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A set of Matlab functions have been created to allow the exploration of the usefulness of setting 

geometric SAT into non-Euclidean geometry.  Three major models are represented: (1) the Poincare half-

plane (PH), (2) the Poincare disk (PD), and (3) the Beltrami-Klein disk (BK).  For more information on 

these formulations, see Appendixes A, B and C, respectively (taken from Wikipedia). 

The Poincare Half-Plane (H) 

Since the goal is to represent n-dimensional polytopes which represent the feasible region for a SAT 

solution, it is necessary to represent these in non-Euclidean spaces.  Examples are given in 2D for 

illustration purposes.  Consider the knowledge base with the single clause: 𝐴 ∨ ¬𝐵. Then in regular 

Euclidean space, the feasible region (after chopping the (0,1) vertex) will be the triangle [(0,0), (1,0), 

(1,1)] (see Figure 1). 

 

Figure 1. Feasible Region for KB with Clause 𝐴 ∨ ¬𝐵. 

Converting this to the Poincare half-plane model requires deciding how the unit square will be 

represented.  The most straightforward is to use the same points: (0,0), (1,0), (1,1), (0,1); however, the 

points on the x-axis are not in H, and this poses some problems.  Figure 2 shows how the unit square 

transforms into H.  



 

Figure 2. (left) Unit Square in Poincare Half-Plane. (right) Feasible Region for KB with Clause 𝐴 ∨ ¬𝐵 

(cutting plane shown in red). 

The left side plot is achieved as follows; first get the sides of the unit square: 

seg1 = NON_PH_seg_pts([0,0],[1,0]); 

seg2 = NON_PH_seg_pts([1,0],[1,1]); 

seg3 = NON_PH_seg_pts([1,1],[0,1]); 

seg4 = NON_PH_seg_pts([0,1],[0,0]); 

Then plot them: 

NON_plot_PH_pts([seg1;seg2;seg3;seg4],1,'k.'); 

The right side is found by first finding the cutting line, then plotting the three remaining segments: 

seg8 = NON_PH_seg_pts([1,1],[0,0]); 

NON_plot_PH_pts([seg1;seg2],1,'k.'); 

NON_plot_PH_pts(seg8,1,'r.'); 

Note that the area of the resulting triangle is 
𝜋

2
, so that the area of the unit square in H is not 1! 

 

 



The Poincare Disk (D) 

The unit square represented by [(0,0),(0.5,0),(0.5,0.5),(0,0.5)] is shown on the left side of Figure 3, while 

the same feasible region is shown on the right side of the figure. 

 

Figure 3. (left) Unit Square in Poincare Disk. (right) Feasible Region for KB with Clause 𝐴 ∨ ¬𝐵 (cutting 

plane shown in red). 

This is produced as follows; for the left side: 

seg1 = NON_PD_seg_pts([0,0],[0.5,0]); 

seg2 = NON_PD_seg_pts([0.5,0],[0.5,0.5]); 

seg3 = NON_PD_seg_pts([0.5,0.5],[0,0.5]); 

seg4 = NON_PD_seg_pts([0,0.5],[0,0]); 

NON_plot_PD_pts([seg1;seg2;seg3;seg4],1,'k.'); 

The figure on the right: 

seg5 = NON_PD_seg_pts([0.5,0.5],[0,0]); 

NON_plot_PD_pts([seg1;seg2],1,'k.'); 

>> NON_plot_PD_pts(seg5,1,'r.'); 

 



Converting Points between Representations 

Sometimes it is convenient to change representation; therefore, we have provided functions to convert 

as follows: 

• NON_H2D:   Poincare half-plane to Poincare disk 

• NON_D2H:   Poincare disk to Poincare half-plane 

• NON_H2K:   Poincare half-plane to Beltrami-Klein 

• NON_K2H:   Beltrami-Klein to Poincare half-plane 

• NON_D2K:   Poincare disk to Beltrami-Klein 

• NON_K2D:   Beltrami-Klein to Poincare disk 

Note that all of these take on complex number input and produce one complex number output. 

Distance Between Points 

Functions have been provided to compute the distance between points: 

• NON_norm_PD:   Poincare norm 

• NON_norm_PH:   Poincare norm 

• NON_norm_BK:   Beltrami-Klein norm 

Possible Representation of the Hypercube in n-D 

A possible representation of the hypercube in n-D is to project the corners of the unit cube (centered a 0 

and scaled to circumscribe the unit sphere) onto the unit hypersphere in D. Figure 4 shows this for 2D; 

note that the corners of the square are ideal points (see Appendix D), and not in D. 

 

Figure 4. A projection of the Circumscribed Hypercube onto the Unit Sphere.  In this case, the corners are 

not in D, but rather are ideal points on the circle boundary. 

This makes a shape that is geometrically similar to the square, but note that its area is 𝜋.  Figure 4 is 

produced by: 

NON_H2circumcribedinPD;   % files in PSSAT/non_Euclidean/develop 



27 June 2023 

Development over last few weeks is in PSSAT/non_Euclidean/ with prefix NE_ (see Non-Euclidean-

Matlab-Functions.pdf and NE_Function_Dependencies.pdf). 

Results testing Euclidean circle intersection (NE_test_int_E2_2circles): 

 

Results testing great circle intersection angles (NE_test_angle_2circles): 



 

Results tiling  PD with a regular pentagon (NE_inversion_experiment1): 



 

Results tiling PD with 45-degree angle regular triangle (NE_inversion_experiment2): 



 

 

 

 

 

 

 

 

 

 

 

 

 



Appendix A: Poincare Half-Plane 

 

 



 



 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Appendix B: Poincare Disk 

 

 

 



 

 



 

 

 



 

 



 

 

 



 

Appendix B: Beltrami-Klein Disk 

 

 



 

 


