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1 Introduction
Data depth is an analysis method measuring how central
a point is relative to a cloud of data points. Given a cloud
of data points in R2, the most central point, the median,
has the highest depth value. Points on the periphery have
lowest depth values. Moving inward from the periphery
to the median, the depth increases. Examples of data
depth functions include convex-hull peeling depth1 and
halfspace depth2.

We present Depth Explorer, a software tool for the
examination of depth measures, written in C++ and
Objective-C. It uses a tree-based data structure to ren-
der 2-D statistical distributions and depth-based visual-
izations specified in XML files. We demonstrate the po-
tential of the tool, presenting an experimental analysis
of the L1 depth measure that exposes weaknesses of L1

depth and evaluates potential improvements.

1.1 Depth Contours
Depth contours, nested contours that enclose regions of
increasing depth, provide powerful tools to visualize and
compare data sets. The contour of the sample αth cen-
tral region is the Convex Hull (CH) containing the most
central fraction of α sample points [5]. The contour is con-
structed by sorting all points of the original set according
to their depth. A contour that encloses, for example, 75%
of the points is created by taking the CH around data
points X[1], · · ·X[d.75ne].

Depth contours helps visualize the shape of the data
and determine outliers, foreign influence on the data or
errors, any of which can have an undesirable influence on
the analysis of the data. The shape of a contour can help
determine which data points may be outliers. One outlier
detection method [6] grows the 50% contour by a factor
of three and classifies points outside the expanded region
as outliers. This assumes that the depth measure used
generates a 50% contour that is indicative of the over-
all shape of the data. Depth contours as defined require
monotonic depth measures: as a point x moves away from
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1The convex-hull peeling depth [2, 1] of a point Xk with
respect to a data set S = {X1, · · ·Xn} in Rd is the level of the
convex layer to which Xk belongs. The points on the outer
convex hull of S are designated level one and the points on the
kth level are the points on the convex hull of the set S after
the points on all previous levels were removed.

2The half-space depth [3, 8] of a point or position x rela-
tive to a set of points S = {X1, ..., Xn} is the minimum number
of points of S lying in any closed half-space determined by a
line through x.

the ‘deepest point’ along any fixed ray through the center,
the depth at x should decrease monotonically [10].

1.2 Data Depth in High Dimensions
Currently, depth based statistics are proving very suc-
cessful at analyzing bivariate data sets. While concepts
of depth and depth contours extend well to higher dimen-
sions, the computational complexity of measures like half-
space depth is exponential in dimension. To use depth
with high dimensional data, other depth measures or ap-
proximation schemes must be used. Rousseeauw devel-
oped an approximation for the half-space depth measure
that scales linearly in the number of dimensions [7]. The
L1 depth measure developed by Vardi and Zhang [9] is
also scalable.
Definition: The L1 depth (L1D) [9] of point x with
respect to set S = {X1, · · ·Xn} in Rd is one minus the
average of the unit vectors from x to all observations in
S: L1D(S, x) = 1−‖e(x)‖, where ei(x) = x−Xi

‖x−Xi‖
, e(x) =Pn

i=1 ηiei(x)P
j ηj

. ηi is a weight assigned to observation Xi

(1 if all observations are unique), and ‖x − Xi‖ is the
Euclidean distance between x and Xi.

The L1 median of a set S in Rn is the point that min-
imizes the sum of the Euclidian distances to all points in
S.

2 Depth Explorer
There is no definitive quantified way of comparing and
evaluating depth measures. Most statistical tools, includ-
ing depth measures, are evaluated by comparing results
generated from data sets. Statistical software packages
often focus on applying existing tools to fixed data sets,
but ideally tools would be compared over the space of all
data sets. As an approximation of this unachievable goal,
we propose the Depth Explorer (DE) statistical sand-
box. Rather than using static data and changing tools
or their parameters, our software keeps the tool settings
constant and perturbs the data. DE facilitates the auto-
matic generation of data sets and the transformation or
recomposition of existing data sets, and quickly visualizes
the behavior of the statistical method on the data. The
core of DE is written in C++, while the GUI is written
in Objective-C. This separation of logic and presentation
will facilitate porting to other systems.

DE does not render instantaneously even a relatively
easy depth measure like L1. Nonetheless, almost all
scenes are rendered within seconds, not minutes, allow-
ing interactive feedback. Furthermore, if no depth-based
visualizations are embedded within the render tree, even
a complicated scene with thousands of data points ren-
ders almost instantly; if depth calculations are required,
computation time is slower. To render an L1 50% depth
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contour on a cloud of 1000 points takes about two sec-
onds. To render the same contour on 10,000 points re-
quires about 5 seconds. While the scale-up should be
linear according to the algorithm, we believe that many
implementation optimizations are not fully realized until
the data set gets larger.

2.1 Representing Operations as a Tree
DE currently uses an XML markup to represent the ren-
der tree. XML is well suited due to its hierarchical na-
ture. The root of the XML tree and the render tree is
the canvas tag, which can describe a screen view, a page
view or both. DE converts the XML data into an internal
tree representation. The leaf nodes must be data sources,
either CSV files with a data set, or a random cloud gen-
erator with a set of points. DE creates Gaussian clouds
as well as uniformly distributed clouds.

Non-leaf nodes do not contain new data; rather, they
modify data or add visualizations to data. DE supports
affine transformation nodes that scale, rotate or translate
nodes below them. With randomly generated clouds fol-
lowed by affine transformations, a broad spectrum of data
sets can be generated.

To visualize a depth measure, contours can be drawn
along lines of equal depth. Points can be colored accord-
ing to their clustering. As DE uses a modular tree-based
renderer, it is trivial to cluster data and generate depth
contours concurrently, even at different points in the hi-
erarchy.

The tree is rendered starting from the leaf nodes up.
Each node is a C++ module that, given the output of its
children nodes, modifies or appends the data, then passes
the data to its parent node. Ultimately, using the canvas
node’s parameters, DE renders the result at the root of
the tree data into a pdf document.

3 Analysis of the L1 Depth
The L1 depth measure is attractive, as it is fast, simple
to implement and easily parallelizable. The quality of
results, however, is not stellar. Using DE, we compared
the performance of L1 depth and of CH Peeling Depth on
many sample data sets quickly. As DE currently supports
only L1 Depth and CH Peeling Depth, peeling depth is
used as a reference for performance. We are working on
expanding DE to include additional depth measures.

We noted that, in L1 depth, a point whose distance to
the median point is small is more likely to have greater
depth than the same point in other depth measures. As a
result, L1 depth contours tend toward circularity: a long
and thin cloud of points has a much less thin 50% contour;
similarly, a rectangular cloud has round contours. Since
contours should approximate the shape of the data, the L1

depth measure is less useful than other depth measures.

Statisticians cite affine invariance as a key quality of a
“good” depth measure [10]: the depth of a point should
remain fixed under affine transformation of the point set.
L1 depth is not affine invariant, but this presumed flaw ac-
tually helps: affine transformations on non-spherical data
can produce a cloud that approaches a hypersphere on

which L1 performs well. The resulting depths are mapped
back to the original pointset.
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Figure 1: Affine Scaling Improves the L1 Depth Results

The fundamental difficulty in scaling L1 depth is deter-
mining the proper affine transformation to produce an ap-
proximate hyperspherical cloud. We use Principal Com-
ponent Analysis (PCA). For d dimensional data, PCA
generates a set of d perpendicular vectors describing the
general directions of the data cloud. Scaling along these
vectors produces an approximation of a hyperspherical
cloud. Like the original L1 depth measure, PCA-based
scaling L1 depth is affine-rotation invariant. However,
PCA-based scaling L1 depth removes much of the afore-
mentioned bias towards points closer to the median when
assigning depth values (see Figure 1), allowing it to gener-
ate a contour that approximates well the shape of a long,
thin cloud. Note, however, that it still produces rounded
contours for square data clouds. Also this method is still
limited to clouds that are roughly convex, but many depth
measures share this limitation.

We used DE to confirm our hypothesis visually. See
Figure 1 for an example of successful PCA-based scaling
L1 depth. The final generated contour is a good approx-
imation of the shape of the cloud. This new method of
scaling does not, however, address the tendency for L1

depth contours to be rounded in square data clouds.
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