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Abstract

\\e proposea novelalgorithmto registermultiple 3D pointsetswithin a commorreferenceframeusinga manifold
optimizationappmoad. Thepoint setsare obtainedwith multiplelaserscannes or a mobilescannerUnlike most
prior algorithms,our approad performsan explicit optimizationon the manifold of rotations,allowing us to
formulatethe registration problemas an unconstraineaninimizationon a constrainednanifold This approac
@<3ploitsthe Lie groupstructuie of SO3 andthe simplerepresentatiorof its associated.ie algebra sos in termsof
R~.

Our contributionsare threefold.We presenta new analytic methodbasedon singular valuedecompositionghat
yieldsa closed-formsolutionfor simultaneousnultiview registration in the noise-feescenario.Secondlywe use
this methodto derivea goodinitial estimateof a solutionin the noise-fee case Thisinitialization stepmaybe
of usein any geneal iterative scheme Finally, we presentan iterative schemebasedon Newton's methodon
S0;3 that haslocally quadmtic convergence We demonstate the ef cacy of our schemeon scandatataken both
fromtheDigital Michelanglo projectandfromscansextractedfrommodelsandcompae it to someof the other
well knownschemedor multiview registration. In all casespur algorithm corvergesmud fasterthanthe other
approades,(in somecasesrders of magnitudefaster),and genematesconsistenthhigherquality registrations.

object.Typically theviews areobtainedrom multiple scan-
nersor from a singlescannestationedat differentlocations

1. Intr oduction andorientation,or evena x edscannetakingtime-sampled
) _ imagesof anobjecton a moving turntable.The imagesare
Constructinga 3D computemmodelof areal objectfrom 3D oftensimpli ed asasetof featuresuchaspointsandtherel-

surfacemeasuremerdatahasvariousapplicationsin com- ative positionandorientation(pose)betweerviews areonly

putergraphics,virtual reality, computervision andreverse known imprecisely(if at all). Thus,thesepartially overlap-
engineeringTo construcsuchamodel,asingleview of the ping views needto be registeredwithin acommonreference
objectis ofteninsufcient dueto self occlusion,the pres- frameto determinethe unknawn relative pose.

enceof shadavs andlimitations of the eld of view of the

3D scannerMultiple partial views of the objectfrom dif- Two-view (pairwise)registrationis a well studiedprob-

ferentviewpointsarethereforeneededo describetheentire lemin theliterature.lt is known thata closed-formsolution
canbeobtainedn this casethiswasshavn by Faugerasnd

Herbert[FH86], Horn [Hor87, and Arun et al. [AHB87].

Y National ICT Australiais fundedby the AustralianDepartment An overview of thesetechniquescanbe found in [Kan94
of Communicationsinformation Technologyandthe Arts andthe and a comparisornof thesemethodshasbeenpresentedn
Australian ResearchCouncil through Backing Australias Ability [LEF95.

andthelCT Centreof ExcellenceProgram

Z This researchis supportedn part by the ARC discosery grants Multiview registrationis a moredif cult problem.There
A0010582andDP0450539 are two stratgies towards solving the problem,local (se-
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quential)registrationandglobal (simultaneousjegistration.
Thesequentiategistrationapproachof which ICP [BM92]
is themostwell-known) involvesthe alignmentof two over
lapping views at a time followed by an integration stepto
ensureall views are combined.This widely usedapproach
doesnot give an optimal solutionbecauseerrorscanaccu-
mulateandpropagte,asotherresearcherfave pointedout.
On the otherhand,global registrationattemptsto alignsall
scansat the sametime by distributing the registrationerror
evenly over all overlappingviews.

The particular problem of multiview registrationis that
the function to be minimizedis a noncowex function of a
setof rotations(translationganusuallybeeliminated aswe
shallsee).Any algorithmthat minimizesthis function must
alsomaintainthe constrainthattherotationsremainsodur
ing the courseof an iterative procedure(other approaches
have beenproposedfPottmanet al. [PHYHO4 suggesus-
ing the underlyingafne space,applying the rigidity con-
straintsonly towardsthe end). Thus, standardoptimization
approachegitheruselLagrangeconstraintsor have to per
form projectionstepsafter eachiterationto ensurethatthis
(nonlinear)constrainis maintained.

A differentapproachthat hasbeenconsidereds to per
form the minimization directly on the constaint mani-
fold. R" is a manifold, albeit of very specialtype, and by
translatingthe usualnotionsof derivatives and tangentsn
their differential-geometrigeneralizationst is concevable
that standardnumericalmethodslike Newton/Gausstera-
tions and conjugate gradientscan be translatedinto their
manifold-basedanaloguesThis areahasreceved consid-
erable attention over the past few decades.Much work
hasgoneinto both theoreticaland practicalapproacheso
manifold-base@ptimization,andalthoughadetailedreview
of the literatureis beyond the scopeof this paper a good
review can be found in the work by Edelman,Arias and
Smith[EAS99 onimplementingNewton's methodandcon-
jugategradientson the GrassmamndStiefelmanifolds.

In graphicsyision, androbotics,the “natural” constraint
manifoldsarisefrom transformationgroupslike SO3; SE3
andthe like. The group structureallows us to view these
manifoldsasLie groups,with associated.ie algebrasFor
SO3 in particular mary of the relevant formulae (the ex-
ponentialmap, the logarithmic map, geodesiccurves) are
easyto write down, makingthisapproactverytractableboth
mathematicallyandcomputationallyTherearenow several
examplesof theuseof Lie groupmethodsn areadike pose
estimationLM04, Gov04], pathplanning[Agr05], andani-
mation[Ale02].

1.1. Our Work

In this paper we considerthe simultaneousegistration of
multiview 3D point setswith known correspondencelse-
tweenoverlappingscans.

We addressthe global registration task as an uncon-
strainedoptimizationproblemon a constraintmanifold.Our
novel algorithminvolvesiterative costfunctionreductionon
the smoothmanifold formedby the N-fold productof spe-
cial orthogonalgroups.The optimizationis basedn locally
guadraticallycorvergentNewton-typeiterationsonthis con-
straintmanifold. The proposedalgorithmis fast,converges
at a local quadraticrate, computationper iteration is low
sincetheiterationcostis independentdf the numberof data
pointsin eachview.

In addition,we present new closedform solutionbased
on singularvalue decompositiorfor simultaneousegistra-
tion of multiple point sets.In the noisefree case,it gives
correctregistrationsn asinglestep.In the presencef noise
anadditionalprojectionstepto theconstrainimanifoldis re-
quired.Thisanalyticalsolutionis ausefulinitial estimateor
ary iterative algorithm.

Paper Outline We startwith a review of prior art in the
areain Section2. After ahighlevel overvien of our method
in Section3, weformulatetheglobalpointregistrationprob-
lem asan unconstrainedptimizationon a constraintmani-
fold in Sectionsb. We presenta compactreformulationof

the problemin 6, following which we describeour analytic
noise-freesolutionandour noisy initialization stepsin Sec-
tion 7. A brief introductionto Lie groupsandrelatedmathe-
maticalbasicss describedn Section8. Thisis followed by

a presentatiorof our iterative schemdn Sections9 and10.

Experimentakvaluationfollows in Sectionll.

2. RelatedWork

The rst work on pairwise scanalignmentwas done by
Faugerasand Herbert[FH86], Horn [Hor87], and Arunet
al. [AHB87]. In all casestheauthorsobtainedsimpleclosed
form expressionfor the single transformationminimizing
the leastsquareserror betweenthe registeredscans.Such
pairwise schemeswvere usedas modulesin generalmulti-
view approachetike lterative ClosestPoint (ICP) [BM92]
and the work of Chenand Medioni [CM92]. Simultane-
ousmultiview registrationschemesvere consideredy nu-
merousresearcher§CM92], [BSGL9q, [EFF99, [Pul99g,
[SLWO04], [SBBO03; among the more recent are papers
by Benjemaaand Schmitt[BS9§ and Williams and Ben-
namoun[WBO01], the former group formulating the opti-
mizationin quaterniorspaceandthelatterderiving asimilar
approachusingmatrix representationg\ comparatre study
of simultaneousmultiview registration schemeswas per
formed by Cunningtonand Stoddart{ CS99; however this
comparisorpredateshework of Williams andBennamoun.

ThelCP algorithmhasbecomehe mostcommonmethod
for aligning three-dimensionainodelsbhasedpurely on the
geometry The algorithmis widely usedfor registeringthe
outputsof 3D scannerswhich typically only scananobject
from onedirectionatatime.|CP startswith two meshesnd
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aninitial guesdor theirrelativerigid-bodytransform andit-
eratively re nesthetransformby repeatedlygeneratingairs
of correspondingointsonthemeshesndminimizinganer
ror metric. Generatingheinitial alignmentcanbedoneby a
varietyof heuristicssuchastrackingscanneposition,iden-
ti cation and indexing of surface features[FH86, SM97,
"spin-image"surface signature§ JH97, computingprinci-
pal axes of scans [DWJ97, exhaustve searchfor corre-
spondingpoints[ CHC98 CHC99, or via userinput.

Registrationof correspondingpointsis not the only ap-
proachto solving multiview registrationin general ICP it-
selfusesotherheuristicgo align surfacesandin mary cases
matchinga point to a surfacecan provide a better t than
simple point-point matching[RLO1]. Due to spacelimita-
tions,we will notdiscusgheseapproacheturther

Themostdirectly relevantprior artis a paperby Adler et
al. [ADM 02] that considerghe problemof spinerealign-
ment. There,the problemis to determinecorrectposesfor
individual vertebraeon the spinal cord suchthat misalign-
mentbetweeradjacenvertebraés minimizedandabalance
criterion (expressedisanafne conditionover the poses)s
maintained.They demonstratehat a good solutionto this
problemcloselyresembles healtty spinalalignment.Their
approachlike ours,is to view the problemasa minimiza-
tion over aproductmanifold of SO3, andusea Newton-type
methodto solveit. Thespeci csof theirapproactarediffer-
entin that they derive an iteratve schemefrom rst prin-
ciples by using the covariant derivative r x on the mani-
fold; our approactusesthe Lie-algebraicrepresentatiomnf
thetangentspaceo yield anmoredirectapproach.

It maybeviewedthatour requiremenftor apriori knowl-
edgeof point correspondencefsom overlappingscansis a
major limitation, sincethis is usually not the casein prac-
tice. However, ouralgorithmis meantto work in conjunction
with methoddike ICP which provide a generalframewnork
for modelregistration.The crucialinner stepof the ICP al-
gorithm s to re ne the transformsuchthatit minimizesa
errormetric. It is this stepthatwe considerin this paper

3. Overview and Intuition

To help explain our algorithms we present brief overview
of how to performNewton-typemethodson manifolds.This
is intendedto capturethe intuition behindour methodsand
is not intendedto be mathematicallyrigorous.A readerfa-
miliar with Lie groupsandbasicdifferentialgeometrymay
godirectly to thealgorithmdescription.

A traditional unconstrainedr constrainedoptimization
methodsperformssearchei RN. Directionsof motionare
computedisingNewton's method(or otherapproachesind
a smallstepis madein this direction.The standardterative
stepis of theform xi. 1 = Xk + awy, wherexy is the KM iter-
ate,a is a scalar andwy is a descentirection The descent
directionslie in thetangentspaceof RN, whichis RN itself,
acrucialfactthatallows usto combinethetermsx, andwy.
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Whenwe moveto ageneramanifold,almostevery aspect
of the above iterationneedsto be reinterpretedFirstly, the
descentirectionwy liesin thetangentspaceat xy, whichis
in generaldifferentto the tangentspaceat ary otherpoint,
andis differentin generalfrom the manifold itself. Thus,
somemappingis neededo pull badk thetangento theman-
ifold. Secondlythe operator+ is speci ¢ to RN asa group
operatorthat takestwo elementsof a groupandmapsto a
third element.

For a Lie group,the tangentspaceat a point canbe ex-
pressedn termsof theassociated.ie algebraFor SO3, the
associatedlie algebrasos is the spaceof threedimensional
skew-symmetricmatrices Thusthe descendirectioncanbe
representetby a skew-symmetricmatrix. The pull backop-
eratoris calledtheexponentiaimap For matricesijt isin fact
the functione® (seeSection4 for the de nition). The oper
ator + is replacedby the groupoperator of the Lie group
(which for SO3 is matrix multiplication). Whatwe thenob-
tainis aniterationof theform R+ 1 = Ry e whereonce
again, a is a scalar We will additionallyexploit the isomor
phismof soz with R?, allowing usto parametrizeéhe matrix
Aby coordinatesn RS.

4, Preliminaries

We introducesomecommonmatrix operatorshat we will

usein subsequensections.If M is ann k matrix, then
veqM) is a nk 1 vector formed by writing down the
columnsof M oneat atime. The Kroneder productor ten-
sor productA B of two matricesA and B is the matrix
formed by replacingeachelementa;j of A by the matrix
gjB. This is differentfrom the directsum  of matrices,
which is equalto a block diagonalmatrix with the individ-

ual matricesas the diagonalblocks. Let tr(A) = &;a; de-
note the traceof a squarematrix A. The following identi-
ties are well-known: tr(AB) = tr(BA) if A andB are both
square,(X Y)” = X" Y ;(X Y) l=x1!1 v!1!
when the inversesexist, (X Y)(A B) = (XA YB),

and vedXYZ) = (ZZ X)vedY). A useful fact is that
tr(X”Y) = tr(XY”) = vec (x) veqY), which implies that
for vectorsu; v, thedotproductu v= u” v canbewrittenas
uvs= tr(U\F_ ). The exponentiale” of a matrix A is de ned

|
aseA: éi 'IA\T

5. The Problem Formulation

Given possibly noisy surface measurementom multiple

3D imagesand point correspondenceamongoverlapped
images,the registration processis to nd the rigid body
transformation®etweereachimagecoordinateéramein or-

der to align setsof surfacemeasurementmsto a reference
frame.

5.1. 3D Object Points and Multiple Views

Considera 3D object as a set of 3D pointsW := fwk 2
R3j k= 1;2; ;ngina world' referencdrame(Fig. 1(a)).
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Throughouthe paperwe indicatethe k™ pointin a setby a
superscripk.

Now considemultiple views of the object,eachview be-
ing from adifferentvantaggpointandviewing directionand
eachviewing being of possiblyonly a subsetof the n 3D
points.For N views, let us denotethe relative rotationsand
translationsas (Rq;t1);  ;(Rn;in), thatis, relative to the
“world' referencdrame,whereR; isa3 3 rotationmatrix,
satisfyingR™ R, = I3; de(R) = +1, andt; 2 R3is atrans-
lation vector

Thei' view is limited to n; pointsW = fwk 2 R3j k=
1,2, ;mg W andis denotedV; = fV 2 R®j k =
1,2, ;nygandconsistf theimagesof then; pointsin W,
with relative rotationmatricesandtranslationvectorsgiven
by (Ri;t;). Thusin thenoisefreecase,

wh= R+t k=12 n: @)

LetW; = W\ W; bethesetof nj; pointsin W for which
therearecorrespondingointsin Wi, fori; j= 1, ;N.That
is, Wij = W;; consistsof njj = nji pointswl = w¥ 2 R®,
k=1, ;njj.In view V; the setof imagesof thesepoints
is denotedVj := fv%‘j 2 R3j k=12 ;nmjg V; and
of coursefor view Vj it is denotedvj; := fv 2 R®j k=
1,2, ;nijg Vj. In the noisefree case,it is immediate
that

Wi = Rvij+ 1= Rivii+ @
8i;j=12 N/ k=12 ;nj;

5.2. Registration Err or Cost Function

Whenthereis measurememoise,it makes senseto work
with a costfunctionsthat penalizeshe error(Riv{‘J— + )
(ij‘j(i+ tj) for alli;j= 1,2, ;Nandk= 1,2, ;nj.
Trivially the erroris zerofor i = j. The costindex for all
the registrationswhich rst comesto mind is given by the
sumof the squaredEuclideandistancesetweerthe corre-
spondingpointsin all overlaps,

N N Nij
A A AkRW+t) R+ t)KE
i=1j=i+1k=1

g(R:T)

NN 2

a 4 akrRW Rk

i=lj=i+1lk=1

+2t6 t)7 RV RV + Kt tjk?):
(3)

6. A More Compact Reformulation

Letg denotethei columnoftheN N identity matrix Iy
andletgj:= g ej.Let

R=R R Ry 2R® N (4)

and
T=1t b ty 2R N (5)
thenwe have
R=R(g I3 ti=Te; t tj=Ta;: (6)

Letalf := (& Iavj (g
of R from Eq.(6),

I3)v‘j<i. Substitutingthe value

R Rjvji = Ral
andthus
kRvfj  RjViik®= Ralj Ralj

Similarly substitutinghevalueof t;, we canrewrite theinner
expressiorof Eq.(3) as

Ra,k,- Ra,kj+2Te,j Rah—+Te|j Tej

Let
- .=4a a Paf & 0 (O
B" C  Jyjsieica & !

Using the factthatu v = tr(uv” ), we cannow rewrite
Eq.@) as

g(R;T)=tr(RAR” + 2RBT” + TCT ")
A B R’ (8)
=tr R T B Cc T° 0;

or equivalently, as
g(R;T) = tr(RAR” )+ 2vec (T)vedRB)

N ©9)
+vec (T)C I3)vedT);

sincetr(XY” ) = vec (X)vedY).

6.1. Eliminating T

Equation(9) is aquadratidunctionof ved T). Thisfunction
is corvex (andthushasa uniqgueminimum)iff C I3 is pos-
itive de nite. An elementcjj of Cis &g Nik andcij = njj

for j & i. UnfortunatelythisimpliesthatC is singular since
C1 (wherel is the all-onesvector)vanishes.

This is a consequencef the fact that we can only re-
cover relative transformationgrom our input, not absolute
transformationsWe can x (say)the rst referenceframe
(Ry1;t1) = (13;0), whereO is the zerovector andeliminate
the rst row andcolumnfrom all thematricesWewill akuse
notationby continuingto usethe samevariablesfor R; T
andothermatrices.

Eliminatingthe rst row andcolumnfrom C leavesama-
trix thatis symmetricandstrictly diagonally dominanti.e.,
eachdiagonaklemenisin absolutesaluestrictly largerthan
thesumof theabsolutevaluesof off-diagonalentriesin that

¢ TheEurographic#ssociation2005.



S.Krishnanet. al. / Global Reistration via Optimization-on-a-Manifold

row. It is abasicpropertythatsuchmatricesarepositive def-
inite, which consequentlympliesthatC |3 is positive def-
inite, andthusg(R ;T ) hasa uniqueminimumfor x edR
andvarying T . Theminimizing valueof T isthen

veqT (R))= (C ! I3)veqRB)= veqRBC 1
T (R)=R BC L (10)
SubstitutingT (R) from Eq.(L0) into (8) leadsto a reg-
istrationerror costfunctiondependingonly onrotations,
f(R):= g(R;T(R)) = tr(RMR ~)

=vec (R”)(lz M)veqR”)

(11)

whereM = A BC B> , Is the Schur complemenof the
matrix de ned in theleft handsideof equation(7).

7. Initialization

Herewe presenta new closedform solutionbasedon sin-
gular value decompositiorthat simultaneouslyregistersall

rangeimageswhich is usedastheinitial guessfor the pro-
posedterative algorithmof theprevioussectionIn thenoise
free case,it givesoptimal and thus exact rotation matrices
in a singlestep.In the presencef noise,this stepleadsto

anoptimal' matrixR 2 R® 3N but suchthatR; 2 SO; for

somei typically. Thus,an additionalprojectionstepto the
manifoldis required.

7.1. NoiseFreeSolution

In thenoisefreecasefor R 2 SOQ theoptimalvalueof the
costfunction(11) is zero,as

vecC (R”)veqdMR )=0) vedMR ~)=0
) MR =0
SinceM is symmetricasingularvaluedecompositiomgives

Sa O U;
0 0 uy (13)

12)

M =USU” = Ua U

) MUp=0:

To obtainR suchthatR; = I3, let® := I3
closedform solutionis

R=0~ up: (14)

0 Uy, thenthe

7.2. Initialization in Noisy Case

In the presenceof noise, the optimal cost function is no
longerequalto zero.In this case Uy, is choserto be the set
of right singularvectorsassociateavith 3 leastsingularval-
uesof M , which may not be zero. Thesesingularvectors
might notbeon SOQ Thus,anadditionalprojectionstepis
requiredDenotingG; := B> Uy(g 13), wehave

opt _ i . Kk = - Gi):
R argRrglg%skR. Gik argR_rgeS%(:r(WG.). (15)
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By applyingasingularvaluedecompositiomn G;, we obtain

G=wLz; RM=w 2 0

0 de(wz”) Z7: (19

wherede(R*™) = + 1.

8. The Product Manifold of SO3

Herewereview thegeometryof thespecialbrthogonagroup
andits productmanifold.Let SO3 denotethegroupof3 3
orthogonamatriceswith determinant- 1, thenR; 2 SO3 for
i=1, ;N.

03 is a Lie groupwith the groupoperatorbeing matrix
multiplication. Its associated.ie algebrasos is the set of

3 3 skew symmetricmatricesof theform,

2 3
0 Wz Wy

w=4w, 0 WyD : 17)
Wy Wy 0

Thereis a well known isomorphismfrom the Lie algebra
(R3; ) to the Lie algebra(sog;[:;:]), where denotegshe
crossproductand[:; :] denoteghe matrix commutatarThis
allowsoneto identify soz with R usingthemappingn (17),
whichmapsavectorw= wx wy w; 2 R®toamatrix
W2 sos. Denoting

2 3 2 3
00 O 0 0 1
Q=40 0 15;Q:=40 0 O5and
01 0 100
2 3 (18)

0 10

Q=41 0 05

0 0 O

notethat
W= Ww) = Qxwx+ QyWwy + Qzwz: (29)

An identity thatwe will make useof lateris:veq W ) = Qw.
In this paperwe will considerthe N-fold productmanifold
of SO3 whichis a smoothmanifold of dimension3N, given
by

N ﬂnes
SO} = S0; SO3: (20)

8.1. TangentSpaceof SO}

First recall that the tangentspaceof SO3 at R is given as

TrSO3 = fRW j W 2 sozg andthe af ne tangentspaces

T2''S03 = fRi+ RW j W 2 so5g. De ne

Wi=wW W Wh; W 2 so3: (21)

Thedirectsum, , of matricesis equalto a block diagonal
matrix with the individual matricesasits diagonalblocks.
Due to isomorphism,the tangentspaceof SDQ atR =

[RiR:  Ry]2 SOf canbeidentied as,Tr SO} = R
andtheafne tangenspaces T3 ' SOY = R + R®/,
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8.2. Local Parameterization of SOY

LetN (0) R denotesasufciently smallopenneighbour
hoodof the origin in R3, andlet R 2 SO3. Thenthe expo-
nentialmapping

HIN(0)

is alocal diffeomorphisnfrom N (0) ontoaneighbourhood
of R in SO3. Dueto isomorphismtheproducimanifoldSD’?:I
atR 2 &)Q canbelocally parameterizetly

R31 05 wi 7! ReMW), (22)

i :N(0) N@© RMN1 sof;
2 '3
Wy
W= szz AR QM) ) )
WN
= ReMW) (23)

9. Constructing A Local Approximation

We arenow readyto presenbur algorithm.Firstly, we con-
structalocal approximatiorof f, usingasecondorderTay-
lor expansion.Insteadof differentiating f, we will usethe
local parametrizatiorof SO3 describedearlier performing
the approximationon the function f j , whosedomainis
RN Intuitively, the useof the local parametrizatiorjy en-
sureghatwe alwaysstayon the manifold.

ThesecondorderTaylor (2  jet) approximatiorof f j
is givenby thefunction j@(f j):R¥™N1 R,

w7l (f j)(tw)+§(f i )(tw)
1

1d . '
+ E@(f j )(tw) t:0: (24)

As with a univariate Taylor expansion,the above ex-
pressioncan be written in the form (f j)(0)+ w’r +
%W> Hw, wherer is the gradientandH is the Hessianof
thefunctionf j .

The rst termin (24) is (f j)(0) = tr(RMR ~). The
secondermis

gl ) =wr ()0

= 2tr(R®MR 7);

(25)

Recall that tr(R®MR °) can be written as

vec (BR”)veq MR 7).
veC (BR”)

[veq(®R )]
[vedIan®BR ™))™
(R Ian)ved®)]” (26)

2 3
6 x
Let®:= Qg Qe Qay; Qe :=4e Q. Then,
e Q

using(18), we have veq') = @w, andthen(26) canbewrit-
tenas

veC (BR”)=w"J”
whered := (R I3y)®. Substitutingoackinto (25),

r (f j)(0)=23 veqMR ”) 27)

Finally, thequadratidermin (24) consistof asumof two
terms.The rst termis givenas

tr(RAM & R )= w B¢ oW (28)
andthesecondjuadratidermis

tr(RR’MR ~) = vec (& )vedMR ~ R®) 29)

=W Bt oW

By applying similar methodsas above, we obtainthe Hes-
sianof f | evaluatedatzero:

Het 1o = Bt o+ B o (30)

where
it jyo=3" (s M) 0 (31)
Bt jxo= € (av MR “R)& (32)

NotethatH is a sumof the positive semide niteterm 2
andthe term 8. Since® is nonzero,we cannotguarantee
that f hasaunique(global)minimum.However, thefactthat
we candecomposél asasumof apositive de nite termand
anothetermwill proveto beusefulin theiterative algorithm
we presennext.

We notethatlq vanishesvhenthereareonly two views, il-
lustratingtheknown factthatthetwo-view registrationprob-
lem canbe solved optimally.

10. The Algorithm
Theproposedlgorithmconsistof theiteration,
s=pp p1:SO5 ! SOb; (33)

where p; mapsa point R on the product manifold SOQ

to an elementin the afne tangentspacethat minimizes
j@(f j)(0) and p, mapsthat elementback to SOy by
meansof the parametrization) . The mappingp; is a stan-
darditeratve schemethat usesa modi ed Newton method
to determinea descentirectionanda line search to move
alongthis direction.We would lik e to obsenre thatwhile we
usealine searchstrat@y in ourimplementationit is justas
easyto adaptt to thetrust-region (alsoknown asLevenbeg-

Marquardt) method Both methodgjeneratéterateswith the
helpof aquadratianodelof theobjective function.Themain
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differencelies in their useof the model.Line searchmeth-
odsusethe modelto generatenly a searchdirection,while
trust-region methodsde ne a region aroundthe currentit-
eratewithin which they trust the modelto be an adequate
representatiorof the objective function and then choosea
stepwhich is the approximateminimizer of the modelin
this trust region (choosethe direction and stepsize simul-
taneously)In whatfollows, we describethe line searchap-
proachin brief; thereaderis referredto thetext by Nocedal
andWright [NW99] for moredetails.

10.1. Optimization in Local Parameter Space

Optimizationin the local parameteispaceconsistsof two
steps.First we calculatea suitable descentdirection, and
thenwe searchfor a steplengththat ensureseductionin
costfunction. Thesewo stepsaredescribedy themapping

p1=pi pi:sOy! R¥M . (34)

In the rst step,pfi‘ is usedto obtaina descentirection,
pd:0y ! RN N R 71 R+ R™(Wop);

wherewopt is givenby the Newton direction
Wopt(j (W) = Ht ) (F 1)(W): (35)
or aGausdirection

Wopt(j (W) = |lq(f1], yw)" (f j)(w): (36)

Oncean optimal directionis computed.an approximate
onedimensionaline searchis carriedout in this direction,
denotedby the mappingp?. We proceedwith a searchthat
ensureshatthecostfunctionis reducedateverystep.Weuse
backtrackingline search([NW99]) for this purpose.Since
we are using a descentdirection, choosinga sufciently
smallstepsizewill ensurethatthe costfunctiongoesdown-
hill. Backtrackindine searchstartswith a stepsizeof 1 and
iteratively updateghestepsizeuntil certainterminationcon-
ditions aresatis ed ((NW99], Section 3.4).Let | opt bethe
stepsizereturnedy thebacktrackingprocedureéhatreduces
the costfunctionin directionwopt. Thus,

p22R3N 3N I R3N 3N;

R+ R®wopt) 7! R+ R®AI optWopt): (37

10.2. Projecting back via parametrization

Once the descentdirection and downhill stepsize is ob-
tained,we maptheresultingpoint backto the manifold via
the parametrizatiop, : R3 N1 ol
R + WU optWopt) 7! R e onWor)
=R Ml oxwi™) M o i) (38)
h i
i - . opt” opt”
sincewopt = wj Wy
We summarizehealgorithmin Algorithm 10.1
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Algorithm 10.1Iterative Algorithm

Initialize R = Ro= [Ri R, Ry] 2 SOY usingtheini-
tializationproceduredescribedn Section7.2
repeat

{I* Step1: Carry out optimization */}

Computer (f j)(0), H(t jyo Via (27), (30) respec-

tively.
if H(f i)(0) 10 then

Wopt = H(f 0" (f j)(0) {Newton step}
else

Wopt = Itl(flj yo (f1)(0) {Gaussstep}
endif
Computeoptimumstepsizel opt in directionwopt. Set
R®  pi(R) (37)

{I* Step2: Map back to manifold */}

R p2(R9 (39
until kr (f j)(Ok> e

Theorem 10.1ConsidettheiterationR . ; = S(R) de ned
by asinglestepof Algorithm 10.1anddenoteR = j (0) as
belongingto the setof local minima of j(z)(f j )(w). Fur-
therassumé¢hatR is anisolatedminimumin thatH(flj )(0)
exists. Thens convergeslocally quadraticalltfo R .

We omit a detailedproof. Thereademayreferto Lee's the-
sis([Lee03) for moredetails.

Implementation Notes We usea simple eigervalue com-
putationto determinenhetherthe HessiarH is positive def-
inite. This is not the most ef cient approach;other more
sophisticatechumericalmethodscansimplify this step,and
even avoid computingthe Hessiandirectly. We defera de-
tailed implementatiorstudy to an extendedversionof this
paper To reducecomputationaéffort periterationof theal-
gorithm,thesparsematrixJ (27) thatwe usefor Hessiarand
gradientcomputatiorcanbe manipulatedurtherasfollows.
RecallingwWfrom (17),

JZZ(Rl Ian) Qe (Re 13n)Qe,  (Rn |3I§)Q9N

WE R) WE Ry) WL Ry) (39)
-WER) WSR)  WERwS:
WER) WER) W& Ry)

In general,determininga suitable modi cation to a non-
positive-de nite Hessianto make it positive de nite is the
core of the modi ed Newton methodthatwe employ. It is
interestingthat for this problem,the Hessiandecomposes
cleanlyinto positive de nite and non-positve-de nite por-
tions, and this might be a sign of further structurein the
problemthata betteriterative schemeamight exploit.
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Model Numberof vertices Number Totalsize Numberof Time (in secs.per
of scans ofall scans view pairsgenerated iteration(MBR)
DRILL 1961 20 23298 77 0.015
DRAGON 100250 20 1142487 98 0.016
BUDDHA 32328 50 252580 526 0.093

Table 1: Statisticsfor the synthetic3D modelsusedfor global registration

11. Experimental Evaluation

We now presentanexperimentalstudyof our algorithm,fo-
cusingprimarily on the quality of the registrationsit pro-
ducesandthe corvergencerateof the method.

Methods Wewill compareouralgorithm(whichwewill re-
fertoasMBR (Manifold-basedegistration))to theschemes
proposedby Benjemaaand Schmitt [BS99 (QUAT) and
Williams andBennamouWB01] (MAT). MBR andMAT
arematrix basedandarewritten in MATLAB MAT, which
usesquaternionsn its formulation,is writtenin C. We used
amaximumiterationlimit of 1000for all the methodsOur
methodof comparisorbetweenvariousalgorithmswill be
basedon both visual quality aswell asiterationcountsand
errorcorvergencerates(we will notuseclocktime).

Data Our rst datasetconsistsof actual3D modelsfrom
the Stanford3D ScanningRepository For eachof three
models,we generateda collectionof views asfollows: we
rst generatea unit vector (representinga view) and ex-
tractedthepointsonall front-facingtriangleswith respecto
thisview. Next, eachview is randomlyrotatedandtranslated
into a local coordinatesystem.Finally, eachpoint in each
view is randomlyperturbedusing a Gaussiamoisemodel.
Thisyieldsa collectionof views that possesa globalnoisy
registration.With this data,we have groundtruth (exactcor
respondences3ince we have the original model. Table 1
summarizeshe statisticsof this data.

Our seconddatasetconsistsof 3D rangescandatafrom
the Digital MichelangeloProject[LPC 00]. Theindividual
scangomewith anoriginal alignment(storedin .xf  les).
We performICP on pairsof scansusingthe routinesbuilt
into scanalyze , andretainall pairsof scanshathave at
leastthreepointsin commonasdetermineddy ICP. In each
instancewe run ICP ve timesandtake the bestalignment
thusgeneratedeachinstanceof ICP runsfor teniterations).
Themodelof correspondencesedis point-point.

11.1. 3D Models

We rst ranthethreealgorithmson the view pairsobtained
from the three 3D models.In Figure 1 we showv the out-
put registrationsobtainedby MBR . For theseexamplesthe
othertwo schemegroducedsimilar registrations,although

with highererror. In Table2, we compargheperformancef
the threescheme®n the models,in termsof boththe num-
berof iterationgtill corvergenceandthe nal error The nal
erroris computecdby evaluatingthefunctionde nedin (9).

Whatis striking aboutthe numberds thatalthoughin the
endthe otherapproachesnostly (exceptfor DRILL) yield
comparablesrror, theiriterationcountsareordersof magni-
tudehigherthanthat of our schemeThis is a cleardemon-
strationof locally quadraticcorvergencepropertiesof our
scheme.

Factors that in uence iteration counts Sinceour method
corvergessigni cantly fasterthanthe otheralgorithms,we
attemptedto investigate other factorsthat might improve
their performanceSomeof the parameterghatin uence it-

erationcountsarethe densityof the correspondencgraph
i.e. how mary view pairsare provided, andthe strengthof

matchfor eachpair (averagenumberof pointsin eachview

pair).

In all cases,the numberof iterationsrequired by our
methodto corverge was unafected by theseparameters.
However, for the other methodswe noticeda fairly weak
correlationbetweerthedensityof the correspondencgraph
andthenumberof iterationsneededasthegraphgotdenser
implying a more constrainedsystem,the numberof itera-
tionsneededo corvergereducedFor example theiteration
countsfor MAT andQUAT wentfrom closeto 1000(for a
sparsegraphin the Dragon)to 47 (for a densegraphin the
Drill).

Cost per iteration We do not provide a comparisorof ac-
tual time per iteration for the three methodsbecausehey
have beenimplementedon different platforms. However,
MBR andMAT exhibit cubicdependencen the numberof
scang(for N scansgachiterationtakes O(N°) time), while
QUAT take quadratictime per iteration at the expenseof
mary moreiterations.Thereis no runningtime dependence
ontheactualsizeof themodelor sizeof eachscan;thereis
however a preprocessingostdependentn the total size of
the correspondingoints. Using our Matlab code,we mea-
suredthe time per iteration only for our algorithm, MBR,
andis shavn in thelastcolumnof Table 1. All timing mea-
surementsvere performedon a PC running Windows XP

¢ TheEurographic#ssociation2005.
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(a) Drill

(b) Dragon

(c) Buddha

Figure 1: Rayistrationsproducedby our Optimization-on-a-Manifolélgorithm,MBR, on syntheticdatasets.

with a 2.8 GHz PentiumlV processoiand 512 MBytes of
RAM. For themodelswe triedin this paperwe roughlyhad
anywherefrom 8 to 80 correspondingpoints betweenpairs
of scans.

11.2. RangeScanData

Having evaluatedthe performancef our schemen relation
to prior artin a controlledsettingwheregroundtruth (exact
correspondencegyreknown, we now presenthe resultsof
running the schemesn rangescandata. We focus on the
modelof David, speci cally the views correspondingo the
headand bust region. After implementingthe view gener
ation proceduredescribedearlier we obtaina 10-scanin-
stanceof the bust and a 38-scaninstanceof the head.We
alsousea 21-scaninstancehathasbadstartingalignment.

MBR MAT QUAT
Iter. Error lter. Error Iter.  Error

Drill 2 3.5e-7 47 3.5e-7 48 Te-7

Dragon 4 5e-3 933 1le-2 1000 1le-2

Buddha 2 2e-4 534 2e-3 718 3e-3

Table 2: Performanceof the three registration methods
- our Optimization-on-a-ManifoldnethodMBR, Williams

and Bennamours SVD-basednethodMAT and Benjemaa
and Sthmitt's Quaternion-basednethodQUAT on the syn-

theticdatasets

Figure2 shavstheregistrationsobtainedoy MBR, MAT,
andQUAT. In all casestheregistrationproducedoy our al-
gorithm is quite plausible.The other methodsdo not fare
sowell; atypical problemis thatthe two halvesof David's
facedo notregisterproperly creatingthefalseeffect of two
headsTable3 summarizeshe performanceof the threeal-
gorithmsin termsof iterationcounts.For absoluteimesper
iteration,our algorithm,MBR, took 9 millisecondsfor the

¢ TheEurographic#ssociation2005.

10-scarinstanceof thebust,47 millisecondsfor the 38-scan
instanceof the headand20 millisecondsfor the 21-scann-
stanceof the bustwith badinitial alignment.

MBR MAT QUAT
Iter. Iter. Iter.

Head 48 247 1000

Bust 12 1000 1000

Bust- Bad
Alignment 81 1000 1000

Table 3: Performanceof the three registration methods
- our Optimization-on-a-ManifoldnethodMBR, Williams
and Bennamours SVD-basednethodMAT and Benjemaa
andSdmitt's Quaternion-basethethodQUAT ontheDavid
model- courtesyof the Digital Michelangelo project

12. Conclusionand Futur e Work

In this paper we have presenteda novel algorithmfor si-

multaneougegistrationof multiple 3D point sets.The al-

gorithmis iterative in nature,basedon an optimization-on-
a-manifoldapproachThealgorithmis locally quadratically
corvergent,and corvergesmuch fasterthan prior methods
for simultaneougegistration.We also proposea nev ana-
lytic methodthat providesa closedform solutionbasedon

singularvaluedecompositionlt givesexactsolutionsin the
noisefree caseandcanbe usedasagoodinitial estimatefor

ary iterative algorithm.
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(a) Theheadof David (detailed:38 scans)

(b) Theheadandbustof David (10 scans)

(c) Headandbust: Badinitial alignment(21 scans)

Figure 2: This gure showsthe resultsof three algorithmsfor simultaneougegistration of multiple 3D point sets- our
Optimization-on-a-ManifolanethodVIBR, Wiliams and Bennamours SVD-baseanethodVMAT, andBenjemaand Stmitt's
Quaternion-basethethodQUAT (fromleft to right) on differentinstanceof the David model.
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