
SomeHistoryandResearch of Frank
Stenger

*******

1 The Earlier Years.

Frank Stenger was born in Magyarpol�any, Hungary, on July 6, 1938. His
parents were StengerGy•orgy and G•orgy Katalin . An historical check shows
that his motherG•orgy Katalin 's ancestorswere already present in Hungary
in the early 1600's,whereasthe Stengersideof the family cameto Hungary
in 1750, following the forced retreat of the Turks out of Hungary, by the
Hapsburgs.

Both of Frank's grandparents, Gy•orgy Miska and Stenger Simon fought in
WWI; Gy•orgy Miska was killed in that war, whereasStengerSimon lost a
leg and the use of an arm. Frank's father, Stenger Gy•orgy, spent nearly
ten yearsconscripted by the Hungarian army precedingand during WWI I.
Indeed, he was one of the very few that survived after being captured on
the Russian Front.

Magyarpol�any was primarily a German speaking town, with a German di-
alect closeto that of the street languageof Vienna, although Hungarian was
spoken equally often in the housein which Frank Stenger (who was called
StengerFerenc in Hungary) lived sincebirth.

Frank Stenger's family was well o� before the end of WWI I, but they lost
their home and all of their properties shortly after the end of that war.
Frank, his sister, Kati (4 years younger than Frank) and his father and
mother were forced to live with relatives, in cramped quarters, and in order
to survive, they stole vegetablesfrom the garden that they had previously
planted, on their former property.

In 1947most of the peopleof Magyarpol�any were ethnically cleansedout of
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Hungary. They were locked into box cars and shipped o� to East Germany.
After spending 5 weeks in a concentration camp, the Stenger family was
forced to live in the downstairs area of an older couple'shouse,in Zw•onitz,
Erzgb. Sachsen, East Germany. Whereasthey were used to having plenty
to eat in Hungary, food was scarcein East Germany at that time. For this,
and for other reasons,after spending lessthan one year in East Germany,
they sneaked over the border to West Germany. They lived in Braunschweig
for about a year, after which Frank's uncle, who had moved to Alb erta over
10 yearsearlier, arranged for them to cometo Canada. They spent the �rst
year in Warburg, Alb erta, picking roots on Frank's uncle's farm, to pay back
the money it cost his uncle to bring them to Canada.

Frank's father then bought a farm. He was, however, unlucky with crops:
at the end of the �rst year of planting, all of the cropswere lost due to hail;
there was too much rain during the secondyear, which killed the crops; and
the snow came too early in the third year, making it impossibleto remove
the crops in time, and as a result, they were eaten by mice over the winter.
It was then that Frank decided that if he wanted to get an education, he
would have to do it on his own. Consequently, he won scholarships and
fellowships every year, starting from Grade 9 until the completion of his
Ph.D. degree.

Frank's sister, Kati (called Katherine in Canada) also did well scholasti-
cally. The two younger brothers, George and Edward, who were born in
Canadadid well monetarily, although they were lessinterested in scholastic
achievements.

Frank enrolled in the electrical engineeringprogram at the University of Al-
berta. While at residence,he met an Irish mathematician, John McNamee,
who decidedthat Frank had somemathematical abilit y, and who gave Frank
a copy of R. Courant's two-volume calculustexts. It did not take Frank long
to solve all of the problems of these texts, which, in e�ect, sealedhis fate
in mathematics. After completion of his bachelor's degreein Engineering
Physics, Frank enrolled in two simultaneous Master's degreeprograms, in
Math. (Numerical Analysis, with specialty of n-dimensional quadratures),
and in Engineering (Control Theory, with specialty of nonlinear controls).
Although he completed the work of each, he only did a �nal oral and formal
completion in his numerical analysis masters. He then did a Ph.D. degree
in Math (Asymptotics), after spending a year at the National Bureau of
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Standards in Washington, D.C. His o�cial Ph.D. adviser at the Univ. of
Alb erta Dept. of Math. was Ian Whitney, an expert in complex variables,
who had previously worked with A. Erd�elyi on the Bateman manuscript
projects, and from whom Frank Stengerlearneda great deal about analytic
functions, including elliptic functions.

2 Some Research Results of Frank Stenger.

Only someof the research of Frank Stenger is touched upon in this report.
There is, however, an (roughly) 80% complete set of referencesat the end
of this report. Sinc related research of Frank Stenger is covered in the
�rst subsectionbelow. This is then followed by inverseproblems research,
miscellaneousresearch results, program packages,and textb ooks.

2.1 Sinc Related Research of Frank Stenger.

1. In 1964, John McNamee and Ian Whitney wrote a joint paper, \Whit-
taker's Cardinal Function in Retrospect", which they submitted to SIAM.
Unfortunately they had an incompetent referee,who mademany unfair crit-
icismsof their paper. They were,however proud men, and refusedto rewrite
their paper. McNameegave a copy of this paper to Frank Stenger,and after
reading it for the third time, Frank got quite excitedabout it. Heapproached
McNameeand Whitney | o�ering to to rewrite the paper, by incorporat-
ing the two reasonablesuggestionsthe refereehad made, and also, to make
someimprovements, e.g., the inclusion of the Paley{Wiener theorem, more
examples,as well as someapplications | and if he did this, would they let
him becomea joint author. They agreed,and with this publication [16] the
Cardinal function

C(f ; h)(x) =
1X

k= �1

f (k h) S(k; h)(x)

S(k h)(x) = sinc
�

x
h

� k
�

sinc(x) =
sin(� x)

� x
;

(1)
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becamea big part of Frank Stenger'sapproach to computation. Here,sinc(x)
is the sinc function coined so by engineers,while we shall refer to the func-
tions S(k; h) as Sinc functions. The beautiful coinage of this function in
the original paper (most likely due to McNamee) was \... a function of
royal blood, whose distinguished properties separate it from it bourgeois
brethren".

2. After his Ph.D. work, he spent 1965{66 in the Computer ScienceDepart-
ment at the University of Alb erta, In the fall of 1966,he joined the Mathe-
matics Department at the University of Michigan as an Assistant professor,
where he concentrated primarily on improving his mathematical skills. At
that time, there were over 20 seminarsheld in the department each week,
and he attended 11 of these. One of the themesof the department involved
various aspects of the Wiener-Hopf process: the applied mathematicians
were solving Wiener{Hopf problems; the functional analysts were factoring
Toeplitz operators; the approximation group was studying approximation
by rations of analytic functions; and the probabilist were studying discrete
Wiener{Hopf equations. In particular, during that time, Ron Douglasand
Walter Rudin wrote a joint paper, proving that: Given function f 2 L 1 (T) ,
with T the unit circle, given any " > 0, there exists a positive integer n ,
inner functions (functions that are analytic and unimodular in the unit disc
U) ' 1 ;  1 ; : : : ' n ;  n and constants c1 ; : : : ; cn such that

esssup

r ! 1�

�
�
�
�
�
�
f

�
ei �

�
�

nX

j =1

cj

' j

�
r ei �

�

 j (r ei � )

�
�
�
�
�
�

< " (2)

a.e.

Stenger[17] gave a constructive proof of this result, showing moreover, that
the approximation can be accomplishedwith n = 2. In his proof, Stenger
constructed a novel elliptic function, which was an approximate character-
istic function on a measurableset. Shortly afterward, while visiting the
University of Montreal in 1970,he reconstructed a variant of this beautiful
function in great detail [38], basedon a geometric-analytic function proof,
via use of elliptic functions. Indeed, Stenger considers[38] to be his �rst
Sinc methods paper, which led him to the development of the area of Sinc
computation. In the samepaper, [38] he disproved a conjecturemadeearlier
by several others, which we now describe. In 1965 [130], H.S. Wilf posed
the problem, to determine the best � (n), with
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� (n) =

inf
wj 2 lC; zj 2 U

8
<

:
sup

f 2 H 2 (U);kf k=1

�
�
�
�
�
�

Z 1

� 1
f (x) dx �

nX

j =1

wj f (x j )

�
�
�
�
�
�

9
=

;
;

(3)

where H 2(U) is the Hardy spaceof all functions f that are analytic on the
unit disc U, normed by

kf k =
�

lim
r ! 1�

Z 2 �

0

�
�
�f

�
r ei �

� �
�
�
2

d�
� 1=2

:

In his paper [130], Wilf obtained

� (n) = O

 �
log(n)

n

� 1=2
!

:

Shortly thereafter there followed three independent research articles, each
of which obtained the estimate � (n) = O(n � 1=2): by S. Haber (in Quart.
Appl. Math., 29 (1971) 41-420),by Johnson& Riesz(University of Toronto
Research Report) and S. Ecker (Ph.d. thesis, University of Hamburg) and
with each independently making the conjecture that this is the best bound
possible. Stengergot � (n) = O

�
exp

�
� � (n=2)1=2

��
, via useof an explicit

\ q{series" type quadrature formula constructed in [38].
In [38]1 Stengerobtained several explicit q-series{type quadrature formulas
via transformations of simple conformal maps in the characteristic function
he constructed: (i) an arc of the unit circle, (ii) the interval (� 1; 1), (iii) the
interval (0; 1 ) , and (iv) the real line lR = (�1 ; 1 ) . The latter was just
the trap ezoidalrule, but with nearly the exact samebound on the error that
was previously obtained in [16]. This connection with the above Cardinal
seriesled his mentor, J. McNamee,to suggestto Stengerthat he should use
this Cardinal seriesrather than elliptic functions to derive such formulas,
sincethe Cardinal serieswould be understood by a wider audience.

3. As a visitor to the Univ. of British Columbia during the academicyear
of 1975{76, Stenger applied various conformal maps to the series (1), to

1The publication of this paper cam much later than its discovery. After the refereeof
the journal it was submitted to kept it for over a year, he recommendedturning it down.
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get explicit, accurate Sinc{type methods for approximation over arbitrary
intervals and contours [34].

4. Whenever the series (3) above converges, the resulting function is an
entire function of order 1 and type� =h. If f is alsoan entire function of order
1 and type � =h that is uniformly bounded on lR , then the function C(f ; h)
de�ned in (1) above satis�es the identit y C(f ; h) = f . In this spacethe
function C(f ; h) is replete with many identities obtained via operations on
C(f ; h), such asdi�eren tiation, orthogonality, delta function-lik e behavior of
Sinc functions, Fourier transforms, Hilb ert transforms, etc. Theseidentities
becomehighly accurate approximations if f is not analytic in the entire
complexplane, but rather, analytic and uniformly boundedonly in the strip

Dd = f z 2 lC : j= (z)j < dg;

a region which arosenaturally in the derivation of the quadrature rules of
[38]. A conformal map ' of another region

D = f z 2 lC : j arg(' (z)) j < dg

onto Dd automatically yields methods of interpolation (as well as other
formulas of approximation) over a contour � = ' � 1(lR), of the form

F � C(F; h) � ' =
1X

k= �1

F (zk ) S(k; h) � ' ;

Z

�
F (x) dx �

Z

�
C(F; h) � ' (x) dx � h

1X

k= �1

F (zk )
' 0(zk )

:

(4)

with zk = ' � 1(k h) denoting the Sinc points. Moreover, those sameidenti-
ties for the function C(f ; h) now still hold, and one gets exactly the same
boundson the errors of approximation. In this way, we get an explicit family
of formulas for interpolation, quadrature, di�eren tiation, and Hilb ert trans-
forms, ..., etc., for arbitrary bounded, semi{in�nite, in�nite intervals and
even for analytic arcs.

For example: If ' (z) = log(z) , then D is the sector, j arg(z)j < d , the
interval � = (0; 1 ) , the Sinc points are zk = ekh , the \w eights", h=' 0(zk ) =
h ekh ;
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If ' (z) = log(z=(1 � z)) , then D is the \eye-shaped" region (see[4], p. 68,
for a picture), fj arg(z=(1� z)) j < dg, the interval � = (0; 1) , the Sinc points
are zk = ekh=(1 + ekh) , the \w eights", h=' 0(zk ) = h ekh=(1 + ekh)2 .

5. The conceptof Sinc spaceswas formulated somewhatlater (in 1984). An
understanding of thesespacesenableus to tell a priori when we can achieve
uniform accuracy over � via use of Sinc methods, by meansof a relatively
small number of points. (Actually , becausethe Sinc methods approximate
functions at Sinc points { all of which are in the interior of � { they achieve
approximations that are accurate to within a relative error even when they
approximate an operation the result of which is unboundedat an end point
of � . This occurs e.g., for di�eren tiation, for Laplace transform inversion,
for the approximation of Hilb ert transforms, for the approximation of Abel{
type integrals, etc.) It is convenient to introduce the Sinc spacesat this
time.

Along with the conformal map ' of D to D d , we set � = exp(' ), we denote
the end points of � = ' � 1(lR) by a = ' � 1(�1 ) and b = ' � 1(1 ) , we
assumethat F is analytic and bounded in D , and that limiting valuesF (a)
and F (b) exist, so that the expression

LF =
F (a) + � F (b)

1 + �
(5)

is well de�ned. (Note that as traverses� from a to b, � (z) is real valued,
and increasesstrictly from 0 to 1 .) We then say that

A. F 2 L �;d (' ) if there exist positive constants C and � such that jF (z)j <
C exp(� � j' (z)j) for all z 2 D .

B. F 2 M �;d (' ) if F � LF 2 L �;d (' ) .

Let us also introduce the Hilbert and Cauchy transforms:

(S F )( � ) =
P:V:
� i

Z

�

F (t)
t � �

dt � 2 � ;

(CF )(z) =
1

2� i

Z

�

F (t)
t � z

dt ; z 62� :

(6)

The following properties hold for Sinc spaces:
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Theorem: [87, x1.4] Let � 2 (0; 1], d 2 (0; � ], and take d0 2 (0; d) .

i. If F 2 M �;d (' ), then F (n)=(' 0)n 2 L �;d 0(' ), n = 1; 2; 3; � � �;

ii. If F 0=' 0 2 L �;d (' ), then F 2 M �;d (' );

iii. If F 2 L �;d (' ), then
R

� j' 0(x) F (x) dxj < 1 ;

iv. If F 2 L �;d (' ), then both S F and CF belong to M �;d 0(' ) .

Thesespacesare connected,in that, e.g., if ' 1 : D1 ! Dd and ' 2 : D2 ! Dd

are two conformal maps,and if F 2 M �;d (' 1) then F � ' � 1
1 � ' 2 2 M �;d (' 2) .

6. The truncation of in�nite Sinc seriesto a �nite onesbecamewell estab-
lished by this time, aswell asa slight alteration of the basesfrom S(k; h) � '
to ! k (seex1.4 of [10]) which enabled uniformly accurate Sinc approxima-
tion over � of functions which are bounded but non-zeroat the end-points
of � . An added bonus arose with this truncation: Suppose that F de-
�ned on lR is analytic and bounded in D d, and that, with L F de�ned in
(5) above, F (z) � (L F )(z) = O(exp(� � jzj)) on D , which translates to
F 2 M �;d (id), with id the identit y map. If ' is a conformal map of D to
Dd, with ' : � ! lR , then G = F � ' , which belongsto the classM �;d (' ) is
not only analytic and boundedon D, but it furthermore belongsto Lip � (�) .
The classM �;d (' ) thus housessolutions of di�eren tial equations,and we get
exponential convergencewhen approximating such functions, even though
we don't know the exact nature of the singularities at end{points of intervals
(or on the boundary of a region in more than one dimension, when solving
PDE).

For example, if d and � are somepositive constants, then the choice h =
c0=N 1=2 , with c0 an arbitrary positive constant, independent of N , d or �
yields an error of the form

sup
x2 lR

�
�
�
�
�
�
F (x) �

NX

k= � N

F (zk ) ! k (x)

�
�
�
�
�
�

= O(exp(� cN 1=2)) ; N ! 1 : (7)

with c a positive constant. The best (i.e., largest) c =
p

� d � , which obtains
with h =

p
� d=(� N ) .

7. Also during his visit to the Univ. of British Columbia in '75{'76, Stenger
discovered the important Sinc inde�nite integration matrices, for approxi-
mating the operations
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(J + g)(x) =
Z x

a
g(t) dt ; and (J � g)(x) =

Z b

x
g(t) dt : (8)

By this time, it becameunderstood, that Sinc methods are easily dealt with
via matrix techniques, inasmuch as the basis functions only generate the
matrices for approximating operations of calculus,whereaswe are interested
only in vectors of valuesof functions at Sinc points.

Letting u denote an arbitrary function de�ned on � , and letting ! j denote
the Sinc basis as de�ned in x1.4 of [87] it is now convenient to de�ne a
diagonal matrix D (u) , an operator V that changesu to a column vector
V (u) , and a row vector w of Sinc basis functions on � by

D(u) = diag[u(z� N ); : : : ; u(zN )]
V (u) = (u(z� N ); : : : ; u(zN ))T

w = (! � N ; : : : ; ! N ) :
(9)

We also needcertain numbers, � k , generatedby integrals of Sinc functions.
Theseare given by

ek =
Z k

0
sinc(x) dx ; � k = 1=2 + ek ; k = 0; � 1; � 2; : : : :

Let m = 2N + 1, and let I (� 1)
m denote2 m � m matrix with (i; j ) th element

� i � j . Then setting

A+ = h I (� 1)
m D(1=' 0) ; A � = h

�
I (� 1)

m

� T
D(1=' 0) ; (10)

we get the accurate approximations

(J + g)(x) =
Z x

a
g(t) dt � w(x) A+ V g

(J � g)(x) =
Z b

x
g(t) dt � w(x) A � V g:

(11)

Although this formula wasdiscoveredin 1976-77,it was�rst published with-
out proof only in 1981[58]. Several proofs have beengiven since.

2To date it has beenshown via numerical computation that all eigenvalues of I ( � 1)
m lie

in the open right half plane, for 1 � m � 1024. Stenger o�eres $300 to the �rst person
who provesor disprovesthat all of the eigenvaluesof I ( � 1)

m lie in the open right half plane,
for every positive integer m.
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8. One important application of Sinc inde�nite integration is that it enables
uniform approximation of inde�nite integrals on arbitrary intervals and con-
tours, even when the integrands are unbounded at (but integrable over �)
at end{points of � . (As already mentioned above, we can even get good ap-
proximations of integrals that are unbounded, e.g., the incomplete Gamma
function, �( a; x) =

R1
x ta� 1 dt , with a � 0). Another important application

was a novel packagefor solving ODE (ordinary di�eren tial equation) initial
value problems[92] over arbitrary intervals; furthermore, while stability and
sti�ness can causedi�culties for other methods and packages,theseare not
di�culties for the Sinc ODE package. The reasons:The above approxima-
tion to J + is applied after the usual conversion of the ODE to one, or a
systemof integral equations,enablingan immediate reduction to a systemof
algebraicequations,via Sinc collocation over the whole interval, a procedure
that requires no computation. The resulting system of algebraic equations
is then solved via Newton's method, thereby avoiding problems of stabilit y.
Sti�ness is not a problem sincethe Sinc points \bunch up" at the end{points
of the interval. and are thus able to accurately approximate solutions even
though they may changerapidly in neighborhoods of the end-points.

9. It was also shown in 1984, that if the coe�cien ts of function values at
the Sinc points are in error, then the error of Sinc interpolation on � is not
appreciably larger in magnitude than the error in the coe�cien ts. This fact
and the fact that Sinc collocation is equivalent to Sinc{Galerkin enablesus
to drop the sinc basisvector w in our Sinc approximation formulas.

10. In [67] Elliott & Stengerobtained the following formula for approximat-
ing the above Cauchy integral CF :

(CF )(z) �
NX

k= � N

F (zk ) ck (z) ;

(S F )( � ) �
NX

k= � N

F (zk ) tk (� ) ;

(12)

with
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ck (z) =
h

2� i
expf i � [' (z) � kh]=hg � 1

' 0(zk )(z � zk )
;

tk (� ) =
h
�

cosf � [' (x) � kh]=hg � 1
� 0(zk )(x � zk )

:

(13)

11. This is a stable method of analytic continuation, i.e., in determining
the values of an analytic function in the interior of a domain once they
are known on Sinc points of the boundary. Additionally , the formula (12)
combined with an equally e�cien t variant of (12) for Sinc approximation of
Hilb ert transforms (seebelow, however, for a recently discoveredvariant that
is even better!) were used in [106] for devising an (i.e., probably the most
e�cien t) algorithm to construct conformal mapsof regionswhoseboundary
consistsof a �nite number analytic arcs.

12. A family of rational functions was constructed in the paper [73], which
interpolated functions at Sincpoints z� N ; : : : ; zN and for which the error of
interpolation of functions belonging to the above Sinc spaceshad the same
bound as the error of Sinc interpolation at these same points. The most
important consequenceof this was in the area of rational extrapolation to
the limit. If a function f is analytic in a simply connecteddomain D , and
if points z1 ; z2 ; : : : ; zn and � are in D then the known values of f at
the points zj can be used to predict the value f (� ) via use of polynomial
extrapolation, and moreover, the processconvergesexponentially , with error
of the order of O(exp (� cn) . The reason for this is that there exists a
polynomial of degreen for which the maximum di�erence between f and
the polynomial in a simply connectedcompact subset of D is of the order
of exp(� cn) . However, if � is on the boundary of D such that f has an
algebraicsingularity at � , then the convergenceof polynomial extrapolation
is so slow making polynomial extrapolation practically worthless.
On the other hand, if the above points zj belong to a domain D which
is mapped by ' onto the above de�ned strip Dd, if f 2 M �;d (' ) , and if �
either belongsto D or is an end-point of � = ' � 1(lR) , then there is a rational
function of the type derived in [73] which interpolates f at 2N + 1 points of
� and for which the maximum di�erence betweenf and the rational at the
points zj and at � is of the order of exp

�
� cn1=2

�
, i.e., we can be sure that

rational extrapolation works to predict the value of f (� ) , even though this
value might be di�cult or impossibleto compute directly. That is whereas
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the successof rational extrapolation waspreviously basedon a \gut feeling',
we now conditions under which it is guaranteed to work. Someexamplesof
this type are given in [87]; other practically important ones, including not
yet tried possibilities are given below.

13. A recent discovery of Stenger is the formula for inde�nite convolu-
tions [89], which has led to many novel important formulas in applications,
for approximating convolution integrals, for inverting Laplace transforms,
for solving equations, such as Wiener{Hopf equations, which were hith-
erto consideredto be di�cult, for evaluating Hilb ert transforms, for solving
PDE (partial di�eren tial equations) and for solving multidimensional inte-
gral equations. The basic models are the integrals

p(x) =
Z x

a
f (x � t) g(t) dt ;

q(x) =
Z b

x
f (t � x) g(t) dt ;

(14)

with x 2 (a;b) (i.e., this processhasnot yet beenstudied for a more general
contour � .) The \Laplace transform"

F (s) =
Z

E
f (t) e� t=s dt (15)

is required, with E any subinterval of lR = (�1 ; 1 ) such that E � (0; b� a),
exists for all s 2 
 + � f s 2 lC : < s > 0g. It is shown in [89] that

p = F (J + ) g and q = F (J � ) g ; (16)

with J + and J � de�ned as in (11) above.

Using the approximations of (11), i.e., J � g � J �
m g with J �

m = w A � V ,
and with V de�ned as in (9) above, onecan surmisethat if J � � J �

m , then
F (J � ) � F (J �

m ) , and indeed, this was shown to be the casein [89]. One
thus gets the approximations

V p � F (A+ ) V g and V q � F (A � ) V g (17)

with the error these approximations of the sameorder as the error in (6)
above.
Here, the matrices F (A � ) can be evaluated by diagonalization of A � , (a
procedure which has always been possiblenumerically, to date) for exam-
ple, if A+ = X S X � 1 , with S = diag(s� N ; : : : ; sN ) , then F (A+ ) =
X F (S) X � 1 .
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14. Summarizing to this point, we seethat Sinc methods o�er a self con-
tained family of approximations of the most signi�cant operations of calcu-
lus, and with the error being of the order of that in (6) above:

Interpolation: F 2 M �;d (' ) =)

V F = V F (F (x) � w(x) V F ) ;

Di�er entiation: ' 0F 2 L �;d (' ) =)

V F 0 � (A+ )� 1 V F (or V F 0 � � (A � )� 1 V F ;

Inde�nite Integration: F=' 0 2 L �;d (' ) =)

V J � F � A � V F ;

Quadrature: F=' 0 2 L �;d (' ) =)
Z

�
F (x) dx � h (V f )T V(1=' 0) ;

Inde�nite Convolution: (See above for the de�nitions of p and q.) More
complicated preciseconditions hold for the following, but usually it su�ces
if p and q belong to M �;d (' ) .

V p � F (A+ ) V g ; V q � F (A � ) V g ;

Hilbert Transform: See(6) & (12) above. Uniform error bounds for the
following hold if f 2 L �;d (' ) :

(S F )( � ) �
NX

k= � N

F (zk ) tk (� ) ; � 2 �;

This result was derived recently, in [10], and is not yet published.

Cauchy Transforms. See(6) & (12) above. Uniform error bounds for the
following hold if f 2 L �;d (' ) .

(CF )(z) �
NX

k= � N

F (zk ) ck (z) ; z 62�;
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Laplace Transform Inversion: If g(s) =
R1

0 f (t) dt , then (over an interval
� , with ' : � ! lR), and if 1 is a column vector of order m with a \1" in
each entry, then

V f �
�
A+ � � 1 g

� �
A+ � � 1

�
1 ;

Uniformly accurateerror boundshold for this approximation if f 2 M �;d (' ) .

Inner Product Evaluations in Galerkin Methods. If f =' 0 2 L �;d (' ) , and if
! j denotesthe j th basis function, then

Z

�
f (x) ! j (x) dx �

h f (zj )
' 0(zj )

:

15. The above one dimensional convolution procedure extends readily to
multidimensional convolutions. And while the approximation of one di-
mensional convolutions requires the diagonalization of a matrix and thus
seemingly requires more work than we are normally used to expend on a
numerical method, this amount of work is relatively small for solution of
partial di�eren tial equations.

16. The solution of PDE that are expressedvia integrals of Green's func-
tions is a straight forward application of Sinc convolution, but to achieve
this, one requires the multidimensional \Laplace transform" of the Green's
function. Stengerwas lucky in this endeavor, in that he was able to obtain
explicit expressionsof all of the free spacemultidimensional Green's func-
tions known to him for Poisson,biharmonic, wave, and heat problems. The
derivations of theseare given in [121 ]. Also in [121], Stengergives explicit
algorithms for the evaluation of the Green's function convolution integrals,
�rst over rectangular, and then also over curvilinear regions. It has thus
becomepossibleto achieve a highly e�cien t and accurate approximation of
multidimensional Green'sfunction convolution integrals via the useof a very
small number of multiplications of onedimensionalmatrices i.e., via separa-
tion of variables. We are thus able to circumvent the useof large matrices
required via useof classical�nite di�erence or �nite element methods, and
thus, to get uniformly accurate solution via useof considerably lesse�ort.

For example, to evaluate the solution of a Poissonproblem for a function
U, over a planar region B , with
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U(x; y) =
Z Z

B
G(x � � ; y � � ) e(� ; � ) d� d� :

G(x; y) =
1

2�
log

1
p

x2 + y2
;

(18)

and with e a forcing function that might beunboundedon the boundary of B
but is integrable over B , we needthe two dimensional \Laplace transform"
Ĝ of the Green's function G, i.e.,

Ĝ(u; v) =
Z 1

0

Z 1

0
exp

�
�

x
u

�
y
v

�
G(x; y) dx dy

=
�

1
u2 +

1
v2

� � 1

�

�
�

�
1
4

+
1

2�

�
v
u

(
 � ln(v)) +
u
v

(
 � ln(u))
� �

:

(19)

Thus, if B is a rectangular region such as B = (0; 1) � (0; 1), if A � are
the Sinc inde�nite integration matrices of order m = 2N + 1 over (0; 1),
with A+ = X S X � 1 , A � = Y S Y � 1 , with S a diagonal matrix, S =
diag(s� N ; : : : ; sN ) , with X i = X � 1 and Y i = Y � 1, with G the matrix with
(i; j )th entry Ĝ(si ; sj ) , and with E the matrix with (i; j ) th entry e(zi ; zj ),
and where the zk denote Sinc points, we can approximate U(zi ; zj ) � Uij

via useof the following Matlab program:

U = X � (G: � (X i � E � X i: 0)) � X :0;
U = U + Y � (G: � (Y i � E � X i: 0)) � X :0;
U = U + X � (G: � (X i � E � Y i: 0)) � Y:0;
U = U + Y � (G: � (Y i � E � Y i: 0)) � Y:0;

This approximate solution has a uniform error of the order of that on the
right hand side of (6), provided that each of the functions, e(�; y) for each
�xed y 2 (0; 1) and e(x; �) for each �xed x 2 (0; 1) are analytic, and provided
that U is uniformly bounded on B .

We may note that this procedurejust involves the product of a few one di-
mensionalmatrices (separation of variables!). Similarly, higher dimensional
problems, including, e.g., problems over a rectangular region B in lR3, or
over B � (0; T) are not much more di�cult to solve.
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17. For example, the electric �eld integral equation

e(r ; t) �
Z

V

Z t

0

 Z t0

0

 (r 0; t0� � )e(r 0; � )d�

!

g(j r � r 0 j; t � t0)dt0d3r 0 = ein (r ; t)

was solved in [125] after collocation via Sinc convolution and then solution
of the resulting system of equationsvia successive approximation. Naghsh-
Nilchi obtained the following computation times:

IBM RISC/560 W orkstation Run{Times

Computation time required by Yee's Finite Di�erence (F.D.) and Sinc-
convolution methods vs. desired precision. Computer run{time is shown
as Days: Hours: Minutes: Seconds

The unstarred entries are actual computation times.

The starred (f�g � ) entries are computed computation times, basedon known
rates of convergenceof the �nite di�erence method of Yee [128]. The un-
starred entries are actual computation times.

Acc. F. D. Run-Time Sinc{Con v. Run-Time

10� 1 � 1 second � 1 second

10� 2 000:00:00:27 000:00:00:06

10� 3 003:00:41:40� 000:00:02:26

10� 4 > 82 years� 000:00:43:12

10� 5 > 800,000years� 000:06:42:20

10� 6 > 8.2 billion years� 001:17:31:11

18. Many other PDE have been solved since via the Sinc convolution ap-
proach, each illustrating the easeof useand accuracyof Sinc methods. The
tutorial [121] contains examples of the solution of PDE over curvilinear
regions, solution of nonlinear PDE, one of which (the nonlinear integro{
di�eren tial equation in [10, x4.3.1]) no-one else was able to solve via any
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other method, and the easeof solution of wave and time problemsvia useof
Neumanntype iteration, which works, in essencefor Sinc methods whenever
it works in theory.

19. In [17] Morse & Feshbach discussthe possibility of use of separation
of variables to solve three dimensional Laplace and Helmholtz equations.
They conclude via use of the St•ackel determinant, that there are just 13
casesof when this is possible. The key to successof this procedure is, in
essenceis to be able to transform the problem over the original region into a
similar one over a rectangular region. They would then be able to useone-
dimensional methods to solve multidimensional problems. Stengershows in
[10] that such separation of variables is possiblefor Poisson,wave and heat
problems in all dimensions. One reasonfor this is that the Sinc methods of
this packageenablesolutions of PDE without approximation of the highest
derivatives. The procedureis basedon the above convolution method. One
does,however, require oneadditional property for success,which is that the
coe�cien ts of PDE as well as the patches of the boundary of the region
are analytic in each variable, with all other variables held �xed, and real.
PDE from applications that are modeledvia useof calculus do, in fact have
this feature, under the assumption that such PDE are modeledby scientists
and engineers,via use of calculus. In such circumstances, Sinc methods
also yield exponential convergence,and combined with the separation of
variables referred to above, we are able to obtain signi�cant increasesin the
rates of convergenceover classicalmethods.

Stenger has also demonstrated that this separation of variables procedure
extends to PDE de�ned over curvilinear regions, B , under the assumption
that such regions B can be represented as a union of rotations of a �nite
number of regionsof the form

B = f (x; y) : a1 < x < b1; a2(x) < y < b2(x)g (20)

in two dimensions,and of the form

B = f (x; y; z) : a1 < x < b1; a2(x) < y < b2(x); a3(x; y) < z < b3(x; y)g ;
(21)

in three dimensions(and similarly, in more than 3 dimensions). These re-
gions can be transformed into rectangular onesvia the respective transfor-
mations
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x = a1 + (b1 � a1)�
y = a2(x) + (b2(x) � a2(x)) � ;

(22)

and

x = a1 + (b1 � a1) �
y = a2(x) + (b2(x) � a2(x)) �
z = a3(x; y) + (b3(x; y) � a3(x; y)) � :

(23)

Thesetansformations map theseregionsto rectangular oneswhile preserving
the requisite analyticit y property referred to above, provided that the ai and
bi have similar analyticit y properties. Similar assumptions must be made
of the boundary, which is to consist of a �nite number of analytic arcs
in two dimensions, and of a �nite number of \analytic patches" in three
dimensions3. Surprisingly, (i.e., since such transformations \disturb" the
convolutions, although luckily, they do not disturb them enough)we are still
able to useseparationof variablesto evaluate the convolution integrals after
such transformations aremade,via useof the original \Laplace transformed"
Green's functions.

20. Successof the above procedurealso dependson recently obtained novel
extensionsin [121]of the one dimensional convolution formulas for approxi-
mating the above one dimensional integrals p and q in (14) , to the approx-
imation of integrals of the form

r (x) =
Z x

a
g(x � t; t) dt ;

s(x) =
Z x

a
k(x ; x � t ; t) dt :

(24)

21. Stengeralsoshows in [121]that if the non-homogeneousterm of the PDE
has such analyticit y properties, then so does the result of a convolution of
this term with a Green's function, and this enableshim to show that the
solution of the PDE alsohas the correct analyticit y properties to enablethe
achievement of exponential convergenceat a rate (7) in the approximate
solution.

3Stenger makes these concepts precise in [121].
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2.2 Some In verse Problem Results of Frank Stenger.

The company, TechniScan Inc. , was founded by S.A. Johnson,who is Chief
Scientist of this company. Frank Stengerhasin the past written a number of
joint papers with S. Johnson, D. Borup, J. Wiskin, M. Berggren and other
present or past members of this group. Frank Stenger is also listed as an
inventor on certain TechniScan patents.

TechniScan, Inc. recently won two awards for the development of a breast
cancer scanner basedon ultrasound inverse scattering tomography. It re-
ceived the Stoel-Rives award for medical innovation. It also received the
"Best of State Utah 2005" presentation for medical product development.

Currently, TechniScan Inc. hasa prototypeultrasonic tomography machines
installed and undergoing clinical evaluation the St. Mark's Hospital in Salt
Cit y, UT and oneat McKay-DeeHospital in Ogden,UT. Thesemachinesare
the outgrowth of earlier research machines that used preliminary imaging
algorithms basedon useSinc basesto carry out their inversion algorithms.
This early work provides a bene�cial balance of accuracy and speed and
e�cien t use of computer memory since only 4 samplesper wavelength are
required using Sinc bases,whereasat least 8 samplesper wavelength are
required via other basesor sampling schemes.

Sinc basissamplingwasfeatured in a TechniScan, Inc. publication outlining
a method, using inverse scattering, that increasedspeed and accuracy for
remote SONAR imaging of buried objects on the oceanbottom [129]

Other articles featuring Sinc methods of inverseproblems and imaging in-
clude [130, 131, 132].

We list here some inverse problems results of Frank Stenger which have
yet been used commercially. The results listed here are basedon the 3{d
Helmholtz equation,

r 2 u(�r ) + k2(1 + f ( �r )) u(�r ) = 0 in B ; (25)

whereB is a boundedregion in lR3 , f ( �r ) = c2
0=c2( �r ) � 1, with c(�r ) and c0 the

speedsof sound in B and in lR n B respectively, so that f = 0 on lR3 �B, and
with k = ! =c0 . A source with respect to the equation (25) is any function
v which satis�es in B the equation

r 2 v(�r ) + k2 v(�r ) = 0: (26)
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It may be shown that the solution u of (25) resulting from a sourcev satis-
fying (26) satis�es the integral equation

u(�r ) � v( �r ) = k2
Z Z Z

B
G(�r ; �r 0; k) f ( �r 0) u(�r 0) d�r 0; (27)

where

G(�r ; �r 0; k) =
exp(i k j �r � �r 0j)

4 � j �r � �r 0j
: (28)

For example, two easily produced sourcesin applications are a plane wave
and a spherical source. Theseare given respectively by

v(�r ) = exp(i �k � �r ) ; j �kj = k
v(�r ) = G(�r ; �r s ; k) ; �r s 62B :

(29)

We also denote two points on the exterior of B : �r s { a sourcepoint, and �r d

{ a detector point.

Two typesof approximations werepopular in the past, sincethe solution of
the Helmholtz equation is time consuming:

A. The Born approximation:

u(�r ) = ei �k � �r eW ;

W = WB ( �r ; �r s ; k) =
Z Z Z

B
G(�r ; �r 0; k) f ( �r 0) ei �k � �r d�r :

(30)

and

B. The Rytov approximation

u(�r ) = G(�r ; �r s ; k) eW ;

W = WR ( �r ; �r s ; k) =
Z Z Z

B
G(�r ; �r 0; k) f ( �r )0G(�r 0; �r s ; k) d�r ;

(31)

The following results in which � is a positive number depending on the
smoothnessof f on the ray path connecting �r s and �r d were establishedin
[60]:
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2i
k

WB ( �rd ; �r s ; k)

= j �r d � �r sj
Z 1

0
f ((1 � t) �r d + t �r s) dt + O(k � � ) ; k ! 1 ;

4 i
k G(�r d ; �r s ; k)

WR ( �rd ; �r s ; k)

= j �r d � �r sj
Z 1

0
f ((1 � t) �r d + t �r s) dt + O(k � � ) ; k ! 1 :

(32)

These results show that the ray paths for the Born and Rytov approxima-
tions are straight lines, and if the dominant terms of theseapproximations
wereknown then onecould useX-ray tomography algorithms to reconstruct
the function f in B .

The geometric optics approximation to the solution u of (25) satis�es the
equation

i
k

log
�

u(�r s ; k)
u(�r d ; k)

�
=

Z

P

q
1 + f ( �r (s)) ds + O(k � � ) ; k ! 1 ; (33)

where P is the ray path (i.e., not a straight line) connecting �r s and �r d .

Now, e.g., for the case of ultrasonic tomography involving frequencies�
from 2 to 4 megahertz, the di�erence between the actual values on the
left hand sidesof (32) and (33) and the corresponding terms on the right
is very large, so that direct application of these asymptotic results is not
very useful. Similarly, the left hand sidesof each of the terms in (33) and
(33) have a singularity at k = 1 , and so polynomial extrapolation to the
limit via polynomials in 1=k does not work. On the other hand, it can
be shown that the terms on the left hand sidesof of (32) and (33) belong
to the spaceM �;d (' ) as a function of k , (seex2.1, #5 above) with ' (k) =
log(k� k0) , with 0 < k0 < 2� � =c0 , i.e., wecanaccuratelyapproximate these
functions with low degreerationals (see x2.1, #12 above). Additionally ,
when a transducer \�res", it contains all frequencies� in an interval of
frequencies,such as, e.g., 2 � 106 < � < 4 � 106. We can thus use Thiele's
method of extrapolation to the limit using a �nite number of values of on
2� 106=c0 < k < 4� 106=c0 to accurately predict the dominant terms on the
right hand sidesof (32) and (33). Noise is of coursepresent in applications,
and we must therefore �rst apply a noise reduction algorithm such as ` 1
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averaging [62] to remove the majorit y of the noisebefore applying Thiele's
method.

2. The following result is established in [123]: Given points �r 0 2 B ,
�r 2 lR3 n B , and any " > 0, there exist two sources v1 and v2 satisfying
(26) , such that f ( �r 0) may be computed to within an error of " using the
valuesu1( �r ) and u2( �r ) by performing one addition, one multiplication, and
one division.

2.3 Miscellaneous Research Results of Frank Stenger.

Someof the more interesting research results of Frank Stengerare presented
here.

1. In [19], a joint with P. Lip ow (a former student of Schoenberg) it is shown
that if f Qng1

1 is any sequenceof n{p oint quadrature formulas such that
Qn (f ) convergesto I (f ) =

Rb
a f (x) dx asn ! 1 for all continuous functions

f on a �nite interval [a;b] , and given any strictly decreasingsequenceof pos-
itiv e numbers f akg1

k=1 there exists a function f that is continuous on [a;b] ,
and a subsequencef Qnk g1

k=1 such that I (f ) � Qnk (f ) = ak , k = 1; 2; : : : ,
where kf k = 3a0 . That is, the sequencef Qng can converge arbitrarily
slowly. Such a result was previously known only for polynomial approxi-
mation of continuous functions. Moreover, it extends Polya's result on the
non-convergenceof the Newton{Cotes quadrature rules for all continuous
functions.

2. In [32] Rosenberg and Stenger obtained an interesting result involving
the \bisection" of triangles. Given a triangle T0 with smallest interior angle
� , the processof bisection of this triangle is to draw a line segment from
the mid-point of the longestedgeto the opposite vertex (if there are two or
three of the edgesthat are longest, then it is immaterial which longestedge
is selected), thus producing two triangles. The result proved in [32] states
that if T is any member of the family of triangles producedby �rst bisecting
T0 to produceT1 and T2 , then bisectingeach of the two newtriangles, and so
on, then the sizeof the smallest interior angleof T is at least �= 2. Although
it wasunknown to the authors of [32] when they wrote their paper, that the
anglesof triangles do not go to zeroupon repeatedbisectionwasa conjecture
of �nite element users,the result of which was required for convergence.

3. Also, during the same year, Stenger derived a novel formula via use
of a combinatorial argument [34] for computing the topological degreeof
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a continuous mapping from lRn to lRn , as a function of the signs of the
coordinates of the map at a �nite number of points on the boundary of the
domain. The original proof published in [34] usesinduction. A di�eren t
proof for the two dimensional caseis given on page32 of Stenger text [87].
For example, if B is a boundedplanar region with boundary @B containing
the points X 0 = (x0; y0) ; X 1 = (x1; y1) ; : : : ; X N = (xN ; yN ) , where these
points are listed in counterclockwise fashion, and if at least one the two
continuouscomponents (f ; g) of F is non-zeroon each closedarc of @B with
end-points at X j and X j +1 , for j = 0; 1; : : : ; N , with X N +1 = X 0 , then
the topological degreeof F at (0; 0) relative to B given by

d(F; B ; (0; 0)) =
1
8

NX

j =0

�
�
�
�
�
�
�

sgnf (X j ) sgng(X j )

sgnf (X j +1 ) sgng(X j +1 )

�
�
�
�
�
�
�

: (34)

Here sgn(a) is de�ned for any real number a by sgn(a) = 1 if a > 0, 0 if
a = 0, and � 1 if a < 0.

The above sum (34) is always an integer under the conditions of application
of the formula, and as is well known, if d(F; B ; (0; 0)) 6= 0 then there are at
least jd(F; B ; (0; 0))j solutions of the equation (f ; g) = (0; 0) in the interior
of B .

4. In a recent colloquium talk in Math. at the Univ. of Utah, David Bailey
from Lawrence Livermore Labs. stated that in computing � to 20 billion
places,his group usedSinc quadrature to check their results.

5. Asymptitic methods are, of courseimportant, especially for deriving the
dominant term of an expansion. It is also frequently possible to set up
an inde�nite integral, or a Volterra integral equation for either bounding
the error of a truncated expansion, or for obtaining more terms of of an
expansion. This integral, or Volterra integral equation can now be evaluated
to uniform accuracyon the whole interval of interest via Sinc methods. For
example,a derived asymptotic result (of an integral, a di�eren tial equation,
etc.) might take the form

f (x) = g(x) (1 + "(x)) ; x 2 (a ; 1 ) ;

with g(x) explicitly known, followed by an estimate such as,"(x) = O (x � c) ,
or a bound on "(x) which might dependon x 2 (a ; 1 ) . Sinc methods enable
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a simple expressionfor "(x) that can be evaluated to arbitrary accuracyfor
any x 2 (a ; 1 ) . Seethe IVP examplessection of Sinc-Pack.

6. In [8] Stengerproved, amongother things, if Qn (f ) is the n{p oint Gaus-
sian quadrature approximation to I (f ) =

R1
� 1 f (x) dx , if f is analytic on the

unit disc and integrable over (� 1; 1) , and if the even derivatives f (2k)(0) of
f are all of one sign, then Qn (f ) convergesmonotonically to I (f ) .

2.4 Program Packages of Frank Stenger.

The following program packagesexist:

i. The quadrature package,ALGORITHM 614. A FORTRAN Subroutine
for Numerical Integration in H p, written jointly with K. Sikorski and
J. Schwing, in ACM TOMS 10 (1984) 152{160.

This routine, orginally written in FORTRAN, evaluates integrals in
two ways: (a) To an arbitrary given accuracyof " ; or (b) Using a min-
imal number of points to achieveand accuracy, whenf =vp0 2 M �;d (' ) ,
and we know both � and d . It is time to improve it, by rewriting it
in Matlab, and by making it dependent on ' , thus shortening the
program considerably.

ii. The ODE{IVP package [106], ODE { IVP { PACK via Sinc Inde�-
nite Integration and Newton's Method, with S�A. Gustafson, B. Keyes,
M. O'Reilly, and K. Parker, published in \Numerical Algorithms" 20
(1999) 241{268.

This package can be downloaded from Netlib. It is similar to Bill
Gear'spackagefor solving initial valueproblemsof ordinary di�eren tial
equations, except that it di�ers from his, or other packages, in the
following ways:

� a. It usesSinc inde�nite integration, rather than step{by{step
methods basedon �nite di�erences;

� b. The package yields arbitrary , uniform accuracy, for all prob-
lems,whereasother packagesareaccurateto within a leastsquares
error;

� c. Other packages work only for �nite intervals, whereas the
present one yields solutions over arbitrary intervals, �nite or in-
�nite, and even contours;
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� d. Classicalmethodssu�er dueto problemsof instabilit y, whereas
this packagedoesnot; and

� e. Classical methods have trouble dealing with Sti� problems,
whereasthis packagedoesnot.

iii. The PDE package,Ptolemy, [107], prepared for his Ph.D. work, by K.
Parker, in 1999.

It is written in Maple. It converts an elliptic PDE and IE (integral
equations)over a curvilinear region to a systemof algebraicequations,
basedon Sinc approximation of the derivativesof the PDE.

iv. Sinc-Pack, 2005, [121], written by Stenger.

It consistsof two parts:

(a) A Tutorial of Sinc Methods, a 360{page (presently in .pdf ) text,
containing novel derivations of the Sinc theory and one dimensional
Sinc methods, via minimization of the useof complex variables, then
derives novel methods of solution of PDE and integral equations via
use of Sinc convolution and boundary integral methods. It is more-
over shown in the tutorial that all solutions of linear PDE can be
obtained via useof onedimensionalSinc methods, (i.e., via separation
of variables{ Stengerexpendsconsiderablee�ort to show that this is
always possible)even over curvilinear regions,yielding solutions that
areuniformly accurateand convergeexponentially , asa function of the
size of the one dimensional matrices. The multidimensional Laplace
transforms of Green's functions are required for successof this en-
deavor, and to this end, Stengerwas able to obtain the Laplace trans-
forms of all of the free spaceGreen's functions known to him. The
resulting solution techniquesare often ordersof magnitude faster than
current methods in use.

(b) A set of approximately 300 Matlab programs, written by Stenger.
The use of some of these programs is illustrated in the above cited
tutorial, for solving a variety of one dimensional and PDE problems.

2.5 Textb ooks.

The following textb ooks are authored or co-authored by Stenger:
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a. Numerical Methods Based on Sinc and Analytic Functions, approxi-
mately 565 pages,Computational Math. Series,Vol. 20, Springer{
Verlag (1993).

b. Selected Topics of Approximation and Computation, with K. Sikorski
and M. Kowalski, approximately 349 pages,Oxford University Press
(1995). Was awarded \First Prize" by the Minister of Education in
Poland, for the best research in 1995.

c. Numerical Analysis, textb ook, with J. McNamee,531pages,in manuscript.
McNameehas beendeceasedfor over 12 years. The book was started
by him and me about 20 years ago. During the past year I wrote
three additional chapters, 2 on Sinc methods and one on asymptotic
methods.

d. Tutorial of Sinc Methods. About 360 pagesin .pdf form. Completed in
2005. this was already discussedabove.

The following text is a nice introduction to Sinc methods:

e. Sinc Methods for Quadrature and Di�er ential Equations, by J. Lund &
K. Bowers, approximately 334 pages,SIAM (1992).
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