind of coarsenesahich preventsthe modelfrom capturingsmaller
structuresthusthe evolution of polygonalmodelsrequiresthe creationanddeletionof polygons(Miller etal. 1991,
MacDonald,Avis and Evans1994, Chenand Médioni 1994), or alternatvely, a reparameterizatio(Mclnerry and
Terzopoulosl995, DeCarloand Metaxas1995). Also the choicea surface model with relatively few degreesof
freedom,suchas superquadrior superelipsoidrestrictssolutionsto the relatively small spaceof shapeghat are
capturedoy thosemodelingtechnologies.

An alternatve to a parametrianodel, is a level-setmodel (Sethian1996),i.e., a modelthattreatsa 3D surface
asthe level-setof a discretely-sampledolume. Previous work hasshavn promisingresultswith this modeling
technologyfor 3D reconstructionprimarily in the context of 3D medicaldata(Malladi et al. 1995, Whitaker and
Chen1994,Whitaker 1994). This sectiongivesthe formulationfor this modelingstratey, startingwith anequation
of motion for a deformablesurface (Whitaker and Chen1994). This formulation differs somevhat from that of
(Casellestal. 1995),which they develop by applyinga conformalmappingto the enegy functionde ned over the
range.

The strat@y is to rely on the propertiesof regular surfaceswhich have local parameterizationthat canbe ex-
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pressedn termsof intrinsic quantitiessuchasarclength,cunature,etc. If onestartswith a parameterizedurface
andthe associate@quationf motion, andthenremovesthe parameterizatiofrom the deformablemodel,all that
remainsis intrinsic geometrywhich is expressedn termsof the embedding, . The strategy for embeddingactive
surfacesconsistof four steps:

1. Expresgheequation®f motionfor adeformablenodelin termsof someunspeci edparameterizatiofaswas
donein Section3d).

2. Describethe parameterizatiom termsof the differentialstructureof the model.
3. Assumethemodelis thelevel setof afunction .

4. Expresghegeometryof thelevel setin termsof thedifferentialstructureof ~andcreateanevolution equation
for

In orderto apply this stratgy to a deformablesurface , represent asa level setof an 3D scalarfunction,
, which evolvesovertime. The evolution equationf theindividual level surfacesmply corre-

spondingevolution equationdor the scalarfunction , Where
A parametricdeformablemodel, where , canberepresented
(20)
Thesurface remainsalevel setof overtime, andthereforethetime deriative is zero:
— (21)
where
_— — (22)
Thus,
— — — (23)
where is thesurfacenormal.
Thedatatermfor reconstructiodfrom equation(16) takestheform
— (24)

where  isthecumulatie effectfrom all of theindividualrangemapsasin equation(17). Thelevel-setformulation,
without the prior, becomes
— (25)

Themeancurvature,usedfor the prior, from equation(19) is computedirectly from the rst- andsecond-order
structureof ,

(26)

In the numericalimplementationthe derivativesarecalculatedusingcentralizeddifference{Sethian1996).
Combiningthe datatermandthe prior givesthefollowing level-setformulation:

@7)

Equation(27) is invariantundercertainkinds of geometrictransformations.First, it is invariantto orthogonal
grouptransformation®n . Thusthe positionandorientationof the modelor the datahasno impact(to within the
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errorintroducedby therepresentationf ) onthesolution.Equation(27)is alsoinvariantto monotonictransforma-
tionson ;thatis, equation(27) actsonly onlevel setsandtreatseachlevel setof asanindividual surfaceevolving
underthe samesetof setof priorsandforcesasall otherlevel setsof

4.1 Numerical Algorithms

Thedifferentialequationdescribedy equation(27) hastwo parts.The rst partis a rst-order termthathastheform
. It is amoving wave front with a velocity thatdepend®n position. This expressioncannotbe solved

with asimpleforward nite differenceschemeSuchschemesendto overshootandthey areunstable To solve this

problemOsherandSethian(1988)proposeanup-windscheme The up-windmethodusesa one-sidedlerivative that

looksin theup-winddirectionof themaoving wavefront,andtherebyavoidsthe overshootingassociateavith forward

nite differences.

The one-sidedderivatives are denotedby and . Let with domain  be an approximatiorto
de ned on adiscreterectilineargrid with spacing . Theone-sidedlerivativesare

(28)
(29)
For the rst termof equation(27) the up-windschemehasthe following form (OsherandSethian1988):
(30)
wherethetime stepsarelimited by the speedf the fastestmaving wavefront,
(31)

Thesecondermin equation(27) is a diffusiontermthatcanbe solved usinga nite forward differencescheme
anddoesnotrequirethe up-wind method.

4.2 Narrow-Band Methods

If oneis interestedn only a single level set, the formulation describedoreviously is hot computationallyef cient.
This is becausesolutionsare usually computedover the entiredomainof . The solutions, describethe
evolution of anembeddedamily of contours While this densefamily of solutionsmight beadvantageousor certain
applicationsthereareotherapplicationghatrequireonly a singlesurfacemodel.In suchapplicationghe calculation
of solutionsoveradenseeld is anunnecessargomputationaburden,andthe presencef contourfamiliescanbea
nuisancebecausdurtherprocessingnight berequiredto extractthelevel setthatis of interest.

Whensolvingfor only a singlelevel set, , theevolution of  is importantonly in thevicinity of that
level set. The evolution of the implicit modelsis suchthatthe level setsevolve independentlyto within the error
introducedby thediscretegrid). Thus,oneshouldperformcalculationsfor theevolutionof  only in aneighborhood
of the surface . In the discretesetting,thereis a particularsubsetf grid pointswhosevalues
controla particularlevel set(see gure 2).

AdalsteinandSethian(1995)proposea narrow-bandapproachhattakesadwantageof thefactthatthe movement
of a particularlevel setis alocal phenomenonThe narrav-bandtechniqueconstructsan embeddingdf the evolving
cune or surfacevia a signeddistancetransform. The distancetransformis computedover a nite width of only
points,andthe remainingpointsare setto constantvaluesto indicatethatthey do not lie within the narrav band,
or tube asthey call it. The evolution of the surface (they demonstratét for curvesin the plane)is computedby
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Figure2: A level curve of a 2D scalar eld passeshrougha nite setof cells. Only thosegrid pointsnearesto the
level curve arerelevantto the evolution of thatcurve.

calculatingtheevolution of  only on the setof grid pointsthatarewithin a x eddistanceto theinitial level set,i.e.
within the narrav band. Whenthe evolving level setapproacheshe edgeof the band,they calculatea new distance
transformanda new embeddingandthey repeathe processThis algorithmrelieson thefactthatthe embeddings
notacritical aspecbf theevolution of thelevel set. Thatis, theembeddinganbetransformedr recomputedt ary
pointin time, solong assuchatransformatiordoesnot changethepositionof the th level set,andthe evolutionwill
be unafectedby this changen theembedding.

Despitethe improvementsin computationtime, the narrav-bandapproachis not optimal for several reasons.
Firstit requiresa bandof signi cant width ( in the examplesof Adalsteinand Sethian(1995))whereone
would like to have a bandthatis only aswide asnecessaryo calculatethe derivativesof nearthe level set(e.g.

). Thewider bandis necessarpecausehe narrav-bandalgorithmtradesoff two competingcomputational
costs. Oneis the costof stoppingthe evolution and computingthe position of the curve anddistancetransform(to
sub-cellaccurag) anddeterminingthe domainof theband.Theotheris the costof computingthe evolution process
over the entireband. The narrav-bandmethodalso requiresadditionaltechniquessuchas smoothing,to maintain
thestability attheboundarie®f theband,wheresomegrid pointsareundegoingtheevolution andnearbyneighbors
arestationary

5 Sparse-FieldSolutions

Thenarrav-bandalgorithmreducesomputatiortime by restrictingthe updatego a bandof grid pointsthatlie near
the level set. However, that strateyy is basedon the assumptiorthat computingthe distancetransformis so costly
thatit cannotbe doneat every iterationof the evolution process— the bandof computatiormustbe wide enoughto
justify this costly updateof the embedding.

The sparse- eldalgorithmproposedn this sectionusesan approximatiorto the distancetransformthat malkes
it feasibleto recomputethe neighborhoof the level-setmodelat eachtime step. Thus, it takesthe narrav-band
strat@y to the extreme;it computesupdateson a bandof grid pointsthatis only onepoint wide. The valuesof the
pointsin theactive setcanbe updatedisingthe up-windschemeandthe mean-curature o w describedn the previ-
oussections.Whencomputingupdateson sofew points,however, one mustbe carefulto maintaina neighborhood
aroundthosepoints so that the derivatives that control the processcanbe computedwith sufcient accurag. The
strat@y is to extendthe embeddingrom the active pointsoutwardin layersto createa neighborhoodaroundthose
pointsthatis preciselythewidth neededo calculatethe derivativesfor the next time step.

ThisapproacthasseveraladvantagesThealgorithmdoespreciselythenumberof calculationshieededo compute
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the next position of the level cure. It doesnot requireexplicitly recalculatingthe positionsof level setsandtheir
distancetransforms. For large 3D datasets,the very processof incrementinga counterand checkingthe statusof
all of the grid pointsis prohibitive. In the sparse- eldalgorithmthe numberof pointsbeingcomputeds so small,
it is feasibleto usea linked-listto keeptrack of them. Thus, at eachiterationthe algorithmvisits only thosepoints
adjacento the -level cune. Also, the sparse- eldapproachdenti es asinglelevel setwith a speci ¢ setof points
whosevaluescontrolthe positionof thatlevel set. This allows oneto computeexternalforcesto anaccuray thatis
betterthanthe grid spacingof themodel,resultingin a modelingsystemthatis moreaccuratedor 3D reconstruction.

The -level surface, , of afunction de ned on adiscretegrid hasa setof cells throughwhich it passesas
shavnin gure 2. Thesetof grid pointsadjacento the level setis calledthe activeset andtheindividual elements
of this setarecalledactivepoints As themodeldeformstheactive will change All of thederiatives(upto second
order)requiredto calculatethe updateof are computedusing nearesneighbordifferences.Therefore,only the
active pointsandtheir neighborsarerelevantto the evolution of the level-setat ary particulartime in the evolution
process.

Oneimportantaspecbf the sparse- eldalgorithmis the mechanismo control membershipn the active set. In
orderto maintainstability, onemustupdatethe active setandneighboringpointsin away thatallows grid pointsto
enterandleavetheactive setwithoutthosechangesn statusaffectingtheir values.Thismechanisntanbeunderstood
asfollows. Active pointsmustbe adjacento thelevel-setmodel. Thereforetheir positionslie within a x eddistance
to the model. Becausehe embeddings a distancetransform,the valuesof for locationsin the active setmustlie
within a certainrangeof values.Whenactive-pointvaluesmove out of this activerange they areno longeradjacent
to themodel. They mustberemovedfrom the setandothergrid points,thosewhosevaluesaremaving into theactive
range,mustbe addedto take their place. The preciseorderingand executionof theseoperationss critical to the
properoperationof the algorithm.

If we assumeahatthe embedding is a discreteapproximatiorto the distancetransformof the model,thenthe
distanceof a particulargrid point, , to thelevel setis given by the valueof atthatgrid point. If the distance
betweergrid pointsis de ned to be unity, thenwe shouldremove a point from the active setwhenthevalueof at
thatpointnolongerliesin theintenal - - (seegure 3). If theneighborof thatpoint maintaintheir distanceof
1, thenthoseneighborswill move into theactiverangejustas s readyto beremoved.

Therearetwo operationghataresigni cant to theevolution of theactive set. First,thevaluesof ~atactive points
changefrom oneiterationto the next. Secondasthe valuesof active pointsmave out of the active rangethey are
removed from the active setand other neighboringgrid pointsare addedto the active setto take their place. The
appendixof this papergivessomeformal de nitions of active setsandthe operationghataffect them,andit shavs
thatactive setswill alwaysform a boundarybetweerpositive andnegative regionsin the discretesampling , even
ascontrolof thelevel setpasse$rom onesetof active pointsto another

Becausegrid pointsthatarenearthe active setarekeptata x edvaluedifferencefrom the active points,active
pointssene to control changesn the nonactve grid pointsto which they are adjacent. The neighborhood®f the
active setarede ned in layers, and , wherethe indicatesthe city-block distancefrom
the nearestctive grid point, and negative numbersare usedfor the outsidelayers. For notationalcorveniencethe
active setis denoted

Thenumberof layersshouldcoincidewith the sizeof thefootprintor neighborhoodisedto calculatederivatives.
In this way, theinsideandoutsidegrid pointsundego no changesn their valuesthat affect or distort the evolution
of the zeroset. Thework in this paperuses rst- andsecond-ordederivativescomputedon a a kernel
(city-block distance? to the corners).Thereforeonly ve layersarenecessary? insidelayers,2 outsidelayers,and
theactive set. Thesdayersaredenoted , , , ,and ,respectiely.

Theactive sethasgrid pointvaluesin therange - - . Thevaluesof thegrid pointsin eachneighborhoodayer
arekept 1 unit from the next layer closestto the active set(asin gure 3). Thusthevaluesof layer fall in the
interval - - . For layers,the valuesof the grid pointsthatarenotin ary of the layersareeither
insideall of the layers,with avalueof -, or outsideall of the layers,with a valueof -. Theprocedure
for updatingtheimageandthe active setbasedn surfacemovementsds asfollows:
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Figure3: Thestatusof grid pointsandtheirvaluesattwo differentpointsin time shav thatasthezerocrossingmoves,
activity is passedrom onegrid pointto another

1. For eachactie grid point, , dothefollowing:

(a) Calculatethelocal geometryof thelevel set.
(b) Computethenetchangeof , basedntheinternalandexternalforces,usingsomestable(e.g.,upwind)
numericalschemevherenecessary

2. For eachactive grid point  addthe changeto the grid point valueanddecideif the new value

fallsoutsidethe - - intenal. If so,put onlists of grid pointsthatarechangingstatus calledthe status
list; or , for - or -, respectiely.

3. Visit thegrid pointsin thelayers in theorder , andupdatethe grid point valuesbasedon
the values(by addingor subtractingoneunit) of the next innerlayer, . If morethanone neighbor
existsthenusetheneighborthatindicatesa level curwve closesto thatgrid point, i.e., usethe maximumfor the
outsidelayersandminimumfor theinsidelayers.If agrid pointin layer  hasno neighborsthenit gets
demotedo , thenext level away from the active set.

4. For eachstatudist dothefollowing:

(a) Foreachelement onthestatudist ,remoe fromthelist ,andaddit tothe list, or, in the
caseof , removeit from all lists.
(b) Addall neighbordo the list.

This algorithmcanbeimplementeckf ciently usinglinked-listdatastructurecombinedwith arraysto storethe
valuesof the grid pointsandtheir statesasshavn in gure 4. This requiresonly thosegrid pointswhosevaluesare
changingthe active pointsandtheir neighborsto bevisited at eachtime step. Thereforecomputatiortime grows as

, where is thenumberof grid pointsalongonedimensionof . Computatiortime for dense- eldapproach
increaseas . The grawth in computatiortime for the sparse- eldmodelsis consistentvith corventional
(parameterizedinodels,for which computationtimes increasewith the resolutionof the domain, ratherthanthe
range.

Anotherimportantaspecbf theperformancef thesparse- eldalgorithmis thelargertime stepshatarepossible.
In thenumericalschemes$or updatingevel-setmodels thetime stepsarelimited by thespeedf the“f astest'moving
level curwe, i.e.,themaximumof theforcefunction. Becausehesparse- eldmethodcalculateshemavementof level
setsover asubsebf theimage time stepsareboundedrom below by thoseof thedense- eldcasej.e.,

(32)

where is thespacevaryingspeedunctionand is theactive set.
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Figure4: Linked-listdatastructuregprovide ef cient accesgo thosegrid pointswith valuesandstatusthatmustbe
updated.

5.1 Empirical resultsof The Sparse-FieldAlgorithm

5.1.1 Error analysis

The sparse- eldalgorithm describedabore is basedon an importantapproximation: grid points adjacentto the

active points are assumedo undego the samechangein value as their nearbyactive-setneighbors. The dense-
eld algorithmstreateachlevel set(andeachgrid point) separatelyBecauseroximatelevel setscanhave different
shapesand undego differentforces, nearbygrid points can undego differentchangesn value. The questionis

how the sparse- eldapproximationaffectsthe evolution of the zero-level set. The resultsin this sectionshav that
the evolution of the zero-level setin the sparse- eldalgorithmintroducesan errorthatis consistenwith thatof the

dense- eldapproachandthatbotherrorsaresigni cantly smallerthanthegrid spacing .

In orderto measureahe effectsof theseapproximationsve comparehe movementof thelevel setscomputedoy
theboththe dense- eldandsparse- eldmethodgo the deformationof a circle, which canbe computedanalytically
(Adalsteinand Sethian1995). Thetotal error of a modelis computedrom the setof zerocrossingsalongthelines
connectinghegrid. Thesepointsarefoundby usinga linearinterpolationbetweeradjacenpointsthatlie on either
sideof azerocrossing.Thetotal erroris the averagesquaredistanceof thesezerocrossinggrom theideal.

FigureSashawvstheerrorof thedenseandsparse- eldmethodsn 2D for acircle moving underits own cunature.
Figure5b shawvs the sameresultsfor the a circle moving in the directionof theinward normalat a uniform speedf
1. The2D grid is , andthe grid spacinds unity. Thecircle beginswith aradiusof 30 units. Theseresults
shaw that,onthewhole,the sparse- eldmethodanddense- eldmethodsgive comparableerrors. The magnitudeof
theseerrors,whenscaledappropriatelyfor differencesn time constant@andgrid spacing,areconsistentvith those
documentedh (AdalsteinandSethian1995)eventhoughthe errormetricis slightly different. Noticethatin thecase
of constaninward velocity, bothdiscretelevel-setmethodshave high errorsasthe circle radiusbecomegjuite small
(it shouldbe zeroat ). Thisis to be expectedandis a inevitable consequencef usingdiscretemethodsto
represenbbjectswith sizesthatarecomparabldo thegrid spacing.
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Figure5: Thermserrors,relative to groundtruth, for a circle evolving underconstantspeedand curvaturesuggest
thatthe errorsassociatedvith the sparse- eldalgorithmareno worsethanthoseintroducedby the discretizatiorand
level-setapproximation.

5.1.2 Timing

Measurementsf the timing bearout the expectedimprovementsin performancewith the sparse- eldmethod. A
roughcalculationof the expectedmprovementds asfollows. In 2D, an imagerequires calculationsper
updatewhere is thenumberof calculationgergrid point. Theupdatedor thesparseeld shouldbe , where
includesthe extra costsassociateavith updatingandmaintainingthe neighborhoodLet , betheefciency
of theimprovement.Of coursewe expect is lessthanonebecausef the extra overheadf maintainingthe active
setandthe neighborhoodaroundit. For acircle of radius  , the cardinalityof the active setis approximately
Theneighborhoods another layers,eachrequiring pasdor anupdate Let thecostof visiting maintainingthelist
andupdatingthe neighborhoodedenoted . he Thentheratio of calculationtimes, , for thetwo methodsshould
beapproximately

- (33)

If is of the sameordermagnitudeas (becauset requiresseveral oating point calculationsinvolving nearest
neighbors)thenequation33 givessomeroughboundson the ef ciency:

Of coursethesenumbersare estimatesand dependyuite heavily on the |mplementat|on For the experimentsof
this sectionwe have useda ratherhigh-level, object-orientedC++ imageprocessindibrary (developedin house),
which usesin-line functionswherepracticalaswell astemplatedmagesandgenericdatastructures.This library
emphasizesaseof implementatiorratherthanperformanceThe “inner loops” of the methodscomparedi.e. those
loopsthatdo thecalculationsandupdatesateachpixel, arewritten with identicalcodewherepossible All resultsare
computedna SunSparcl0.

Table1 givesthe averagetime periteration,averagedover 25 iterations,for a circle of radius moving with

rst cunvatureandthena constaninward speed.The executiontimesandthe ef ciency factorscon rm the expected
improvementdn performancdrom thesparse- eldmethod.

Making direct comparison®f thesecomputationtimeswith the resultsof otherresearcherss dif cult because
of differencesn implementationand hardware. However, the ratio of the dense- eldcomputationtime to that of
the sparse- eldalgorithmgivesa performanceatio. We have computedhe sameperformanceatio for the narrov-
bandmethodfrom the datain (AdalsteinandSethian1995). Figure6 shavs a graphof thatratio for the sparse- eld
approachandthe narrav-bandmethodfor two distinct bandwidths, 6 and12. Theseresultsshaw thatthe sparse-
eld methodis somevhatfaster andtheimprovementsn computatiortime grow asthe domainsizeincreaseskFor
largermodels the differencein computatiortime betweerthesemethodss evenmoreextreme. Themodelsin these
experimentsarerelatively small andthe time differenceshouldbe more dramaticas one goesto 3D. For instance,
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| ImageWidth || Sparse-Field] Dense-Field| Ef ciency Factor

Circle moving undercurvature.

75 0.02 0.12 0.080
150 0.03 0.49 0.109
300 0.07 1.96 0.093
600 0.14 7.87 0.094
Circle moving atconstanspeed-1.
75 0.02 0.11 0.073
150 0.05 0.44 0.059
300 0.10 1.74 0.058
600 0.20 6.97 0.058

Tablel1: A comparisorof executiontimes(seconds/iteratiorfpr computingthe evolutionacircle

Curvature Flow
30 18 7

Constant speed (-1)

——=—— Sparse Field

25 1 ———— Narrow Band (6)

——+—— Narrow Band (12)
20 12 4

Performance Ratio

15 4

o4 . . o

75 150 300 75 150 300
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Figure6: A comparisorof the sparse- eldmethodwith the narrov-bandresultsfrom (Adalsteinand Sethian1995)
bearsouttheadwantageof thesparseeld method.Theadwantagds modesfor smallmodelsbut grows asthemodels
getlarger— animportanttrendwhenconsideringarge,volumetricmodels.
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Figure7: The deformationof a cubemovesdownhill on the distancetransformof atorus. In (a) the steadystateof
the dense- eldapproactshaws thatthe torus suffers from aliasingdueto the shockswhich form nearthe boundary
of thetorus. In (b) the sparse- eldalgorithmbouncesackandforth betweergrid pointsthathave forcesin opposite
directions.In (c) the modi ed sparse- eldalgorithmusesa rst-order approximatiorto positionthe zero-level setto
subcellaccurag.

thecircle in the imagecontainsapproximately600 pixels alongits border The surfaceof a spherein a
volumewould containabout40,000voxels.

5.2 Subcellaccuracy

Resultsof the previous sectiondemonstratéhe accurag andcomputationakf ciency of the sparse- eldalgorithm.
However, the level-setapproachs still notappropriatdor 3D reconstructiorbecausef its limited spatialresolution.
This sectionshawvs haw the sparse- eldalgorithmcanbe modi ed to improve the overall accurag of the level-set
method.

It is well known thatfront propagation®f the form of equation(25), without any smoothingterm, form shocks
wherefronts moving in oppositedirectionsmeet. In the discretedomain, when using an upwind scheme these
shockgake theform of high contrastegionsthatform alongthosegrid pointsthatlie nearthezerocrossingof
Unfortunatelytheseshockshave anadwersesideeffect; they constrairthepositionsof level-setsolutionsto fall onthe
grid lines, half way betweergrid points. The high contrastregionsassociateavith shockformationcausealiasingin
the nal resultsof level-setmodels.

This aliasingis not aninherentpropertyof the implicit representationindeed,grid-point valuescanbe manip-
ulatedto positionzerocrossingsarnywhereon the grid lines, andlinear or higherorderinterpolationtechniquesan
be usedto constructparametricrepresentationfom level setsto within subcellaccurag. The aliasingassociated
with themoving wavefrontsfollows from thefactthatthe numericalschemegor propagatingrontssampletheforce
function only atgrid pointlocations;it is aninherentproblemin the level-setnumericalschemeshathave been
proposedo date. Any iterative deformationschemethat sampleghe forcing function at only a discretesetof grid
locationswill belimited in its ability to accuratelylocatethe solution.

The problemsassociatedvith the discretesamplingof the forcing function are particularly troublesomewnhen
considering3D reconstruction.Figure 7(a) shavs the resultof allowing a cube(sampledon a grid)
to move on the distancetransformof atorus. The distancetransformof the torus (which senesasthe for the
reconstruction)s computedanalyticallyandthensampledon the samegrid asthe cube. The level-setmodelforms
patternghatre ect the underlyinggrid structurebecausef the shocksthatform betweergrid pointsthatareinside
andoutsideof thetorusboundary The problemsof shockcreationandaliasingareeven moreseriousin casesvhere
theforces,representethy , have a greatemresolutionthanthe model— asin the caseof recosering 3D models
from high-resolutiorrangemaps. In suchcasedimiting the modelpositionto the resolutionof the grid is far from
optimal;it introducesunnecessargrtifacts.

Thesparse- eldalgorithmprovidesa mechanisnior positioninglevel setsto subcellaccurag. In thesparse- eld
algorithmthe active grid pointscanbethoughtof ascontrolpointsfor a nearbyzero-level set. Thelevel setdoesnot
necessarilpasshroughthe centerof thegrid point (exceptin the specialcasewvherethegrid pointhasavaluezero).
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Figure8: The modi ed sparse- eldalgorithm: (a) For a curve in a plane,the positionof the level setnearto a grid
pointis found usingNewton's method. (b) For a squarebeing t to a circle, the sparse- eldmethodobtainssubcell
accurag andalmostperfectt (lessthanahundredthof avoxel error),while thedense- eldschemdormsshocksand
stabilizesatanerrorof 0.20cells.

Newton's methodgivesa rst-order approximatiorto the positionof the nearbyzero-level set,asin gure 8(a).
Let bethepositionof agrid point, bethevectorof rst derivativesof themodelatsometime . The
positionof theclosestzero-level setto thegrid point is givenby

(34)

exceptwhen , which mustbe handledasa specialcase.Computingthe forceson level-setlocationsaway
from thegrid pointsis similarin philosophyto the methodof extendingthevelocity elds of level setsdescribedy
Sethian(1996).

The numericalcomputationof in equation(34) can proceedin one of several differentways. Although
centralizedlifferencesrepossibletheclosestzerocrossingcanbefoundby nding thesteepesbne-sidedierivative
in eachdimension De ne thefunction

(35)

Thedirectionof neareskzerocrossingcanbe calculatingby using
(36)

Figure7(c) shavsthatbetterresultsareobtainedrom themodi ed sparse- eldmethod( rst-order approximation
to the level setlocation)thanmethodswhich sampleforce- eld valuesonly at grid point locations. The rst-order
approximationallows grid pointsto achieve grey-level valuesthatre ect their distancefrom nearbyfeatures. This

rst-order improvementis essentiain usingthe level-setparadigmfor modeling3D objects. The renderingof 3D
modelsmakesuseof rst-order derivativesof thevolumedata,which aresensitve to aliasingartifacts.

Figure8(b) shawvs the error, usingthe sameerror measurealescribedn section5.1.1,for a squaremoving dowvn-
hill onthedistanceransformof acircle. Theerrorbeginsatabout7 unitsandslowly decreaseasthe modelmoves
towardthecircle. The differencein the sparse- eldanddense- eldmethodsdemonstratethe subcellaccurag that
is obtainedwith the rst-order modi cations. Thedense- eldmethodforms shocksandthe error stabilizesat about
0.20cells. Thedense- eldschemeproducesa binaryimagewhich is theinside-outsidéunctionfor the circle. This
resultis representatie of othernumericalalgorithmsfor level sets,suchasthat of (Adalsteinand Sethian1995),
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which do not attemptto positionlevel setsto sub-cellaccurag. The sparse- eldmethodpositionsthe zero-level set
to subcellaccuray andeventuallyobtainsvery smallerrorsin tting thelevel set. Thesmalldip in errorat about50
iterationsis evenmoredramaticin thedense- eldapproactbut is not easilyvisible on thelogarithmicscalegivenin

gure 8(b). This overshootindicatesthatthe modelmovesthroughthe solutionandslightly beyond beforereaching
asteadystate.

This stratgy of approximatingthe level-setpositionto sub-cellaccurag cangeneralizedo higherorders. For
instance,in two dimensionsonecan t a second-ordefunctionto in the neighborhoodf the active grid point.
Suchhigher order schemesare not pursuedin this paperfor two reasons.First, they would add considerablyto
the computationaburdenof the method. Second the embeddingof the level setis the distancetransformimplies
that almosteverywhere,and thereforesecondderiative in the gradientdirectionis virtually —exceptat
singularities(BruceandGiblin 1986).

6 Level-SetModelsfor 3D Reconstruction

This sectioncombineghelevel-setmodelingtechnologyfrom Sections4 and5 with the MAP reconstructiorformu-
lation of Section3 to generate3D reconstruction®f objectsfrom multiple rangemaps. The strat@y is asfollows.
Constructa rathercoarsevolumethatis the solutionto the linear problem,i.e. the zero-level setsof , without
the prior. This volumesenesasinitialization for a level-setmodelwhich movestoward the datagiven by therange
mapswhile undegoing a second-ordero w to enforcethe prior. After the rateof deformationslows to belov some
thresholdtheresolutionis increasedthe volumeresampledandthe processepeatedThe coarse-to- nestratgy is
intendedo beacontinuatiormethod(asdescribedy (Nielson1997,Sryder, Han,Bilbro, WhitakerandPizer1995))
for bothreducingcomputatiorandpreventingthe algorithmfrom corverging on local minima.
Thereareseveraladditionalconsiderationgvhich affectthe performancef thisalgorithm. The rst consideration
is thatthe MAP formulationin Section3 suffers from a problem:;it ignoresthe nonlinearityresultingfrom the fact
thatthe rangescannegivesthe depthreadingfor the singleclosestsurfacepoint alongtheline of sight. Therefore
the solutiongiven by the zero setsof could containartifactsthat resultfrom surfacesinteractingat occlusion
boundariesTheuseof . or thewindowing function helpalleviate this problem,but it is virtually impossible
to stopthis interactionin placeswherethe objecthashigh cunaturenearits occludingcontour An iterative scheme
caneliminateinteractionsof surfacesnearoccludingcontourshy taking adwantageof the knawledgethatthe objects
aresolids. Thatis, asurfacecannotreturnarangereadingif it is facingawvay from thescannerlf thesurfacenormal
is takento beoutward,thenthedot productof thesurfacenormalandtheline of sightmustbe negative. Theevolution
equationmodi ed to includeonly thosesurfacethatfacethe scanneassociateavith a particularrangemap,is

— —_— (37)

(398)

where is theline of sightfrom arange nder to a 3D point,

A secondpracticalconsideratioris the con denceassociatedvith the rangedata. In Section3 the con dence
measure wasexpressedistheinverseof the varianceof the sensomoiseassociateavith therangemeasure-
mentalongtheline of sight . Otherfactorsalsoaffect this con dencemetric. Onesuchfactoris theuncertainty
in the position of the modelthat resultsfrom the discretizationof the embedding . More speci cally, eachgrid
point beingupdatedn the volume , controlsthe movementa of a level surfacenearby whosepositionis known
to only nite accurag. Thusthereis cloud of uncertaintyaroundeachgrid point. The rst-order approximatiornto
the level-setpositiondescribedn Section5.2 improves mattersconsiderablybut the 3D positionalerror cannotbe
discounteckentirely. For this work we assumehatuncertaintyis isotropicwith variancedenoted

Thepositionalerrorassociateavith thediscretesamplingof avolumegivesriseto anuncertaintyabouttheline of
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Figure9: Therangemapof amug,viewedasanimage(a), givesriseto acon dencemeasurdgb) thatcombineshoth
thenoiseof the scannewith the spatialuncertaintyof the model.

sightandtherebyuncertaintyaboutthe valueof theassociatedangemeasurementJsinga rst-order approximation
to calculatethis errorwe have

(39)
where is the varianceassociatedvith the rangemeasuremerdlongtheline of sightthatpasseshrough
and , asin equation(13), is the signeddistancealongtheline of sightbetweenthe rangemeasuremerdand

. Derivativesof combinethe geometryof the scannewith derivativesof therangemap. Thatis,

(40)

Thus, this formulation hasthe intuitive resultof lowering the con dencenearstepedgesin the rangemap. Some
simplereasoninggivesapproximatevaluesfor . If thesurfacepositionis known to within onehalf of avoxel (and

voxels have unit length), thenone shouldchoose . If the rst-order approximationreduceghat by an
orderof magnitudewe have . Figure9ashaws a noisy rangemapgeneratedrom the CAD modelof a
mug, and gure 9b shaws the resultingcon dencemapwith anda constantnoisevaluefor all range

measurementsf 1 unit.

6.1 Results

This sectionpresents3D reconstructiongrom several differentsetsof data. The rst is syntheticdataof a torus,
shavn asa surfacein Figures10(a)and 10(b). These200 200 pixel depthmapsare computedanalytically and
corruptedwith 20% uncorrelatedGaussiamoise. Six suchviews of the torus are combinedin the examplesthat
follow.

The secondsetof datais ten syntheticviews computedrom a CAD modelof a mugasshovn in gure 10(c).
This mughassomesmallerfeaturessuchasthe handle(particularlywhereit attachedo thebody)andthetop of the
rim. Resultswill beshavn with andwithout50% additive Gaussiamoise.

Forrealdata, gure 10(d)shavsa pixel depthmaptakenfrom atelephoneeceverusingatriangulating
laserrange nder. Eight suchviews have beenpositionedrelative to eachother initially by handandthenby an
automatedsurfacematchingtechniqueTurk andLevoy 1994).
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Figure 10: Rangemaps: Syntheticrangedataof a torus— 200 200 pixels with 20% Gaussianwhite noise(asa
fraction of smallerdiameter}aken of bothend(a) andside(b). Syntheticrangedataof amug(c) — 256 256 pixels
with 50% Gaussianwhite noise(asa fractionof handlewidth). Triangulatinglaserrangedataof telephondd).

Appearsn: Thelnternationallournalof ComputetVision, 29(3),0ctober 1998,pp. 203-231. 22



(@) (b)

© (d)

Figure11: An initial model(a) is constructedy combiningsix pointsof view of a torususingthe zerocrossingof
. Themodelwhichis attractedo therangedat