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Abstract

Given a setof points
�

in the plane,the location depthof
a point � is the minimum numberof points of

�
lying in

a closedhalfplanedefinedby a line through � . The setof
all points in the planehaving location depthat least � is
calledthedepthcontourof depth� . In thispaper, wepresent
an algorithm that makesextensive useof moderngraphics
architecturesto computetheapproximatedepthcontoursof
a set of points. The output of our algorithmpresentsthe
contoursas a coloring of eachpoint with its depthvalue,
as opposedto computingthe geometricdescriptionof the
contour boundary. Our algorithm performs significantly
betterthancurrentlyknown implementations,outperforming
themby at leastoneorderof magnitudeandhavinga strictly
betterasymptoticgrowth rate.

1 Intr oduction

The location depthof a point with respectto a fixed setof
input points hasbeenusedin statistics asa way to identify
the centerof a bivariate distribution [10]. The associated
notionof a depthcontour(thesetof all points having depth� � ), hasbeenemployedin thiscontext to isolatethe“core”
of a distribution [22]; the Tukey medianis the contourof
pointsat maximumlocationdepth. As explained in [22],
onecandefinea shapecalledthe “bagplot” that effectively
separatesoutliersin adistributionfromthecore.Thebagplot
“visualizesthe location, spread,correlation,skewness,and
tailsof thedata”[22]. An illustrationof this ideais shown in
Figure1. Thefigureontheleft is asetof points representing
a bivariatedistribution,wherewe canseeaweakcorrelation
betweenthe parameterson the � and � coordinate axis.
On the right is the set of depthcontoursfor this dataset;
notice the inner lighter region, which clearly indicatesthe
correlation.

From a geometricperspective, the locationdepthof a
point is interestingin terms of its relation to � -levels of
an arrangement. The problemof computingcenterpoints

�
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Figure1: An illustrationof depthcontours

(whichareessentially pointsof locationdepth �
	�
����� in a � -
dimensionalspace)hasbeenexaminedearlier;Cole,Sharir
and Yap [2] presentedan algorithm that computescenter-
pointsin theplanein time ����� log ����� , andNaorandSharir
extendedthisto threedimensionsin time ������� log��� � . Ma-
toǔsek[15] proposedanalgorithm thatfor any � , computes
thesetof pointsatdepth� in time ����� log !"� � ; healsocom-
putestheTukey medianin time ���#� log �"� � .

Thelocationdepthanddepthcontourproblemshaveap-
plicationsin hypothesistesting, robuststatistics,andevenin
variousproblemsin cell biology (especiallyfor movingpoint
sets)[3]. Hence,it is importantto developfast implementa-
tions for usein thesedomains.In thestatisticscommunity,
programslike ISODEPTH[23], HALFMED [21], andBAG-
PLOT [22] have beenusedfor this purpose.

More recently, Mill er et al [17] proposedan optimal
algorithm that computesall the depthcontoursfor a setof
pointsin time �������$� , andallows thedepthof a point to be
queriedin time ��� log� � � . They demonstratethatcompared
to HALFMED (the previously bestknown implementation
for computingtheTukey median),their algorithm performs
far betterin practice. For example,on a dataset of 1000
points,theiralgorithm runsin %�%'& ( seconds,ascomparedto)+*�* % secondsfor HALFMED.

1.1 Hardware-AssistedAlgorithm s
Ourwork is basedon theparadigmof hardware-assistedal-
gorithms. Thegrowing powerandsophisticationof graphics



cards,(andtheir easyaccessibility) hasmadeit possibleto
implementfairly complex operationsdirectlyonthegraphics
chip. In thegraphicscommunity, Rossignacet. al. [20] and
Goldfeatheret. al. [4] usethegraphicshardwareto perform
real-timeconstructive solid geometry. Greeneet. al. [7]
have usedthe“Z query” featureof somespecializedgraph-
ics hardwareto implementtheir hierarchicalZ-buffering al-
gorithm. Hoff et al [11] usethehardwareZ-bufferingcapa-
bilities to computeVoronoidiagramsof dynamicprimitives
in real-time,which is thenusedfor acceleratedinteractive
motion-planning[12]. Krishnanet al [13] describea visi-
bility orderingalgorithmfor directvolumerenderingof un-
structuredgrids usinga combination of theZ-buffer andthe
stencilbuffer.

ThepaperbyHoff etal isanexampleof usingthegraph-
icshardwaretocomputeafundamentalgeometricobject:the
Voronoi diagram. In recentwork, Mustafaet al [18] use
similar techniquestosimplify largegeographicmapsin real-
time; onceagain,the useof the graphicshardwareenables
themto achieve real-timeinteractivity for a fairly complex
problem.

1.2 Algorithm Analysis
Complexity. The use of graphicshardwarepresents

an interestingproblem for algorithm design. Since the
graphicsengineoperateslike a finite statemachine, with
each geometricobjectpassingthrough a renderingpipeline,
certain operationscan be performedextremely efficiently,
andothers(like readingvaluesof hardwarebuffers)aremuch
moreexpensive. To understandthe behavior of algorithms
designedon this platform, and to get an intuitive notion
of what is “cheap”, an abstractcostmodelof the graphics
enginewouldbeextremelyuseful.We presentapreliminary
versionof sucha model in this paper. Similar approaches
havebeentakenby Peercy etal [19] andLindholm etal [14].

Robustness.The tremendousimprovementsin perfor-
mancethatonecanachievebyusinggraphicshardwarecome
at a price. Sincethe lowestunit processedby the graphics
engineis a pixel, featuresin the input that areat sub-pixel
resolutionmay be lost. Thereforeit is importantto quan-
tify theerrorthattheoutput producedby suchamethodwill
have, andformulatemethodsto dealwith this problem.

The readermight notice the connectionbetweenour
work on rasterdisplaysandthevastbodyof work on finite
resolutioncomputationalgeometry[6, 9, 5, 8, 16]. Oneof
the main directions (especiallyin the context of geometric
roundingis to modify the output of an exact algorithm (for
examplefor computingline intersectionsin theplane)sothat
whensnappedto a grid, the topology of thearrangementis
preserved (or at leastis consistentwith the original). More
recently, algorithms have beendesignedto do the output
computationandrounding together, for improvedefficiency.
All of theseapproachesassumethat the algorithm hascon-

trol over therounding process;techniqueslike shortest-path
rounding[16]heavily relyonthis. However, wehavenocon-
trol over the rasterizationprocess,and this is what makes
techniquesfrom this areadifficult to adaptin our domain.
Moreover, our methodsheavily useoperationsin the hard-
warethat would be very inefficient to performin software.
We alsonote that we are not aware of any algorithms for
computingdepthcontoursthatoperateona finite grid.

1.3 Our Results
In this paper, we presentan algorithm thatmakesextensive
useof moderngraphicsarchitecturesto computethe depth
contoursof a setof points, andallow queryingof location
depth.Our implementationis significantlyfasterthanthatof
Miller et al; on a datasetof size1000,our implementation
runs in roughly ( seconds,andour growth rate is linear in� , ascomparedto theabove mentionedimplementations.In
fact,ourimplementationtakesonly ,.-/&10 secondsto compute
depthcontoursfor a setof 10,000points;for this size,[17]
doesnotreporttimings.

After definingtheproblemin Section2, we presentan
abstractmodelof thegraphicsenginein Section3. In Sec-
tion 4 we presentour hardware-basedalgorithm. Section5
definesvariousnotionsof error thatwe thenuseto evaluate
thequalityof our results.Section6 first proposesanasymp-
totic costmodelfor thebasichardwareoperations,basedon
experimentsconductedon varioushardwareplatforms,and
thenanalysesthecomplexity of our schemein termsof this
model. We presentan experimentalevaluationof our algo-
rithm in Section7, andconcludewith someinterestingopen
questionsin Section8.

2 ProblemDefinition

DEFINIT ION 2.1. (LOCATI ON DEPTH) Let
�

be a set of
pointsin 23� . The location depthof a point �54627� (with
respectto

�
) is theminimumnumberof pointsof

�
lying in

a closedhyperplanedefinedby a line through � .

DEFINIT ION 2.2. (DEPTH CONTOURS) Let
�

be a set of
points in 28� . The set of all points in 29� having location
depthat least� (withrespectto

�
) is calledthedepthcontour

of depth� (or the � -hull).

The depthcontourof depth , is merely the interior of
the convex hull of

�
. Eachcontourof depth � is a convex

polygoncontainedinsidethe contourof depth �9:;, . For
a point setof size � , it is known from Helly’s theoremthat
therealwaysexistsa pointof depth �=<�> , andthemaximum
depthcanbeatmost �=<?% .
PROBLEM 2.1. (DEPTH CONTOURS) Givena point set

�
,

computethesetof all depthcontours.

Depthcontourshave a naturalcharacterizationin terms
of the arrangementin the dual plane inducedby

�
. This



propertywasusedby Matoǔsek[15] andMill er et al [17]
in theiralgorithmsfor computing� -hulls.

Themappingfrom theprimal planeP to thedualplane
D is denotedby theoperator@A�CB?� : @D�1EF� is theline in plane
D dualto thepoint E , andsimilarly @A�HGI� is thepoint in plane
D dual to the line G (we denotethe inverseoperatorby J ,
i.e. JK�MLC� is theline in theprimal planeP that is thedualof
point L in thedualplaneD). Eachpoint EN4 � mapsto a lineOQP @D�RE=� in thedualplane.Also define@D� � � PTS=UWV�X @D�RE=� .
The setof lines @D� � � definethe dual arrangement.In this
dualarrangement,we denotethe level of a point � to be (in
thestandardway)thenumberof linesof @D� � � thatlie strictly
below or passingthrough � .

The depthcontourof depth � is relatedto the convex
hull of the � and ���Y:6�Z� levels of the dual arrangement.
The algorithm of Miller et al [17] exploits this property by
usinga topological sweepin the dual to computethesetof
all depthcontours.

3 The Graphics Rendering System

Thegraphicsrenderingsystemis afinite statemachine,con-
sistingof thepipelinedescribedasfollows. In thefirst stage
of thepipeline,theusergivesthegeometricprimitivesto be
“drawn” to the evaluator. The basicprimitive is a vertex,
which consistsof � , � , and [ coordinates.Otherprimitives
arelines,triangles,polygons andsoforth. Thesecondstage
performsvariousoperationssuchaslighting, clipping, pro-
jection andviewport mappingon the input primitives. The
third stagerasterizestheprimitives,i.e. producesfragments
fromthegeometricprimitiveswhichthegraphicssystemwill
be able to draw. For our purposes,the fragmentsare just
pixels. The fourthstageis per-fragmentoperations,suchas
blendingandz-buffering. Finally, thefragmentsthatpassthe
per-fragmentoperationsof thepreviousstagearedrawn, or
rendered, in theframebuffers.

3.1 Frame Buffers
Theframebuffer is a collection of severalhardwarebuffers.
Each buffer is a uniform two dimensionalgrid, composed
of cellscalledpixels. Let thenumberof pixels in eachrow
andcolumnbe \ and ] respectively. Then,eachbuffer is
essentially a \_^A] uniform grid. Thebufferswe makeuse
of are:

Color Buffer. The color buffer containsthe pixels
that areseenon the display screen. It containRGB color
information1. Beforeafragmentis convertedandrenderedto
aparticularpixel in thecolorbuffer, it hastoundergovarious
per-fragmentoperations. If it passesall the operations, it is
renderedwith theappropriatecolor.

1It also contains information relating to transparency of pixels, also
calledthe ` -value.

Stencil Buffer. This buffer is usedfor per-fragment
operationson a fragmentbeforeit is finally renderedin the
color buffer. As the namesuggests,it is usedto restrict
drawing to certainportionsof the screen. We explain this
in thenext section.

Depth Buffer. The depthbuffer storesthe depthvalue
for each pixel. Depth is usually measuredin terms of
distanceto theeye, sopixels with larger depth-buffer value
are(usually)overwrittenby pixelswith smallervalues.

Thepixelat the a -th row and b -th columnof thescreenis
denotedas

�dcfe
, ,hgiajgT\lkm,nglbQg
] . Thecorresponding

valueof thepixel
��cfe

in thecolorbuffer is denotedas o p cfe ;
similarly, the correspondingvaluesin the stencilanddepth
buffersaredenotedas qrp cfe and s�p cte respectively.

3.2 Operations
Geometric primitives are first converted into fragments,
(through the processof rasterization)which then pass
throughsomeper-fragmentoperations,afterwhich they are
finally renderedin thecolorbuffer. Usingtheseper-fragment
operations,we formulateasetof basichardware-basedoper-
ations.Onemajor restriction which makesthedesignof al-
gorithmsusingthegraphicspipelinechallengingis thateach
operationis per-fragment,i.e. eachoperationis local to a
pixel. Thismakesgainingglobalinformationinherentlydif-
ficult, andinefficient,andthemaintaskis thereforeto solve
a problemglobally usinglocaloperations.

We now give someexamplesof theper-fragmentoper-
ations. Eachoperationtakesas input a fragmentandsome
datafrom the framebuffer, performsan operationandthen
updatestheframebuffer appropriately.

Morespecifically, wearegivenaninputfragment(pixel)� cte
with depth value [ and color u �?vh� p � , and a user-

specifiedconstantw that canbe specifiedbeforerendering
any primitive (it cannotbevariedper fragmentthough). SB
op andDB op areany stencilbuffer or depthbuffer opera-
tions.Table1 listsa subsetof theper-fragmentoperations.

I/O Operations. Theuserinteractswith thepipelineby
drawing primitivesandretrieving therenderedresults.The
main input operationis the Draw operation,which is used
to draw a givenprimitive. The mainoutputoperationis the
ReadBuffer operation,which readsa specifiedbuffer from
theframebuffer into themainmemoryof themachine.

4 Our Algorithm

Ouralgorithmproceedsin twophases.First,wecomputethe
dualarrangementandstorethedepthsof all linesin thedual.
However, sinceourdual(like theprimal plane)is pixelized,
we areactuallyableto computethe depthof every pixel in
the dual. We thenusethis information in the secondphase
to reconstructthedepthcontours(withoutcomputingconvex
hulls).



Color buffer operations: Stencil buffer operations: Depth buffer operations:o p cte�xzy
min k max{|�Mo p cfe k}u � v � p � � qdp cfe�x wo p cte�x o p cte'~ u � v � p � , ~ P yf� k|:�{ qdp cte�x qrp cted��y ,
k|:�,m{ s�p cfe"xzy

min k max{|��s�p cte kI[$�qdp cte x � qrp cte
If-conditionals:

If �Hqrp cte yf� km��kmghk � k P k
�P {dwQ� then o p cfe x u ��vh� p � k�qrp cte x SBopelse qdp cte x SBop
If ��s�p cte yf� k}��k}ghk � k P �P {'[$� then o p cte x u ��vh� p � , s�p cfe x DB opelse s�p cte x DB op

Table1: Operations

4.1 Dualsand BoundedArrangements
Without loss of generality, we assumeE��CkME���4�� :h,�k�,�� .
Eachbuffer consistsof a ��%�\ � ,+��^���%�\ � ,?� uniformgridof
pixels. Consider thestandardduality relation: E P �RE��dk�E����
in the primal planemapsto the line � P :FE��$� � E�� in
the dual plane. Define the (contour) depthof a line @D�1EF�
as the (contour)depthof E . The depthof line

O 4�@D� � �
is then �Aat��� V�� min

y ��:YG�������Gm�MLC��k|G��I���.Gm�fLC��{ . The level of
pointson

O
changeonly when

O
intersectssomeother lineO?  4T@D� � � . Therefore,to computethe depthof a line, we

needonly examine its depthat each intersectionpoint in the
dual.

Since our screensize is bounded,it is possiblethat
an intersectionpoint in the dual may lie outside the screen
boundary(for example,whentwo linesarenearlyparallel),
whichwould introduceerrorin computingthedepthof a line
incidentonthatpoint. To remedythisproblem,we introduce
theideaof boundedduals:

DEFINIT ION 4.1. (BOUNDED DUAL) Let E bea pointin P,
andlet

O P @D�RE=� . Theboundeddual of thepoint E is a line
segmentdefinedas �#�rkM�Q� - ¡"@D�RE=� P y �M�¢�Ckm�W�C�"4 O £�£ �W� £ gY�
and

£ �'� £ g¤�"{ .
Let �#�rkM�Q��:Y¡�@¥� � � P¦S"UWV�X �#�rkM�Q��:T¡"@D�1EF� . Define¡�JD�RE=� similarly as the reversemappingof a point in the

dualplaneto a line in theprimalplane.
Any two line segmentsin �#�Ck��Q�?:�¡"@7� � � mustintersect

within therange� :��rkI�
�W^�� :=� k���� , or notintersectatall. The
next lemmashows that we cancaptureall the intersections
with asmall rangeby a unionof two boundedduals.

LEMMA 4.1. (BOUNDED UNION LEMMA) Given any
point set

�
, where for all E�4 � k�E¨§©� : �Ck��
� ^l� :F� kM��� ,

there are two bounded duals �#�Ckt%?�Q� - ¡"@ 1 � � � and �#�Ckt%?�Q� -¡�@ 2 � � � such that each intersectionpoint L¨45@D� � � lies
either in �#�Ckt%?�Q� - ¡"@ 1 � � � or ���Ckt%?�Q� - ¡�@ 2 � � � .
Proof. We needandprove thelemmafor � P ,�kM� P , ; the
generalcasecanbeprovedsimilarly.

Thetwo boundeddualsare

�ª,�kª%'� -¡�@D,$�RE=��«¬�RE � kME � �"­ � P :=E � Bm� � E �
�ª,�kª%'� -¡�@®%��RE=��«¬�RE � kME � �"­ � P :=E � Bm� � E �

Algorithm 1 ComputeBoundedArrangement(PtSet
�

)
EnableSTENCIL TEST
SetSTENCIL OPERATION

P
INCREMENT

for ¡"@ = ¡"@ 1 ¡"@ 2 do
Initialize qdp PY*
for a P ,"&�&�&f� do

Line Segment G  CP �t,�kª%'� - ¡"@D�1E c � .
DRAW HALF-PLANE � O�  � � .

SaveStencilBuffer

We leave out thecompletecalculationsin this extended
abstract,but it canshown thatthe � and� coordinatesof each
intersectionpointlie within theintervals � :h,�k�,��$^�� :Q%Ckt%
� for
at leastoneof theabove two boundedduals.

4.2 Computing Depthsusing the Stencil Buffer
We now describehow to computethe level of each pixel
in the dual plane. The basicidea is as follows. For each
point E¯4 �

, we computeits boundeddual. Then, for
each pixel

�dcte
, we incrementthecorresponding valuein the

StencilBuffer, dependingon whetherit is above or below
the boundeddual segment for point E . Algorithm 1 gives
thealgorithmwith thehardwaredetails,whichareexplained
later.

The notionof “above” and“below” is not well defined
for a line segment. We interpretthe upperhalfspaceof a
line segment

O+ 
(denotedby

O
  �
) as the intersectionof the

upperhalfspaceof theline
O

thatsupports
O¢ 

with thescreen
bounding box(Figure2).

°m±
²

²�³

Figure2: Although G   notvisibly below E c , thebolddashed
half-planerepresentingG ³ � is sufficient for correctness.



LEMMA 4.2. After Algorithm 1 is done, each pixel
��cte

’s
value qdp cfe contains

£ ´ £
, where

´8P y E�4 � « �rcte 48@D�RE=� � { .
Proof. Twokey thingsneedtobeexplainedhere- thestencil
testandthemethodof renderingthehalf-planes.

Thestencilbuffer allowsstenciltestto beperformedon
pixelsthataretoberenderedbyany primitive. Setthestencil
testsothatif Bufferhasthepixel

��cte 4N�ª,�kª%'� - ¡"@D�RE=� � , then
the stencil testwould incrementthe correspondingpixel in
the stencilbuffer, i.e. qdp cte would becomeqdp cte � , , where@A�RE=� is renderedline segment. For example, rendering
a line segment in the color buffer with stencil test set to
INCREMENT incrementsthe stencil buffer valuesof the
pixelscontainedin theline segment.

An important thing to note is that since we are
renderinga boundeddual (a line segment), the positive
half-plane that we computeis actually a polygon which
sharesa boundarywith the boundaryof the screen(see
Figure 2), and therefore if

� cte 4 @D�1EF� � , then
� cte 4

HALF-PLANE ��¡�@ 1 �1EF� � �|k HALF-PLANE ��¡"@ 2 �1EF� � � ,
which impliesthat

£ ´Q£
is computedcorrectly.

4.3 Computing Depth Contours
As mentionedin Section2, the depthcontourscorrespond
to convex hulls of � - and �#�µ:Y�C� -levels in the dual plane.
We observe herethat it is possibleto computeconvex hulls
in a hardware-assistedfashion. However, this approach
takes ¶¤�#� � time for each depth contour, leading to an
overall complexity of ¶¤�#���$� , and hencewe will not use
thisapproachhere.We presenta new grid-basedmethodfor
computingthecontourregions.

LEMMA 4.3. Let LK4µ� :h,
k.,·�/^3� :h,
k.,·��k�L in primalplaneP.
Then ¸d� in thedualplane D such that L943JK�f�C� , �K49@A�RE=�
for some E¹4 �

,
£ �/� £ gº, , £ �/� £ g¹% , and Depth(q)=

min
y qdp � kI�A:�qdp � { .

Proof. Let G be the line that realizesthe contourdepthofL . Then G must passthrough someother point E¯4 �
(we canalwaysrotatethe minimizing line until it containsE ). In the dual plane, @D��GI� is a point, for which we have@A�HGI�A4»@D�MLC� , and @D��GI�A4»@D�RE=� . From Lemma4.1, we
know that either �t,
kt%d� - ¡"@3, or �ª,�kª%'� - ¡"@h% must contain� P @D�HGI� P @D�MLC� ¼�@D�1EF� , and therefore :�,6g½� � g,
k|:¾%�gl� � g¿% . Thedepthfollowsfrom Lemma 4.2.

We now presentAlgorithm2 thatreconstructsthedepth
contoursfrom thedepthinformationcomputedin thedual.

THEOREM 4.1. Algorithm 2 computesthe contourregions
in theprimal planecorrectly.

Proof. Take any point L in the primal plane P. From
Lemma4.3,we know thereexists � in thedualplaneD such
that the depthof point L is equal to �¥at� y qdp � kI�µ:�qdp � {

Algorithm 2 ComputeContourRegions(BoundedAr-
rangementSB)

InitializeSegmentSet= À
for ¡"@ = ¡"@ 1 ¡"@ 2 do

Clear ColorBuffer
for a P ,"&�&�&f� do

DRAW( ¡�@ ( E c ) ) with Color , .
CB = Get ColorBuffer
for a P ,"&�&�&�\ do

for b P ,"&�&�&ª] do
if Color o p cfe = 1 thenÁ s8��E�Â�Ã P �Aat� y qdp cfe kI�K:¿qdp cfe {

SegmentSet=SegmentSet
S ��¡"JK� �Wcte ��k Á s8��E�Â�ÃF�

EnableDepth Test
SetDepthTest= LESS
for (Segment G P ¡"JD� �dcte �|k Á s8��E�Â|Ã=�F4 SegmentSetdo

DRAW( G ) with [ -value = cDepth

and that ��4;¡"@A�RE=� for some E¨4Äq , andeither ¡"@ 1 or¡"@ 2 (Lemma4.1). In Algorithm 2, we renderthedual line
segment in the primal planefor every pixel that lies on the
boundeddual of any point in

�
. Therefore,we renderthe

dualline segmentfor � , J8�f�C� . Thedepthbuffer ensuresthat
the minimum qdp � is finally written, which correspondsto
thedepthof thepoint L .

Eliminating the stencil buffer. In somecommercially
availablegraphicscards,the resolution (numberof bits) of
the stencil buffer is not always sufficient to perform the
depthcomputationfor sufficiently large input. However the
”increment” operationthat we needfrom the stencilbuffer
can be simulatedby addingcolors in the color buffer (as
describedin section3.2), using the blending function call
thatis standardin all graphicsengines.

5 Err or Analysisand Output Accuracy

The output producedby our algorithm is a rasterizedset
of contours. This digitization necessarily produceserrors;
in this section we analyze the nature and magnitudeof
theseerrors,showing that our algorithm hasminimal error
with respectto an algorithm that outputs vector objects
(lines,points etc)ratherthanrasterizedobjects.

As we have seenin Section4 above, our methodfor
computingdepthcontourshastwo phases.In the first, we
constructa map(in thedual plane)that for each dualpixel
gives the depth of its correspondingprimal line. In the
secondphase,we usethesedepthvaluesto reconstructthe
contoursin theprimalplane.

There are three main sourcesof error: (1) Sub-pixel
detail in the input, (2) Computing the depthof a pixel in
thedualplane,and(3) Renderingthelines(corresponding to
each dualpixel) backin theprimal.



5.1 PhaseI: Computing the depths
Input points may lie within a single pixel. As a result of
digitization, all of thesepointswill be collapsedinto one
pixel.Thus, in the sequel,we will assumethat every pixel
containsat most one point. We start with a lemma that
quantifiesthe error incurredin snappingpointsto the grid.
Let us assumethat the world coordinates(that the input is
presentedin) are in the range � :h,
k.,·� , and the pixel grid is
of dimension��%�\ � ,+�F^¤��%
\ � ,?� , with pixel coordinates
in the integer range � :¾\lkt\6� . Let � �
� denotethe valueof� after rounding. A coordinate � in world coordinatesis
transformedto pixel coordinatesby themapping��­Å� \l�
� .
LEMMA 5.1. (PERTURBATION LEMMA) Let

O
be a line in

theprimal plane,andlet E = @ (
O
) be its dual point. Let E  

bea pointin thedualplanesuch that ÆIE   :hEQÆ.Ç P6È
. If
O? 

is
the(primal) line such that E   = @ (

O+ 
), thenthe G�Ç distance

between
O

and
O� 

is at most%�� \ È � in pixelcoordinates.

Proof. Let theline
O

bedescribedby theequation� P �A� �Á . Thedualpoint E is thus �H: �¿k Á � . Onesuchpoint E   is the
point ��: �Y: È k Á � È � . Thisyields

O$  «m�  /P ��� � È �M� � Á � È .
Thus,for a fixed � , thedifference�   :¥� PYÉ � is

È �#� � ,?� .
Switchingto pixel coordinates,the differencein pixelsÉ ÊAP � \ É ��� is � \Ë� È ��� � ,?��� , which is atmost %Z� \ È � .
As noted earlier, the correctnessof the depth values

computedin the dual dependson whether we correctly
identify all intersectionpoints in the dual arrangement.As
a resultof pixelization,it is possiblethat two intersections
points may collapse,or that in generalthree intersection
pointsmay collapseto one(correspondingto makingthree
almost-collinearprimal pointscollinear).We now presenta
necessarycondition for suchaneventto happen.

5.1.1 When intersection points collapse
Each pixel in the screenis a squareof side ,}<?\ . Con-
sider three points E c P �fÌ c kIÍ c �|kIa P ,
kt%Ck�> . The three
dual lines are G c «�� P :�Ì c � � Í c , and the intersec-
tion points are: ��G c k|G e � P �.Î ±IÏ Î$ÐÑ ± Ï Ñ Ð k

Ñ ± Î/Ð Ï Ñ Ð�Î ±Ñ ± Ï Ñ Ð � , ��amkIb�� Py �t,�kª%'��k���%rkI>W��k��ª,�kI>W��{ . For the threeintersection pointsto lie
insidethe samepixel, the component-wiseabsolute differ-
encein the � and � coordinates(in objectcoordinates)must
belessthan

�
�.Ò .

From Lemma5.1, we canthusconcludethat the three
intersectionpoints collapseif the

O Ç distancebetweenthe
correspondingprimal lines is less than %�\Ë�t,}<?%
\;� P ,
(pixel), thusyielding thefollowing lemma:

LEMMA 5.2. (INTERSECTION POINT COLLAPSE) Given
three points E � k�E � kME�Ó that are not collinear, our dual
mappingwill identify distinct intersectionpoints for each
pair of dual lines if the corresponding primal lines are at
least , unit (in pixelcoordinates)apart fromeach other.

Using the sameargument,we can alsoderive a lower
boundon the dimensionof the pixel grid, \ . Let the set
of distinct triplesof pointsfrom the original point setbe

´
.

GivenanelementÂmÔcfe PiÕ E c kME e k�E Ô$Ö 4 ´ , define�¢Ôcfe as

� Ôcfe P min � £ Í c :NÍ ÔÌ c :×Ì Ô :
Í e :�Í ÔÌ e :YÌ Ô

£ k £ Ì c Í Ô :×Ì Ô Í cÌ c :×Ì Ô : Ì e Í Ô :YÌ Ô Í eÌ e :×Ì Ô
£ �

Then the condition that the intersectionsof the lines��@D�RE c �|kª@D�RE Ô ��� and ��@D�RE e ��kt@D�1E Ô ��� in thedualwill notcol-
lapsebecomes� Ôcte � ,}<?%
\ . Extendingthis condition over
all elementsin

´
, weget \ � �

� min Ø�Ù± ÐtÚ?Û Ü Ù± Ð .
5.2 PhaseII: Contour Reconstruction
The analysisof Section4.3 establishesthe correctnessof
Algorithm 2. However, rasterizationandpixelizationmay
still introduceerrorsinto therenderingof thecontours.

Let Ý bean instanceof thedepthcontourproblem,and
let Þ be analgorithm thatcomputesdepthcontoursexactly
(i.e usinginfinite precisiongeometry).Let ß denoteÞA�RÝ � ,
andlet q bethedisplayproducedby renderingß . Let q   be
thedisplayproducedby ouralgorithm.

LEMMA 5.3. Let
O? 

be a line in P drawn in the last step
of Algorithm 2. Then

O
is at most1 pixel away from the

corresponding line
O

in ß .

Proof. Let E P @D� O � be the dual point corresponding to
O
.

From Lemma5.2, we areguaranteedthat in thedualbuffer
constructedby Algorithm1, thereexistsapixel thatcontainsE . By Lemma5.1,we know thatthetheline

O+ 
drawn in the

primal is at most %�\Ë�ª,m<?%
\;� P , unit away from
O
.

Clearly, the resultof rendering
O

on the displaycannot
makeits distanceto

O  
worseby morethana pixel width (by

our rasterizationassumption).Hence,we concludethatour
algorithm preservesthevisualfidelity of theidealoutput ß .

6 Analyzing the complexity of the algorithm

Our main reasonfor usinga hardware-basedapproachis to
take advantageof the power and speedof moderngraph-
ics engines. As the resultsin Section7 will show, we are
ableto achieve asignificantimprovementin running timeas
comparedto known software-basedapproaches.However,
in orderto extendour techniquesto otherkindsof geomet-
ric problems,it is importantto understandexactly whatop-
erationson the hardwarecostus, andwhich operationsare
cheaper than others. Suchan understandingallows us to
modelthehardware,providing anabstractframework to an-
alyzealgorithmsthatwe maydevelop,andalsoprovidesin-
tuitionasto how ouralgorithmsshouldbedesignedto work
well in practice.

In Section3, we presentedthebasicoperationsthatcan
beperformedin thegraphicsengine.In thissection,we will



presentacostmodelfor theseoperations(basedonempirical
data from threedifferent platforms), and will analyzethe
complexity of ouralgorithmbasedon thiscostmodel.

6.1 A CostModel for the Graphics Engine
Tomodelthecostof operationsontheengine,werantestson
threedifferentplatforms:theSGIOctane(R12000300MHz
CPU, 512 MB Memory, EMXI graphicscard), the SGI
Onyx (R10000194MHzCPU,2GBMemory, InfiniteReality
graphicscard),andthe LinuxPC-Nvidia GeForce 3 (AMD
Athlon 900MHz CPU,768MB Memory, Nvidia GeForce2
graphicscard).We notethatthepurposeof comparingthree
differentplatformsis not to measurerelative performance,
but to establishthattherelativecomplexity of operationson
a fixedplatformis roughlythesame.

Let thecostof rasterizingasinglepixelbeoneunit. One
of the basicoperations in our algorithm is the renderinga
line of length G . In Figure3(a)we plot thetime (T) takento
draw à lines versusà in a displaywindow of dimensionsá ,�%�^ á ,�% , wherethe lines have lengthuniformly chosen
at randombetween0 and512 (andhencehave an average
lengthof % á 0 ). As we canseein thefigure,thetime to draw
a single line is quite uniform. The time to draw a line of
averagelength % á 0 is (d&H,�(râZã on the Octane, ,+&10�(râZã on the
Onyx, and ,?&åä�%CâCã ontheLinux PC.Thistimewascomputed
by averagingover all thedatapointsusedin Figure3(a).

The costof drawing a line varieswith the lengthof the
line. Roughly, it takesG unitsof time to draw a line of lengthG . Figure3(b) shows theresultsof plotting thetime to draw
versusline length for the threeplatforms. For eachdata
point,we drew , *
* k *�*�* linesof thesame(pixel) lengthand
measuredthe time takento draw this set. The variationin
times is somewhat irregular, but onecanconcludethat the
costof drawing a line is proportional thenumberof pixelsin
it. Thus,if the lengthof a line is G , andthesizeof a pixel is,}<?\ , thecostof renderingtheline is proportional to G�\ .

A similar graphcan be plotted for triangles(seeFig-
ure 4(b)). Onceagain,we observe that the costof drawing
a triangle is proportional to its area. The graphicsengine
triangulatesgeneralconvex polygonsbeforerenderingthem,
so the relationbetweenrenderingtime andareaholdseven
in thiscase.

At variouspointsin our algorithm, we performstencil
teststo fill thebuffers in a particularway. Sincethestencil
testis partof thepipeline, theadditionalcostof performing
sucha testshouldbea smallconstant.In Figures3(c),4(c),
weplot thetimetakentodraw randomlineswith andwithout
stencil testsenabled. For the Onyx, enablinga stencil test
hasan almostnegligible effect on the renderingspeed.On
the Octane,thereis a distinct difference,but the extra cost
(asmeasuredby thedifferencein slopesof thetwo line) is a
smallconstant.

Finally, we measurethe costof extractingan “output”
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Figure5: Time to readbackabuffer into mainmemory

(readinga buffer from thechip into main memory). For all
threeplatforms,we measurethetime takento readthecolor
buffer of variable-sizedwindows into main memory. The
resultsareshown in Figure5. Again, we seea clear linear
behavior; we can model the cost of readinga buffer into
main memoryasproportional to the sizeof the buffer. We
summarizethecostsof variousoperations- line of length G :ç �HGI� ; triangle of area

É
:
ç � É � ; buffer read(sizeB):

ç �Mp"� ;
stenciltest:

ç �t,?� .
6.2 Complexity of Our Algorithm
We arenow in a position to analyzethe complexity of the
algorithm describedin Section4. Let thepointsethave size� . Recall that the buffer size is ��%�\ � ,+�h^
��%
\ � ,?� .
Considerthefirst phase,describedin Algorithm 1. Wedraw� polygonal regions(really a clippedhalfplane),at a total
costof ���#�"\ � � . Sincethestencilbuffer hasonly 8 bitsper
pixel,wemayhavedepthvalueoverflow with morethan512
points( %dèné"% ). Therefore,we have to readthestencilbuffer
backintomainmemoryandcontinue,implyingthatweneed�F< á ,·% readbacks.

In thesecondphase,describedin Algorithm 2, weagain
rendereach dualline in thedualplane,at a costof ���#�"\ê� .
Thenwe examineeach pixel of thedualplane,andfor those
that arepart of a dual line, we renderthe primal line. Let
thesetof pixelsthatarecontainedin line G be

� at�Z��GI� . Then
therunning timeof Algorithm2 is \ìë�í V�î ï�U'ð � at����GI� . Since

ë�í V?î¾ï�U'ð � at�Z��GI��g¿\;� , weobtaina totalcostof ����\ Ó � .
Thusthe total complexity of thealgorithm is ���#�"\ �

\ Ó � � � o"\ � < á ,·% , where o is a costof a single read-
back. We donotcollapsethiswith the �����"\ � \ Ó � term
to emphasizethat o is largecomparedto theconstanthidden
by the � -notation.

As mentionedin Section4, our implementationelimi-
natesthestencilbuffer by usingblendingin thecolorbuffer.
The major effect that this modificationhasis to reducethe
numberof readbacks in the first stageof the algorithm.
Roughlyspeaking,sincethecolorbufferhas38-bit channels
(onefor each color) we reducethenumberof readbacks
by a factorof 3 to �F<', á >ñ0 , thusyieldingasignificantperfor-
mancegain.
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Figure4: Triangle Measurements

7 Experiments

We now presentexperimentsin supportof our algorithm.
We comparethe performanceof the algorithm on the three
differentplatforms describedin Section6. In all the plat-
forms,thecodewaswritten in C++ andmadeextensive use
of OpenGLlibraries.On theSGI machines,it wascompiled
usingCCandon theLinux machine,with g++.

We presenttwo suitesof experiments. In the first set,
we evaluatethe running time of the algorithm for various
datasetsof differentsizes.In thesecondsetof experiments,
we illustratethe zoomingcapabilityof our algorithm. As
mentionedearlier, the ability to navigatea dataset in this
fashionis very usefulfor interactive visualization,andalso
allows us to explore in more detail regionsof the contour
map that may have too muchdetail to be displayedat the
initial screenresolution.

7.1 Running Times
Measuringthe performanceof the algorithm is non-trivial.
TheOpenGLpipelineconsistsof two mainparts- Transfor-

mationandLighting,andtheRasterizationpart.Theperfor-
manceof thegraphicsenginein mosttypicalapplicationsis
a complicatedfunctiondeterminedby a combination of the
transformationand rasterizationparts. We report two dif-
ferent time measurementsfor eachrun; the clock time as
reportedby clock() and the real time elapsed. For the
Linux PC,thetwo measurementsarecloseto each other, in-
dicatingthat theclock() routine is a reliablemeasureof
renderingtime, but for the SGI machines,thereis a large
disparity. Typically, performancemeasurementsongraphics
hardwareassumesthatall theprimitivesaretransferredtothe
graphicssubsystemonceandits costis amortizedover sev-
eral frames.Thebenchmarkswe describehere(theline and
triangledrawing) is differentbecausewemeasuretheperfor-
manceover a single frame. Therefore,the costof transfer-
ring theprimitivesdominatesourperformance.

In this suiteof experiments,we generaterandomdata
sets(akin to [17]) of different sizesto test our algorithm.
Figure 6 plots the running time vs size of input on the
threeplatformsthat we experimentedon. In all cases, the
predictedlinearbehavior (with respectto � ) of thealgorithm
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is clearlydemonstrated.
We alsopresenttheactualrunningtimesin Table2. We

wereunableto compareour implementationdirectly to the
implementationof Mill er et al [17], which appearsto be
the fastestmethodfor computingdepthcontours. However,
we useda similar methodology to generateour input, and
we notethat they reporta time of 22.4secondsto compute
theentirecontourplot for a datasetof 1000points,andthe
plot thatthey presentindicatesthequadraticgrowth of their
algorithm.In comparison,a 1000pointdatasetis processed
by our algorithm runs in >W&å-¢, secondson a SGI Onyx,
andeven for 10,000points,our algorithm takesonly ,.0/&#,�-
seconds.It is quitelikely thatas � increases, our algorithm
will exhibit muchmorethana10-fold improvementin speed
over theirmethod.

7.2 Zooming
Usingour approach,we canalsozoominto a depthcontour
renderingto examineareasin closedetail. Notethata mere
zoomingof the framebuffer is not sufficient; especiallyfor
highly detaileddatasets,thedepthcontoursmayneedto be
re-computedaswezoomin.

Considerthedatasetandits depthcontoursetpresented
in Figure7. The softwareinterfacethat we provide allows
us to mark rectangularareasof the depthcontourmap to
zoom into, and in Figure 7(c),(d) we show the effect of
progressively zoomingin closerandcloserto thepointset.

As notedin Section5,zoominghastheeffectof increas-
ing theresolutionin thedefinedregion, thusallowing us to
view featuresthatmay have beenhiddeninsidea pixel at a
lower resolution.

8 Conclusions

Theimprovementsachievedbyusinggraphicshardwaresug-
gestthatthegeneralparadigmof hardware-assistedgeomet-
ric computationis veryuseful.Weplanto pursuethemodel-
ing work startedin Section6 to developanaccurateabstract
costmodelof thegraphicsengine.Thiswill hopefullyenable
us(andothers)to achieve a bettertheoreticalunderstanding
of theperformanceof suchalgorithms.

Thespeedof our implementationalsomakesit possible
to think of furtherapplications,themosttantalizingof which
iscomputingthedepthcontoursof movingpoints. In fact,we
do not know of any algorithm in the kinetic framework [1]
for computingcontours of moving points; suchanalgorithm
wouldbeinterestingfor theabove reasons.
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