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Abstract

The problem of maintaining data that arrives
continuously over time 1is wncreasingly prevalent n
databases and digital libraries. Building on a model for
sliding-window indices developed in [2]], we devise ef-
ficient algorithms for some of the central problems that
arise. We also show connections between the problems
i this model and some fundamental problems in opti-
mazation and graph theory.

1 Introduction

Large volumes of data arriving continuously over
time add new complexity to problems of storage man-
agement in databases and digital libraries. Recent
work in these communities has resulted in a framework
for studying these issues (see e.g. [24] and the ref-
erences therein). Among other results, we show here
that one of the central problems within this model has
a non-trivial polynomial-time solution, and we estab-
lish connections between some of these problems and
a novel generalization of graph coloring that appears
to be of interest in its own right.

We begin by highlighting three principal issues that
motivate the framework.

Storage management costs: With the increas-
ing volume of information that is stored in and re-
trieved from networks of computers, storage manage-
ment i1s a growing concern. Indeed, it has been es-
timated that over the lifetime of storage hardware,
the administration cost is about 100 times the hard-
ware cost (disk drives are down to about 10 cents a
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megabyte, but administered storage costs $3 to $6 per
megabyte per year, commercially). The trend is to au-
tomate and simplify (human-intensive) administrative
functions through the use of sophisticated algorithms.

Continuously arriving data: There are many
settings in which large databases must be maintained
subject to the frequent insertion of large quantities
of new information: these include data warehousing
[26, 28]; web search engines and indices of Netnews
articles (e.g. [14, 18, 15]); and automated fraud de-
tection mechanisms such as SCAM (Stanford Copy
Analysis Mechanism) [22, 23].

Sliding-window indices: Minimizing the storage
required is a major objective in such settings; this is
due both to storage costs and the requirements of fast
query performance. One paradigm that has emerged is
the use of sliding-window indices: for some parameter
w, the index only maintains the data from the last w
days. This limits the storage needed; and in many of
the examples above, it can be justified on the grounds
that most queries are to the most recent data. In this
way, a sliding-window index can be used as a fast cache
of the most recent data; users interested in older data
must tolerate a slower search process.

1.1 The problem statement

In a sliding-window index [24], we have k com-
partments Py,..., Py, and a window size w. Time
progresses continuously, and a sequence of items
X1, X, ...
specified, each item has an arbitrary size. Each item

arrive at arbitrary times; unless otherwise

must be placed in a compartment as it arrives and
reside there for at least w units of time (hereafter re-
ferred to as “days”). An item is said to be live during
the time period extending from its arrival for exactly
w days; thereafter, it is said to be expired.
Reclaiming the space left by expired items turns out
to be a formidable problem. Query access to the items
in the above scenarios is provided by an enormous in-
verted index (comparable to the size of the archive it-
self), and the work required to update the index struc-
ture after the deletion of a small number of items of-
ten outweighs the savings obtained by reclaiming the
freed storage space. Thus for many of the applications
of sliding-window indices (including those exemplified



by the TPC-D benchmark from the Transaction Pro-
cessing Council [26]), Shivakumar and Garcia-Molina
report that the following approach achieves the best
performance [24]:

Wait and Throw Away (WATA ): Only delete
items from a given compartment when all the
items in that compartment have expired.

The use of this indexing scheme amortizes the cost
of reclaiming space by allowing expired items to be
cleared out only in increments of whole compartments.
However the latter constraint, that an index must be
preserved so long as one of items in its compartment is
active, is the main source of difficulty in implementing
this scheme.

We study the quality of an assignment, which is a
function ¢ from items to compartments. At any given
time, a compartment P; is active if it contains at least
one live item; its load L(F;) is defined to be the total
size of all items (live or expired) that were assigned to
it since it was last inactive. This captures the notion
that the load of P; is the sum of the accumulated live
and expired items that have built up in it since it was
last “flushed out.” A compartment gets flushed out
the moment 1t is inactive.

There are two natural objective functions within
this framework.

e Total Load. The weight at time ¢ of an assign-
ment ¢, denoted We(¢), is the sum of the loads of all
active compartments at that time. The weight of ¢,
denoted W(¢), is its maximum weight over all time.
We seek an assignment of minimum weight; this cap-
tures the notion that we want to minimize the space
taken up by expired items that are still in the system.
Note that total load is a better measure of system
performance than total “expired load,” although min-
imizing either is equivalent from the point of view of
optimal solutions.

Of course, in a simple model of items that vanish as
soon as they expire, the total weight of an assignment
at any time would be just the sum of the sizes of all
live items, and hence the total load problem would
be trivial. In our model, the total weight is the sum
of the sizes of the live items and of the expired items
that have not yet been flushed out. Thus, minimizing
total load becomes a non-trivial optimization problem,
as it is in practice. In [24], Shivakumar and Garcia-
Molina propose a simple “round-robin” heuristic for
minimizing total load which is always within a factor
of 2 of optimal.

e Maximum Load. Here, we wish to find an as-
signment that minimizes the mazimum load of any

compartment, over all time. This is motivated by
the problem of balancing the indexing requirements
evenly across all compartments, thereby improving
query performance.

1.2 The input model

Finally, we discuss how best to model the way in
which input is presented to an indexing algorithm in
this setting. The standard on-line model is unrealisti-
cally pessimistic, in that it assumes the indexing algo-
rithm is designed with no knowledge of the item sizes
that will arrive. In reality, trace information generally
allows one to design algorithms that exploit known
cyclical (e.g., weekly) patterns in data arrival. More-
over, such algorithms are also evaluated and tuned on
this type of trace information [24].

Thus, the most reasonable input model is the fol-
lowing periodic model: we take a finite sequence of
item arrivals and repeat it indefinitely, shifted peri-
odically by a fixed increment of time. That 1s, for a
number 7" and ¢ = 1,2,...,m, an item of size s; ar-
rives at times ¢;,¢; + T, t; + 27, ¢t; + 37, .... We note
that the pure on-line model also makes sense in some
scenarios, such as the case in which one must operate
with no a prior: profile information about the under-
lying arrivals; thus we study on-line algorithms for the
problem as well.

1.3 Summary of results

Our first main result is a polynomial-time algorithm
for the problem of minimizing total load. This im-
proves on the 2-approximation heuristic proposed in
[24]. We do this by first developing a polynomial-time
algorithm for the finite off-line model (i.e. a finite set
of items is presented to the algorithm), and then ex-
tending the techniques to apply to the periodic model
as well.

In the pure on-line model, we show that no algo-
rithm can provide an optimal solution for total load.
We propose a simple on-line algorithm, BALANCED-
PARTITION, that achieves an approximation ratio of
k/(k—1).

The problem of minimizing the mazimum load 1s
NP-complete, even with item sizes that are polyno-
mially bounded integers, since it contains the bin-
packing problem as a special case. We show how an
adaptation of our techniques for the total load prob-
lem provides a 2-approximation algorithm for maxi-
mum load.

Coping with expiration raises some new combinato-
rial issues; in particular, for the maximum load prob-
lem, it is not obvious how to handle even the case of
unit-size items. (For example, no on-line algorithm
can produce the optimal load.) Tt turns out that this



case leads to a novel generalization of graph coloring,
as follows. We can represent the lifetime of each item
as a (length w) interval on the line, and thereby ob-
tain a unit-interval graph . Now, observe that a
maximum load of ¢ can be maintained if and only if
there is an assignment of intervals to compartments in
such a way that that the intervals assigned to any one
compartment consist of a number of connected com-
ponents, each of size at most ¢. This has the following
fundamental graph-theoretic interpretation, which we
call the fragmented coloring problem:

Definition 1.1 A (&, ¢)-fragmented coloring of «
graph G s a partition of its vertexr set into k sets
Vi,..., Vi, such that for i = 1,...,k, G[V;] has no

connected component of size greater than c.

We will sometimes say that G is (k, ¢)-fragmentable.
Clearly, a (k,1)-fragmented coloring is just a k-
coloring. Minimizing the maximum load with unit-
size 1tems 1s just the fragmented coloring problem for
unit-interval graphs. In Section 3, we show how to de-
cide the (k, ¢)-fragmentability of a unit interval graph
in polynomial time; this gives us an optimal algorithm
for the maximum load with unit-size items.

We have not been able to find any previous refer-
ence to the fragmented coloring problem in the liter-
ature (survey books such as [19] do not contain it).
In its statement, it is similar to the defective color-
wng problem studied recently by Cowen, Goddard, and
Jesurum [12]. In particular, a (k, 1)-defective coloring
in the sense of [12] is the same as a (k, 2)-fragmented
coloring in the present context; but for larger values
of ¢ the two notions become very different. The frag-
mented coloring problem appears to be remarkably
intricate; in Section 4 we indicate some basic results
that we can prove about it, and some interesting open
questions.

2 Total load

We begin by presenting a strongly polynomial-
time algorithm for the finite off-line model, in which
items X = {Xy,..., X, } arrive at times 7,..., 7.
The techniques developed here will be crucial for the
polynomial-time algorithm in the periodic model.

We assume throughout that there is no ¢ such that
Tit1 — Ti > w; if there is; we simply decompose the
initial problem into independent sub-problems at all
such gaps.

An assignment ¢ induces a canonical decomposi-
tion of the sequence X into blocks Uy, ..., Uy, such
that each U; 1s a maximal interval over which the same
compartment is receiving items. We use ¢(U;) to de-

note the compartment receiving items in block U;. A
compression in ¢ is a pair of indices (¢,') such that:

ot <t —1,

e the same compartment P; was assigned X; and
Xy, and

e P, was active but assigned no items in the interval
of indices {t" : t < ¢ < t'}.

Observe that if (¢,%') is a compression, then ¢ must
come at the end of a block and # must come at the
start of a block. Essentially, a compression is an in-
terval of time in which the assignment “returns” to a
compartment still containing live items.

The following lemma is a crucial ingredient in the
development of the algorithm.

Lemma 2.1 There is an optimal assignment that
contains no compression.

Proof.  For an assignment ¢ that contains a comp-
ression, we define ¢(¢) to be the compression (t,t)
which is maximal in lexicographic order. Suppose that
the lemma does not hold; then every optimal assign-
ment contains a compression. Let ¢* denote an op-
timal assignment for which ¢(¢*) = (¢,¢') is minimal
in lexicographic order. Let Uy, ..., U, denote the de-
composition of X induced by ¢*. Suppose that U; has
X; asits last element, and U; has X as its first, where
i<j—1. Let P* = ¢*(U;) = ¢*(U;).

Let ¢ : {P,...,Px} — {P1,..., Px} denote the
following function:

w(P):{ o*(Uy) ifi<k<jand ¢*(Upy1) =P

P otherwise

Note that by the definition of ¢(-), the compartments
&*(Uit1),...,0"(Uj—1) are all distinct and different
from P*; from this it follows that ¢ 1s well-defined
and a bijection.
We construct a new assignment ¢’ as follows:
e ¢’ agrees with ¢* up to the end of interval U;,
e ¢’ assigns the items in U;11 to P,
efork=1i+2,1+3,... ¢ assigns the items in Uy
to the compartment ¢ (¢*(Uy)).
Thus, the block decomposition of X' with respect to
@' consists of blocks U], ..., U},_,, where U] = Uy, for
k<, U = (Ui UUit1), and U] = U1 for k > 4. Let
o(Uy) denote the block in {U7,...,U],_,} containing
Uy. The following two facts will imply the result.
Fact A. The compression ¢(¢') is lexicographically
less than c(¢™).
For suppose that ¢’ has a compression (tp,%1),
where tg > t. Then t; is at the end of a block U},
k > ¢, and t1 is at the start of a block U;. Now, if



k > i then since ¢'(U}) = ¥(¢* (Ugs1)), ¢'(Us) =
¥(¢*(Ups1)), and ¢ is a bijection, it follows that
(to, 1) is a compression in ¢* as well; this contra-
dicts the assumption that c¢(¢*) = (¢,¢'). If, on
the other hand, k& = ¢, then ¢'(U}) = ¢'(U]) =
P*. But then ¢*(U;y1) = ¢*(Uss1) = Piy1, and

again (tg, 1) would be a compression in ¢*.

Fact B. For all 7, W:(¢') < W;(¢™).

To prove this, it is enough to show that if the
items in Uy are erased from their compartment
by time 7, then the items in o(U;) are erased
from their compartment by time 7. For k < i,
this follows from the fact that in the subsequence
UyU---UUj, the intervals between consecutive as-
signments to a compartment by ¢’ are supersets
of the intervals between consecutive assignments
by ¢*. For k > i, the items in o(Uy) are erased
exactly w days after the end of o(Uy); otherwise
we would have a compression in ¢’ that is reverse-
lexicographically no less than (¢,¢’), in contradic-
tion of Fact A.

By Fact B, ¢’ is an optimal assignment; but by Fact
A, this contradicts the minimality of ¢*. B

We define a function f : {1,...,n} — {1,...,n}
as follows: f(i) = j if and only if X; is the last item
to arrive before the expiration of X;. An wnterval is
a set of contiguous indices; define the interval I; =

Lemma 2.2 If an assignment ¢ has no compression,
then no k blocks have their start times in an interval
of the form I;.

Proof. Let ¢ be an assignment, and suppose that k
blocks have their start times in the interval I;. The
items j—1,..., f(j—1) are all active at the same time,
and belong to k + 1 different blocks; thus, some two
of these blocks must induce a compression. B

Lemma 2.3 Let ¢ be an assignment with no comp-
ression, and let t1,...,t, be the start indices of each
block. Let ty,p1 =n+ 1. Then,

f(tiyi—1)
W(9) = max ;; Sk

Proof. The set of items X¢,, ..., X¢(,,,-1) simulta-
neously resides in active compartments; thus W(¢) is
at least as large as the right-hand side. To show the

other inequality, note that if k& # f(¢; — 1) for some 4,
then Wr, . (¢) > W, (¢). B

We say that G is a path graph if G has vertex set
{v1,...,v,}, and for each i € {1,...,n — 1} there ex-
ists a j > ¢ such that v; has out-edges to the nodes
Vigi,-..,v;. Wesay that a path P in G is spanning if
it contains vy and v,. We say that an nterval I in G
is a set of nodes of G whose indices are contiguous; we
say that an interval system in G is a set Z of intervals
in G. A path P in G is (a,Z)-sparse if no interval in
7 contains a vertices of P.

Now, for a parameter N, we construct a path graph
Gy with vertex set {v1,...,v,41}, such that there is
a directed edge from v; to v; if ¢ < j and

FG=1)

> s <N (1)

k=i

Observe that all paths in Gy have monotonically in-
creasing indices. We use 7 to denote the interval sys-
.., I, defined

tem in Gy consisting of the intervals Iy, .
above.

Lemma 2.4 There is an assignment of weight at
most N iff there is a (k,T)-sparse path in Gn.

Proof. Let ¢ be a compression-free assignment with
W(¢) < N, and let ti,...,¢ be the start in-
dices of each block. By Lemma 2.2, the path path
P = {v,,...,vt, ,vn41} is (k,T)-sparse. Moreover,
for each i, the set of items X, ..., Xy, —1)
multaneously resides in active compartments; hence
i(:t;:rl_l) s < N and so P is a path in Gy.
Conversely, we can construct an assignment ¢ from
any (k,Z)-sparse spanning path P in G’ by using the
indices in P to begin the blocks. If we assign the com-
partments in round-robin order, the resulting assign-

s1-

ment will be compression-free, and hence its weight
will be at most N by Lemma 2.3. B

In order to find an optimal assignment, we study
the problem of finding sparse paths.

Lemma 2.5 Let G be a path graph, a a natural num-
ber, and T an interval system in G. In polynomaal time
we can decide whether G contains an (a,T)-sparse
spanning path.

Proof. First, given the interval system 7, let us
define a new interval system Z’ such that G has an
(a,T)-sparse spanning path if and only if it has an
(a,Z')-sparse spanning path. For each v; € G, let v;
be the the maximal right endpoint of any interval in Z



containing v;. We define I, = {v;, viy1,...,v;}, and
set 7/ = {IL,,,..., I, }. Note that no two intervals in
T’ are nested. Tt is easy to verify that there is an (a,Z)-
sparse path if and only if there is an (a,Z’)-sparse one.

For v € G, let m(v) denote the path obtained by
starting at v and iteratively following longest out-
edges. If 7 C V(G), let mz(v) denote the path ob-
tained by starting at v and iteratively following longest
out-edges, subject to the condition that no vertex in
7 is visited. (If no out-edges can be followed, then
the current vertex is simply repeated.) Finally, let
qz(v, k) denote the vertex visited on the k™ step of
nz(v).

Our algorithm is as follows:

(1) Initialize Z = ¢.
(2) Until Z does not change:

(a) For u = vy, vp_1,...,v1: if qz(u,a—1) € I,

then put u in Z.

(3) If v1 € Z then no (a,Z’)-sparse spanning path
exists. Otherwise, mz(v1) is such a path.

It is clear that the algorithm terminates. Let Z* de-
note the value of 7 at termination. By induction on
the order in which vertices are placed in Z*, it is easy
to show that if v; € Z7*, then there is no (a,Z’)-sparse
path from v; to vpy1.

Finally, we claim that wz«(v;) is an (a,Z’)-sparse
spanning path. For if not, then there is a vertex u on
this path for which ¢z« (u,a—1) € I,. But in this case,
u would have been added to Z* in the final iteration
(when Z* supposedly did not change), a contradiction.
|

Using binary search (over O(n?) possible values)
to find the minimum N for which GGy has a sparse
spanning path, we obtain the following result.

Theorem 2.6 [t is possible to find an optimal assign-
ment wn strongly polynomial time.

The Periodic Model. We now develop an algo-
rithm for the periodic model, using many of the def-
initions and techniques from the finite case. In the
periodic version of the problem, we are given a ba-
sic period, consisting of item sizes {si,...,s;,} and
times 0 < 7 < --- < 7, < T. These quantities
generate an infinite sequence of arrivals as follows: for
j=0,1,2,... an item of size s; arrives at time j7T+7;.
We will assume here that T' is a positive integer mul-
tiple of w. (Assuming that 7" and w are integers, this
is essentially no loss of generality: in the event that

T is not a multiple of w, we can repeat the basic pe-
riod several times, and replace T' by the least common
multiple of 7" and w.)

An assignment is now a function from this infinite
list of items to the k compartments. It is easily ob-
served that there exists an assignment whose weight is
finite, and hence it makes sense to speak of an optimal
assignment.

Lemma 2.7 There is an optimal assignment that
contains no compression.

Proof. Given that we have proven the analogous fact
for the finite case, we can invoke a type of compact-
ness argument. Suppose that the value of an optimal
assignment is W*. For j = 1,2,..., let ¢; denote
an assignment for the first j items that has no comp-
ression and maintains a weight of at most W*. Let
S1 denote the set of all these assignments. We now
construct an assignment ¢* for the periodic problem
via a countable sequence of stages.

Stage 21 Of the assignments in S;, an infi-
nite subset S/ agree on a compartment Py,
in which to place the 7*" item. Define ¢ to
place the " item in Py, and set S;1; = S..

Since for any finite subset of the items, the assignment
¢* agrees with some assignment in Sy, it follows that
¢* has no compression and maintains a weight of at
most W*. &

It will follow from the analysis to come that there
is an optimal assignment that is periodic. Indeed, our
algorithm will produce an optimal assignment of a par-
ticularly simple form; we will discuss this more below.

We define the function f as before, except that it
now ranges over the non-negative integers. The ana-
logues of Lemmas 2.2 and 2.3 hold as before. The
main idea in developing an optimal algorithm for the
periodic case is to establish that there is an optimal
periodic assignment; and we do this by reducing the
problem to the following variant of the sparse path
problem.

We first define the notion of a p-graph. Let G be
a graph with vertex set {v1,..., v, U {wy, ... wn}.
For 1 < r < m, we define v;, = w,. We say that a
set I of nodes in GG is an interval if one of the following
holds:

(1) I = {vi, Vigly .-y vi+r},

(i) T = {w;, wiq1, ..., Witr}, with indices in this
case interpreted modulo m.

In both cases, the node listed first in [ is called
the start, and the node listed last the end. We say



one period

one period

Figure 1: A periodic sparse path problem.

that G is a p-graph if each node v; (resp. w;) has
directed edges precisely to nodes that constitute an
interval whose start is v;41 (resp. w;41). See Figure 1
for the basic shape of a p-graph. Finally, if 7 is a set
of intervals, we say that a path P in G is (a,Z)-sparse
if no interval in Z contains a vertices of P.

Since we are assuming that 7" is a multiple of w,
it follows that if j > ¢ > 0 and 1 < r < m, then
f(#m+r) is congruent to f(jm+r) modulo m. More-
over, f(im 4+ r) < (i + 1)m + r. We therefore define
g :{1l,...,m} = {1,...,m} as follows: g(r) = ¢+ if
f(#m + r) is congruent to ' modulo m, for all :.

For a parameter N, we construct a p-graph Gy
with vertex set {v1, ..., v, U {ws, ..., wy} and edges
as follows. For each node v; (resp. w;) in Gy, set
s(v;) (resp. s(w;)) equal to s;. Now, each node v; has
a directed edge to v; if Zzgi_l) s(vg) < N. The edges
from w; are defined analogously. Also, we define [; =
Wi a1, vgG-n b 1 = {wj,wip, - wegny )
and the set Z={I,...,In, I1,..., Il }.

The following can now be shown by analogy with
the proof of Lemma 2.4. Note that although Gy is
a finite graph, it still makes sense to speak of infinite
(non-simple) paths in Gn.

Lemma 2.8 There is an assignment of weight at
most N iff there is an infinite (k,Z)-sparse path in
G containing v1.

By an algorithm very similar to that in the proof
of Lemma 2.5, we show

Lemma 2.9 Let G be a p-graph, a a natural number,
and T a set of intervals i G. In polynomual time we
can decide whether G contains an infinite (a,T)-sparse
spanning path containing vi.

Now, if we set N = Y 7" s;, then there is clearly
an assignment that maintains a total size of at most
N (using two compartments). And as N ranges from
0to Y i~ si, we obtain only O(m?) different p-graphs
G'n. Using binary search to find the minimum N for
which one of these (G has an infinite sparse path from
v1, we obtain

Theorem 2.10 It is possible to find an optimal as-
signment in strongly polynomial time.

It is also worth noting that the optimal assignment
produced by the algorithm in Lemma 2.9 has a very
simple form. Let us say that an infinite path P in
the p-graph G is homogeneous if there is a function
h:V(Gy) — V(Gy) such that if u is the i®® node of
P, then h(u) is the (i + 1)°* node of P. We have

Theorem 2.11 There is an optimal assignment, with
weight N, which corresponds to a homogeneous path in
the graph Gn.

Such an assignment has the nice property that it can
represented very compactly: for each node of Gy, one
simply has to record its “successor” in the block de-
composition of the assignment.

3 Maximum load

We now turn to the problem of minimizing the max-
imum load in any compartment, over all time. We
will focus here on the finite version of the problem;
we must find an assignment for a finite set of items
{X1,...,Xn}, where X; arrives at time 7; and has size
s;. We noted earlier that this problem 1s NP-complete,
even when all weights are polynomially bounded inte-
gers, since it contains the bin-packing problem.

A major difficulty here, compared to the total load
metric, 18 that the optimum assignment need not be
compression-free. However, compression-free assign-
ments have a number of practical advantages — par-
ticularly, temporal locality — and thus remain an in-
teresting case to focus on. We show that the sparse
path algorithm of the preceding section can be used to
find an optimal compression-free assignment in poly-
nomial time.

Theorem 3.1 There exists a polynomial-time algo-
rithm to find the compression-free assignment with
minimum mazimum load.



Proof. We build a path graph Hpy on nodes
Wi, ..., Wat1: (wi, w;) is a directed edge if and only if
Z‘Z;: sy < N. We define the following interval system
T on H: for i < j, we include an interval {w;, ..., w;}
if and only if the lifetimes of X;_; and X; overlap.
One can now show that there is a compression-free as-
signment ¢ with maximum load at most N if and only
if Hx has a (k,7)-sparse spanning path. The result
follow from this fact, combined with Lemma 2.5. &

We use Theorem 3.1 to obtain two main conse-
quences. First, 1t implies that the case of unit-size
items can be solved optimally in polynomial time, in
view of the following lemma. The proof is similar to
that of Lemma 2.1.

Lemma 3.2 Let all items have unit size. If a maz-
wmum load ¢ can be maintained, then there is a
compression-free assignment with maximum load c.

Proof. Asin the proof of Lemma 2.1, if the lemma does
not hold then every optimal assignment has a comp-
ression. Choose the assignment ¢* for which e(¢*) is
minimal in lexicographic order. Let Uy, ..., U, de-
note the decomposition of A’ induced by ¢*. Suppose
that U; has X; as its last element, and U; has Xy as
its first, where ¢ < j — 1. Let P* = ¢*(U;) = ¢*(U;).

Define the function
_J o7 (Uk)
wr={%

Let X,, X;41,...,X; denote the items in the set
Uita U---UU;. We construct a new assignment @'

ifi <k<jand ¢*(Ugy1) =P
otherwise

e Assignment ¢’ agrees with ¢* up to the end of
interval U;.

o If |U;| > |Uit1]|, then we simply assign the items
in U;j11 to P* and the items in Uy (k > i+ 1) to
¥(¢* (Uy)). Otherwise, let ¢ be the minimal index
among i + 2,. .., j for which |U;| > |Ug], and let
X be the last item in U,;. Among the items in
{X,,...X¢}, we assign the first |U;| to P*, the
next |Uiy1] to Pigy1, the next |U;y2] to Pija, and
so on, assigning the final |U,_1| — |Uy]| items to
Py_1. For k > ¢, we assign the items in Uy to

$(¢7 (Ur))

As in the proof of Lemma 2.1, we have the following
two facts, which contradict the minimality of ¢*.

Fact A’. ¢(¢') is lexicographically less than c(¢™).

Fact B'. The mazimum load of ¢' is at most that of
é.

Second, Theorem 3.1 provides a 2-approximation
for the optimum load of an arbitrary assignment. This
is a consequence of the following. (We assume below
that item sizes are integers.)

Theorem 3.3 The maxrimum load of the optimal
compression-free assignment is at most twice the mazx-
wmum load of the optimal assignment.

Proof. Given a problem with items A =
{Xy,...,Xn}, each of whose sizes is an integer, we cre-
ate a new problem as follows. We represent item X,
whose size 1s s;, as s; items Yjq, ..., Y;s, of unit size,
each of which arrives at time 7;. Let Y = {Y;;}. Note
that the optimal maximum load for the ) problem is
at most that for the A problem; and by Lemma 3.2,
there 1s a compression-free assignment ¢* that opti-
mizes the maximum load for the Y problem. We use
@™ to guide the construction of a compression-free as-
signment ¢ for the X' problem.

Consider the set ); of items in ) corresponding to
item X;. If all these items are assigned to a single
compartment P, then ¢ assigns X; to P. If the items
in Y; are assigned to precisely two compartments P
and P’ then ¢ assigns X; to the one which receives
more than half of ); under ¢*. Finally, suppose that
@™ assigns the items in ); to more than two compart-
ments. Then in the block decomposition of ¢*, there is
a block consisting exclusively of assignments of items
in Y; to a single compartment P. ¢ assigns the item
X; to such a compartment P.

We now observe two facts. First, ¢ is compression-
free. Second, the maximum load of ¢ exceeds the max-
imum load of ¢* by at most the maximum item size;
since the maximum load of ¢* and the maximum item
size are both lower bounds on the optimum for the X
problem, the load of ¢ is at most twice this optimum.
|

We note that the ratio of 2 in the above theorem is
asymptotically tight.

4 Fragmented coloring

Recall the definition of the fragmented coloring
problem from the introduction. As noted there, de-
ciding whether a maximum load of ¢ can be main-
tained for a set of unit-size items is equivalent to the
(k, ¢)-fragmented coloring problem for a unit-interval
graph: one represents the lifetime of each item as a
unit interval on a line, views the assignment of items
to compartments as a k-coloring, and requires that
there be no monochromatic connected component of
size greater than c.



We feel that (k, ¢)-fragmented coloring is an inter-
esting combinatorial notion in its own right, and we
discuss some basic results and questions here. First of
all, let us compare this notion with that of defective
coloring, as studied in Cowen, Goddard, and Jesurum
[12]. There, a graph is said to have a (k, d)-defective
coloring if it can be k-colored so that each vertex is
adjacent to at most d other vertices of the same color.
Thus, a graph has a (k, 2)-fragmented coloring if and
only if it has a (k, 1)-defective coloring. Hence, by a
result of [12], it is NP-hard to decide whether an ar-
bitrary graph has a (k,2)-fragmented coloring. How-
ever, for larger values of ¢ and d, the notions of frag-
mented coloring and defective coloring are very differ-
ent. (In particular, once d > 1, there is no way to
bound the size of the monochromatic components in
a (k, d)-defective coloring.)

It is clear that for each k and ¢, there exists a graph
that has no (k, ¢)-fragmented coloring; take for exam-
ple the complete graph on kc + 1 vertices. It is much
harder to find counterexamples of bounded-degree; for
example, a natural question is whether there exists
an absolute constant kg and a function f(-) so that
every graph of maximum degree A has a (ko, f(A))-
fragmented coloring. Using properties of strong ex-
pander graphs — in particular, a construction due to
Alon and Chung [1] — we can show that the answer
to this question is negative.

Theorem 4.1 There is an absolute constant ¢ such
that the following holds. For every A, there is an in-
finite family {G,} of graphs of mazximum degree A,
none of which has an (ev/A e|Gyl)-fragmented color-
ing.

It would be interesting to see whether one obtains
qualitatively different behavior when k is asymptot-
ically much smaller than VA,

Another set of questions concerns planar graphs.
The four-color theorem is precisely the statement that
planar graphs have (4, 1)-fragmented colorings. We
can show

Theorem 4.2 For each c, there exists a planar graph
that has no (3, ¢)-fragmented coloring.

Proof. We construct a planar graph G. as follows. G
has vertex set

V = {v;:1<i<c?+e,1<j<e}
U{u;:1<i<er U {w}.

v; ; 1s joined to v; j_1 and v; ;41 (provided these nodes
are defined); u; is joined to v; ; for all j, and w is

joined to all other nodes. Let S; C V denote the set
consisting of u; and all its neighbors.

Consider any 3-coloring of (., and suppose 1t has
no monochromatic component of size greater than
c¢. We first note that there is some set S; that re-
ceives only two colors; for otherwise, the monochro-
matic component containing w would have more than
¢ vertices. Now, in this set S;, at most ¢ — 1 of the
v; ; can have the same color as u;. But this means
that in .S;, there is a monochromatic path of the form
Uiy Vij41,-- -, Vi j4e, TOr some index j; this contra-
dicts our assumption that G. has a (3, ¢)-coloring. W

Note that the planar graphs constructed in this the-
orem have unbounded degree. In view of this, and the
fact that we only know how to prove Theorem 4.1 via
the use of strong expander graphs, an interesting open
question is the following:

Question 4.3 Is there a function f(-) such that all
planar graphs of mazimum degree A have a (3, f(A))-
fragmented coloring?

5 On-Line algorithms

On-line Minimization of Total Load. Consider
now the on-line version of the total load problem, in
which items arrive over time and must be assigned to
compartments immediately.

Theorem 5.1 Any deterministic on-line algorithm
has competitive ratio at least 1+ 1/k.

If we assume that at most one item arrives per
day, then a simple on-line algorithm is provided by
the EQUIPARTITION heuristic of Shivakumar and
Garcia-Molina [24] which places (w — 1)/(k — 1) files
in each compartment before moving on to the next
one.

Theorem 5.2 FQUIPARTITION s 2-competitive
but not c-competitive for any ¢ < 2.

We now give an on-line algorithm that nearly
matches the on-line lower bound contained in The-
orem 5.1. We assume here that we are given T
the maximum total size of active items at any point
in time. Define L = T/(k — 1). Our heuristic,
BALANCED-PARTITION, works as follows: for each
compartment, stack up items until the total size first
exceeds L; then, move on to the next compartment.
We establish the following properties of BALANCED-
PARTITION.

Lemma 5.3 The assignment that is produced by
BALANCED-PARTITION has no compressions.



Proof. We prove by induction on time that BAL-
ANCED-PARTITION maintains the following invari-
ant on the compartments: if P; is its current active
compartment, then there is an index i so that the com-
partments P;_1, Pj_a, ..., P; (indices modulo k) each
contain weight at least L, and the only expired items
in the system reside in P;. This invariant will be main-
tained provided that when BALANCED-PARTITION
moves to Pj41, it is empty. But if this were not the
case, then the & — 1 compartments other than P;
would each contain a weight of at least L in live items,
and Pj11 (since it is non-empty) would contain at least
one live item. But then the set of live items would have
total size more than (k — 1)L = T, contradicting the
definition of 7. B

Lemma 5.4 At any time, the total load of expired
items that are still in the system is at most L.

Proof.  Since the assignment produced by BAL-
ANCED-PARTITION has no compression, there is at
most one active compartment P* at any time that
contains expired items. We observe that by the defini-
tion of BALANCED-PARTITION, only the last item
added to P* can have size greater than L, and since
P~ 1s active, this must be a live item. Hence, the total
size of expired 1tems is at most L. B

Theorem 5.5 BALANCED-PARTITION maintains

total load at most %, and hence is 2 -competitive.

-1

Proof.  We obtain that the total load on the system
is the weight of the currently live items (at most T
and the currently expired items (at most L, by Lemma
5.4). This establishes the theorem. W

On-Line Minimization of Maximum Load. As
before, it is reasonable to assume that we are given
the value T" of the maximum total size of live items at
any point in time. Let sgpax be the maximum size of
a single item (we do not need to be told the value of
Smax). Define L =T/(k —1).

The BALANCED-PARTITION algorithm for the
total load problem, with parameter L, provides a good
approximation in this setting as well. Recall that, by
Lemma 5.3, it produces a compression-free schedule,
and hence 1t maintains a maximum load of L+s.,. If
we let OPT denote the optimum maximum load obtain-
able, we have $pax < OPT, and L < k x opT/(k — 1).
We obtain the following result.

Theorem 5.6 For the mazimum load problem, BAL-
ANCED-PARTITION is 2:=L . competitive

For two bins, we can provide an improved algorithm
in the following manner: Proceed as in BALANCED-
PARTITION, but never exceed L. For this on-
line algorithm, called AGGRESSIVE-BALANCED-
PARTITION, we can prove the following:

Theorem 5.7 AGGRESSIVE-BALANCED-PAR-
TITION 1is 2-competitive for k = 2.

One can show that for & > 2, AGGRESSIVE-BAL-
ANCED-PARTITION is not 2-competitive.
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