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Introduction

 Applications
— Movie and gaming industries
— Industrial design & safety-oriented research

* Motivation
— Intricacy of RTE = numerical methods
— Air-light integral = analytical approach
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Related Work

* Numerical Ray-Marching / Volume-Slicing
— Riemann sums = under-sampling artifacts

* Analytical Approaches
— Promising alternative

— Pegoraro et al. EG09
* |sotropic light sources
« Slow convergence of phase function series
 Loss of efficiency in optically thick media
« CPU implementation



Analytical Single Scattering

* Air-Light Integral
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Analytical Single Scattering

 Air-Light Integral
— Definition

L(x,,®) = e_Kf(xb_X“)Lb(xb, @)+ Ly (xq,Xp, @)
— Medium Radiance

W (x—l—\/hz—l—(x—xh)z)
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Ly (Xa,xp, ©) = Kye™ /x h* + (x —x;)?
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Analytical Single Scattering

» Simplified Formulation
— Change of Variable

u = == with u € (—o0,0,00)

— Medium Radiance

2 —H(u+ 14u?)
s K K}(xa—xh)/ e
X
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Analytical Single Scattering

 First Analytical Reformulation
— Change of Variable

v = u-+vV1+u?where v e (0,1,00)

— Medium Radiance

@) + (Xa—xn e
Lin(xa,xp, @) = ’ 2/ 2_|_1

d, (v —1)+2dcv e —1
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Analytical Single Scattering

 First Analytical Reformulation
— Taylor Series Expansion

~ +(xg—x e Y W
Ly (x4, xp, @) = h ) Z CH/V 1 dv
n=0 a
— Analytical Solution
S K _ n
Lm(-xaaxbaa)): h eK}(Xa Xh 2 Z Ci’l( )I"ZJI(;@ mod 2)(_Havavvb)
n=0
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Analytical Single Scattering

 First Analytical Reformulation

— Constants
n—2—j L ( N i+1
. n-i=j (i+ J)! 1
R G e )
i=(n—2—j) mod 2 J:
_ i+=2
— Functions

Io(a,va,vp) = io(a,vp) —io(a,va)
Ii(a,vq,vp) =1i1(a,vp) —ii(a,v,)
ig(a,v) =sin(a)R(Ei(av+1a)) —cos(a)3(Ei(av+1a))
i1(a,v) =cos(a)R(Ei(av+1a))+sin(a)S(Ei(av+1a))
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Analytical Single Scattering

» Second Analytical Reformulation
— Change of Variable

W = u—\/l—l—u,z WlthW - (_007_130)

— Medium Radiance

H
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Analytical Single Scattering

» Second Analytical Reformulation

— Taylor Series Expansion
N—1 o

, K _
Ly (xq,Xp, ©) = hse K (a0 2}; dn/ w2 + lwn dw
— Analytical Solution
Lm(xaaxba(ﬁ) — Eeﬁ Yo%) 2 Z dil( n mod 2) (Hawélvwb)

n—2 H
+Jo(H,wa,wp) Hd(H.0.n)— ) (e»bwg“ —erawlt! )d(H,j,n))
j=0
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Analytical Single Scattering

» Second Analytical Reformulation

— Constants
n—2—j L 3
d(a,j,n)= Y (—l)nij J a’
i=(n—2—j) mod 2 (i+Jj+1)!
i+=2
— Functions

Jo(a.wa,wp) = jola,wp) — jo(a,wq
Ji(a.wa,wp) = Jji(a,wp)—Jji(a,

Jo(a,wq,wp) = El(—) — Ei Wi
Jo(a,w) = —sin(a)R (Ei (w —i—ld)) +cos(a)S (Ez( —l—za))
ji(a,w) =cos(a)R (Ei (% +la)) +sin(a)3 (El (3} +za)) —Ei (ﬁ)

w
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Analytical Single Scattering

« Combined Formulation

— — — K v v
Lo (xa?xb? 0)) = L, (x/’i.axba 0)) — Ly, (x/’laxaa O)) - ]_jem(/‘a i
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— Trivial correspondence between expansions
— Expansion in mid-point of integration domain




Implementation

» Complex-Valued Exponential Integral
— Power Series

Ei(z) = y+In(z) Z
— Asymptotic Series
K k!
Ei(z) Z —+zszgn(§3( )7

— Criterion

1<p AN x—|p]l<in(e)—1



Implementation

» Real-Valued Exponential Integral
— Polynomial Approximation: 0 < x < 1

E|(x) = ag+ax+ axx> + azx’ +asx* + asx® —In(x) +&(x)

— Rational Approximation: 1 < X < oo

—X

El(x):_<

X

a +a1x+a2x2 + a3x3 + x4
> T TEW)
bo +D1x+ brx=+ b3x° +x



Results

A bench in a park covered in anisotropic mist

First Formulation Dual-Formulation Monte Carlo



Results

A concert stage lit by 3 colorful spotlights

First Formulation Dual-Formulation Monte Carlo



Results

A foggy road illuminated by anisotropic lights

Fixed Point Mid-Point Monte Carlo



Results

A lighthouse in thick brume rendered in real-time

Power Series  Power/Asymptotic Power/Asymptotic



Discussion and Future Work

 Better representation of anisotropy
 Volumetric shadows
* Inhomogeneous media

* Impact on surface shading



Conclusion

* Novel analytical approach

« Dual-formulation via domain-partitioning
 Increased accuracy in anisotropic media
» Handles anisotropic lights analytically

* Neither pre-computation nor storage
 Practical implementation

« Stable and efficient evaluations

» Real-time performance
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