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The method of least squares

The maximum likelihood principle provides a way to estimate parameters. The
applicability of the method is quite general but not universal. For example,
in the simple linear regression model, introduced in Section 17.4, we need to
know the distribution of the response variable in order to find the maximum
likelihood estimates for the parameters involved. In this chapter we will see
how these parameters can be estimated using the method of least squares.
Furthermore, the relation between least squares and maximum likelihood will
be investigated in the case of normally distributed errors.

22.1 Least squares estimation and regression

Recall from Section 17.4 the simple linear regression model for a bivariate
dataset (x1, y1), (x2, y2), . . . , (xn, yn). In this model x1, x2, . . . , xn are non-
random and y1, y2, . . . , yn are realizations of random variables Y1, Y2, . . . , Yn

satisfying
Yi = α + βxi + Ui for i = 1, 2, . . . , n,

where U1, U2, . . . , Un are independent random variables with zero expectation
and variance σ2. How can one obtain estimates for the parameters α, β, and σ2

in this model?
Note that we cannot find maximum likelihood estimates for these parameters,
simply because we have no further knowledge about the distribution of the Ui

(and consequently of the Yi). We want to choose α and β in such a way that
we obtain a line that fits the data best. A classical approach to do this is to
consider the sum of squared distances between the observed values yi and the
values α+βxi on the regression line y = α+βx. See Figure 22.1, where these
distances are indicated. The method of least squares prescribes to choose α
and β such that the sum of squares

S(α, β) =
n∑

i=1

(yi − α − βxi)
2
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Fig. 22.1. The observed value yi corresponding to xi and the value α+βxi on the
regression line y = α + βx.

is minimal. The ith term in the sum is the squared distance in the vertical
direction from (xi, yi) to the line y = α + βx. To find these so-called least
squares estimates , we differentiate S(α, β) with respect to α and β, and we
set the derivatives equal to 0:

∂

∂α
S(α, β) = 0 ⇔

n∑

i=1

(yi − α − βxi) = 0

∂

∂β
S(α, β) = 0 ⇔

n∑

i=1

(yi − α − βxi)xi = 0.

This is equivalent to

nα + β
n∑

i=1

xi =
n∑

i=1

yi

α
n∑

i=1

xi + β
n∑

i=1

x2
i =

n∑

i=1

xiyi.

For example, for the timber data from Table 15.5 we would obtain

36 α + 1646.4 β = 52 901
1646.4 α + 81750.02 β = 2 790 525.

These are two equations with two unknowns α and β. Solving for α and β
yields the solutions α̂ = −1160.5 and β̂ = 57.51. In Figure 22.2 a scatterplot of
the timber dataset, together with the estimated regression line y = −1160.5+
57.51x, is depicted.

Quick exercise 22.1 Suppose you are given a piece of Australian timber with
density 65. What would you choose as an estimate for the Janka hardness?
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Fig. 22.2. Scatterplot and estimated regression line for the timber data.

In general, writing
∑

instead of
∑n

i=1, we find the following formulas for the
estimates α̂ (the intercept) and β̂ (the slope):

β̂ =
n

∑
xiyi − (

∑
xi)(

∑
yi)

n
∑

x2
i − (

∑
xi)2

(22.1)

α̂ = ȳn − β̂x̄n. (22.2)

Since S(α, β) is an elliptic paraboloid (a “vase”), it follows that (α̂, β̂) is the
unique minimum of S(α, β) (except when all xi are equal).

Quick exercise 22.2 Check that the line y = α̂ + β̂x always passes through
the “center of gravity” (x̄n, ȳn).

Least squares estimators are unbiased

We denote the least squares estimates by α̂ and β̂. It is quite common to also
denote the least squares estimators by α̂ and β̂:

α̂ = Ȳn − β̂x̄n, β̂ =
n

∑
xiYi − (

∑
xi)(

∑
Yi)

n
∑

x2
i − (

∑
xi)

2 .

In Exercise 22.12 it is shown that β̂ is an unbiased estimator for β. Using this
and the fact that E[Yi] = α + βxi (see page 258), we find for α̂:

E [α̂] = E
[
Ȳn

]
− x̄nE

[
β̂
]

=
1
n

n∑

i=1

E[Yi] − x̄nβ

=
1
n

n∑

i=1

(α + βxi) − x̄nβ = α + βx̄n − x̄nβ

= α.

We see that α̂ is an unbiased estimator for α.
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