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Abstract 

Introduction 

.Geometric opt imizat ion techniques usefu l  f o r  s tudying chemical 
equi l ib r ium t r a d i t i o n a l l y  r e l y  upon p r i n c i p l e s  of eucl idean 
geometry, bu t  such algorithms may a l s o  be based upon p r i n c i p l e s  
of a  non-euclidean geometry. The sequen t i a l  simplex method i s  
adapted t o  t he  hyperbol ic  plane,  and app l i ca t i on  of opt imizat ion 
t o  problems such a s  t he  potent iometr ic  t i t r a t i o n  of plutonium is  
suggested. 

The method of propor t iona l  equa t ions ,  C I A [  
= 0, where I A I  r ep re sen t s  t h e  abso lu te  
va lue  of a  r e a c t i o n  isotherm from which 
t h e  m u l t i p l i c a t i v e  f a c t o r  (RT) has  been 
removed, is  a  novel method of charac te r -  
i z i n g  chemical equi l ib r ium [ l ] .  This 
technique uses  an empir ica l  method of 
mathematical op t imiza t ion ,  such a s  the  
s e q u e n t i a l  simplex method. But, f o r  one 
reason  o r  another ,  empi r ica l  opt imizat ion 
methods sometimes do not  func t ion  s a t i s -  
f a c t o r i l y .  I n  circumstances where it i s  
n o t  p r a c t i c a l  t o  s e l e c t  another  optimiza- 
.t$on technique ,  it i s  d e s i r a b l e  t o  modify 
e i t h e r  t h e  problem, o r  t h e  op t imiza t ion  
r o u t i n e ,  o r  bo th ,  s o  t h a t  t h e  p robab i l i t y  
of s a t i s f a c t o r y  convergence i s  increased .  
This  r e p o r t  off .ers  s e v e r a l  suggest ions 
for modifying chemical, equi l ib r ium prob- 
l e m s  a s  w e l l  a s  methods f o r  modifying the.  
s e q u e n t i a l  simplex ,method i t s e l f .  The 
cohc lus ions  a r e  t h a t  op t imiza t ion  tech- 
n iques  need n o t  be based on t r a d i t i o n a l ,  
euc l idean  geometry, and t h a t  t h e  adapta- 
t i o n  of non-euclidean geometry t o  optimi- 
z a t i o n  schemes adds f l e x i b i l i t y  t o  t he  
p r a c t i c e  of mathematical op t imiza t ion .  A 
method of s tudying  optimum condi t ions  f o r  
.po ten t iomet r ic  t i t r a t i o n s  i s  i l l u s t r a t e d  
f o r  t h e  ca se  of  plutonium. 

Sequential Simplex 
Optimization 

Recently,  minimization of t h e  r eac t ion  
isotherm absolu te  value by the  s equen t i a l  
simplex technique has been suggested a s  a  
method of cha rac t e r i z ing  chemical equi- 
l ibr ium [ l ] .  But t he  s equen t i a l  simplex 
method i s , o n l y  one opt imizat ion method 
s u i t a b l e  f o r  minimization of t he  r e a c t i o n .  
isotherm absolu te  value [2 ] .  Wnile t he  
sequent ia l '  simplex technique has t h e  ad- 
vantage of no t  b e i n g ' d i f f i c u l t  t o  under- 
s tand  o r  t o  computerize, it has s e v e r a l  
disadvantages when used t o  minimize the  
sum of s eve ra l  r eac t ion  isotherm absolu te  
values .  One of these  disadvantagas i s  
convergence t o  a  f a l s e  optimum, i . e . ,  
convergence t o  a  numerical value which i s  
no t  zero, o r w h i c h i s n o t  s a t i s f a c t o r i l y  , 

c l o s e  t o  zero, even though it i s  wi th in  
t he  capac i ty  of t he  computer ' t o  approach 
zero. These f a l s e  optima may occur 
through use of i n s u f f i c i e n t  numerical pre- 
c i s i o n ,  f o r  example. 

When convergence t o  a  f a l s e  optimum i s  a  
problem, s eve ra l  poss ib le  remedies may be 
appl ied.  Perhaps t he  s imples t  of these  
remedies is  t o  choose a  completely new s e t  



of  s t a r t i n g  p o i n t s  i n  t h e  hope t h a t  con- 
vergence t o  z e r o ,  o r  t o  a  v a l u e  s a t i s f a c -  
t o r i l y  c l o s e  t o  z e r o ,  w i l l  r e s u l t  from 
s implex movements beginning a t  t h e  new 
i n i t i a l  p o i n t s .  A l t e r n a t i v e l y ,  t h e  co- 
' o r d i n a t e s  of  t h e  o b j e c t i v e  f u n c t i o n  a t  
t h e  p o i n t  of  f a l s e  convergence may be  
used. a s  one of  t h e  new s t a r t i n g  p o i n t s  
t o g e t h e r  w i t h  a  new s e t  of remaining i n i -  
t i a l  p o i n t s .  These new p o i n t s  may i n c l u d e  
some of  t h e  o r i g i n a l  i n i t i a l  p o i n t s ,  b u t  
should  n o t  be s imple  m u l t i p l e s  of  one 
ano the r .  I t  may a l s o  be h e l p f u l  t o  i n -  
c r e a s e  t h e  p r e c i s i o n  of t h e  computations.  
Inc reased  p r e c i s i o n  i s  o f t e n  u s e f u l  when 
it i s  d e s i r e d  t o  minimize t h e  sum of t h r e e  
o i  more r e a c t i o n  i so the rm a b s o l u t e  v a l u e s ,  
when r e a c t i o n  i so the rms  c o n t a i n  very  l a r g e  
o r  very  s m a l l  e q u i l i b r i u m  c o n s t a n t s ,  o r  
when t h e  e q u i l i b r i u m  c o n c e n t r a t i o n  of a  
s p e c i e s  is  r e p r e s e n t e d  a s  a  s m a l l  d i f f e r -  
e i d e  between two comparat ively  l a r g e  num- 
5 e r s .  

Modifying the Simplex 

Reviewed below a r e  a  few s e q u e n t i a l  s i m -  
p i e x  s t r a t e g i e s  u s e f u l  i n  t h e  p rocess  of 
o p t i m i z a t i o n .  The f i v e  s t r a t e g i e s  l i s t e d  
h ~ l n w  a r e  an i n t e g r a l  p a r t , o f  t h e  t r a d i -  
t i o n a l  v a r i a b l e - s i z e d  s implex r o u t i n e ,  . . 
a n d , a r e  d e s c r i b e d  i n  References  3-6: 

@ , Expansion,  E  

C o n t r a c t i o n ,  Cr 

C o n t r a c t i o n ,  cw - 
R e j e c t i o n  of next- to-wors t  v e r t e x  

Less commonly used s t r a t e g i e s ,  b u t  occa- 
s i o n a l l y  u s e f u l  a d d i t i o n s  t o  t h e  s implex 
r o u t l r ~ e  i l ~ c l u d e  the fo l lowing  opora t ions  : 

Shrinkage of  t h e  s implex [7 ]  

Ro ta t ion  of t h e  simplex [7 ]  

Unlimited expansion of t h e  s implex,  
o r  t r a n s l a t i o n  of  t h e  simplex [7, 81 

Change of s c a l e  f a c t o r s  f o r  t h e  opera-  
t i o n s  o f  r e f l e c t i o n ,  expans ion ,  o r  con- 
t r a c t i o n  of  t h e  s implex [ 7 ]  

Halved expansion of t h e  s implex ( i - e . ,  
t h e  a d d i t i o n  of  t h e  o p t i o n  of  expansion 
by h a l f ,  o r  by some o t h e r  f r a c t i o n ,  be- 
tween t h e  t r a d i t i o n a l  r e f l e c t i o n  and 
expansion p o i n t s .  ) 

Skewed r e f l e c t i o n  i n  t h e  s implex ( i . e . ,  
r e f l e c t i o n  through a  p o i n t  which i s  n o t  
t h e  c e n t r o i d  of  one s implex f a c e ,  b u t  
some o t h e r  p o i n t ,  perhaps  halfway be- 
tween t h e  c e n t r o i d  and t h e  v e r t e x  w i t h  
t h e  b e s t  response  of t h e  o b j e c t i v e  func- 
t i o n .  ) 

Changes may be made i n  t h e  p r i o r i t i e s  o f  
a  s implex r o u t i n e .  I n  t h e  t r a d i t i o n a l ,  
s e q u e n t i a l  s implex t echn ique  it i s  custom- 
a r y  t o  make c e r t a i n  d e c i s i o n s  and movements 
i n  r e g a r d  t o  t h e  v e r t e x  w i t h  t h e  next- to-  
wors t  response  of  t h e  o b j e c t i v e  f u n c t i o n .  
(Th i s  next- to-wors t  v e r t e x  i s  u s u a l l y  de- 
noted by t h e  l e t t e r  N.) But such d e c i s i o n s  
and movements can  a l s o  be  made i f  t h e  p o i n t  
N i s  r e d e f i n e d  a s  t h e  nex t - to -bes t  p o i n t  
i n  three-dimensional  problems, o r  a s  some 
i n t e r m e d i a t e  p o i n t  i n  h i g h e r  d imens iona l  
s implex r o u t i n e s  f o r  h i g h e r  d imensional  . 

problems. Th i s  change i s  u s e f u l  p a r t l y  
because it i s  s o  s imple  t o  implement i n  
computer programs r e p r e s e n t i n g  t h e  s implex 
a lgor i thm.  The p o s s i b i l i t y  of  t h i s  change 
h a s  been noted i n  Table 6  of Reference  9 .  
P  d imensional  o p t i m i z a t i o n  problems may be  
t r i e d  i n  simplex r o u t i n e s  des igned f o r  
P+l  d imensional  problems, o r  even i n  s i m -  
p l e x  r o u t i n e s  des igned f o r  h i g h e r  dimen- 
~ i o n a l  problems. Th i s  s u g g e s t i o n  has  a l s o  . . 



been made i n  Table 6 of Reference 9 .  
These s imple modif icat ions o r  adapta t ions  
of t h e  s e q u e n t i a l  simplex algori thms may 
o c c a s i o n a l l y  be u se fu l  f o r  has ten ing  con- 
vergence,  o r  f o r  avoiding t h e  problem of 
f a l s e  convergence. 

, 
numbers, A and B ,  may always be found such 
t h a t  P = (A)  (Q)  and R = (B)  ( Q )  , o r  P = 

Q/A and R = Q/B. The ob j ec t ive  func t ion  
may thus be r ewr i t t en  i n  te rms ,of  t he  new 
va r i ab l e s ,  Q, A ,  and B. 

A chemical equi l ibr ium problem can some- 
times be r e s t a t e d  i n  such a  manner t h a t  
an i l l-behaved ob jec t ive  func t ion  is re -  

Modifying the Objectiue Function placed by a well-behaved ob jec t ive  func- 
t i o n .  One of t h e  problems with t he  method 

Another u s e f u l  s t r a t e g y  f o r  problems of propor t iona l  equat ions i s  t h a t  occa- 

amenable t o  s i m ~ l e x  s o l u t i o n  involves  s i o n a l l y  t he  concent ra t ion  of a  p a r t i c u l a r  

modi f ica t ion  of t he  o b j e c t i v e  funct ion.  
This  s t r a t e g y  deserves  cons idera t ion  be- 
cause  it can take  such a  wide v a r i e t y  of 
forms,  and because it i s  o f t e n  easy  t o  
implement. I t  is  sometimes pos s ib l e  t o  
r e p l a c e  one ob j ec t ive  func t ion  wi th  a  
second o b j e c t i v e  func t ion ,  equiva len t  t o  . 

t h e  f i r s t ,  f o r  t he  purpose of problem 
s o l v i n g  by opt imiza t ion .  Many chemical 
equ i l i b r ium problems may be formulated 
i n  more than one manner. That i s .  P 
r e a c t i o n  isotherms may be necessary t o  
d e f i n e  an equi l ib r ium problem, b u t  t he re  
may be many poss ib l e  reaction isotherms 
from which t o  s e l e c t  P isotherms.  Fa lse  
convergence o r  slow convergence wi th  one 
se t  of  isotherms does no t  neces sa r i l y  
mean f a l s e  convergence o r  slow convergence 
wi th  another  set.  

The v a r i a b l e s  i n  an ob j ec t ive  func t ion  
may be rep laced  with o t h e r  v a r i a b l e s  by 
simple .a lgebra ic  changes. These a r e  easy 
s u b s t i t u t i o n s  which can be q u i t e  usefu l .  
suppose t h a t  an ob j ec t ive  func t ion  i s  

i n  terms of t h e  v a r i a b l e s ,  P and Q.  
  hen t h e r e  w i l l  always be two numbers, U 
and V ,  such t h a t  P = U + V and Q = U - V ,  
and t h e  func t ion  may be r ewr i t t en  i n  t e r m s  
of' t h e  new v a r i a b l e s ,  U and V. Suppose 
aga in  t h a t  a  funct ion i s  given i n  terms 
of t h e  t h r e e  v a r i a b l e s ,  P,  Q ,  and R. Then 

spec ies  appears a s  t he  small  d i f f e r ence  
between two comparatively l a r g e  numbers. 
Actual sub t r ac t i on  of such numbers may 
y i e l d  a  d i f f e r ence  with s o  much round-off 
e r r o r  t h a t  it is a very poor r ep re sen t a t i on  
of t he  a c t u a l  concentrat ion of t h e  spec ies .  
I n  t h i s  circumstance i t  is  sometimes pos- 
s i b l e  t o  r ewr i t e  t he  problem i n  such a  
manner t h a t  t he  offending d i f f e r ence  no 
longer occurs .  This may be done by s h i f t -  
i n g  t he  opera t ion  of sub t r ac t i on  elsewhere 
by the  use of s u b s t i t u t i o n  va r i ab l e s  as  
descr ibed above. A l t e rna t ive ly ,  t he  prob- 
l e m  may be r ewr i t t en  i n  such a  manner t h a t  
t h e  opera t ion  of sub t r ac t i on  i s  no longer 
necessary. 

~n Example 

I n  t he  case  of t h e  d i spropor t iona t ion  of 
t e t r a v a l e n t  plutonium, f o r  example, + Reference 1 shows the  spec ies  Pu02 appear- 
i n g  a s  t h e  d i f f e r ence ,  P-Q. I n  t h i s  p a r - .  
t i c u l a r  r ep re sen t a t i on  of t he  d i spropor t ion-  
a t i o n  r eac t ion ,  t h e  t o t a l  concentrat ion of 
plutonium, T, was assigned a  f i xed  value.  
But t he  assignment of a  f ixed  value may be 
made elsewhere,  s o  t h a t  the  t o t a l  concen- 
t r a t i o n  becomes a  va r i ab l e .  For example, + l e t  PuOz = 1. Then the  concentrat ion of 
hexavalent plutonium may be taken a s  t he  
va r i ab l e ,  M ,  and, by v i r t u e  of charge con- 
s e rva t ion ,  t h e  concentrat ion of t r i v a l e q t  



piutonium i s  (1 + 2M). T r i v a l e n t ,  hexava- 
l e n , t ,  and p e n t a v a l e n t  plutonium a r e  now 
d e s c r i b e d  i n  terms of  one v a r i a b l e  ( M ) .  
and a  f i x e d  c o n s t a n t  ( u n i t y ) .  The unknown 
c o n c e n t r a t i o n  of t e t r a v a l e n t  plutonium 
may be  ass igned  ano the r  v a r i a b l e ,  f o r  

,example,  X.  React ion i so the rms  r e p r e s e n t -  
i n g  t h e  d i s p r o p o r t i o n a t i o n  of  t e t r a v a l e n t  
plutonium may, t h u s  be  w r i t t e n  i n  terms of  
t h e  two v a r i a b l e s ,  X and M. X and M may 
be  o f  any v a l u e ;  however, t h e  t o t a l  con- 
c e n t r a t i o n  of  plutonium i s  always t h e  sum 
of i t s  c o n s t i t u e n t  p a r t s .  Th i s  sum may 
be  used t o  d i v i d e  t h e  c o n c e n t r a t i o n  of 
any, o x i d a t i o n  s t a t e  t o  f i n d  t h e  f r a c t i o n  
of  plutonium p r e s e n t  a s  t h a t  o x i d a t i o n  
s t a t e .  Hence, t h e  complete.  va lence  s t a t e  
d i s t r i b u t i o n  of plutonium a t  e q u i l i b r i u m  
may be found wi thou t  employing t h e  opera- 
t i o n  of s u b t r a c t i o n .  

The manipula t ions  above may be  exp la ined  + a s  fo l lows .  Suppose t h a t  Pu02 were as -  
s i g n e d  a  v a r i a b l e ,  such a s  Y .  Then, i n  
t h e  o p e r a t i o n  of f i n d i n g  f r a c t i o n a l  
va lence  s t a t e  d i s t r i b u t i o n s ,  t h e  v a r i a b l e  
Y ' d l s a p p e a r s  by c a n c e l l a t i o n ,  s o  t h a t  i t s  .: 
a c t u a l  numerical  v a l u e  i s  immate r i a l ,  and 
may be  conven ien t ly  rep laced  by a  c o n s t a n t .  
For  t h i s  c a n c e l l a t i o n ,  t h e  c o n c e n t r a f i o n  
of  hexava len t  plutonium may be v i s u a l i z e d  
as t h e  produat  of  M and Y, a.nd t h e  concen- . . 
t i a t i o n  of  t e t r a v a l e n t  plutonium, a s  t h e  
product  of  X and Y .  . . 

An a l t e r n a t e  method of  de te rmin ing  va lence  
s t a t e  d i s t r i b u t i o n s  is  o u t l i n e d  i n  t h e  
supplement,  p.  26. 

Transformations 

 tansf formations i n t e r p o s e d  between t h e  . 

y a r i a b l e s  i n  a n  o b j e c t i v e  f u n c t i e n  and t h e  

.I  . 

v a r i a b l e s  i n  t h e  simplex a lgor i thms  a r e  
o f t e n  u s e f u l  because  they  a r e  e a s i l y  i m -  
plemented and because  they  may y i e l d  con- 
vergence p a t h s  q u i t e  d i s t i n c t  from t h e  p a t h  
of convergence which might have been t a k e n  
by t h e  simplex i n  t h e  absence of t h e  t r a n s -  
format ions .  Simple t r a n s f o r m a t i o n s  i n t e r -  
posed between t h e  o b j e c t i v e  f u n c t i o n  v a r i -  
a b l e s  and t h e  v a r i a b l e s  i n  t h e  s implex 
a lgor i thm may, t h e r e f o r e ,  b'e u s e f u l  i n  
avo id ing  f a l s e  convergence. Suppose t h a t  
an o b j e c t i v e  f u n c t i o n  and a  s implex a lgo-  
r i t h m  a r e  w r i t t e n  i n  terms of  t h e  two 
v a r i a b l e s ,  J and K .  I f  t h e  o b j e c t i v e  
f u n c t i o n  i s  r e w r i t t e n  i n  t e r m s  of  o t h e r  
v a r i a b l e s ,  A and B ,  s e v e r a l  i n t e r e s t i n g  
p o s s i b i l i t i e s  a r i s e .  

I f  A = J and B = K, t h e  p a t h  of  convergence 
i s  t h e  same a s  would be o b t a i n e d  w i t h o u t  
t r ans fo rmat ion .  But suppose A = ( C )  l o g  (J)  
and B = (C)  l o g  ( K )  , where (C)  i s  a  c o n s t a n t ,  
n o t  n e c e s s a r i l y  t h e  same i n  t h e  two c a s e s .  
With t h i s  t r a n s f o r m a t i o n ,  A and B change 
more s lowly  i n  t h e  o b j e c t i v e  f u n c t i o n  t h a n  
J and K i n  t h e  simplex a lgor i thm.  The 
simplex o f t e n  h a s  a tendency t o  c o n t r a c t  
a s  it moves through f u n c t i o n  space ,  s o  t h a t  
more s lowly changing v a r i a b l e s  i n  t h e  ob jec -  
t i v e  f u n c t i o n  may p rov ide  g r e a t e r  opportun: 
i t y  f o r  t h e  expansion o p t i o n  t o  be e x e r c i s e d .  
E i t h e r  common o r  n a t u r a l  logar i thms  may be  
used,  b u t  n e g a t i v e  arguments of  t h e  loga-  
r i thms  must be avoided.  A l l  v a r i a b l e s  may 
be t ransformed,  o r  on ly  some of them. 

Again, suppose t h a t  A = ( C ) e x p ( J )  and B = 

( C )  exp (K)  . The f u n c t i o n  v a r i a b l e s  now 
change more r a p i d l y  t h a n  t h e  program v a r i -  
a b l e s .  The e x p o n e n t i a t i o n  o p e r a t i o n  may 
be  t o  base  "e"  o r b a s e  . l o .  Again, suppose . 
t h a t  A = C-C/(l+J) .and 13 = C-C/(l+K) . Here 
t h e  c o n s t a n t  i s  some number which is  c e r -  
t a i n  t o  exceed t h e  optimum'value of  t h e  
v a r i a b l e s ,  A a'nd B .  A s  J t e n d s  t o  z e r o ,  



A a l s o  tends t o  zero;  whereas when J tends 
t o  i n f i n i t y ,  A tends t o  C. I n  summary, 
t h e r e  a r e  a very l a r g e  number of simple 
t r ans fo rma t ions  which may be  u s e f u l  i n  
has t en ing  convergence, o r  i n  avoiding the  
problem of f a l s e  convergence, such a s  A = 
( C )  ( J ) o r  B = C/K . The cons t an t s  may 
be  p o s i t i v e  o r  nega t ive .  

Computer Statements for 
Optimization 

J u s t  a s  t h e r e  a r e  a v a r i e t y  of opera t ions  
and t ransformat ions  which may be incorpor- 
a t e d  i n t o  a s equen t i a l  simplex r o u t i n e ,  
l i kewi se ,  computer programs f o r  optimiza- 
t i o n  may e x h i b i t  d i f f e r ences  even when 
t h e  number and type of opera t ions  a r e  t he  
same. The p o s s i b i l i t y  of s u b s t a n t i a l  
improvement i n  a computerized opt imizat ion 
r o u t i n e  by smal l  program changes should, 
t h e r e f  o r e ,  never be overlooked. Simple 
computer programs f o r  minimizing func t ions  
of 'two and t h r e e  v a r i a b l e s  have been i l l u s -  
t r a t e d  i n  Tables 5 and 6,  r e spec t ive ly ,  of 
Reference 9 .  (For func t ions  which a r e  t o  
be maximized i n s t e a d  of minimized, Tables 
5 and 6 of Reference 9 may be used i f  t he  
o b j e c t i v e  func t ion  is  mul t i p l i ed  by minus 
one.  ) 

Table 1 he re in  i l l u s t r a t e s  an improvement 
i n  Table 5 of Reference 9 ( t h e  two-variable 
s e q u e n t i a l  simplex rou t ine )  a s  w e l l  a s  an 
improvement i n  Table 6 of Reference 9 ( the  
t h r ee -va r i ab l e  s equen t i a l  simplex r o u t i n e ) .  
Paragraphs 11 and 9 ,  r e spec t ive ly ,  of 
Table  1 he re in  may be s u b s t i t u t e d  f o r  para- 
graphs 11 and 9 of t he se  two- and three-  
v a r i a b l e  minimization rou t ines .  Addition- 
a l l y ,  t h e  two-variable simplex rou t ine  
given i n  Reference 9 may be modified,, with 

> . 

p o t e n t i a l  f o r  improvement, by adding l i n e s  - 
9 .28 ,  9.30, 9.32, and 9.34 of Table 4 
( see  page 19 ) . (Paragraph 9 i n  Table 1 , 

here in  may a l s o  be modified by i n s e r t i o n  
of t h e  s ta tement  "GOTO 5.02" a t  s t e p s  9.36 
o r  9.46.) 

Non-euclidean Optimization 
Many mathematical schemes have been devel- 
oped f o r  computer-assisted optimizat=on [6]  . 
Many of these  schemes a r e  amenable t o  geo- 
met r ic  i n t e r p r e t a t i o n ,  which i s  o f t e n  use- 
f u l  f o r  t h e  purpose of v i s u a l i z i n g  t h e  
mechanics of an opt imizat ion technique. 
Such i n t e r p r e t a t i o n s  always seem t o  be 
formulated i n  terms of eucl idean geometry, 
perhaps because t h i s  i s  t h e  f a m i l i a r  geom- 
e t r y  i n  everyday use.  But t he re  a r e  o the r  
geometries based on assumptions d i f f e r e n t  
from those of eucl idean geometry, and i t  
is the  purpose of t h i s  s e c t i o n  t o  suggest  
t h a t  one of these  geometries may be more 
u se fu l  f o r  some opt imizat ion schemes than 
ordinary eucl idean geometry. 

To i l l u s t r a t e  th i s ' ,  a two-variable simplex' 
r ou t ine  has been adapted t o  geometry on a 
hyperbol ic  plane,  although no arguments 
presen t  t h i s  geometry a s  more s u i t a b l e  f o r  
purposes of opt imizat ion than eucl idean 
geometry, o r  some o the r  geometry. Simi- 
l a r l y ,  t h e r e  seems t o  be no reason t o  be-'.  
l i e v e  t h a t  t he  s equen t i a l  simplex method 
i s  the  b e s t  opt imizat ion method f o r  adapta- 
t i o n  t o  some non-euclidean geometry, a l -  
though the  s imp l i c i t y  of t he  s equen t i a l  
simplex method may allow it t o  be more 
e a s i l y  converted than some o the r ,  more 
complicated opt imizat ion technique. 

Hyperbolic geometry and eucl idean qeometry 
share  t he  property t h a t  l i n e s  a r e  i n f i n i t e  



. . 
. Table 1 - MODIFICATIONS OF THE TWO- AND THREE-VARIABLE SEQUENTIAL SIMPLEX 

ROUTINES GIVEN'IN REFERENCE 9 - 
:J , !: 

Two-Variable Routine: 

Three-Variable Routine: 



i n  e x t e n t .  This  s i m i l a r i t y  i s  an  advan- 
t a g e ,  s i n c e  t h e  va r i ab l e s  i n  an ob j ec t ive  
func t ion  may be a r b i t r a r i l y  l a r g e  o r  
s m a l l ,  p o s i t i v e  o r  negat ive.  I n  both of 
t h e s e  geometr ies ,  then ,  a simplex may 
p rog re s s  i n f i n i t e l y  f a r  i n  any d i r e c t i o n , .  
whereas i n  geometries which have l i n e s  of 
f i n i t e  l eng th ,  this .  may not  be pos s ib l e .  
For t h i s  reason ,  hyperbol ic  space may 
appear  more s u i t a b l e  f o r  op t imiza t ion  
problems than  o the r  non-euclidean spaces ,  
such a s  one of t he  e l l i p t i c  spaces .  C e r -  
t a i n  e a s i l y  ad jus ted  parameters of  a model 
of hype rbo l i c  space a l s o  make t h i s  geom- 
e t r y  appea l ing .  

There a r e  a t  l e a s t  t h r e e  computational 
models of hyperbol ic  space which may be 
u s e f u l  f o r  elementary a p p l i c a t i o n s  of t he  
s e q u e n t i a l  simplex technique : t h e  Klein 

a c r o s s  r a t i o  model [ l o ] ,  t h e  Poincare c ros s  
,i 

r a t i o  model [ll], and t h e  Wylie hyperbol ic  
cos ine  model [121. A l l  t h r e e  models v i s -  
u a l i z e  two-dimensional space a s  t h e  i n t e r -  
i o r  of  a c i r c l e ,  and three-dimensional 
space a s  t h e  i n t e r i o r  of a sph.ere. The 
Klein and Wylie models w i l l  be  of i n t e r e s t  
he re .  I n  t h e  Klein model, d i s t ance  mea- 
surements a r e  made by t h e  "c ros s  ra t io ' '  
technique,  whereas i n  t h e  Wylie model, 
an i nve r se  hyperbol ic  cos ine  func t ion  is  
used f o r  d i s t ance  eva lua t ions .  

Euclidean Simplex; Euclidean 
Function Evaluation 

I n  t h e  adapta t ion  of an op t imiza t ion  
scheme t o  a geometry such a s  hyperbol ic  
geometry., f ou r  p o s s i b i l i t i e s  a r i s e .  The 
f i r s t  of t h e s e  p o s s i b i l i . t i e s  i s  t h a t  t he  
simplex algori thm may opera te  according 
t o  t h e  r u l e s  of eucl idean geometry i n  t h e  

usual  manner, and t h a t  t h e  numerical values 
of t he  ob j ec t ive  func t ion  may be evaluated 
from t h e  values  of t he  eucl idean coordinates  
of t he  simplex v e r t i c e s .  This i s  the t r a -  
d i t i o n a l  s equen t i a l  simplex rou t ine :  both 
simplex movements and ob jec t ive  funct ion 
response values a r e  determined by eucl idean 
geometry. Symbolically,  t h i s  p o s s i b i l i t y  
may be denoted by the  let ter  p a i r  ( E , E ) ,  
where t he  f i r s t  E denotes simplex movements 
by the  r u l e s  of eucl idean geometry, and t h e  
second E denotes ob j ec t ive  func t ion  evalu- 
a t i o n  by the  eucl idean coordinates  of t he  
simplex v e r t i c e s .  The o the r  cases  a r e  then 
denoted a s  (E , H )  , (H , H )  , and ( H  ,E) , and a r e  
discussed below. 

Euclidean Simplex; Hyperbolic 
. . - - - - - 
Function  valuation 
A si 'hplex may be loca ted  with eucl idean 
coordinates  (Beltrami coordinates  when the  
rkd ius  of t h e  c i r c l e  is  uni ty)  i n  t h e  . 

i n t e r i o r  of a c i r c l e  o r  sphere.  Likewise, 
t h e  simplex may be moved about t h i s  i n t e r -  
i o r  region i n  t he  customary manner using 
t h e  r u l e s  of eucl idean geometry, and it 
.may a l s o  be cons t ra ined  t o  t h i s  h t e r i o r  
by r u l e s  based upon eucl idean geometry. 
For purposes of ob j ec t i ve  func t ion  evalua- 
t i o n ,  however, t h e  coordinates  of t h e  s i m -  
p lex  v e r t i c e s  may be given hyperbol ic  
i n t e r p r e t a t i o n s ,  s o  t h a t  the  parameters of 
t h e  ob j ec t ive  funct ion a r e  i n t e r p r e t e d  
i n  a non-euclidean sense.  For example, a 
simplex may be loca ted  wi th in  t h e  c i r c l e  
of cen t e r  (x ,y)  = (0,O) , with a rad ius  (R)  
of one u n i t ,  such t h a t  one simplex ver tex  
is  a t  t h e  eucl idean po in t  (0 .99 ,0) ,  i . e . ,  
very c lo se  t o  the  c i r c l e  per imeter .  while 
t h e  eucl idean x-coordinate ( a l s o  Beltrami 
x-coordinate,  s i n c e  R = 1) of t h i s  ve r t ex  



. . 
may be 0.99,  t h e  h y p e r b o l i c  x-coordinate  
may be some l a r g e r  number whose numerical  
v a l u e  depends upon t h e  va lue  of t h e  m e t r i c  
c o n s t a n t  of  t h e  h y p e r b o l i c  space .  The 
o b j e c t i v e  f u n c t i o n  may be i n t e r p r e t e d  ac- 
c o r d i n g  t o  t h i s  l a r g e r  number. Th i s  man- 
n e r  of o p e r a t i o n  ntay be denoted a s  sequen- 
t i a l  s implex i n  t h e  (E,H) form. 

Table  2  c o n t a i n s  two methods of  c o n v e r t i n g  
e u c l i d e a n  numbers r e p r e s e n t i n g  t h e  coor-  
d i n a t e s  of  a  simplex v e r t e x  i n t o  t h e i r  
h y p e r b o l i c  c o u n t e r p a r t s .  The f i r s t  e n t r y  
i n  Table  2 i s  s u i t a b l e  f o r  a  two-var iable  
s implex r o u t i n e ,  whi le  t h e  second e n t r y  
i n  Table  2  i s  s u i t a b l e  f o r  a  t h r e e - v a r i a b l e  
s implex r o u t i n e .  Both e n t r i e s  use  t h e  
c r o s s  r a t i o .  method (Kle in  model) f o r  de- . . 
t e rmin ing  h y p e r b o l i c  d i s t a n c e s .  The hy- 
p e r b o l i c  d i s t a n c e s  which a r e  computed a r e  
t h o s e  d i s t a n c e s  from a  p o i n t  t o  t h e  coor-  
d i n a t e  axes  a long  l i n e s  from t h e  p o i n t  t o  
each of t h e  coord ina te  axes .  These l i n e s  
are '  pe rpend icu la r  t o  t h e  c o o r d i n a t e  axes  

- i n  bo th  e u c l i d e a n  and h y p e r b o l i c  s e n s e s .  
Thus, t h e  e u c l i d e a n  x-coordinate  of a  
p o i n t  i s  conver ted  t o  t h e  hyperbo l i c  x- 
c o o r d i n a t e  by us ing  t h e  c r o s s  r a t i o  method 
a p p l i e d  t o  a  chord i n t e r s e c t i n g  t h e  p o i n t  
and p e r p e n d i c u l a r  t o  t h e  y-axis  of  t h e  
c j r c l e  o r  sphere .  See F igure  1. This  
computation a s s i g n s  t o  each p o i n t  i n  t h e  
c i r c l e  or sphere  a  set of  numbers t a k e n  
t o  be  t h e  hyperbo l i c  c o o r d i n a t e s  of t h e  
p o i n t .  Each p o i n t  w i t h i n  t h e  c i r c l e  o r  
Sphere  has  a  unique s e t  of e u c l i d e a n  coor-  
d i n a t e s ,  and t h e  numbers t a k e n  a s  hyper- 
b o l i c  c o o r d i n a t e s  of  t h e  p o i n t  a r e  t h u s  
uni.qne1.y determined.  T h i s  c o o r d i n a t e  
system f o r  t h e  h y p e r b o l i c  p lane  i s  ap- 
p a r e n t l y  new. * 

*C. R. Wylie, Furman U n i v e r s i t y ,  t o  
C.  L. S i l v e r ,  pr ivate .  onmmnni nat.i.on. 

FIGURE 1  - C r o s s - r a t i o  m e t h o d  o f  m e a s u r -  
i n g  h y p e r b o l i c  d i s t a n c e .  I n  t h e  s e m i -  
c i r c l e ,  c h o r d  AD i s  p e r p e n d i c u l a r  t o  t h e  
r a d i u s  a t  p o i n t  B  i n  b o t h  e u c l i d e a n  and  
h y p e r b o l i c  s e n s e s .  The h y p e r b o l i c  l e n g t h  
o f  segment  BC i s  t h e  m e t r i c  c o n s t a n t  t i m e s  
t h e  n a t u r a l  l o g a r i t h m  o f  t h e  e u c l i d e a n  
r a t i o  ( B D - C A ) / ( C D s B A ) .  T h i s  l e n g t h  i s  t h e  
h y p e r b o l i c  x - c o o r d i n a t e  o f  p o i n t  C .  

The f i r s t  and second e n t r i e s  i n  Table  2  
may be t aken  a s  t h e  second paragraph i n  
t h e  two- and t h r e e - v a r i a b l e  simplex rou- 
t i n e s ,  r e s p e c t i v e l y ,  a s  i l l u s t r a t e d  i n  
Reference 9.  Tab le  3 p r e s e n t s  s i m i l a r  
h y p e r b o l i c  c o o r d i n a t e  e v a l u a t i o n  schemes 
accord ing  t o  t h e  Wylie h y p e r b o l i c  c o s i n e  
model of  computing h y p e r b o l i c  d i s t a n c e  
measurements. The two e n t r i e s  i n  Tab le  
3 may s i m i l a r l y  be  t aken  a s  second para-  
graphs  i n  s e q u e n t i a l  s implex r o u t i n e s  f o r  
two and t h r e e  v a r i a b l e s ,  r e s p e c t i v e l y ,  
such a s  i l l u s t r a t e d  i n  Tab les  5 and 6 of 
Reference 9. 

Each e n t r y  i n  Tab les  2  and 3 r e q u i r e s  
s p e c i f i c a t i o n  of  t h e  square  of t h e  r a d i u s ,  
R ,  of  t h e  c i r c l e  or. s p h e r e ,  r e p r e s e n t i n g  
two- o r  three-dimensional  h y p e r b o l i c  s p a c e ,  
r e s p e c t i v e l y .  The square  of  t h i s  r a d i u s  
i s  denoted by t h e  l e t t e r s  RR. Each. e n t r y  
a l s o  r e q u i r e s  s p e c i f i c a t i o n  of t h e  m e t r i c  
c o n s t a n t  of  t h e  h y p e r b o l i c  s p a c e ,  denoted 
by t h e  l e t t e r s  MC. The m e t r i c  c o n s t a n t  
d e f i n e s  t h e  u n i t  of measure i n  h y p e r b o l i c  
space , .  i . e . ,  t h e  number of  d i s t a n c e  u n i t s  
between two a r b i t r a r i l y  s e l e c t e d  p o i n t s .  
[12] .  The h y p e r b o l i c  d i s t a n c e  between 
t h e  c e n t e r  and t h e  pe r iphery  of t h e  c i r c l e  



Table 2 - CROSS RATIO METHOD FOR CONVERTING EUCLIDEAN COORDINATES J(A) 
INTO HYPERBOLIC COORDINATES HJ (A) 

Two-Variable Conversion: - 

Three-Variable Conversion: 



Table 3 - WYLIE MODEL FOR CONVERTING EUCLIDEAN COORDINATES J(A) 
INTO HYPERBOLIC COORDINATES HJ(A) 

Two-Variable Conversion: 

Three-Variable Conversion: - 



o r  sphe re ,  r ep re sen t ing  a l l  two- o r  three-  
dimensional  hyperbol ic  space ,  r e spec t ive ly ,  
i s  i n f i n i t e ,  however, r ega rd l e s s  of t h e  
va lue  of t h e  met r ic  cons tan t .  (The eu- 
c l i d e a n  d i s t a n c e  between these  cen t e r s  
and p e r i p h e r i e s  is  t h e  square  r o o t  of RR.) 
A s  a  p o i n t  w i th in  t h e  c i r c l e  o r  sphere 
moves c l o s e r ,  i n  t h e  euc l idean  sense ,  t o  
t h e  per iphery  of t h e  c i r c l e  o r  sphere,  
t h e  hyperbol ic  d i s t ance  from t h e  cen t e r  
of t h e  c i r c l e  o r  sphere i nc reases  rapid- 
l y .  Thus an  ord inary  r e f l e c t i o n  opera- 
t i o n  of  t h e  euc l idean  simplex i n  hyper- 
b o l i c  space may appear a s  an expansion, 
even an enormous expansion, t o  t h e  hyper- 
b o l i c  observer .  To t h e  euc l idean  observer 
t h e  simplex i n  the  c i r c l e  o r  sphere may , 

move i n  a  p red i c t ab l e  and r e g u l a r  manner, 
b u t  t h e s e  same movements may appear unpre- 
d i c t a b l e  and i r r e g u l a r  t o  an observer i n  
hyperbol ic  space.  I t  is  t h i s  apparent  
i r r e g u l a r i t y  which lends t h e  element of 
i n t e r e s t  t o  t h e  euc l idean  simplex i n  hy- 
p e r b o l i c  space .  

When t h e  s e q u e n t i a l  simplex method is  op- 
e r a t e d  i n  t h e  (E,H) mode, occas iona l ly  
a  r e f l e c t i o n  o r  expansion opera t ion  w i l l  
p r o j e c t  a  simplex ve r t ex  ou t s ide  the  c i r -  
c l e  o r  sphere  used t o  r ep re sen t  two- and 
three-dimensional hyperbol ic  spaces.  To 
t h e  hyperbol ic  observer  t h i s  movement i s  
wi thout  meaning, s i nce  t h e  pro jec ted  ver- 
t e x  l ies  "beyond i n f i n i t y , "  and such a  
movement des t roys  t h e  simplex. When t h i s  
happens, t h e  ob j ec t ive  func t ion  i s  given 
t h e  a r b i t r a r i l y  la rge  value 1E+1.2. To 
avoid t h i s  circumstance, t h e  value of t h e  
me t r i c  cons t an t  can be increased.  Since 
both t h e  r a d i u s  of t h e  model of hyperbol ic  
space a s  w e l l  a s  the  met r ic  cons tan t  of 
t h e  model may be quickly and e a s i l y  
changed by t h e  user ,  a  g r e a t  many pos- 
s i b l e  convergence pa ths  a r e  immediately . . 
a v a i l a b l e ,  and some of these  pa ths  may 

avoid t h e  problem of f a l s e  convergence. 
The e n t r i e s  i n  Tables 2 and 3 set the  ob- 
j ec t i ve  funct ion equal  t o  1E+12 i n  t he  
event  ' tha t  one of t h e  i n i t i a l  po in t s  of 
t h e  s t a r t i n g  simplex l ies ou t s ide  o r  on 
the  per iphery of t he  eucl idean model of 
t h e  hyperbol ic  space. 

The e n t r i e s  i n  Tables 2 and 3 y i e l d  re- 
sponse values  of t he  t e s t  func t ion  which 
d i f f e r  because of a  f a c t o r  of 2 i n t r i n -  
s i c  t o  t h e  method of computation. Thus, 
t he  f i r s t  en t ry  i n  Table 2 with R=50 and 
MC=3 y i e l d s  t he  same parameter response 
values  (within round-off e r r o r )  a s  t h e  
f i r s t  e n t r y  i n  Table 3 with R=50 and MC=6. 
(The sample t e s ' t  func t ion  i s  denoted by 
t h e  symbol G ( A )  and i s  a  simple polynomial.) 
Where optimum values  of t he  parameters i n  
some ob jec t ive  func t ion  a r e  smal l ,  e - g . ,  
un i ty  o r  l e s s ,  it i s  sometimes h e l p f u l  t o  
s e l e c t  l a rge  values  of R ,  t h e  rad ius  of t h e  
model of t h e  hyperbol ic  space,  toge ther  
with small  values  of t h e  met r ic  cons tan t ,  
MC. The meanings of t h e  ad j ec t i ve s  "small" 
and " la rge"  depend upon the. p a r t i c u l a r  
ni r c i l m s t a n r ~ s ,  hiif m i ~ h t  rQprosent  ouoh 
values  a s  1-50 f o r  R ,  and 0.5-5 f o r  MC. ' 

Larger values  of MC may be more appropr ia te  
f o r  1arger.optimum parameter values.. The 
important po in t ,  however, i s  t h a t  simply 
changing the  values  of R and MC causes . 

considerable  f l e x i b i l i t y  i n  t he  (E , H )  
simplex rou t ine .  Note t h a t  . the optimum 
values  of t he  ob j ec t ive  func t ion  parameters 
a r e  the  hyperbol ic  values (preceded by t h e  
l e t t e r  H i n  Tables 2 and 3 ) ,  and not  t he  
corresponding eucl idean values  used t o  
d i r e c t  t h e  simplex movements. 

The number of s i g n i f i c a n t  d i g i t s  c a r r i e d  
by the  computer may a f f e c t  t he  usefu lness  
of t he  mixed geometry model of t h e  simplex 
algorithm. With s i x - d i g i t  p r ec i s ion ,  f o r  
example, , the  sma l l e s t  r e l a t i v e  d i f f e r ence  



i n  t he  parameters of t he  ob j ec t ive  func t ion  
i s  This may have t h e  e f f e c t  6£ 
plac ing  l i m i t s  on t h e  s i z e s  of t h e  numbers 
a v a i l a b l e  t o  t he  simplex rou t ine .  Since 
logarithms a r e  used i n  t h e  models i l l u s -  
t r a t e d  he re in ,  these  l i m i t s  may be r a t h e r  
r e s t r i c t e d .  For example, t h e . d i s t a n c e  
between the  cen t e r  of t h e  c i r c l e  and t h e  
per iphery of t h e  c i r c l e  represen t ing  two- 
dimensional hyperbol ic  s.pace is i n f i n i t e  
i n  t he  hyperbo1.i.c sense.  But with s ix -  
d i g i t  p r ec i s ion ,  t h e  c l o s e s t  approach t o  
i n f i n i t y  i n  t h e  hyperbol ic  sense i s  t h e  
euc l idean  number 0.999999R, and the  op-, 
t i m u m  v a l u e , o f  a  parameter i n  t he  objec- 
t i v e  func t ion  may be some hyperbol ic  
number ly ing  between the  eucl idean num- 
be r s  0.999999R and R. I f  a  problem 
. a r i s e s  because of t h i s  g r anu la r i t y  of t h e  
t he  number system i n  t h e  computer, it 
may sometimes be overcome by increas ing  
the  value of the  metr ic  cons tan t .  

s e v e r a l  o the r  problems may ' a l so  a r i s e .  
The c i r c l e  o r  sphere may not  be t he  b e s t  
euc l idean  model of hyperbol ic  space; an 
e l l i p a c  o r  an e l l i p so iA  may in s t ead  be 
more appropr ia te  f o r  some problems, such 
a s  cases  where t h e  magnitudes of t he  op- 

I 
timum parameter values  a r e  considerabiy 
d i f f e r e n t .  The equat ions of c i r c l e s  and 
spheres  may be changed t o  the  equat ions 
of e l l i p s e s  and e l l i p s o i d s  by d iv i s ion  of 
'the squared, coordinate  t e r m s  i n  .Tables 
2 .  and 3 by unequal cons tan ts .  use of an 
ellipse o r  an e l l i p s o i d  a s  t h e  model f o r  
hyperbol ic  space introduces t he  pos s ib i l -  
i t y  of an i so t rop i c  spaces f o r  optimiza-. 
t i o n  problems. Also, increas ing  t h e  value 
of R ,  t h e  r ad ius  of the  model of hyper- 
b o l i c  space,  w i l l  p rogress ive ly  reduce 
computational p rec i s ion .  I f  R w e r e  se- 
l ec t ed  a s  1000, f o r  example, then KR 

carrying s i x - d i g i t  p r ec i s ion  might no t  be 
ab le  t o  f i nd  p rec i se ,  f r a c t i o n a l  values  
of t he  parameters i n  an ob j ec t ive  func t ion .  

Prec is ion  i s  l o s t  when small  numbers a r e  
subt rac ted  from l a r g e  numbers such a s  one 
mi l l ion ;  t h e  Klein and Wylie models i l l u s -  
t r a t e d  he re in  depend upon t h e  opera t ion  
of sub t r ac t i on .  P rec i s ion  i s  a l s o  l o s t  
because both of these  c'omputational models 
depend upon the  use of logari thms.  A s  t h e  
simplex con t r ac t s  i n  t h e  neighborhood of  
an optimum, t h e  d i s t ance  between two s i m -  
p lex v e r t i c e s  decreases .  Prec is ion  i s  
l o s t ,  and e r r o r  may be  introduced,  s i n c e  
t he  computer 'may not  be ab l e  t o  d i f f e r en -  
t i a t e  between t h e  logarithms of c l o s e l y  
spaced numbers. Since..geometry about a  
po in t  i s  eucl idean,  any advantage which 
non-euclidean opt imizat ion may o f f e r  would 
appear t o  be progress ive ly  diminished a s  
t h e  simplex progress ive ly  con t r ac t s  about  
an optimum. 

Hyperbolic Simplex; Hyperbolic 
Function Euaiuation 

The development of a  s equen t i a l  simplex 
rou t ine  i n  which t h e  opera t ions  of r e f l e c -  
t i o n ,  expansion, and con t r ac t i on  a r e  taken 
i n  hyperbol ic  context  inay follow frulu Ule 
Klein c ros s  r a t i o  method o r  from the Wylie 
hyperbol ic  cosine method. Let  t h e  l a t t e r  
method be a r b i t r a r i l y  s e l e c t e d  [12] .  I n  
t h i s  model, k  represen ts  t h e  metr ic  con- 
s t a n t  denoted e a r l i e r  i n  t h i s  r epo r t  a s  
MC. According t o  t h i s  model, t he  d i s t ance  
between the  two po in t s  B and N is  given by 

would be 1,000,000, and .a computer 



The p o i n t  C i s  e q u i d i s t a n t  from p o i n t s  B 
and N when PBPC = PNPCor 

where a  t e r m  such as f  (PBPB) i s  d e f i n e d  a s  
RR-X: - Y: and a  t e r m  such a s  f(PBPC) i s  
d e f i n e d  a s  RR - XBXC- YBYC, XB and YB 
r e p r e s e n t i n g  t h e  e u c l i d e a n  x- and y- 
c o o r d i n a t e s  o f  p o i n t  B. Note t h a t ,  i n  
t h i s  s t a t e m e n t  of d i s t a n c e  equ iva lence ,  
t h e  m e t r i c  c o n s t a n t  (k )  d i s a p p e a r s .  
Squar ing  b o t h  s i d e s  o f  Equat ion 2 y i e l d s  

where DQ i s  a  number which may b e  evalu-  
a t e d  from Equat ion 4 .  

  qua ti on 4  may be reduced t o  a  l i n e a r  
e q u a t i o n  i n  XC and Y t h e  e u c l i d e a n  x- C ' 
and y- c o o r d i n a t e s  o f  t h e  p o i n t  C equi-  
d i s t a n t  from p o i n t s  B  and N: 

But t h e  p o i n t s  B  and N de te rmine  both  a  
e u c l i d e a n  and a h y p e r b o l i c  l i n e .  S ince  
p o i n t  C i s  on t h i s  l i n e ,  t h e  e q u a t i o n  of 
t h e  e u c l i d e a n  l i n e  th rough  p o i n t s  B  and 
N may t a k e  t h e  form 

BB = - (MM) (xC) + yC (6) 

where t h e  terms BB and MM r e p r e s e n t  t h e  
numbers cus tomar i ly  a s s o c i a t e d  w i t h  t h e  
e q u a t i o n  of a  s t r a i g h t  l i n e .  Equat ions  
5 and 6 may be so lved  t o g e t h e r  by d e t e r -  
minan t s  and Cramer's r u l e  t o  g i v e  e x p l i c i t  
numerical  d e f i n i t i o n  t o  t h e  p o i n t s  X and C 

Y C ,  t h e  e u c l i d e a n  x- and y- c o o r d i n a t e s  
of p o i n t  C, t h e  p o i n t  e q u i d i s t a n t  from 
p o i n t s  B and N. Hence, p o i n t  C i s  a  
p o i n t  of t h e  l i n e  connect ing B and,N 
(Equation 6 ) ,  and i s  e q u i d i s t a n t  ( i n  t h e  
hyperbo l ic  s e n s e  on ly)  from p o i n t s  B  and 
N (Equation 4 ) .  

I f  the l e t t e r s  B, N ,  and W r e p r e s e n t  t h e  
v e r t i c e s  of a  simplex w i t h  t h e  b e s t ,  next-  
to-wors t ,  and wors t  responses  of an objec-  
t i v e  f u n c t i o n ,  r e s p e c t i v e l y ,  then  t h e  
p o i n t s  W and C ( t h e  h y p e r b o l i c  c e n t r o i d  of 
t h e  l i n e  connect ing p o i n t s  B and N) a l s o  
determine a  s t r a i g h t  l i n e .  Th i s  l i n e  may 
c o n t a i n  t h e  r e f l e c t i o n  p o i n t ,  R ,  t h e  ex- 
pansion p o i n t ,  E, and t h e  two c o n t r a c t i o n  
p o i n t s ,  Cr and Cw. P o i n t  R l i e s  on t h i s  

l i n e ,  which may t a k e  t h e  same form a s  
Equat ion 6:  
YR = (MM) XR + BB (7) 

But p o i n t  C i s  e q u i d i s t a n t  from p o i n t s  R 

and W s o  t h a t  

Squar ing both  s i d e s  of Equat ion 8 y i e l d s  

(RR - XCXR - Y Y ) 
C ' R  = Q R  

RR - X: - .Y: 

where QR is  a  number t h a t  can be e v a l u a t e d  
from Equat ion 9 .  

 quat ti on 7 may be s u b s t i t u t e d  i n t o  Equa- 
t i o n  10 t o  y i e l d  an  e q u a t i o n  which is 
q u a d r a t i c  i n  XR. This  e q u a t i o n  has  two ' 



solutions for XR, say X1 and X2. Both 
lie along the line defined by Equation 7, 
ahd both are equidistant from C. Two 
points'satisfy these criteria: the de- 
sired hyperbolic reflection point, and 
point W. The desired value of the x- 
coordinate of the reflection point (X ) R 
may be determined by a small test. The 
value 1x11 - should be nonzero if 
the solved value of X1 is the x-coordinate 
of the reflection point, and zero if the 
solved value of X1 is the x-coordinate of 

W. Due to round-off error in the 
computer, the value of the difference 
1x11 - may not always be exactly 
zero when calculated X1 is the coordinate 
of the W'point. However, when X1 is the 
coordinate of the point W the difference 

1 ~ l l  - 1 will be smaller than the simi- 
lar difference when X1 is the coordinate 
of the reflection point. In other words, 
ifthedifference 11x11 - i % l l  - I I k2 1 - I % 1 ( is negative, then X2 is the 
x-coordinate of the reflection point; 
whereas if this difference is positive, 
the x-coordinate of the reflection point 
is X1. These calculations are summarized 
, 

in paragraphs 4 and 12 of Table 4. 

Table 4 is a statement of a two-variable, 
sequential simplex routine in the (H,H) 
form, i.e., hyperbolic movements of the 
simplex and hyperbolic interpretation of 
the euclidean coordinates of the simplex 
vertices. This is the sequential simplex 
method as the observer in the hyperbolic 
space might use it. Paragraph 3 of Table 
4 finds the euclidean coordinates of the 
=entroid of the line connecting points B 
and N. As the simplex approaches the 
periphery of the circle, round-off error 
may occasionally project one of the sim- 
piex vertices outside the circle. In 

this event, a "violation" message is 
printed and the program terminates. An 
increase in the value of the metric con- 
stant may prevent this problem. 

Paragraphs 4 and 12 find the euclidean 
coordinates of the reflection point. 
Paragraphs 6 and 12 find the euclidean 
coordinates of the expansion point; para- 
graph 8, the euclidean coordinates of the 
Cr point; while paragraph 10 finds the 
euclidean coordinates of the Cw point. 
Paragraph 11 is for rejection of point N. 
With the exception of paragraph 2 and the 
above mentioned paragraphs, the remaining 
paragraphs represent a suggested form of 
the traditional sequential simplex routine. 
Paragraph 2 gives hyperbolic interpreta- 
tion to the euclidean (x,y) coordinates 
of the hyperbolic points C, R, E, Cr and 

Cw. Paragraph 2 uses the cross ratio 
technique for this calculation, whereas 
the remainder of the program uses the 
hyperbolic cosine technique. Table 4 is 
thus a hybrid program containing both the 
Klein and Wylie techniques for hyperbolic 
distance evaluations. There is no speci- 
fic reason for using the ~lein'technique 
in paragraph 2 of Table 4; it has been 
inserted only as a matter of curiosity, 
and because it is somewhat shorter than 
the similar Wylie form. If desired, the 
Wylie method of evaluating hyperbolic 
coordinates from euclidean coordinates 
may be inserted in paragraph 2. Merely 
take the first entry in Table 3 and insert 
it as paragraph 2. in Table 4. (Table 4 
presently contains the first entry in 
Table 2.) Table 4 thus presents the 
possibility of two hyperbolic sequential 
simplex schemes in the (H,H) form. Either 
of these schemes may be usef.ul for optimi- 
zation. 



Table 4 - HYPERBOLIC TWO-DIMENSIONAL SEQUENTIAL SIMPLEX ROUTINE 

01- I0 T "HYP.ERBOL1C SIMPLEX* HYPERBOLIC INTERPRETATION'r I 
61.12 T "FOR TEST FUNCTION MINXMIZATION'J ! 
01-20 A "J<1)= "r J<l)r " K<l)= "J K<l)r I 
91-22 A 'J<2)= "r J<2)r " K < 2 > =  'r K < ~ ) J  I 
01.24 A "J(3)= "r J(3)r ' K<3)= 'J K(3)r I 
01.26 A "GIVE CIRCLE RADIUS 'r RJ I; S RRaR'RS S A=0 
01 028 A "GIVE METRIC CONSTANT "r MCr I I J GOT0 5.02 

03.06 S DB=RR-BJ-Z-BK-23 I CDB13.50r3- 50r3. 08 
03.08 S DN=RR-NJ'2-NK'2; I <Dt'J)3.50r3.50r3; 10 
03.10 S DV=RR-WJ'~-WK'~; I <DW)3* 50r3- 50,3.'12 
03.12 S DQ=FSQT<DB/D~) i S TI=RR*( I -DQ) t S T2=NJ*BK-BJ*NK 
03.14 S Cl=BJ-NJ*DQi S C2=BK-NK; S BI=BK-NK*DQ; S B2=NJ-BJ 
83-18 S XC=<Tl*B2-T2*Bl)/CCl*B2-C2*Bl); S YC=<CI*T2-C2*Tl)/<CI*B2-C2*Bl) 
03.22 S QR= CRR-WJ*XC-WK*YC)'2/ (RR-WJJ2-WKK2); 
03.24 S SXnXCi S SY=YCf GOT0 4.06 
03.50 T "VIOLATION"; Q 

BB= < WJ*YC-WK*XC )/ < WJ-XC) f S MM= < WK-YC ) /  < WJ-XC) 
QI=RR-YC*BB; S Q2=XC+YC*MM; S Q3=RR-BB-2; S Q4=2*BB*MM 
~5=1+~~'2i S Q6=QR*Q5+Q2-2; S Q7=QR9Q4-2*QIWQ2 
Q8=Q1'2-QR*Q3i D 12; S A3=FABS<VJ) 
DD=FABS<XI-A3)-FABS<X2-A3)3 1 <DD)4*18r4.20~4.20 
R J = X R < % ) :  GnTn b .22  
RJ=XR< I )  
RK=BB+MMeRJ 



Table 4 - HYPERBOLIC TWO-DIMENSIONAL SEQUENTIAL SIMPLEX ROUTINE 
(CONTINUED) 

12.02 S RD=Q7'2-4'Q6*Q8; I (RD) 12.04r12.06r 12.06 
12.04 S RD=0 
12*56 3 XR(I)~(FABSCQ7)+FS(dT(RD))*PSCN~-P7~~t?*~6) 
12.08 1 CXR(1))12* 14r12- 10rl20 14 
12- 10 S XRC I I=<-Q7-FSQTCRD) )/C2*Q6) 
12- 12 S XRC2)=(-Q7+FSQTCRD) ) /  (2*Q6) 
12- 14 S XR(2)=QS/(XR(l )*Q6); S Xl=FABSCXR<I ) ) I  S X2=FABS(XR(2)) 



Note: The euclidean counterparts (XE, YE) 
to any set of hyperbolic coordinates (XH, 
YH) may be found by use of a short program 
such as is illustrated below. In a circle 
of radius 1 unit and metric constant 3, 
the point with euclidean coordinates 
(0.306, 0.306) has hyperbolic coordinates 
(1, 1) , and a simplex started at these 
hyperbolic coordinates should be started 

in the.Table 4 program at the point . 

J(1)=0.306, K(1)=0.306. Since these 
euclidean coordinates have been calculated 
with the hyperbolic cosine model, the 
metric constant 3 is changed to 1.5 when 
these coordinates are entered into the 
program in   able 4. (Coordinate signs 
are determined by the quadrant into which 
point falls. ) 

Table 4 - APPENDIX 

C-PS/8 FOCAL8 1971 

01.02 T "CONVERSION OF HYPERBOLIC TO EUCLIDEAN COORDINATES (WYL1E)"r 1 
01-03 T "ABSOLUTE VALUES ONLYwr I 1  
01 -04 A "CIRCLE RADIUS= "r Rr " METRIC CONSTANTS "r MCr I 
01-06 A "HX= 'r HXr ' HYS "r HYr I . . 
01.08 S HXaHX/MCS S HY=HY/MCt S RR=R*R 
01-18 S A=(FEXP<HX)+FEXP(-HX))/2f S B=(FEXP(HY)+FEXP<-HY))/2 
01-12 S C=Ao2+B'2-I 
01 14 S X2=RR*(A'2-I )/Ci S Y2=RR*(B02-1 )/C 
01.16 S XEaFSQT(X2)f S YEsFSQT(Y2) 
01. I 8  T 'XEx "r XEr " YE= " r  YE, I I 
01.20 GOT0 1-86 

G 
CONVLRS ION OF IIYPGRDOLIO TO CUCLIDLM COlSHUlNATES ( WYLIE) 
ABSOLUTE VALUES ONLY 

CIRCLE RADIUS= I r  METRIC CONSTANT= 34 
JHn I r  HYa I r 

00306081 86373+00 YE= @.3060818637E+00 



Hyperbolic Simplex; 
. . . .  

Euclidean Function Evaluation 
Table 4 may be converted to a sequential 
simplex routine in the (H ,E) form merely 
by replacing paragraph 2 with a simple 
statement of the objective function, as 
shown in Table 5 of Reference 9. When 
used in the (H,E) form, care must be 
taken that the radius of the circle is 
larger than the absolute value of the 
largest parameter in the function to be 
optimized. The metric constant is not 
used in the (H,E) form. 

- .  
Figure 2 illustrates hyperbolic movements 
of , . an arbitrary simplex BNW. The.euclid- 
ean coordinates of points B, N, and W are 

F1GUR.E 2  - Movements o f  an a r b i t r a r y  
h y p e r b o l i c  s i m p l e x .  The s i m p l e x  BNW has 
e u c l i d e a n  ( x , y )  c o o r d i n a t e s  B ( 0 ,  0 . 1 ) ,  
N ( 0 ,  0 . 9 ) ; a n d  W ( 0 . 5 ,  0 . 5 ) .  I t  may move 
t o  E ( - 0 . 5 0 6 ,  0 . 8 1 4 ) ,  R ( - 0 . 3 6 8 ,  0 , 7 7 1 ) .  
C ( - 0 . ' 2 1 8 ,  0.724);and C  ( 0 . 2 5 8 ,  0 . 5 7 6 )  
t k r o u g h  c e n t r o i d  C ( 0 ,  0 . # 5 6 ) .  I t  may 
a l s o  move t o  p o l n t  X ( 0 . 6 8 6 ,  - 0 . 4 2 9 ) .  
Rad ius  o f  c i r c l e  i s  one u n i t .  

(0, 0.1), (0, 0.91, and (0.5, 0.51, 
respectively. The simplex has been placed 
in a circle with a radius of unity, and 
this circle represents all two-dimensional 
hyperbolic space. The hyperbolic dis- 
tances between points E and R, between 
points R and C (the centroid of line BN), 
between points C and W, and between points 
Cr and Cw are all equal, and are equal to 
twice the hyperbolic distance between 
points W and Cw, Cw and C, and Cr d ~ ~ d  C. 
Point X in Figure 2 is the point formed 
by reflection of point N through the cen- 
troid of the line BW, this reflection and 
centroid being taken in the hyperbolic 
senses. The euclidean coordinates of 
points E, R, C, Cr, and Cw are, respec- 
tively, (-0.506, 0.814), (-0.368, 0.7711, 
(0.0, 0.656), (-0.218, 0.724) and (0.258, 
0.576). 

A computer -program for hyperbolic sequen- 
tial simplex may also be based on some 
of the distance formulas conveniently 
listed by Martin [13]. Although not 
strictly non-euclidean in the traditional 
sense, interesting optimization algorithms 
may be developed by applying a distance 
measurement such as the cross ratio tech- 
nique to the interior of any closed, con- 
vex curve'such as, for example, X' + Y" = 
oons tant - 

Non-eucl'idean simplex optimization may be 
used in the laboratory as well as in the : 

computer. Changing the value of 'the met- 
ric constant in the (H,H) algorithm changes 
the path of a simplex even when started at 
the same initial points. This sitpation 
occurs because hyperbolic planes with dif- 
fering metric constants are only "almost 
isomorphic". 



The Nonequilibrium 
Titration of Plutonium 
Optimization problems arise not only in 
mathematical expressions, but also in 
such matters as determining the optimum 
conditions for nonequilibrium titrations. 
As an aid to the understanding of poten- 
tiometric titrations of plutonium in 
dilute acid, for example, the potential 
and potential derivatives of plutonium 
valence state distributions might be 
examined [9] . It has also been suggested 
that the inflection point and the stoichio- 
metric end point of plutonium'potentio- 
metric .titrations may not always corres- 
pond, and this lack of correspondence has 
to be further explored [14]. It might be 
possible to simulate a nonequilibrium 
potentiometric titration of plutonium if 
values were known 'for the actual concen- 
tration quotients, Q1, and Q2, for reac- 
tions lla and llb, respectively. 

111 10M acid, where Q1 = Kl = 6.973-04 and 
Q2 = K2 = 13.2 at equilibrium, the inflec- 
tion point slightly precedes the stoichio- 
metric end ,point 191. In lM acid, on the 
, . 
other hand, an inflection point in the 
neighborhood of the stoichiometric end 
point is not easy to discern under equilib- 
rium conditions [9]. 

As a nonequilibrium potentiometric titra- 
tion of trivalent plutonium nears the 
stoichiometric end point in dilute acid, 
it seems likely that the actual concentra- 
tion of tetravalent plutonium will exceed 
its equilibrium concentration, while the 
nonequilibrium concentrations of other 

plutonium species are likely to be less' 
than their equilibrium values: Hence, the 
value of Q1 is .likely to be less than K1, 
the equilibrium constant for Equation lla. 
Likewise, the value of Q2 may also be less 
than K2, the equilibrium constant for 
~~uation llb. Hence, for purposes of simu- 
lating nonequilibrium titrations in dilute 
acid, values of Q1.and Q2 which are less 
than the values of K1 and K2 may be used 
in the plutonium (N,H) characteristic 
equation. The problems which then arise 
are: how much less than K1.and K2 should 
be the values.of Q1 and Q2, respectively; 
and what value should be given the.ratio 
Q2/Q1. In nonequilibrium circumstances it 
seems unlikely that the ratio Q2/Q1 would 
be some constant multiple of the ratio 

K2/K1. As an illustration, however, as- 
sume that Q2/Q1 = K /K as the values of 2 1 
Q2 and Q1 are decreased. For example, when' 
Q1 = 6.973-07 and Q2 = 13.23-03, an in- 
flection point is observed near a plutoni- 
um average oxidation number of about 3.998. * 
(The average oxidation number at the 
stoichiometric end point is 4.000.) As 
the values of Q1 and Q2 are decreased 
still farth~r, the  point of potential i l l-  

flection and the stoichiometric end puint 
correspond more and more closely; this 
suggests that the optimum circumstances 
for potentiometric titration in 1M acid 
devoid of complcxing agents dKe circum- 
stances far from the equilibrium distri- 
bution of plutonium valence states. 

The simulation described above may be 
criticized for a variety of reasons, among 
them the arbitrary assignment of the value 
of Q2/Q1 as equal to that of the ratio 

K2/K1. For the sake of diversity, there- 
fore, let this ratio have some other 
arbitrary value, such as the ratio of the 
specific rate constants [15] for reactions 
1 and 2. Thus, Q2/Q1 = 37.1/2.563-05. 



Again i t  i s  found t h a t ,  a s  t h e  absolute  
values  of Q1 and Q2 a r e  diminished, t h e  
i n f l e c t i o n  po in t  and the  s to ich iomet r ic  
end poin t  of t h e  t i t r a t i o n  correspond 
more and more c lo se ly .  A s  an example of  
l ack  of correspondence of t he se  parameters,  
however, it may be noted t h a t  when Q2 = 
37.1E-02 and Q1 = 2.563-07, t he  i n f l e c -  
t i o n  po in t  occurs near t h e  plutonium 
average oxida t ion  number of 3.994. 

This  s imulat ion procedure may a l s o  be 
c r i t i c i z e d  because it assumes t h a t  t h e  
p o t e n t i a l  of t he  po ten t ia l - sens ing  
e l ec t rode  corresponds t o  t h e  nonequilib- 
rim PUO;+/PUO; r a t i o ,  o r  t o  t he  nqnequi- 
l ib r ium P U ' + / P U ~ +  r a t i o .  That t he  
po ten t ia l - sens ing  e l ec t rode  accura te ly  
r e f l e c t s  t h e  r a t i o s  of these  nonequilib- 
. . 
r i u y r e d o x  p a i r s  has no t  been demonstrated. 
Yet t h e  e l ec t rode  response i s  i n  some, 
manner su re ly  due t o  some redox couple,  
even though, as  assumptions suggest ,  an 
i n f l e c t i o n  i n  t he  response of  an e l ec t rode  
may not  neces sa r i l y  correspond t o  a 
s toichiornetr ic  end poin t .  I n  o the r  words, 
i n  a plutonium s o l u t i o n  which i s  under- 
going volumetric o r  e l ec t rome t r i c  t i t r a -  
t i o n ,  t h e  plutonium ion  alpha c o e f f i c i e n t s  
and t h e  s o l u t i o n  a c i d i t y  may be taken a s  
cons tan ts  t o  a f i r s t  approximation. For 
such a t i t r a t i o n ,  nonequilibrium circum- 
s tances  may occur such t h a t  t h e  numerical 
values  of Q1 and Q2 lead  t o  a plutonium 
( N , H )  c h a r a c t e r i s t i c  equat ion f o r  which 
t h e  potent iometr ic  i n f l e c t i o n  po in t  and 
s to ich iomet r ic  end po in t  f a i l  t o  corre-  . . 
spond. Thus, a r b i t r a r y  assignment of t h e  
p o t e n t i a l  i n f l e c t i o n  po in t  a s  t h e  s t o i -  
chiometr ic  end po in t  of a t i t r a t i o n  may 
n o t  be j u s t i f i e d .  

That a po ten t i . a l  i n f l e c t i o n  po in t  may 
occur a p a r t  from the  s to i ch iome t r i c  end 
p o i n t  may be f u r t h e r  i l l u s t r a t e d  by 

. . 

cons idera t ion  of t he  coulometric t i t r a t i o n  
of plutonium i n  s u l f u r i c  a c i d  s o l u t i o n  [16] .  
This procedure i s  commonly used f o r  t h e  
accura te  assay of  plutonium and involves  
coulometric t i t r a t i o n  of t he  plutonium 
from t h e  t r i v a l e n t  t o  t h e  t e t r a v a l e n t  s t a t e  
i n  h a l f  molar s u l f u r i c  acid.  I n  t h e  con- 
s t a n t  p o t e n t i a l  vers ion  of t h i s  t i t r a t i o n ,  - . . ' 

the oxida t ion  p o t e n t i a l  i s  taken a s  +0.67 
v o l t  vs .  S.C.E., i. e . ,  about +0.91 v o l t  
vs.  N.H.E. I n  order  f o r  t h i s  t i t r a t i o n  t o  
.give accura te ,  r e l i a b l e ,  and reproducible  
r e s u l t s ,  t he  i n i t i a l  ox ida t ion  number of 
t he  plutonium should be c l o s e  t o  3.,0, and 
t h e  f i n a l  ox ida t ion  number of t h e  plutonium, 
near 4.0. I f  t he  plutonium i n i t i a l  and 
f i n a l  ox ida t ion  numbers a r e  exac t ly  3.0 
and 4.0, r e spec t ive ly ,  then accura te  
measurement of t he  coulombs which have 
passed through t h e  t i t r a t i o n  c e l l ,  co r r ec t ed  
f o r  background c u r r e n t s ,  may y i e l d  an 
accura te  measurement of t h e  plutonium 
p re sen t  i n  t h e  so lu t ion .  Otherwise, 
chemical c a l i b r a t i o n  of t he  t i t r a t i o n ,  a s  
with accura te ly  assayed specimens of plu- 
tonium, is  d e s i r a b l e .  

I t  has' genera l ly  been assumed t h a t  t h e  
coulometric t i t r a t i o n  of plutonium does 
proceed from N=3.0 t o  N=4.0 wi th in  a 
small  e r r o r  which may be assayed by a 
c a l c u l a t i o n  from the  formal p o t e n t i a l s  
of plutonium i n  s u l f u r i c  ac id .  Such for -  
mal .p .o ten t ia l s  p e r t a i n  t o  equi l ib r ium,  
however, and t h i s  circumstance may n o t  be 
we l l  approximated i n  a c t u a l  t i t r a t i o n  
circumstances.  That a p o t e n t i a l  of 0.91 
v o l t  l eads  t o  a plutonium oxida t ion  num- 
ber  which i s  c l o s e  t o  4.0, and which i s  
reproducible  from one t i t r a t i o n  t o  t h e  
next ,  may s t i l l  awai t  demonstration. 

Often, i n  t h e  s u l f u r i c  ac id  t i t r a t i o n  of 
plutonium by cons tan t  p o t e n t i a l  coulometry, 
a small  co r r ec t i on  f a c t o r  is  d e s i r a b l e  i n  



order that the coulombs accumulated in which do not correspond exactly to N=4.0.
the instrument will closely correspond For example, when Ql =,10-7 and Q2 = 10-4,
to the plutonium in the beaker.  In some oxidation of the plutonium is about 0.1%

circumstances, this correction factor greater than may have been.predicted.

is about 0.1% of the plutonium being Since the values o.f Ql; arld 92. in a real
titrated, i.e., the instrument accumulates titration depend upon a yariety of factors,

about 0.1% too much current.*  During the a titration carried out at some preselected
course of the titration, the values of Ql oxidation potential may not correspond to

1.

and Q2 are difficult to assay with accu- a,plutonium average oxidation, number of
racy.  There are several reasons for this, exactly   4.0   at   the. end  9fs t q titration.

among them the inaccurately known alpha Either too much or too little oxidation

coefficients for plutonium, the extent to of the plutonium may occur, so.chemical

which the plutonium has been perturbed and electrical calibration of a coulometer

from its equilibrium distribution, and should not be assumed to yield an exact
the rate at which disproportionation 1:1 correspondence. Hence, chemical cali-

reactions attempt to correct this im- bration of a plutonium titration may
balance.  Owing to these circumstances, always be desirable.. Complexation effects

however, the values of Ql and Q2 are do not change the essence of the foregoing
likely to be considerably less than Kl arguments.  For example, when the alpha

and K2' respectively.  Some selected coefficients AW, AX, AY, AZ, for the tri-,

values of Ql and Q2 with an acidity of tetra-, penta-, and hexa-valent states of
lM and a potential of 0.91 volt may, plutonium are taken as 100, 10,000,· 1, and

therefore, be combined in the plutonium 10,   respectively,,,then  at a, potential  of

(E,H) characteristic equation, in, order       +0.91 V the average RA$dation number of

to examine valence state distributions the plutonium is. about. 4.001. for Ql = 10-6

accompanying nonequilibrium circumstances. and Q2 = 10-6.
When a valence state distribution has

thus been assayed, the average oxidation The location of the inflection point in a

number of the plutonium in the titration potentiometric titfation of plutonium

vessel may be ascertained by a simple depends upon the alpha goefficients of
calculation. the various plutonium  .igns „ as illustrated

elsewhere [9].  An alpha coefficient of
As an example of this approach, it is considerable interest is,the one which
found that where Ql = (6.97)(10-10) and derives from the first hydrolysis reaction

92  =  (13.2)(10-7)'.then the average 9xida-       of the tetravalent p.,lu,ton£,8 Acation.    Many
tion number for uncomplexed plutonium at years ago, an attempt.was made to deter-
an imposed potential of 0.91 volt vs mine the value of this alp a coefficient
N.H.E. is about 4.001, i.e., about 0.1% by direct potentiometry [11Ji.,t  (The term
more oxidation has occurred than suspected. H/ (H+KH)   measured  in  Re»rence  17  is  the

Other values of Ql and Q2 similarly yield reciprocal of the alpha goefgicient
plutonium valence state distributions 1+(KH/H); KH is the first Ru(LV) hydrolysis

constant.) In this determination, the

potentials of solutions containing ini-
*R. J. Seiler, Mound Laboratory, to G. L.
Silver, private communication. tially prescribed values of the

24



Pu(IV) /PU(III) ratio were measured as a 
. . 
function of the solution acidity. Depend- 
ing upon the initial, fixed value of this 
ratio, such solutions will be increasing- 
ly distant from equilibrium as the acid- 
ity of the solutions decreases or in- 
creases, since, for a given acidity, there 
is only one equilibrium value of the 
Pu (IV) /Pu (111) ratio .* Hence, if poten- 
tial measurements are made soon after the 
preparation of such solutions, some of 
the measurements may pertain to solutions 
not at equilibrium, Since a chemical 
reaction may occur at the surface of an 
electrode placed in a solution.which is 
not at equilibrium, and since the values 
of the Pu (IV) /Pu (111) and Pu (VI) /Pu (V) 
ratios are not their equilibrium values 
in such a solution, any potential recorded 
from an electrode in this circumstance may 

*The establishment of fixed initial 
quantities of Pu(II1) and Pu(1V) 
establishes the value of the pluton- 
ium average oxidation number in the 
solution. For any prescribed aver- 
age oxidation number, the equilibrium 
..value of the Pu(1V) /Pu(III) ratio is 
uniquely established by the equilibrium 
acid concentration of the solution. 

. : 

be a mixed potential. But mixed poten- 
tials are often difficult to interpret 
unambiguously, and may bear no simple 
relation to potentials predicted by the 
Nernst equation 1181. Such potentials 
may,. therefore, be insufficiently reliable 
to ascertain the first hydrolysis constant 
of tetravalent plutonium (KH) beyond ques- 
tion, and this unreliability may explain 
in part the discrepancies observed in 
various experimental determinations of 
the value of KH [19]. Similar arguments 
may be extended to experimental determina- 
tions of the formal potentials of. the. 
various plutonium couples [20]. Changes 
5n observed potentials in plutonium solu- 
tions of fixed plutonium average oxida- 
tion number may derive from more than one 
cause: hydrolysis may be one cause, but 
the progressive rearrangement of plutonium 
oxidation states may also be a cause. 
Thus, the mixed potentials observed under 
nonequilibrium circumstances may not be 
sufficiently reliable for accurate end 
point determinations in plutonium titra- 
tions or .for equilibrium constant evalua- 
tions in aqueous plutonium solutions. 



Supplement 
Algorithms suitable for solving the plu- 
tonium (N,H) equation include the bisec- 
tion method and the modified Regula Falsi 
method (211. Other methods are also 
available, however; among them is solu- 
tion by infinite series. While a series 
may be easier to adapt to popular "pocket" 
calculators than one of the iterative 
techniques, a series solution of equations 
is not without drawbacks, such as failure 
of the series to converge, failure of the 
series to converge sufficiently rapidly, 
or convergence to the wrong root. In the 
last case, the correct root may be ob- 
tained from the knowledge that the charac- 
teristic'equation has but one positive 
root, that,this positive root is the de- 
sired root, and that, given any root of 
. . 
the equation, the other roots may be ob- 
tained by a simple calculation involving 
the coefficients of the cubic equation. 

The purpose of this section is to exam-- 
ine one particular series for the root 
of a cubic equation, and to remark that 
other series solutions for cubic equa- 
tions are also available 1221. The 
method illustrated here depends upon the 
now obscure theorem of Lagrange [23, 241 

Tu apply the theorem of Lagrange, it is 
first desirable to take the general cubic 
eq'uation 

 AX^+ B X ~ +  cx + D = o (12) 

and divide all coefficients by A, the 
coefficients of the cubed term: 

Equation 13 may be reduced to Equation 
14 or Equation 15 

by means of the substitution 

where a = p2/3 - q (17) 

and b = r - (pq)/3 + 2p3/27 (18) 

The theorem of Lagrange states that the 
desired expansion f(z) is f(z) = 

which, when applied to Equation 15 yields 

Y = (b/a) + (b/a) (l/a) + (6/2!) (b/a) (l/a) 
+ (9) (8/3!) (b/a) (l/a) + (12) (11) (10/4!) 
(b/a) (l/a) ' + (15) (14) (13) (12/5!) (b/a) 
(l/a) + (18) (17) (16) (15) (14/6!) (b/a) ' , 
(l/a)6 + ... (20) 

where terms beyond the third (b/a counted 
as the Om term) may be computed from the 
recursion relation 

Example: By means' of Lagrange' s theorem, 
evaluate the root of the plutonium (N,H) 
polynomial which represents the equilib- 
rium valence distribution of plutonium of 
average oxidation number 5.0 in one molar 
acid. Neglect hydrolysis and complexation 
effects. The polynomial whose root is to 
be evaluated is 

and this is the form of Equation 14 with- 
out further modification. Application of 



Lagrange's theorem for a cubic equation 
(Equation 20 above) yields M = -27.398. 
Since M is negative, this is not the 
d6sired root. However, the sum of all 
the roots is zero 

whereas the product of all the roots is 

(5) (105) 

and the desired root is thus found to be 
M = 149.28. 
. - .  
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~romwich lists other series for the cubic 
qquation in its various forms [25]. 
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