
Notes: Simulation
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April 9, 2024

• What are statistical simulations and why? Random, complex, evaluate scenarios, predict
outcomes.

• Generating random samples from distributions.

• Basic computer operation - random integers from 0-max

• convert this to uniform U(0,1)

• Example - how to generate samples from a Bernoulli distribution.

X =

{
1 U < p
0 U ≥ p

• Example: A random variable Y has outcomes 1, 3, and 4 with the following probabilities:
P(Y = 1) = 3/5, P(Y = 3) = 1/5, and P(Y = 4) = 1/5. Describe how to construct Y from a
U(0,1) random variable.

• Continuous random variables.

6.2 Generating realizations of random variables 73

Continuous random variables

Suppose we have the distribution function F of a continuous random variable
and we wish to construct a random variable with this distribution. We show
how to do this if F is strictly increasing from 0 to 1 on an interval. In that
case F has an inverse function F inv. Figure 6.1 shows an example: F is strictly
increasing on the interval [2, 10]; the inverse F inv is a function from the interval
[0, 1] to the interval [2, 10].
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Fig. 6.1. Simulating a continuous random variable using the distribution function.

Note how u relates to F inv(u) as F (x) relates to x. We see that u ≤ F (x)
is equivalent with F inv(u) ≤ x. If instead of a real number u we consider a
U(0, 1) random variable U , we obtain that the corresponding events are the
same:

{U ≤ F (x)} = {F inv(U) ≤ x}. (6.1)

We know about the U(0, 1) random variable U that P(U ≤ b) = b for any
number 0 ≤ b ≤ 1. Substituting b = F (x) we see

P(U ≤ F (x)) = F (x).

From equality (6.1), therefore,

P
(
F inv(U) ≤ x

)
= F (x);

in other words, the random variable F inv(U) has distribution function F .

What remains is to find the function F inv. From Figure 6.1 we see

F (x) = u ⇔ x = F inv(u),

so if we solve the equation F (x) = u for x, we obtain the expression for
F inv(u).

• Example: exponential distribution

• Example: comparing jury rules
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