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Abstract

The problem of geometric point set matching has been well-studied in the domain of compu-
tational geometry, and it has many applications in areas such as computer vision, computational
chemistry, and pattern recognition. One of the commonly used metrics is the bottleneck match-
wng distance, which is the minimum length of the longest edge in a one-to-one mapping between
two point sets. Much effort has gone into developing efficient algorithms for minimising the
bottleneck distance between two point sets under groups of transformations. However, the algo-
rithms that have thus far been developed suffer from running times that are large polynomials
in the size of the input, even for approximate formulations of the problem.

In this paper we define a point set similarity measure that includes both the bottleneck
distance and the Hausdorff distance as special cases. This measure relaxes the condition that
the mapping must be one-to-one, but guarantees that only a few points are mapped to any
point. Using a novel application of Hall’s Theorem to reduce the geometric matching problem
to a combinatorial matching problem, we present near-linear time approximation schemes for
minimising this distance between two point sets under isometries; we note here that the best
known algorithms for congruence under the bottleneck measure run in time O(n2'5).

We also obtain a combinatorial bound on the metric entropy of certain families of geometric
objects. This result yields improved algorithms for approximate congruence, and may be of
independent interest.
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1 Introduction

Geometric point set matching in two and three dimensions is a well-studied area of computa-
tional geometry, with application to fields such as computer vision [MNL9S8], pattern recogni-
tion [CGHT93, HKIK92] and computational chemistry [FHKT96, FKLT97, NFWN94]. Given some
choice of a space G of transformations (e.g. all isometries) and a distance measure d(P, Q) for
two point sets P and ) in d-dimensional Euclidean space, we can formulate the basic problem as
follows:

Problem 1.1 (Congruence) Given point sets P, and ¢ > 0, determine the transformation
T € G that brings P close to Q, i.e such that d(T(P),Q) < e.

A natural measure that has been studied is the bottleneck matching distance, defined as the
minimum value r such that there is a one-to-one mapping f from P to () under which d(p, f(p)) <r
for any p € P; we call r the bottleneck value. Alt, Mehlhorn, Wagener, and Welzl [AMWWS&§]
initiated a comprehensive study of point set matching under the bottleneck distance, proposing a
suite of polynomial time algorithms. The running times of their algorithms are large; for example,
for two-dimensional point-sets and transformation space restricted to isometries (which we call a
noisy congruence problem) the running time is O(n®)*, where n = |P| = |Q| (although they do not
mention it explicitly, their algorithms work also for |P| =k < n = |Q|). Even though the running
time can be reduced to O(n”) [EI96], it is still quite high. Moreover, as noted in the survey by Alt
and Guibas [AG96] (also in the paper by Goodrich et al [GMO94]), these algorithms are likely to be
“difficult to implement and numerically unstable due to the necessary computation of intersections
of complex algebraic surfaces”. In order to obtain faster and more practical algorithms several
authors proposed algorithms for restricted cases (e.g. [AKM192]) or resorted to approzimations,
i.e. algorithms which guarantee solutions with cost at most r(1 + €), for some ¢ > 0. This line
of research was initiated by Heffernan and Schirra [HS94] who gave an O(n?®)-time algorithm for
approximate noisy congruence problem for the case when the noise regions are “small”. The latter
assumption can be removed by using the techniques of Efrat and Itai [E196] with no change in the
asymptotic complexity; to our knowledge this is the best algorithm solving the approximate noisy
congruence problem.

In the meantime, many algorithms have been proposed for other measures, most notably the
Hausdorff distance, for which f is not restricted to be one-to-one. It was observed in [EI96] and
by others that this lack of restriction is unsuitable in many situations (since it might happen that
many feature points of the pattern are associated with only one point from the image); on the
other hand, it seems to reduce the complexity of the problem. In particular, the exact problem
can be solved in O(n°) time [CGH193]. Goodrich et. al. gave an approximate algorithms running
in O(n®)-time. Both algorithms in fact solve the pattern matching problem (i.e. allow |P| < |Q|);
if we assume |P| = |Q] then (as in [HS94]) the running time can be reduced to O(n?). Recently,
Cardoze and Schulman [CS98] and Indyk et al [IMV99] proposed a new paradigm for geometric point
set matching based on algebraic convolutions. This reduced the complexity of pattern matching
to O(n?); using their techniques congruence can be solved within the (ultimate) O(n) bound.
Unfortunately, the one-to-one restriction imposed by bottleneck matching distance seems not to fit
well within the rigid framework of algebraic convolutions.

In this paper, we define a point set distance measure, the generalized bottleneck distance, that
includes as special cases both the bottleneck distance and the Hausdorff distance. More specifically,
we allow transformations for which the corresponding function f: P — () maps some small fraction

*O(f(n)) denotes f(n) log®™M n.



of points in P to non-unique elements of (J; the number of points from P mapped to any point
from @ is bounded by a small constant. In fact, we can solve a more general bicriterion (a,b)-
approximation problem of the following form: if there is a transformation 7" and a function f which
is p-to-one and with bottleneck value r, find 77 and f" which is (a - p)-to-one and has bottleneck
value b-r. If we moreover require that the fraction of points from P that are not mapped to a
unique point is at most ¢, we call it a (a, b, §)-approximate solution.

The above formulation generalizes both the Hausdorff distance (for p = oo and a arbitrary) and
bottleneck matching distance (for p = 1 and ¢ = 1). Moreover, it allows us to achieve a tradeoff
between the quality of match (not too many points can be contracted to one) and the complexity of

the matching procedures, (which in many cases is almost linear). We present a summary of results
in Table 1.

Approximation Running Time?
(3,5+¢) O(Vkn)
(6,5+¢€) O(n)

(4,5 + €)1 O(n)
(3,1+¢) O (210807 \/ep)
(6,1+¢) 0210801/ )
(4,14 ¢)! O (2los(L/)/ 7 )

Table 1: Our Results

All our results are based on the reduction of geometric matching to combinatorial pattern
matching; in each case the output is a bit vector o of translations such that oft] = 1 iff ¢(P) and Q
have a match with the desired properties. All running times that we report are for algorithms that
output such a bit vector. The algorithms are Monte Carlo; the probability of error in each case is

O(1/n%),c> 1.

1.1  Our Techniques

The existence of a bottleneck matching between two sets of points is a global criterion. In order
to apply techniques from combinatorial pattern matching, we need to express this in terms of local
criteria. In order to do this, we invoke Hall’s theorem, which relates a global property (the size of
a matching) to a local property (expansion of subsets).

The expansion of subsets can be captured by the problem of less-than matching [AF95] which
is a combinatorial pattern matching problem where the pattern and text elements are numbers,
and a pattern element is said to matches a text element if its value is less than the value of the text
element. We show that this problem can be solved approximately in O(n) time; this result may be
of independent interest.

In order to reduce the complexity of our algorithms we need to estimate a certain combinatorial
parameter of independent interest. Specifically, for a certain natural family of subsets of the unit
square (call it F'), we need to find a small subset F’ of F such that for any element from F there

! Although these two schemes appear to strictly dominate the algorithms given above them, they require more
time to construct an explicit matching. We explain this in more detail in Section 3.2.

2The exact dependence on ¢ is not shown. For pattern matching under translation, multiply the times by 1/€*;
for congruence under translation and rotation, multiply the bounds by 1/¢*.



exists a member of F’ within distance € > 0 to it (with respect to Hausdorff metric). For example,
for a family of convex polygons, it is known that a sub-family of size roughly 21/ exists [Dud74];
the exponent of 1/e (in this case 0.5) is called the exponent of entropy of F' [Dud74]. Our proof
uses the result for convex polygons as well as some additional ideas to show that the exponent of
entropy for our family is at most 1.25.

We outline the basic method in Section 2. In Section 3, we present improvements to this
scheme that yield running times of ON(TL/GQ) by using approximate less-than matching and a result
on matching in expander graphs. In Section 4 we utilize the aforementioned combinatorial bounds to
improve the dependence on e. In Section 5 we sketch a strongly polynomial algorithm that reduces
the dependency on 1/¢ to polynomial, but can only achieve a constant factor approximation to the
bottleneck distance.

2 A Reduction To Pattern Matching Based On Hall’s Theorem

In this section, we describe a method based on a geometric version of Hall’s Theorem that yields
an (3,1 + €)-approximation for generalized bottleneck matching under translations. We will focus
on the case p =1 (i.e. assume the existence of a one-to-one mapping), since the generalization to
p > 1is easy. In addition, we present a scheme for the corresponding tricriterion problem, yielding
a (3,1+ €, 0)-approximation.

We start with some definitions. For a point p, let B, (p) denote the ball of radius r centered at p
i.e B.(p) ={q||l¢g—p|l <r}. Wedefine B(p) = Bi(p). For a set of points S, B, (S) = UsesB, (s).
Further, we represent a translation ¢ = (¢;,t,) as a mapping from p = (z,y) to t(p) = (x+t,, y+t,).
For a set of points P, t(P) = U,ept(p).

The idea of the algorithm is as follows. Let the optimal translation be ¢ and assume that the
cost of the matching is 1. Align ¢(P) on @ and impose a brick-wall grid structure on R? as shown
on Figure 1.

Figure 1: The brick-wall

The width of each grid cell is 4 and the height is 2. Consider any cell (say C') and let C' = B(C)
(see Figure 2).

Figure 2: The brick-wall - one cell

A key property of the grid (used later to prove that the solution given by our algorithm is a
3-to-1 matching) is the following:



Claim 2.1 For any point p € R?, the number of cells within distance 1 from p is at most 3.

Denote Po = t(P) N C and Q¢ = Q N C’. Since the function f is one-to-one, we know that
|Pc| < |Qc¢| (since any point from Pc has to have a corresponding unique point in Q¢ ). We refer
to this formula as the ezpansion inequality (See Figure 3).
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Figure 3: The expansion inequality Figure 4: Strong expansion

The expansion inequality guarantees that at the optimal translation, |Px| < |Q¢| for any cell
C. However, we know that for the optimal matching, a stronger fact is true: |Po| < |B(FPe) N Q)|
(see Figure 4). We will employ Hall’s theorem to exploit this fact.

Theorem 2.1 Hall’s Matching Theorem [Hal35] Let G = (AUB, E) be a bipartite graph. Then
G has a matching of A into B iff |, (X)| > |X|, for all X C A.

We divide each cell C' of GG into a grid of cell size €; we will assume that 1/e = F'is an integer. Let
the (i,j)th grid cell be denoted by gg A canonical subset o of C'is a subset of {(7, j)|7,j < E'}. This
canonical subset induces a subset oo = {gg|(l,]) € o} of C'. The canonical subset corresponding
to a subset S C C'is a(S) = {(4,4)lg5 NS # 0}.

Assume that P and () are aligned according to the optimal translation ¢. Consider S C C'. From
Theorem 2.1, it follows that (V.S C C)|B(S) N Q¢c| > |S N Pg|. This implies a similar (although
slightly weaker) property that can be stated in terms of canonical subsets. Consider a canonical
subset 0. Let Bp(o) = U jyes{(u, v)||u—i],|v— j| < E}. Then we have?

(Vo € a(C))|Be41(oc) NQcl = |oc N Fol (1)

Our algorithm will find a translation ¢’ for which equation 1 is true for every cell C'. By Hall’s
theorem, this implies the existence of a bottleneck matching from ¢(P)NC to @ with value 14+O(¢),
for every cell C.

We first define a two-dimensional instance of the “less-than-matching” problem [AF95]:

Definition 2.1 Given two-dimensional matrices z,y, find a pair (i, j) such that for all k,l we have

ek, <yli+k,j+1.

A solution to this problem will be used to check the validity of equation 1. Thus, our algorithm
for generalized bottleneck matching is as follows:

1. For all canonical subsets o,

2The subscript of £+ 1 (instead of E') comes from the rounding error of coordinates of ¢ to nearest multiples of e.



2. Let x[z,]] = |UC’,'] N PC,'] |7 y[l,j] = |BE-|—1(UC,']) N QOU |
3. Solve this instance of Less-Than Matching, yielding solution vector o,.
4. Compute 0o = A, 05.

The less-than matching problem can be solved by the following method. First, we reduce it
to a one-dimensional problem (i.e.  and y are now vectors of length [0, ..., N], for some integer
N) using the random projection technique of [CS98]; this step does not incur any errors with high
probability. Then, we reduce the value of N to O(n); note that since there are O(n) non-zero entries
in the z and y matrices, O(logn) repetitions of this step are sufficient in order to ensure a high
probability of correctness. Each such instance of one-dimensional less-than-matching is then solved
in time O(v/kn/e?) by using the algorithm of [AF95]. Thus the total running time is O(vkn/¢?).

A cell C of GG is decomposed into a grid having E? cells. Thus, there are 25% invocations of a
less-than matching algorithm, yielding a running time of 0(21/52\/En/62).

All translations (1, j) corresponding to o[¢,j] = 1 yield bottleneck matches. The mapping f
induced by such a match will not be one-to-one in general. However, consider any point g € .
We know that any point p € P mapped to g has to belong to a cell within distance 1 from ¢. By
Claim 2.1 there are at most 3 such cells, and therefore f is 3-to-one.

We thus have:

Theorem 2.2 There is a (3, 14-¢)-approzimate algorithm for generalized bottleneck matching under
translations running in time O(2Y/\/kn/e?).

Tricriterion approximation bounds. In order to limit (say to §) the fraction of points which are
assigned to non-unique image points, we can enlarge the cells by a factor of 1/§ and translate the
grid by a random vector. It is easy to see that the fraction of matching edges close to the boundary
of cells is at most O(d) for any fixed translation ¢. The remaining edges will be assigned one-to-one.
In this way we obtain (a,O(1/0), §)-approximation algorithms for constants a as before.
Approximate congruence. Here we discuss how to extend our result for translations to isome-
tries. To this end, we first translate P such that the centroids of P and () align (say at point
s). Then, we find a rotation of P around s which minimizes its distance to Q; we perform it by
reducing it to O(log A) instances of pattern matching under translations, as in [CS98, IMV99]. By
the argument of [ABB91] this approach results in a constant factor approximation algorithm; this
can be further reduced to 1 + ¢ by exploring O(1/¢?) points s [ABB91]. In this way we obtain
an algorithm for approximate congruence with essentially the same performance guarantees as the
algorithm for translations and with running time larger by a factor of 1/€2.

3 Near-Linear Matching Schemes

This section (and the next one) are devoted to improving the running time of the above algorithm.
In Section 3.1, we will outline a scheme that outputs a (6,1 + €)-approximate solution and has
running time O(n/€?). In Section 3.2 we then show how to improve it to a (4, 14 ¢)-approximation
with the same running time. Although this result appears to strictly dominate the previous one,
this is in fact not the case; we explain this in more detail in Section 3.2.

3.1 Approximate Less-Than Matching

The key routine in the previous algorithm was an algorithm to solve the less-than matching problem.
Here, we define an approzimate version of this problem, which is allowed to report a match even if



pli] > t[7] but p[i] < (14 v)t[i+¢] for all ¢, where v is the approximation parameter. Replacing the
algorithm for less-than matching by one for approximate less-than problem yields all translation
where for each cell C| |Po| < (147)|Q¢. Unfortunately, this approzimate expansion property does
not yield the required matching; some points of P may remain unmatched. However, suppose we
replace each point in @ by two points arbitrarily close to each other. Call the resulting set Q'. We
now observe that the expansion property is preserved with respect to @); specifically, for v < 1,
Pel < (14 9)IQcl < (1+7)/21Q% < [Qcl:

Running the algorithm from Section 2 on P,Q’ yields a (3, 1+ €)-approximation algorithm for
P, Q" which can be easily converted into a (6,1 4 €)-approximation algorithm for P,Q by merging
the two points in @ corresponding to each point in Q.

It remains to prove that we can solve approximate less-than matching in near-linear time. Recall
that the instance consists of two vectors p[i], t[i], where 0 < ¢ < O(n). We construct O(logn/~)
binary vectors p/[i], t/[i], where p/[i] = 1if (14+7)7 < p[i] < (14++)7t! and #7[1] is defined similarly.
Notice that p[i] < (14 )t[i +1] for all 4, if, for all 4,,j' > j, p’[i+t] = ¢7'[i]. For a fixed j and j,
this problem can be solved deterministically in O(nlogn) time using the convolution-based scheme
of Fischer and Paterson [FP74]. There are O((logn/v)?) such instances, yielding a running time
of O(nlog®n/v?) for solving approximate less-than matching.

3.2 An Expander-based Matching Algorithm

We now show how the above ideas can be used to obtain a (4,1 4 €)-approximate matching in
near-linear time. As before, we employ the algorithm for approximate less-than matching on the
sets P, () to determine all translations where for each cell C, |Po| < (1 + v)|Qc|. We show that
each such translation can be mapped to a (4, 5)-approximate matching in near-linear time. To do
this, we replicate each point in @) four times. Let the resulting set be Q’. For a set S C P, let Cg
be the set of cells such that SN Po # 0 for C' € Cs.

From Claim 2.1 we know that each point in ¢ has at most three cells that are adjacent to
it. Therefore, | Ucecs Qcl > Yoec. |Qcl/3. The guarantee provided by the less-than matching
algorithm implies that

> 1Pl > (1+9)1Qc]

OECS OECS
3(14 )| Ucecs Qo
3/4(14 v)|Ugecs Qe

Since |S| < 3 gee | Po|, we have that B(S) > 4/(3(1+7))|S|for any S C P, |S| < 3(147)/4|Q|.
In other words, the bipartite graph defined by P and @' is an expander. In [Mot94], Motwani proved
that a perfect matching on a bipartite expander can be computed in time O(mlogn/log A), where
A is the expansion factor and m is the number of edges in the graph. This algorithm can be
modified using the techniques of [EI96] to run in time O(nlogn/log A) for bipartite graphs defined
on points in the plane.

Thus we obtain a procedure running in time O(nlogn/v) that returns a matching between
P,Q’. As before, we then merge the four points in @’ that correspond to a single point in @,
yielding a (4, 1+ €)-approximate matching. Notice that the the process of computing the actual
match takes O(nlogn/v) time, compared to the linear-time simple nearest-neighbour procedures

IN
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which suffice for the earlier schemes.



4 A Combinatorial Lemma

log 1/¢
In this section we improve the dependence of the running time on € from 20(1/€%) 1o 900°135)
The basic idea is to reduce the number of sets for which we verify the expansion by using geom-
etry. More specifically, assume that o!...0® are canonical sets such that the Hausdorff distance
A(Be41(0), (Bus(o1)) = O(1).

Then we replace all tests

|Bp11(c¥)c N Qc| > |of N Pl

by one test
|Beromy(e)c NQc| > |oc N |

where 0 = Upo*. Notice that the second test is implied by the first one. Moreover, if the second
test holds for all cells for a translation ¢, then by Hall’s theorem we are guaranteed a matching
with bottleneck value 14 O(e). Therefore, if we prove that the number of such tests is small, we
improve the running time of the algorithm. This number can be bounded from above by using the
concept of a cover defined as follows.

Definition 4.1 (t-cover) Let (X,d) be a metric space. A set S C X is called a t-cover for Y C X
(t >0) if for any p € Y there exists g € S such that d(p,q) < t.

Let R = '+ 1 and R’ = ¢ R for some constant c¢. Let the set (X, d) be the Hausdorff space
consisting of subsets of [0, R']?. Consider the set ¥ C X defined as Y = {Bgr(S5)|S C {0..., R'}*}.
Observe that the number of tests can be bounded by the size of a 1-cover for Y. Moreover, for any
B from the cover, we can easily find a union of all S such that d(Bgr(S), B) < 1 (corresponding to
o above) simply by taking all p € {0..., R’}? such that Br(p) C By(B). Therefore, it remains to
construct a small 1-cover for Y.

Theorem 4.1 There exists a 1-cover for Y of size 9O(R** log R)

Proof: Note that (by a scaling argument) it is sufficient to show the existence of an O(1)-cover.
Let r = v/R. Impose a square grid on [0, R]? of side 7. We will show that for each grid cell C' the
family Yo = {BNC|B € Y} has an O(1)-cover of size C' = 20(V7187) Since there are only O(R)
cells, this implies a O(1)-cover for YV of size COW®) which is what we need.

Consider a fixed cell C'" and take any S C {—2R, ...,2R}. We assume that all points p € S are
significant, i.e. B(S)NC # B(S —{p})NC (otherwise we can remove insignificant points and apply
the same arguments). We also assume that C' is not completely included in B(S). Notice that in
this case for any significant point p there is a part of a boundary (an arc) of B(S) which belongs
to C'. For each p € S, let H, be any halfspace containing Br(p) and with boundary tangent to the
arc of B(p) as above. We will approximate Br(p) N C by H, N C using the following claim.

Claim 4.1 d(B(p)nC,H,NnC)=0(1).

Proof: Follows from the fact that the length of the arc is O(v/R) while its radius is R. |
As a corollary we obtain that

d(UpesBr(p) N C,UpesH, NC) = O(1)

Therefore, it is sufficient to construct an O(1)-cover for the latter set. In fact, we will construct
such cover for sets Uy,esH, N C' = NyesH, N C (where A denotes the complement of A). Notice



that this set is a subset of the set C'P of convex polygons contained in C'. Thus it is sufficient to
find a O(1)-cover for C'P. However, it follows from the theorem by Dudley [Dud74] that for any
P € C'P there exists P’ € C'P with only O(VR) vertices such that d(P, P') < 1. Each vertex can
be rounded to the nearest point of {—R, ..., R} and thus can be represented only O(log R) bits.
This implies that we can represent P’ using only O(v/Rlog R) bits. Since the set of all P's is an
O(1)-cover for C'P, the theorem follows. [ |

We mention that the exponent of 1.25 is probably not tight. One can observe however that a
1-cover must have size at least 24VE). To see this, consider S containing v/R/C points (for C' > 1)
uniformly spaced on a horizontal line with y = —R. One can observe that for sufficiently large
C' we can independently move each point up or down by 2 units while always ensuring that the
topmost point of a ball centered at any point is not covered by any other ball. Therefore, we can
obtain 2VF/C sets such that the distance between any pair of distinct sets is at least 2.

5 A simple O(l)-approximation algorithm

We now present a simple algorithm for generalized bottleneck matching under translation, whose
running time dependence on 1/¢ is polynomial (not exponential). More specifically, we present
a (3,5 + €)-approximation that runs in time ON(n\/E) Using the techniques of Section 3, we can
improve the running time to O(n), yielding (6,54 ¢)- and (4, 5 + €)-approximations.

As in Section 2, let the optimal translation be ¢t and assume that the cost of the matching is 1.
Align ¢(P) on @ and impose a brick-wall grid structure on R? as shown on Figure 1.

Now assume that we are given another translation (say t’) such that the expansion inequality
is ensured for every cell C'. We show that in this case one can find a function f’ which is 3-to-one
with bottleneck value equal to the diameter A of C' (which is 2¢/5) plus 1. The construction of
[’ is as follows. For every cell (', we construct a one-to-one mapping fo from Po to Q¢ (since
|Pc| < |Qc|, such a mapping always exists). The mapping f’ is a union of all fo. The bottleneck
value of f’ is clearly bounded by A + 1, and by the arguments in Section 2 we know that [ is a
three-to-one mapping.

It remains to show how to find a translation ¢’ such that the expansion inequality holds. For each
cell C'let pc = (z¢, yo) denotes its center and let S denote the set of all centers. Let hp : R’ R
be a function such that h(pc) = |Pe| for any pc € S and is 0 otherwise. Moreover construct a
function hg : R* — R which assigns (to any point ¢) the value of | N B(C)|, where C' is a brick
cell centered at ¢g. The problem can be now stated as follows:

find a translation ¢ such that for all p € R* we have hy(p)(p) < hg(p)

In order to make this problem tractable, we proceed as in [CS98, IMV99]. Since the techniques
are similar, we only sketch the argument here. Firstly, we approximate the domain of hp and hg by
setting Z. = {¢- (i,7)[¢,j integers} (call the resulting functions hlp and hg). In order to make sure
that the expansion inequality still holds, it is sufficient to relax the bottleneck value by at most a
factor of (14 O(¢)). Notice that the number of function arguments with non-zero values is at most
O(k) for hp and at most O(n/€*) for hyy. By scaling the lattice by a factor 1/€ we can represent hjp
(resp. h’Q) as (sparse) two-dimensional matrices z[¢, j] (resp. y[¢, j]) with 0 < ¢, 7 < M, for some
integer M.

Now we invoke the less-than matching algorithm of Section 2, thus obtaining a (3,2v/5+ 14 ¢)-
approximation that runs in time O(nv/k).



A Better Tiling. We can obtain a better approximation bound by considering other tilings.
Consider the hexagonal tiling (with side length 2) depicted on Figure 5.

Figure 5: A hexagonal tiling

One can observe that Claim 2.1 holds for this tiling as well. Since the diameter of a hexagonal
cell is 4, we obtain the following:

Theorem 5.1 There is a (3,54 €)-approzimation for generalized bottleneck matching under trans-
lation that runs in time O(nVk).

6 Conclusions

It seems likely that the 1.25 exponent of 1/e (from Section 4 can be improved. We believe that
the right value is 0.5 (as for convex polygons). Unfortunately, the proof appears complex since
the (complement) of a union of balls is not convex; in fact, the shape even does not have to be
connected.

It might be possible to reduce the dependence on ¢ > 0 from exponential to polynomial, and
still maintain the (14 ¢€)-approximation of the matching cost. One possibility is to encode the RNC
algorithm for bipartite matching testing using algebraic convolutions (in fact, one can view our
method as a constant time parallel algorithm with exponential number of processors). However, at
present we do not know if this is possible at all.
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