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Abstract
Weproposea novelalgorithmto registermultiple3D pointsetswithin a commonreferenceframeusinga manifold
optimizationapproach. Thepoint setsareobtainedwith multiplelaserscannersor a mobilescanner. Unlikemost
prior algorithms,our approach performsan explicit optimizationon the manifoldof rotations,allowing us to
formulatethe registration problemas an unconstrainedminimizationon a constrainedmanifold. This approach
exploitstheLie groupstructureof SO3 andthesimplerepresentationof its associatedLie algebra so3 in termsof
R3.
Our contributionsare threefold.We presenta new analyticmethodbasedon singularvaluedecompositionsthat
yieldsa closed-formsolutionfor simultaneousmultiview registration in thenoise-freescenario.Secondly, weuse
this methodto derivea goodinitial estimateof a solutionin the noise-freecase. This initialization stepmaybe
of usein any general iterative scheme. Finally, we presentan iterative schemebasedon Newton's methodon
SO3 that haslocally quadratic convergence. We demonstrate theef�cacy of our schemeon scandata takenboth
fromtheDigital Michelangeloprojectandfromscansextractedfrommodels,andcompare it to someof theother
well knownschemesfor multiview registration. In all cases,our algorithmconvergesmuch fasterthan theother
approaches,(in somecasesordersof magnitudefaster),andgeneratesconsistentlyhigherquality registrations.

1. Intr oduction

Constructinga3D computermodelof a realobjectfrom 3D
surfacemeasurementdatahasvariousapplicationsin com-
putergraphics,virtual reality, computervision andreverse
engineering.To constructsuchamodel,asingleview of the
object is often insuf�cient due to self occlusion,the pres-
enceof shadows andlimitations of the �eld of view of the
3D scanner. Multiple partial views of the object from dif-
ferentviewpointsarethereforeneededto describetheentire
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object.Typically theviewsareobtainedfrom multiplescan-
nersor from a singlescannerstationedat differentlocations
andorientation,or evena �x edscannertakingtime-sampled
imagesof anobjecton a moving turntable.The imagesare
oftensimpli�ed asasetof featuressuchaspointsandtherel-
ativepositionandorientation(pose)betweenviewsareonly
known imprecisely(if at all). Thus,thesepartially overlap-
pingviewsneedto beregisteredwithin acommonreference
frameto determinetheunknown relativepose.

Two-view (pairwise)registrationis a well studiedprob-
lem in theliterature.It is known thata closed-formsolution
canbeobtainedin thiscase;thiswasshown by Faugerasand
Herbert[FH86], Horn [Hor87], and Arun et al. [AHB87].
An overview of thesetechniquescanbe found in [Kan94]
and a comparisonof thesemethodshasbeenpresentedin
[LEF95].

Multiview registrationis a moredif�cult problem.There
are two strategies towardssolving the problem,local (se-
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quential)registrationandglobal(simultaneous)registration.
Thesequentialregistrationapproach(of which ICP [BM92]
is themostwell-known) involvesthealignmentof two over-
lappingviews at a time followed by an integrationstepto
ensureall views arecombined.This widely usedapproach
doesnot give an optimal solutionbecauseerrorscanaccu-
mulateandpropagate,asotherresearchershavepointedout.
On theotherhand,global registrationattemptsto alignsall
scansat thesametime by distributing the registrationerror
evenlyoverall overlappingviews.

The particularproblemof multiview registrationis that
the function to be minimized is a nonconvex function of a
setof rotations(translationscanusuallybeeliminated,aswe
shallsee).Any algorithmthatminimizesthis functionmust
alsomaintaintheconstraintthattherotationsremainsodur-
ing the courseof an iterative procedure(other approaches
have beenproposed;Pottmannet al. [PHYH04] suggestus-
ing the underlyingaf�ne space,applying the rigidity con-
straintsonly towardsthe end).Thus,standardoptimization
approacheseitheruseLagrangeconstraintsor have to per-
form projectionstepsaftereachiterationto ensurethat this
(nonlinear)constraintis maintained.

A differentapproachthat hasbeenconsideredis to per-
form the minimization directly on the constraint mani-
fold. Rn is a manifold, albeit of very specialtype, and by
translatingthe usualnotionsof derivativesand tangentsin
theirdifferential-geometricgeneralizations,it is conceivable
that standardnumericalmethodslike Newton/Gaussitera-
tions and conjugate gradientscan be translatedinto their
manifold-basedanalogues.This areahas received consid-
erable attention over the past few decades.Much work
hasgoneinto both theoreticaland practicalapproachesto
manifold-basedoptimization,andalthoughadetailedreview
of the literatureis beyond the scopeof this paper, a good
review can be found in the work by Edelman,Arias and
Smith[EAS99] onimplementingNewton'smethodandcon-
jugategradientson theGrassmanandStiefelmanifolds.

In graphics,vision, androbotics,the “natural” constraint
manifoldsarisefrom transformationsgroupslike SO3;SE3
and the like. The group structureallows us to view these
manifoldsasLie groups,with associatedLie algebras.For
SO3 in particular, many of the relevant formulae(the ex-
ponentialmap, the logarithmic map, geodesiccurves) are
easyto write down,makingthisapproachverytractableboth
mathematicallyandcomputationally. Therearenow several
examplesof theuseof Lie groupmethodsin areaslike pose
estimation[LM04, Gov04], pathplanning[Agr05], andani-
mation[Ale02].

1.1. Our Work

In this paper, we considerthe simultaneousregistrationof
multiview 3D point setswith known correspondencesbe-
tweenoverlappingscans.

We addressthe global registration task as an uncon-
strainedoptimizationproblemonaconstraintmanifold.Our
novel algorithminvolvesiterativecostfunctionreductionon
the smoothmanifold formedby the N-fold productof spe-
cial orthogonalgroups.Theoptimizationis basedon locally
quadraticallyconvergentNewton-typeiterationsonthiscon-
straintmanifold.The proposedalgorithmis fast,converges
at a local quadraticrate, computationper iteration is low
sincetheiterationcostis independentof thenumberof data
pointsin eachview.

In addition,we presenta new closedform solutionbased
on singularvaluedecompositionfor simultaneousregistra-
tion of multiple point sets.In the noisefree case,it gives
correctregistrationsin asinglestep.In thepresenceof noise
anadditionalprojectionstepto theconstraintmanifoldis re-
quired.Thisanalyticalsolutionis ausefulinitial estimatefor
any iterativealgorithm.

Paper Outline We start with a review of prior art in the
areain Section2. After ahigh level overview of ourmethod
in Section3, weformulatetheglobalpointregistrationprob-
lem asanunconstrainedoptimizationon a constraintmani-
fold in Sections5. We presenta compactreformulationof
theproblemin 6, following which we describeour analytic
noise-freesolutionandour noisy initialization stepsin Sec-
tion 7. A brief introductionto Lie groupsandrelatedmathe-
maticalbasicsis describedin Section8. This is followedby
a presentationof our iterative schemein Sections9 and10.
Experimentalevaluationfollows in Section11.

2. RelatedWork

The �rst work on pairwise scanalignmentwas done by
Faugerasand Herbert [FH86], Horn [Hor87], and Arunet
al. [AHB87]. In all cases,theauthorsobtainedsimpleclosed
form expressionfor the single transformationminimizing
the leastsquareserror betweenthe registeredscans.Such
pairwiseschemeswere usedas modulesin generalmulti-
view approacheslike Iterative ClosestPoint (ICP) [BM92]
and the work of Chen and Medioni [CM92]. Simultane-
ousmultiview registrationschemeswereconsideredby nu-
merousresearchers[CM92], [BSGL96], [EFF98], [Pul99],
[SLW04], [SBB03]; among the more recent are papers
by Benjemaaand Schmitt [BS98] and Williams and Ben-
namoun[WB01], the former group formulating the opti-
mizationin quaternionspace,andthelatterderivingasimilar
approachusingmatrix representations.A comparativestudy
of simultaneousmultiview registration schemeswas per-
formedby Cunningtonand Stoddart[CS99]; however this
comparisonpredatesthework of Williams andBennamoun.

TheICPalgorithmhasbecomethemostcommonmethod
for aligning three-dimensionalmodelsbasedpurely on the
geometry. The algorithmis widely usedfor registeringthe
outputsof 3D scanners,which typically only scananobject
from onedirectionata time.ICPstartswith two meshesand
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aninitial guessfor theirrelativerigid-bodytransform,andit-
eratively re�nes thetransformby repeatedlygeneratingpairs
of correspondingpointsonthemeshesandminimizinganer-
ror metric.Generatingtheinitial alignmentcanbedoneby a
varietyof heuristics,suchastrackingscannerposition,iden-
ti�cation and indexing of surface features[FH86, SM92],
"spin-image"surfacesignatures[JH97], computingprinci-
pal axes of scans [DWJ97], exhaustive searchfor corre-
spondingpoints[CHC98, CHC99], or via userinput.

Registrationof correspondingpoints is not the only ap-
proachto solving multiview registrationin general.ICP it-
selfusesotherheuristicsto alignsurfaces,andin many cases
matchinga point to a surfacecanprovide a better�t than
simple point-point matching[RL01]. Due to spacelimita-
tions,wewill notdiscusstheseapproachesfurther.

Themostdirectly relevantprior art is a paperby Adler et
al. [ADM � 02] that considersthe problemof spinerealign-
ment.There,the problemis to determinecorrectposesfor
individual vertebraeon the spinalcord suchthat misalign-
mentbetweenadjacentvertebraeis minimizedandabalance
criterion(expressedasanaf�ne conditionover theposes)is
maintained.They demonstratethat a good solution to this
problemcloselyresemblesahealthy spinalalignment.Their
approach,like ours,is to view the problemasa minimiza-
tion overaproductmanifoldof SO3, anduseaNewton-type
methodto solve it. Thespeci�csof theirapproacharediffer-
ent in that they derive an iterative schemefrom �rst prin-
ciples by using the covariant derivative r X on the mani-
fold; our approachusesthe Lie-algebraicrepresentationof
thetangentspaceto yield anmoredirectapproach.

It maybeviewedthatour requirementfor apriori knowl-
edgeof point correspondencesfrom overlappingscansis a
major limitation, sincethis is usuallynot the casein prac-
tice.However, ouralgorithmis meantto work in conjunction
with methodslike ICP which provide a generalframework
for modelregistration.Thecrucial innerstepof the ICP al-
gorithm is to re�ne the transformsuchthat it minimizesa
errormetric.It is thisstepthatweconsiderin thispaper.

3. Overview and Intuition

To helpexplain our algorithms,we presenta brief overview
of how to performNewton-typemethodsonmanifolds.This
is intendedto capturethe intuition behindour methodsand
is not intendedto be mathematicallyrigorous.A readerfa-
miliar with Lie groupsandbasicdifferentialgeometrymay
godirectly to thealgorithmdescription.

A traditional unconstrainedor constrainedoptimization
methodsperformssearchesin RN. Directionsof motionare
computedusingNewton'smethod(or otherapproaches)and
a smallstepis madein this direction.Thestandarditerative
stepis of theform xk+ 1 = xk + awk, wherexk is thekth iter-
ate,a is a scalar, andwk is a descentdirection. Thedescent
directionslie in thetangentspaceof RN, which is RN itself,
acrucialfactthatallowsusto combinethetermsxk andwk.

Whenwemoveto ageneralmanifold,almosteveryaspect
of the above iterationneedsto be reinterpreted.Firstly, the
descentdirectionwk lies in thetangentspaceat xk, which is
in generaldifferentto the tangentspaceat any otherpoint,
and is different in generalfrom the manifold itself. Thus,
somemappingis neededto pull back thetangentto theman-
ifold. Secondly, theoperator+ is speci�c to RN asa group
operatorthat takestwo elementsof a groupandmapsto a
third element.

For a Lie group,the tangentspaceat a point canbe ex-
pressedin termsof theassociatedLie algebra.For SO3, the
associatedLie algebraso3 is thespaceof threedimensional
skew-symmetricmatrices.Thusthedescentdirectioncanbe
representedby a skew-symmetricmatrix.Thepull backop-
eratoris calledtheexponentialmap. For matrices,it is in fact
the functioneA (seeSection4 for thede�nition). Theoper-
ator+ is replacedby thegroupoperator� of theLie group
(which for SO3 is matrix multiplication).Whatwe thenob-
tain is aniterationof theform Rk+ 1 = Rk � eaA, whereonce
again,a is a scalar. We will additionallyexploit theisomor-
phismof so3 with R3, allowing usto parametrizethematrix
A by coordinatesin R3.

4. Preliminaries

We introducesomecommonmatrix operatorsthat we will
use in subsequentsections.If M is an n � k matrix, then
vec(M) is a nk � 1 vector formed by writing down the
columnsof M oneat a time. TheKronecker productor ten-
sor productA 
 B of two matricesA and B is the matrix
formed by replacingeachelementai j of A by the matrix
ai jB. This is different from the direct sum � of matrices,
which is equalto a block diagonalmatrix with the individ-
ual matricesas the diagonalblocks.Let tr(A) = å i aii de-
note the traceof a squarematrix A. The following identi-
ties are well-known: tr(AB) = tr(BA) if A and B are both
square,(X 
 Y)> = X> 
 Y> ; (X 
 Y)� 1 = X� 1 
 Y� 1

when the inversesexist, (X 
 Y)(A 
 B) = (XA 
 YB),
and vec(XYZ) = (Z> 
 X) vec(Y). A useful fact is that
tr(X> Y) = tr(XY> ) = vec> (x) vec(Y), which implies that
for vectorsu;v, thedotproductu� v = u> v canbewrittenas
u� v = tr(uv> ). TheexponentialeA of a matrix A is de�ned

aseA = å i
Ai

i! .

5. The ProblemFormulation

Given possiblynoisy surfacemeasurementsfrom multiple
3D imagesand point correspondencesamongoverlapped
images,the registration processis to �nd the rigid body
transformationsbetweeneachimagecoordinateframein or-
der to align setsof surfacemeasurementsinto a reference
frame.

5.1. 3D Object Points and Multiple Views

Considera 3D object as a set of 3D points W := f wk 2
R3 j k = 1;2; � � � ;ng in a`world' referenceframe(Fig. 1(a)).
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Throughoutthepaperwe indicatethekth point in a setby a
superscriptk.

Now considermultipleviewsof theobject,eachview be-
ing from adifferentvantagepointandviewing directionand
eachviewing being of possiblyonly a subsetof the n 3D
points.For N views, let usdenotethe relative rotationsand
translationsas (R1; t1); � � � ; (RN; tN), that is, relative to the
`world' referenceframe,whereRi is a3� 3 rotationmatrix,
satisfyingR>

i Ri = I3; det(Ri) = + 1, andti 2 R3 is a trans-
lationvector.

The ith view is limited to ni pointsWi = f wk
i 2 R3 j k =

1;2; � � � ;nig � W and is denotedVi = f vk
i 2 R3 j k =

1;2; � � � ;nig andconsistsof theimagesof theni pointsin Wi
with relative rotationmatricesandtranslationvectorsgiven
by (Ri ; ti). Thusin thenoisefreecase,

wk
i = Riv

k
i + ti ; k = 1;2; � � � ;ni : (1)

Let Wi j = Wi \ Wj bethesetof ni j pointsin Wi for which
therearecorrespondingpointsin Wj , for i; j = 1; � � � ;N. That
is, Wi j = Wj i consistsof ni j = n j i points wk

i j = wk
ji 2 R3,

k = 1; � � � ;ni j . In view Vi the setof imagesof thesepoints
is denotedVi j := f vk

i j 2 R3 j k = 1;2; � � � ;ni jg � Vi and

of coursefor view Vj it is denotedVj i := f vk
ji 2 R3 j k =

1;2; � � � ;ni jg � Vj . In the noisefree case,it is immediate
that

wk
i j = Riv

k
i j + ti = Rjv

k
ji + t j

8 i; j = 1;2; � � � ;N; k = 1;2; � � � ;ni j ;
(2)

5.2. Registration Err or CostFunction

Whenthereis measurementnoise,it makessenseto work
with a cost functionsthat penalizesthe error (Riv

k
i j + ti) �

(Rjv
k
ji + t j ) for all i; j = 1;2; � � � ;N and k = 1;2; � � � ;ni j .

Trivially the error is zero for i = j. The cost index for all
the registrationswhich �rst comesto mind is given by the
sumof the squaredEuclideandistancesbetweenthe corre-
spondingpointsin all overlaps,

g(R ;T ) =
N

å
i= 1

N

å
j= i+ 1

ni j

å
k= 1

k(Riv
k
i j + ti) � (Rjv

k
ji + t j )k

2;

=
N

å
i= 1

N

å
j= i+ 1

ni j

å
k= 1

(kRiv
k
i j � Rjv

k
jik

2

+ 2(ti � t j )
> (Riv

k
i j � Rjv

k
ji ) + kti � t jk

2):
(3)

6. A Mor eCompactReformulation

Let ei denotetheith columnof theN � N identity matrix IN
andlet ei j := ei � ej . Let

R :=
�
R1 R2 � � � RN

�
2 R3� 3N (4)

and

T :=
�
t1 t2 � � � tN

�
2 R3� N (5)

thenwehave

Ri = R (e>
i 
 I3); ti = T ei ; ti � t j = T ei j : (6)

Let ak
i j := (ei 
 I3)vk

i j � (ej 
 I3)vk
ji . Substitutingthe value

of Ri from Eq.(6),

Riv
k
i j � Rjv

k
ji = R ak

i j

andthus

kRiv
k
i j � Rjv

k
jik

2 = R ak
i j � R ak

i j

Similarly substitutingthevalueof ti , wecanrewrite theinner
expressionof Eq.(3) as

R ak
i j � R ak

i j + 2T ei j � R ak
i j + T ei j � T ei j

Let
�

A B
B> C

�
=

N

å
i= 1

N

å
j= i+ 1

ni j

å
k= 1

�
ak

i j
ei j

� h
ak>

i j e>
i j

i
� 0 (7)

Using the fact that u � v = tr(uv> ), we can now rewrite
Eq.(3) as

g(R ;T ) = tr(R AR > + 2R BT > + T CT > )

= tr
�

�
R T

�
�

A B
B> C

� �
R >

T >

� �
� 0;

(8)

or equivalently, as

g(R ;T ) = tr(R AR > ) + 2vec> (T ) vec(R B)

+ vec> (T )(C
 I3) vec(T );
(9)

sincetr(XY> ) = vec> (X) vec(Y).

6.1. Eliminating T

Equation(9) is aquadraticfunctionof vec(T). This function
is convex (andthushasauniqueminimum)iff C
 I3 is pos-
itive de�nite. An elementcii of C is å k6= i nik andci j = � ni j
for j 6= i. Unfortunately, this impliesthatC is singular, since
C1 (where1 is theall-onesvector)vanishes.

This is a consequenceof the fact that we can only re-
cover relative transformationsfrom our input, not absolute
transformations.We can �x (say) the �rst referenceframe
(R1; t1) = (I3;0), where0 is the zerovector, andeliminate
the�rst row andcolumnfrom all thematrices.Wewill abuse
notationby continuingto usethe samevariablesfor R ;T
andothermatrices.

Eliminatingthe�rst row andcolumnfromC leavesama-
trix that is symmetricandstrictly diagonallydominanti.e.,
eachdiagonalelementis in absolutevaluestrictly largerthan
thesumof theabsolutevaluesof off-diagonalentriesin that
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row. It is abasicpropertythatsuchmatricesarepositivedef-
inite, whichconsequentlyimpliesthatC
 I3 is positivedef-
inite, andthusg(R ;T ) hasa uniqueminimumfor �x ed R
andvaryingT . Theminimizingvalueof T is then

vec(T � (R )) = � (C� 1 
 I3) vec(R B) = � vec(R BC� 1)

T � (R ) = �R BC� 1: (10)

SubstitutingT � (R ) from Eq.(10) into (8) leadsto a reg-
istrationerrorcostfunctiondependingonly on rotations,

f (R ) := g(R ;T (R )) = tr(RMR > )

= vec> (R > )( I3 
 M ) vec(R > )
(11)

whereM := A� BC� 1B> , is theSchur complementof the
matrixde�ned in theleft handsideof equation(7).

7. Initialization

Herewe presenta new closedform solutionbasedon sin-
gular valuedecompositionthat simultaneouslyregistersall
rangeimageswhich is usedasthe initial guessfor thepro-
posediterativealgorithmof theprevioussection.In thenoise
free case,it givesoptimal andthusexact rotationmatrices
in a singlestep.In the presenceof noise,this stepleadsto
an`optimal' matrix R 2 R3� 3N but suchthatRi =2 SO3 for
somei typically. Thus,an additionalprojectionstepto the
manifoldis required.

7.1. NoiseFreeSolution

In thenoisefreecase,for R 2 SON
3 , theoptimalvalueof the

costfunction(11) is zero,as

vec> (R > ) vec(MR > ) = 0 ) vec(MR > ) = 0

) M R> = 0:
(12)

SinceM is symmetric,asingularvaluedecompositiongives

M = USU> =
�
Ua Ub

�
�
Sa 0
0 0

� �
U>

a

U>
b

�

) M Ub = 0:

(13)

To obtainR suchthatR1 = I3, let bU :=
�
I3 0

�
Ub, thenthe

closedform solutionis

R = bU �> U>
b : (14)

7.2. Initialization in NoisyCase

In the presenceof noise, the optimal cost function is no
longerequalto zero.In this case,Ub is chosento betheset
of right singularvectorsassociatedwith 3 leastsingularval-
uesof M , which may not be zero.Thesesingularvectors
might not beon SON

3 . Thus,anadditionalprojectionstepis
required.DenotingGi := bU �> Ub(ei 
 I3), wehave

Ropt
i = arg min

Ri2 SO3
kRi � Gik = arg max

Ri2 SO3

tr(R>
i Gi): (15)

By applyingasingularvaluedecompositiononGi , weobtain

Gi = WLZ> ; Ropt
i = W

�
I2 0
0 det(WZ> )

�
Z> ; (16)

wheredet(Ropt
i ) = + 1.

8. The Product Manif old of SO3

Herewereview thegeometryof thespecialorthogonalgroup
andits productmanifold.Let SO3 denotethegroupof 3� 3
orthogonalmatriceswith determinant+ 1, thenRi 2 SO3 for
i = 1; � � � ;N.

SO3 is a Lie groupwith thegroupoperatorbeingmatrix
multiplication. Its associatedLie algebraso3 is the set of
3� 3 skew symmetricmatricesof theform,

W=

2

4
0 � wz wy
wz 0 � wx

� wy wx 0

3

5 : (17)

Thereis a well known isomorphismfrom the Lie algebra
(R3; � ) to theLie algebra(so3; [:; :]), where� denotesthe
crossproductand[:; :] denotesthematrix commutator. This
allowsoneto identify so3 with R3 usingthemappingin (17),
which mapsa vectorw =

�
wx wy wz

�
2 R3 to a matrix

W2 so3. Denoting

Qx :=

2

4
0 0 0
0 0 � 1
0 1 0

3

5 ; Qy :=

2

4
0 0 1
0 0 0

� 1 0 0

3

5 and

Qz :=

2

4
0 � 1 0
1 0 0
0 0 0

3

5

(18)

notethat

W= W(w) = Qxwx + Qywy + Qzwz: (19)

An identity thatwewill makeuseof lateris:vec(W> ) = Qw.
In this paperwe will considerthe N-fold productmanifold
of SO3 which is a smoothmanifoldof dimension3N, given
by

SON
3 =

N times
z }| {
SO3 � � � � � SO3 : (20)

8.1. TangentSpaceof SON
3

First recall that the tangentspaceof SO3 at Ri is given as
TRi SO3 = f RiWi j Wi 2 so3g andtheaf�ne tangentspaceis
Taf f

Ri
SO3 = f Ri + RiWi j Wi 2 so3g. De�ne

eW:= W1 � W2 � � � � � WN; Wi 2 so3: (21)

Thedirectsum,� , of matricesis equalto a block diagonal
matrix with the individual matricesas its diagonalblocks.
Due to isomorphism,the tangentspaceof SON

3 at R =
[R1 R2 � � � RN] 2 SON

3 canbe identi�ed as,TR SON
3 = R eW

andtheaf�ne tangentspaceis Taf f
R SON

3 = R + R eW.
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8.2. Local Parameterization of SON
3

Let N (0) � R3 denotesasuf�ciently smallopenneighbour-
hoodof theorigin in R3, andlet Ri 2 SO3. Thentheexpo-
nentialmapping

µ : N (0) � R3 ! SO3; wi 7! Rie
Wi (wi ) ; (22)

is a local diffeomorphismfrom N (0) ontoa neighbourhood
of Ri in SO3. Dueto isomorphism,theproductmanifoldSON

3
atR 2 SON

3 canbelocally parameterizedby

j :N (0) � � � � � N (0) � R3N ! SON
3 ;

w =

2

6
6
6
4

w1
w2
...

wN

3

7
7
7
5

7! R
�

eW(w1) � eW(w2) � � � � � eW(wN)
�

= R e
eW(w) (23)

9. Constructing A Local Approximation

We arenow readyto presentour algorithm.Firstly, we con-
structa local approximationof f , usinga secondorderTay-
lor expansion.Insteadof differentiating f , we will usethe
local parametrizationof SO3 describedearlier, performing
the approximationon the function f � j , whosedomainis
R3N. Intuitively, the useof the local parametrizationj en-
suresthatwealwaysstayon themanifold.

ThesecondorderTaylor (2� jet) approximationof f � j
is givenby thefunction j (2)( f � j ) : R3N ! R,

w 7!
�

( f � j )(tw) +
d
dt

( f � j )(tw)

+
1
2

d2

dt2 ( f � j )(tw)

! �
�
�
�
�
t= 0

: (24)

As with a univariate Taylor expansion,the above ex-
pressioncan be written in the form ( f � j )(0) + w> r +
1
2w> Hw, wherer is the gradientandH is the Hessianof
thefunction f � j .

The �rst term in (24) is ( f � j )(0) = tr(RMR > ). The
secondtermis

d
dt

( f � j )(tw)

�
�
�
�
t= 0

= w> r ( f � j )(0)

= 2tr(R eWMR > );

(25)

Recall that tr(R eWMR > ) can be written as
vec> ( eWR > ) vec(MR > ).

vec> ( eWR > ) = [vec( eWR > )]>

= [vec(I3N eWR > )]>

= [(R
 I3N) vec( eW)]> (26)

Let eQ := Qe1 � Qe2 � � � � � QeN ; Qei :=

2

4
ei 
 Qx
ei 
 Qy
ei 
 Qz

3

5. Then,

using(18), wehavevec( eW) = eQw, andthen(26) canbewrit-
tenas

vec> ( eWR > ) = w> J>

whereJ := (R 
 I3N) eQ. Substitutingbackinto (25),

r ( f � j )(0) = 2J> vec(MR > ) (27)

Finally, thequadratictermin (24) consistsof asumof two
terms.The�rst termis givenas

tr(R eWM eW> R > ) = w> bH( f � j )(0)w; (28)

andthesecondquadratictermis

tr(R eW2MR > ) = vec> ( eW> ) vec(MR > R eW)

= w> eH( f � j )(0)w
(29)

By applyingsimilar methodsasabove, we obtainthe Hes-
sianof f � j evaluatedat zero:

H( f � j )(0) = bH( f � j )(0) + eH( f � j )(0) ; (30)

where

bH( f � j )(0) = J> (I3 
 M )J � 0 (31)

eH( f � j )(0) = � eQ> (I3N 
 MR > R ) eQ: (32)

Note thatH is a sumof thepositive semide�niteterm bH
and the term eH. Since eH is nonzero,we cannotguarantee
that f hasaunique(global)minimum.However, thefactthat
wecandecomposeH asasumof apositivede�nite termand
anothertermwill proveto beusefulin theiterativealgorithm
wepresentnext.

Wenotethat eH vanisheswhenthereareonly twoviews,il-
lustratingtheknown factthatthetwo-view registrationprob-
lemcanbesolvedoptimally.

10. The Algorithm

Theproposedalgorithmconsistsof theiteration,

s= p2 � p1 : SON
3 ! SON

3 ; (33)

where p1 mapsa point R on the product manifold SON
3

to an elementin the af�ne tangentspacethat minimizes
j (2)( f � j )(0) and p2 mapsthat elementback to SON

3 by
meansof the parametrizationj . The mappingp1 is a stan-
darditerative schemethat usesa modi�ed Newton method
to determinea descentdirectionanda line search to move
alongthisdirection.Wewould like to observe thatwhile we
usea line searchstrategy in our implementation,it is just as
easyto adaptit to thetrust-region(alsoknown asLevenberg-
Marquardt) method.Bothmethodsgenerateiterateswith the
helpof aquadraticmodelof theobjectivefunction.Themain
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differencelies in their useof the model.Line searchmeth-
odsusethemodelto generateonly a searchdirection,while
trust-region methodsde�ne a region aroundthe currentit-
eratewithin which they trust the model to be an adequate
representationof the objective function and then choosea
stepwhich is the approximateminimizer of the model in
this trust region (choosethe directionandstepsizesimul-
taneously).In what follows, we describethe line searchap-
proachin brief; thereaderis referredto thetext by Nocedal
andWright [NW99] for moredetails.

10.1. Optimization in Local Parameter Space

Optimizationin the local parameterspaceconsistsof two
steps.First we calculatea suitabledescentdirection, and
then we searchfor a steplength that ensuresreductionin
costfunction.Thesetwo stepsaredescribedby themapping

p1 = pb
1 � pa

1 : SON
3 ! R3N� 3N: (34)

In the�rst step,pa
1 is usedto obtainadescentdirection,

pa
1 : SON

3 ! R3N� 3N; R 7! R + R eW(wopt );

wherewopt is givenby theNewtondirection

wopt (j (w)) = � H � 1
( f � j )(w) r ( f � j )(w); (35)

or aGaussdirection

wopt (j (w)) = � bH � 1
( f � j )(w) r ( f � j )(w): (36)

Oncean optimal direction is computed,an approximate
onedimensionalline searchis carriedout in this direction,
denotedby the mappingpb

1. We proceedwith a searchthat
ensuresthatthecostfunctionis reducedateverystep.Weuse
backtrackingline search([NW99]) for this purpose.Since
we are using a descentdirection, choosinga suf�ciently
smallstepsizewill ensurethatthecostfunctiongoesdown-
hill. Backtrackingline searchstartswith astepsizeof 1 and
iteratively updatesthestepsizeuntil certainterminationcon-
ditionsaresatis�ed ([NW99], Section 3.4).Let l opt bethe
stepsizereturnedby thebacktrackingprocedurethatreduces
thecostfunctionin directionwopt . Thus,

pb
1 : R3N� 3N ! R3N� 3N;

R + R eW(wopt ) 7! R + R eW(l optwopt ): (37)

10.2. Projecting back via parametrization

Once the descentdirection and downhill step size is ob-
tained,we maptheresultingpoint backto themanifoldvia
theparametrizationp2 : R3N� 3N ! SON

3 :

R + eW(l optwopt ) 7! R e
eW(l opt wopt )

= R
�

e(W1(l opt w
opt
1 )) � � � � � eWN(l opt w

opt
N )

�
(38)

sincewopt =
h
wopt>

1 � � � wopt>

N

i >
.

Wesummarizethealgorithmin Algorithm 10.1:

Algorithm 10.1IterativeAlgorithm

Initialize R = R 0 = [R1 R2 � � � RN] 2 SON
3 usingtheini-

tializationproceduredescribedin Section7.2
repeat

{/* Step1: Carry out optimization */}
Computer ( f � j )(0), H( f � j )(0) via (27), (30) respec-
tively.
if H( f � j )(0) � 0 then

wopt = H � 1
( f � j )(0) r ( f � j )(0) {Newtonstep}

else
wopt = bH � 1

( f � j )(0) r ( f � j )(0) {Gaussstep}
end if
Computeoptimumstepsizel opt in directionwopt . Set
R 0  pb

1(R k) (37)

{/* Step2: Map back to manifold */}
R k+ 1  p2(R 0) (38)

until kr ( f � j )(0)k > e

Theorem10.1ConsidertheiterationR k+ 1 = s(R k) de�ned
by asinglestepof Algorithm 10.1anddenoteR � = j (0) as
belongingto thesetof local minimaof j (2)( f � j )(w). Fur-
therassumethatR � is anisolatedminimumin thatH � 1

( f � j )(0)
exists.Thensconvergeslocally quadraticallyto R � .

Weomit adetailedproof.Thereadermayreferto Lee's the-
sis([Lee05]) for moredetails.

Implementation Notes We usea simple eigenvalue com-
putationto determinewhethertheHessianH is positivedef-
inite. This is not the most ef�cient approach;other, more
sophisticatednumericalmethodscansimplify this step,and
even avoid computingthe Hessiandirectly. We defera de-
tailed implementationstudy to an extendedversionof this
paper. To reducecomputationaleffort periterationof theal-
gorithm,thesparsematrixJ (27) thatweusefor Hessianand
gradientcomputationcanbemanipulatedfurtherasfollows.
RecallingWfrom (17),

J =
�
(R1 
 I3N)Qe1(R2 
 I3N)Qe2 � � � (RN 
 I3N)QeN

�

=

2

6
4

W(ē>
1 R1) � W(ē>

1 R2) � � � � � W(ē>
1 RN)

W(ē>
2 R1) � W(ē>

2 R2) � � � � � W(ē>
2 RN)

W(ē>
3 R1) � W(ē>

3 R2) � � � � � W(ē>
3 RN)

3

7
5 :

(39)

In general,determininga suitablemodi�cation to a non-
positive-de�nite Hessianto make it positive de�nite is the
coreof the modi�ed Newton methodthat we employ. It is
interestingthat for this problem,the Hessiandecomposes
cleanly into positive de�nite andnon-positive-de�nite por-
tions, and this might be a sign of further structurein the
problemthatabetteriterativeschememightexploit.
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Model Numberof vertices Number Total size Numberof Time (in secs.)per
of scans of all scans view pairsgenerated iteration(MBR)

DRILL 1961 20 23298 77 0.015

DRAGON 100250 20 1142487 98 0.016

BUDDHA 32328 50 252580 526 0.093

Table1: Statisticsfor thesynthetic3D modelsusedfor global registration

11. Experimental Evaluation

We now presentanexperimentalstudyof our algorithm,fo-
cusingprimarily on the quality of the registrationsit pro-
duces,andtheconvergencerateof themethod.

Methods Wewill compareouralgorithm(whichwewill re-
fer to asMBR (Manifold-basedregistration))to theschemes
proposedby Benjemaaand Schmitt [BS98] (QUAT) and
Williams andBennamoun[WB01] (MAT). MBR andMAT
arematrix basedandarewritten in MATLAB. MAT, which
usesquaternionsin its formulation,is written in C. We used
a maximumiterationlimit of 1000for all themethods.Our
methodof comparisonbetweenvariousalgorithmswill be
basedon bothvisualquality aswell asiterationcountsand
errorconvergencerates(wewill notuseclock time).

Data Our �rst datasetconsistsof actual3D modelsfrom
the Stanford3D ScanningRepository. For eachof three
models,we generateda collectionof views asfollows: we
�rst generatea unit vector (representinga view) and ex-
tractedthepointsonall front-facingtriangleswith respectto
thisview. Next, eachview is randomlyrotatedandtranslated
into a local coordinatesystem.Finally, eachpoint in each
view is randomlyperturbedusinga Gaussiannoisemodel.
This yieldsa collectionof views thatpossessa globalnoisy
registration.With thisdata,wehavegroundtruth (exactcor-
respondences)since we have the original model. Table 1
summarizesthestatisticsof thisdata.

Our seconddatasetconsistsof 3D rangescandatafrom
theDigital MichelangeloProject[LPC� 00]. The individual
scanscomewith anoriginalalignment(storedin .xf �les).
We performICP on pairsof scans,usingthe routinesbuilt
into scanalyze , andretainall pairsof scansthathave at
leastthreepointsin commonasdeterminedby ICP. In each
instance,we run ICP � ve timesandtake thebestalignment
thusgenerated(eachinstanceof ICPrunsfor teniterations).
Themodelof correspondenceusedis point-point.

11.1. 3D Models

We �rst ranthethreealgorithmson theview pairsobtained
from the three3D models.In Figure 1 we show the out-
put registrationsobtainedby MBR. For theseexamples,the
othertwo schemesproducedsimilar registrations,although

with highererror. In Table2, wecomparetheperformanceof
thethreeschemeson themodels,in termsof boththenum-
berof iterationstill convergence,andthe�nal error. The�nal
erroris computedby evaluatingthefunctionde�ned in (9).

Whatis strikingaboutthenumbersis thatalthoughin the
endthe otherapproachesmostly (except for DRILL) yield
comparableerror, their iterationcountsareordersof magni-
tudehigherthanthatof our scheme.This is a cleardemon-
strationof locally quadraticconvergencepropertiesof our
scheme.

Factors that in�uence iteration counts Sinceour method
convergessigni�cantly fasterthanthe otheralgorithms,we
attemptedto investigate other factorsthat might improve
their performance.Someof theparametersthatin�uence it-
erationcountsarethe densityof the correspondencegraph
i.e. how many view pairsareprovided,andthe strengthof
matchfor eachpair (averagenumberof pointsin eachview
pair).

In all cases,the numberof iterations requiredby our
methodto converge was unaffected by theseparameters.
However, for the othermethods,we noticeda fairly weak
correlationbetweenthedensityof thecorrespondencegraph
andthenumberof iterationsneeded;asthegraphgotdenser,
implying a more constrainedsystem,the numberof itera-
tionsneededto convergereduced.For example,theiteration
countsfor MAT andQUAT went from closeto 1000(for a
sparsegraphin theDragon)to 47 (for a densegraphin the
Drill).

Cost per iteration We do not provide a comparisonof ac-
tual time per iteration for the threemethodsbecausethey
have beenimplementedon different platforms. However,
MBR andMAT exhibit cubicdependenceon thenumberof
scans(for N scans,eachiterationtakesO(N3) time), while
QUAT take quadratictime per iteration at the expenseof
many moreiterations.Thereis no runningtime dependence
on theactualsizeof themodelor sizeof eachscan;thereis
however a preprocessingcostdependenton thetotal sizeof
the correspondingpoints.Using our Matlab code,we mea-
suredthe time per iterationonly for our algorithm,MBR,
andis shown in thelastcolumnof Table1. All timing mea-
surementswere performedon a PC running Windows XP
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(a) Drill (b) Dragon (c) Buddha

Figure1: Registrationsproducedbyour Optimization-on-a-Manifoldalgorithm,MBR, onsyntheticdatasets.

with a 2.8 GHz PentiumIV processorand512 MBytes of
RAM. For themodelswetried in thispaper, weroughlyhad
anywherefrom 8 to 80 correspondingpointsbetweenpairs
of scans.

11.2. RangeScanData

Having evaluatedtheperformanceof ourschemein relation
to prior art in a controlledsettingwheregroundtruth (exact
correspondences)areknown, we now presentthe resultsof
running the schemeson rangescandata.We focus on the
modelof David, speci�cally theviews correspondingto the
headandbust region. After implementingthe view gener-
ation proceduredescribedearlier, we obtain a 10-scanin-
stanceof the bust and a 38-scaninstanceof the head.We
alsousea21-scaninstancethathasbadstartingalignment.

MBR MAT QUAT
Iter. Error Iter. Error Iter. Error

Drill 2 3.5e-7 47 3.5e-7 48 7e-7

Dragon 4 5e-3 933 1e-2 1000 1e-2

Buddha 2 2e-4 534 2e-3 718 3e-3

Table 2: Performanceof the three registration methods
- our Optimization-on-a-ManifoldmethodMBR, Williams
and Bennamoun's SVD-basedmethodMAT and Benjemaa
andSchmitt's Quaternion-basedmethodQUAT on thesyn-
theticdatasets

Figure2 showstheregistrationsobtainedby MBR, MAT,
andQUAT. In all cases,theregistrationproducedby oural-
gorithm is quite plausible.The other methodsdo not fare
sowell; a typical problemis that the two halvesof David's
facedo not registerproperly, creatingthefalseeffect of two
heads.Table3 summarizestheperformanceof the threeal-
gorithmsin termsof iterationcounts.For absolutetimesper
iteration,our algorithm,MBR, took 9 millisecondsfor the

10-scaninstanceof thebust,47millisecondsfor the38-scan
instanceof theheadand20 millisecondsfor the21-scanin-
stanceof thebustwith badinitial alignment.

MBR MAT QUAT
Iter. Iter. Iter.

Head 48 247 1000

Bust 12 1000 1000

Bust- Bad
Alignment 81 1000 1000

Table 3: Performanceof the three registration methods
- our Optimization-on-a-ManifoldmethodMBR, Williams
and Bennamoun's SVD-basedmethodMAT and Benjemaa
andSchmitt'sQuaternion-basedmethodQUAT ontheDavid
model- courtesyof theDigital Michelangeloproject

12. Conclusionand Futur eWork

In this paper, we have presenteda novel algorithm for si-
multaneousregistrationof multiple 3D point sets.The al-
gorithm is iterative in nature,basedon anoptimization-on-
a-manifoldapproach.Thealgorithmis locally quadratically
convergent,andconvergesmuch fasterthanprior methods
for simultaneousregistration.We alsoproposea new ana-
lytic methodthat providesa closedform solutionbasedon
singularvaluedecomposition.It givesexactsolutionsin the
noisefreecaseandcanbeusedasagoodinitial estimatefor
any iterativealgorithm.
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(a) Theheadof David (detailed:38scans)

(b) Theheadandbustof David (10scans)

(c) Headandbust:Badinitial alignment(21scans)

Figure 2: This �gur e showsthe resultsof three algorithms for simultaneousregistration of multiple 3D point sets- our
Optimization-on-a-ManifoldmethodMBR, Williams andBennamoun'sSVD-basedmethodMAT, andBenjemaaandSchmitt's
Quaternion-basedmethodQUAT (fromleft to right) ondifferentinstancesof theDavidmodel.
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