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Abstract
We show that for computing the Fréchet distance between simple (planar) polygons it suffices
to choose an arbitrary triangulation of the one polygon and to map the triangulated polygon
to the other polygon such that diagonals of the triangulation are mapped to shortest paths in
the other polygon. Using this we give a polynomial time algorithm for computing the Fréchet
distance between simple polygons. In particular, if one polygon is convex the Fréchet distance of
the polygons equals the Fréchet distance of their boundary curves.

The Fréchet distance 6r(f, g) between two surfaces f, g : [0,1]> = IR? is defined as
inf  max d(f(t),g9(c(t))) ,

:[0,1]2[0,1]2 t€[0,1]

where ¢ ranges over all orientation-preserving homeomorphisms and d(.,.) is the Euclidean distance.
The Fréchet distance between two open or closed polygonal curves of complexity m and n can be
computed using a dynamic programming approach in O(mnlogmn) or O(mnlog® mn) time, respec-
tively, see [AG95]. Computing the Fréchet distance between polygonal surfaces is NP-hard [God98]
and semi-computable [ABO5].

In this extended abstract we consider the case that f and g are two simple planar polygons in IR?
For these instead of considering homeomorphisms between the parameter spaces we
can instead consider homeomorphisms directly between the polygons because they are
homeomorphic. The first question that comes to mind is: Does the Fréchet distance
of polygons equal the Fréchet distance of their boundary curves? The figure gives two
example polygons for which, when placed on top of each other, the Fréchet distance
between the boundary curves is small (roughly the width of the polygons) however
the Fréchet distance between the polygons is large (half the height of the polygons).

In the following we sketch how the Fréchet distance between two simple planar polygons can be
computed in polynomial time. Details will be given in the full version of this extended abstract.

Lemma 1 (Shortest Paths Lemma). Given two simple polygons P,Q, a triangulation T of P and a
homeomorphism o : P — Q. Then there is a map o' : P — Q which fulfills

1. o' is a limit of homeomorphisms P — Q

2. o' maps diagonals of T to shortest paths @ and is piecewise linear inside triangles (without
introducing interior vertices)

3. o' is “at least as good as o7, i.e., maxic pd(t, o’ (t)) < maxicpd(t,o(t))

Proof sketch. The proof is based on incrementally simplifying o(e) for any diagonal e € T'. Note that
since o' is piecewise linear, mazicpd(t,o'(t)) = maxicrd(t,o’(t)), where t € E denotes all points
lying on edges in the edge set E of T' (which includes both the boundary and the diagonals of T). [

We immediately get the following corollaries:

Corollary 2. The Fréchet distance between simple polygons equals inf, maxic g d(t, o' (t)) where E
is the edge set of an arbitrary jtriangulation of P and o' ranges over all homeomorphisms from the
boundary of P to the boundary of Q which are extended to T by mapping the diagonals of T to the
shortest paths between the boundary vertices.
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Corollary 3. The Fréchet distance between two simple polygons, of which one polygon is convex,
equals the Fréchet distance between their boundary curves.

Proof. We triangulate the possibly non-convex polygon and map these diagonals to shortest paths in
the convex polygon. But the shortest paths in the convex polygon are also diagonals and the distance
between diagonals equals the maximal distance of its endpoints. Therefore it suffices to compute the
distance between the boundary curves. O

Theorem 4. Given € > 0 and two simple polygons P,(Q with m and n vertices, respectively, we can
decide whether 6p(P,Q) < € in time O(n3>m*).

Proof. We sketch an algorithm for the decision problem:

Algorithm DecideFréchet(P,Q)
Input: Simple polygons P,Q, € > 0 Output: Is §p(P,Q) < €?
1) Compute a triangulation T' of P.
2) Compute the DFSD with its reachability structure of the boundary curves of P, Q.
3) Compute all hour glasses between boundary segments in Q).
)

4) For all single free space diagrams: Search for a feasible path ¢ that satisfies
or (diagonal, shortest path) < e for all positionings of diagonals by o.

A triangulation of P can be computed in O(n) time. Our algorithm makes use of the algorithm of
[AG95] for computing the Fréchet distance between closed curves. The algorithm of [AG95] computes
a double free space diagram (DFSD), which is the free space diagram of f concatenated f with g.
Then it computes a reachability structure which divides the boundaries of the DFSD into O(mn)
intervals which encode combinatorially different reachability paths. In 2) we compute the DFSD and
the reachability structure in O(mn logmn) time.

An hour glass is a geometrical structure introduced by Guibas and Hershberger [GH87] which
encodes all shortest paths between two diagonals in a polygon. In step 3), all hour glasses between
boundary segments of ) are constructed in O(mlogm) time.

A single free space diagram is a regular free space diagram of f and g with the starting point of f
positioned at one of the O(mn) interval boundaries (which were computed in step 2)). In step 4), for
each single free space diagram we exploit the nested structure of the diagonals of T in P by using a
dynamic programming algorithm to compute all placements of diagonals, for each diagonal using the
reachability structure and the hour glasses in order to check whether dr (diagonal, shortest path) < e.
This can be done in O(m?3n?) time per single free space diagram, hence O(m*n?) in total. O

To go from deciding to computing we do the same as for curves in [AG95], i.e., compute a set of
critical values and perform parametric search on them, which adds another log-factor to the runtime.
As critical values we use the ones for the boundary curves plus all Fréchet distances between diagonals
in P and hour glasses in Q.
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