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Abstract
We discuss the theory and practical issues behind creating reflection models to show the difficulty of the problem.
We survey the current approaches towards reflection models for computer graphics to show that even for simple surfaces, the important issues are far from settled. We briefly
discuss future directions for research. Finally, we present a
case study of a particular type of light reflection that captures some important aspects of appearance for a limited
class of materials with subsurface reflection.

1

Introduction

A goal of realistic image synthesis is to create images that
evoke visual reactions similar to what a viewer would experience in the actual scenes, or more modestly, to create
images of the scenes that might be captured by a camera or
other sensor device. In either case, an accurate model of the
scene is needed, describing salient aspects of shapes and materials that contribute to the final images. Typically, the material description is assumed to be the easiest part of creating
an image [5]. However, it has been our experience that describing the materials can often be the most problematic part
of image synthesis. In this paper we discuss why this is the
case, and what issues need to be resolved to enable realistic
images to be more easily generated.
Our goal in this paper is to provide a tutorial of reflection
modeling terminology and methodology that is not made
opaque by too much radiometric jargon, and to communicate the relative immaturity of reflection modeling technol-

ogy. We argue that this immaturity stems largely from barriers intrinsic to reflection modeling, rather than from a lack of
previous work on the subject. We emphasize the issues that
come up when using light reflection models to create realistic images. Dealing with these issues is vital when creating a
rendering system, and we believe the community needs to simultaneously consider both theoretical and practical issues
when developing reflection models. An application of this
belief is shown in the case study reflection model developed
in the paper.
In Section 2, we describe how light reflects from a
smooth surface. We cover the complexities of reflection
from rough surfaces in Section 3. We review the high-level
issues related to the commonly-used reflection models and
representations in Section 4. In Section 5 we provide a case
study of a reflection model for smooth surfaces with subsurface scattering. This last section, where a relatively simple
surface type is shown to be an unsolved problem, emphasizes the main point of the paper: even for simple surfaces,
the important issues in reflection modeling are far from settled.

2

Properties of a smooth interface

The simplest case of reflection is for a smooth interface
between two homogeneous materials. This situation is governed by the Fresnel equations which describe the ratio of
reflected and transmitted energy as a function of incident
direction, polarization, and properties of the two materials [37]. For simplicity we assume that one of the materials
is vacuum or air, which have almost identical optical prop-

erties at a material interface.
A fundamental property of the Fresnel equations is that
they predict different reflectance behavior for the two states
of polarization. However, image synthesis practitioners almost never take polarization into account and assume random polarization everywhere. This should cause some unease, because in simple instances polarization can play an
important role even when the emitted light is randomly polarized [40, 23]. To add to the unease, note that the light
coming from the sky is partially polarized [19].
For engineering applications where accuracy is critical,
polarization should be accounted for. For the rest of this
paper we will assume that a world without polarized light
would not look much different, so ignoring polarization will
be acceptable for appearance-based applications. This is almost certainly not true in general, and should at some point
be examined more carefully, however, ignoring polarization
will probably not be the worst sin committed in the image
synthesis process. We can ignore polarization by averaging
the reflectance predicted by the two polarization cases. This
will give us a reflectance that depends only on wavelength
and incident angle: Rf (; ) as well as the optical properties
of the material.
The optical properties of the material that we are concerned with are its refractive index n() and its extinction
coefficient k(), both of which depend on wavelength .
Materials fall into two broad categories: dielectrics, where
k() is zero for  in the visible range, and conductors (metals), where k() is non-zero. The equations are somewhat bulky, particularly in the case of a conductor, but are
straightforward to implement.
It is occasionally possible to look up the optical properties for a material [27], however such data is hard to find for
materials in typical scenes. Where experimental data exists,
it often varies widely between sources. It is often easier to
obtain, or at least estimate, reflectance data for normal incidence angle, Rf (0; ). Cook and Torrance used this to their
advantage to approximate Rf (; ) from Rf (0; ). This approximation was refined by Schlick [33]:

Rf (; )  Rf (0; ) + (1 , cos )5 (1 , Rf (0; )):

(1)

Note that Rf (90 ; ) = 1, which is important for achieving correct appearance at grazing angle. One might argue
that the Fresnel equations are simple enough that it is unwise to approximate them. However, even when the data is
available, ignoring the role of polarization introduces error
likely to be much larger than that added by the Schlick approximation. Because the approximation is more efficient,
stable, and easier to debug than the full Fresnel equations,
we advocate its use without hesitation when ignoring polarization.
The qualitative effects of the Fresnel equations are illustrated in Figure 1, where R1, R2 , and R3 are the fractions of
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Figure 1. The fraction of energy specularly reflected (RE)
and energy transmitted ((1-R)E) changes with incident angle, but at each angle the sum of the specularly reflected and
transmitted energy equals the incident energy (E).

incident light specularly reflected, and the size of these fractions is shown by the length of the reflected vector. Note that
the specular reflectance increases as the angle of incidence
diverges from the surface normal. For a metal, the transmitted energy will be absorbed.
This is perhaps the only reflection model where the
physics are well-understood and which applies to real situations. We can render an object with known parameters such
as copper, and have some confidence in the result. However, the object will look like a unnaturally new copper coin.
What is missing is corrosion, scratches, and patina. These
can be simulated [8], but then the simple Fresnel equations
do not apply. Also, uncorroded metal is likely to be an alloy,
so we probably cannot easily get data for k() or n().
In typical image synthesis applications, surfaces are neither smooth nor clean. However, a case where they are
smooth is when explicitly modeling the micro-geometry that
creates a rough appearance; we will return to this topic in
Section 5 where we create a picture using this technique. A
case where surfaces might be both smooth and clean is glass
and water. Here the data is readily available and we can get
a very realistic appearance in practice1 .
In summary, the Fresnel equations are elegant and useful
in some instances, but do not directly apply to most surfaces
we need to model. Also, we advocate using Schlick’s approximation whenever the Fresnel equations are used without polarization.
1 When implementing a glass model, note that light is attenuated by impurities as it travels through glass, and this attenuation is important to model
for realistic appearance. For homogeneous impurities as is found in typical
glass, this attenuation is exponential:

I (t; ) = I (0; ) exp(,a()t);
where I (t; ) is the intensity of the beam at distance t from the interface,
and a() is an attenuation coefficient that is typically hard to find. In practice we reverse-engineer a() by eye.
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Figure 2. At a macroscopic scale the law of reflection is

Figure 3. When light hits a set of micro-facets it creates

not followed but at point (u; v) we see that a single microfacet is involved and the law of reflection does apply.

an outgoing distribution. Once r is large enough, this distribution can be considered continuous.

Scattering functions

The reflection from the surface can be described by how
light incident on the surface is scattered into a continuum of
directions. This scattering function can be described mathematically, and there are several strategies for deriving a
mathematical model for reflection.

3.1 The complexity of re ection
We now explore the complex nature of reflection functions by looking at the probabilistic behavior of a single
photon-like light particle striking an opaque material. The
particle is characterized by its incident direction (; ) and
a wavelength . We look only at geometric optics for this
discussion, and gloss over many of the details in an attempt
to arrive at a minimal set of parameters needed for describing a material.
A perfectly smooth, non-transparent surface absorbs or
reflects the light striking the surface based on the properties
of the material, the wavelength of the particle and the incident direction, as described in Section 2. This results in a
scattering function with variables (; ). The outgoing direction is completely determined by the incoming direction
(Figure 1).
Almost no real surface is completely smooth so we need
a more descriptive representation for the surface. We could
think of the surface a some sort of irregular height field. At
each point the surface appears smooth, but the orientation at
the point varies over the surface. Now we have a reflection
model that is dependent upon surface position as well, giving us reflection model parameters (u; v; ; ; ) (Figure 2).
This form is not very useful, as we are usually concerned
with the average behavior over a small region of the surface. We can remove the (u; v) terms by looking at the aggregate behavior over a region of size r based on some statis-

tical model of the surface orientation. This statistical model
is usually assumed to be isotropic, meaning the distribution of orientations is independent of the incident polar angle . (A surface with an oriented structure, such as typical
brushed or milled metal, is called anisotropic.) The aggregate behavior of the surface results in light being scattered
in many directions (Figure 3). This scattering distribution
is known as spread reflection (sometimes called directional
diffuse or glossy reflection). If we ignore the choice of statistical model and its parameters, we end up with the following independent variables for the model: (r; ; 0 ;  , 0; ),
where (0 ; 0) represents the outgoing direction. Here  , 0
is the polar angle relative to the incident direction. We can
remove the restriction to isotropic surfaces by adding the 
term to completely describe the incident direction giving us
(r; ; ;  0 ; 0; ).
We now have enough variables to describe the reflection
properties of a uniform surface at some scale of interest at
a given point. Very few real world materials are uniform,
however. Properties such as roughness, color, composition,
orientation of fine structures may all change as the point
changes, requiring us to re-introduce the (u; v) terms into
our set of variables. The final set of variables for describing a material are (u; v; r; ; ; 0; 0; ). Note that this discussion only describes reflection from the interface between
the material and air. In dielectrics, light enters the material,
propagates through it, possibly scattering as a result of impurities in the material, and is either transmitted out the far side
of the material or reflected back out of the material. Light
that escapes from the material does not necessarily do so at
the same point where it went in, although for most materials
the two points will be very close together. It is usually assumed that all sub-surface scattering and transmission can
be treated as happening at (u; v).
Even with these assumptions, a reflection model has eight
degrees of freedom, making it difficult to formulate and represent. In order to simplify things, the graphics community

tends to remove the position (u; v) and treat this as a texture mapping operation. The size term r is pushed either
into texture sampling or into anti-aliasing of the image, depending upon whether it is color or geometry that falls below
the implicit r of the renderer. This simplification is useful
for formally analyzing the properties of a reflection model at
some point and scale, as some important properties are independent of position and scale issues. The simplification has
been harmful because it has caused reflection models, texture mapping, and fine scale geometry to be thought of as
independent issues when in fact they are very tightly linked.

3.2 Formal representations
To do any simulation using spread reflection, we need to
develop a convention for describing it mathematically to be
able to determine its properties. As described above, we ignore position and size for this analysis. We could look at
a concept similar to the reflectance of the last section. The
simplest way to do this is to describe the ratio of incident
light power at a given angle to outgoing light power integrated over all outgoing angles:

R(; ; ) =

power incident at  from (; )
:
total outgoing power at 

This quantity is often called directional hemispherical reflectance. But to describe the directional behavior of spread
reflectance, we need some function over the outgoing directions (0 ; 0). One way to do this is to imagine a hypothetical
photon-like light particle of wavelength  that is incident to
the surface from direction (; ). This particle will be absorbed by the surface with probability 1 , R(; ; ). If it is
not absorbed it will be scattered in some outgoing direction
( 0 ; 0 ) with probability density function p(; ;  0 ; 0 ; ).
We call p(; ; 0 ; 0; ) the scattering probability density
function, or SPDF for short. Note that there is no standard term for the SPDF. Also note that the SPDF refers to
a potentially different probability density function for each
(; ; ). Readers that prefer to think deterministically can
think of the product of R and p as an energy density function
without losing any information.
Given the directional hemispherical reflectance and the
SPDF for a particular isotropic metal, we have completely
specified its reflectance behavior. We could change the definition in several ways without changing the completeness.
The most common way to do this is to multiply the directional hemispherical reflectance, the SPDF, and reciprocal of
cos  0 into a single product:

(; ; 0 ; 0; ) =

R(; ; )p(; 0 ; 0; )
:
cos  0

There is no gain or loss of information in this transformation,
but the form of  is convenient for many image synthesis and

measurement applications as it relates incoming irradiance
to outgoing radiance, quantities that are often computed and
measured. The standard name for  is the bidirectional reflectance distribution function, or BRDF for short. One fundamental property of a BRDF is that

(; ; 0 ; 0; ) = (0 ; 0; ; ; ):
This property is known as reciprocity; incident and outgoing
directions can be interchanged. Although almost all of the
reflection literature is written in terms of BRDF, it is often
convenient to think in terms of the SPDF (or the outgoing
energy density function) when intuition can play a role.
The directional hemispherical reflectance can be written
in terms of the BRDF:

R(; ; ) =

Z 2 Z 
2
0

0

(; ; 0 ; 0; ) cos 0 sin 0 d0 d0:

This equation is equivalent to saying the SPDF must have
unit volume, which is required for any probability density
function. For a physically valid material model, it is necessary that R(; ; )  1; it must be energy conserving.
Many rendering algorithms rely on these properties, so
it is important when using these renderers that BRDF models both conserve energy and be reciprocal. Lewis calls
BRDF models that are faithful to these constraints physically plausible [22]. As an example we see that the Lambertian BRDF:

R ()
L (; ; 0 ; 0; ) = d ;

is both reciprocal and energy conserving2 provided the reflectance Rd () is less than one for all wavelengths.

4

Reflection models and representation

In the last section we reviewed the definition of the
BRDF, and the main constraints on the BRDF: energy conservation for every incident (; ), and reciprocity. To implement rendering software, some actual BRDF model or
models must be deployed. In this section we discuss some of
the options with which the implementor is presented. Readers can find more extensive reviews of reflection models on
the world-wide-web [9, 32], and in Glassner’s book [12].

4.1 Acquiring BRDF data
To acquire BRDF data for a specific material we can measure the BRDF directly a large number of angles and wavelengths. Such measurements are done with a device called
2 The division by  is necessary because the BRDF is integrated over
the cosine-weighted hemisphere.

gonioreflectometers. These are challenging devices to build
and calibrate [10]. Assuming we can get the measurements,
the next issue is a good representation for the data, as will
be discussed in Section 4.2.
Measuring BRDFs is a slow and expensive process that
requires having a sample of the material on hand. This
makes measurement infeasible in many cases. Sometimes
the physical properties and micro-geometry of the desired
surface can be determined and modeled. In this case it is
possible to compute a BRDF through simulating the scattering of light by the surface, in effect, using the computer to
simulate a gonioreflectometer. This is usually done by casting rays at the surface and computing the distribution of the
resulting scattered rays [4, 42]. These methods are limited
by the difficulty of getting the data and their restriction to
geometric optics. They are capable of simulating very complex BRDFs due to highly structured and complicated geometry.
As mentioned earlier, dielectrics transmit part of the incident light, which is then scattered and absorbed by impurities. The scattered light may eventually leave the surface
again. Computing the resulting distribution is even harder
than for metallic surfaces, because it not only depends on
the properties of the interface, but on the properties of the inclusions in the material as well. A typical example is latex
paint, where colored particles are suspended in a transparent substrate. The scattered component is usually approximated by a Lambertian term. Hanrahan and Krueger [14],
Gondek et al. [13] and Schramm et al. [34] have simulated
subsurface scattering using Monte Carlo simulations, obtaining BRDFs of materials such as leaves, skin and paints.
A problem with these simulation approaches is that the substrate geometric data is very difficult to acquire, but their
generality and simplicity are appealing.

4.2 BRDF representations
Given the sampled data for a BRDF, we need to fit it to a
particular model or representation. An example of a model
is the Cook-Torrance model [6], where low-level physics
is used to infer a natural representation for the BRDF. An
example of a representation is a piece-wise linear table. A
model is of course also a representation, so we will call all
BRDF storage strategies representations for the remainder
of this discussion.
For the isotropic BRDF case at a particular point and
sample size, a representation is parameterized by four variables: (; 0 ;  , 0; ). Typically this fit is done separately
at each sample for , so it becomes a three dimensional problem. Many different representations have been examined.
The simplest is to create an explicit three-dimensional table for each wavelength. This strategy is memory intensive and how the interpolation should be done in the ta-

ble is not clear. Because (0 ;  , 0) is a coordinate system on the hemisphere, spherical harmonics have been employed [4, 38, 42]. Zernike polynomials, defined on the
hemisphere rather than the sphere, have also been used [7].
The danger of using these orthogonal bases is ringing, which
can cause visual artifacts. Spherical wavelets have been employed to attempt to get the cleanliness of tables and the
compactness of polynomial representation [35]. The practical details of this approach have been developed by researchers at the University of British Columbia, as is detailed in Lalonde’s forthcoming dissertation [21]. This is
a promising approach, although somewhat daunting to an
implementer. Two flaws limit the above approaches. They
require expensive data acquisition and storage, and are not
able to allow natural user modification. Rather than using a
general-purpose representation, more compactness and efficiency can be achieved by using a special-purpose lowdimensional representation. This representation can be derived from low-level physics and fit with either direct microgeometric parameters, or fit with measured BRDF data. Examples of this approach for isotropic surface-reflection are
the models of Blinn [3], Cook and Torrance [6], and He et
al. [17]. For the anisotropic case there are the model of Kajiya [18], and Poulin and Fournier [31]. For rough surfaces
with subsurface reflection there is the model of Oren and
Nayar [26]. The resulting representations are defined by a
limited number of parameters, which in some cases can be
measured directly. However, they are often restricted by
their assumptions and approximations. For example, most
do not account for secondary reflection (reflection from two
or more micro-facets for a single light particle), or the vertical blurring that occurs in reflections (see Figure 4) for example.
A final approach to representation is top-down, where
intuition and experience is used to develop an expressive
and convenient representation with a small number of free
parameters. This approach was first employed in graphics by Phong [30], and was generalized by Ward [41] and
Schlick [33]. A more general approach has been implemented by Lafortune [20], who has achieved good data fits
for the isotropic case. We think it likely that this avenue is
likely to continue to be fruitful.

4.3 Practical issues
In computer graphics applications, reflectance functions
are usually part of a larger illumination simulation framework. For that purpose, the functions should be efficient
to evaluate. For instance, the He model is sophisticated
but computationally expensive, because its evaluation includes a slowly converging series. Researchers therefore often look for approximations that are more efficient [16, 33].
Reflectance models for which entire illumination compu-

tations can be carried out analytically, rather than numerically, present an interesting option, as Arvo [1] showed for
the Phong BRDF. In Monte Carlo lighting simulations it
is often advantageous if one can sample according to the
BRDF, when tracing random walks of light particles through
a scene. An example of this is discussed in Section 5.1.1.
Another aspect is memory use. Most analytic BRDF
models are compact, as they are defined by only a few surface parameters. More general representations like tables or
spherical harmonics usually lead to large memory requirements, to avoid sampling problems and ringing. Specular
BRDFs are difficult to represent because of their narrow
specular peaks. Wavelets may offer a solution, as they allow
refinement of the representation in highly varying regions of
the function.
The scale at which BRDFs should be modeled is still
largely an open problem. Scratches on a surface may be visually important when viewed from arms length, but they
become invisible from larger distances. Westin et al. [42]
recognized the need for different geometric models and reflectance models at different scales. Becker and Max [2]
presented techniques to smoothly transit between different
representations. Pharr et al. [28] discussed efficient techniques to store and render the geometric detail.
Measuring how the BRDF varies over a surface (as a
function of (u; v) in our terminology) is largely an unaddressed problem. Dana et al. have begun a database of
measurements of surfaces with variable BRDF, and their description of the task makes it clear that very concerted efforts
are needed to make any progress in this area [7].

5

Case study: matte/specular reflection

Suppose we were to create a realistic renderer that modeled micro-geometry explicitly, and used very simple reflection models for the smooth facets. This type of renderer has
been shown to be practical for at least some scenes by Pharr
et al. [28, 29]. For metal and glass surfaces, we would use
the Fresnel equations directly. For dull surfaces we could
use the Lambertian model because in many applications the
errors that result from using the model to approximate matte
reflection are not visually significant [24]. But what model
should we use for matte/specular (sometimes called polished) materials that are smooth but have significant subsurface scattering? In this section we argue that current “general” models do not model this matte/specular case well, and
develop a special-purpose model that we call the coupled
model.
Matte/specular materials such as plastics or polished
woods have reflection governed by Fresnel equations at the
surface, and scattering within the subsurface. An example
of this reflection can be seen in the tiles in the photographs

Figure 4. Photographs illustrating appearance of polished
tiles. Specularity increases and matte behavior fades as
viewing angle approaches grazing.

in Figure 4. Also note that the blurring in the specular reflection is mostly vertical. This is due to the compression
of apparent bump spacing in the view direction. This effect causes the vertically-streaked reflections seen on lakes
on windy days[25], and can either be modeled using explicit micro-geometry and a simple smooth-surface reflection model or by an as yet unrealized more general model
that accounts for this asymmetry.
We could use the traditional Lambertian-specular model
for the tiles, which uses two constants to modulate a constant
and specular component of the BRDF [30]. In standard radiometric terms, this idea is expressed as:

R ()
(; ; 0 ; 0) = d + Rss (; ; 0 ; 0);

where Rd () is the hemispherical reflectance of the matte
term, Rs is the specular reflectance, and s is the normal-

ized specular BRDF (a weighted Dirac delta function on the
sphere). This equation is a simplified version of the BRDF
where Rs is independent of wavelength. This independence
causes a highlight that is the color of the luminaire, so a polished rather than a metal appearance will be achieved [6].
Ward suggests that in order to conserve energy, Rd () +
Rs  1 [41]. However, such models with constant Rs fail
to show the increase in specularity for steep viewing angles.

This is the key point: in the real world the relative proportions of matte and specular appearance change with viewing
angle.
He et al. suggest using the Fresnel equation for the coefficient of the specular term [17], but do not address the
subsurface term’s angular behavior because this model is intended primarily to simulate surface physics. Since the Fresnel term of the He model goes to one for  = 90 , the Lambertian term would have to be set to zero to enforce energy
conservation for all incident (; ). Because in the case of
smooth polished surfaces energy conservation is important
to us, and the explicit spread reflection is not (we assume that
we will model it with micro-geometry for this discussion),
the He model is not appropriate for our purposes.
Shirley attempted to simulate the change in the matte appearance with angle by explicitly dampening Rd () as Rs
increases [36]:

(; ; 0 ; 0; )

=

Rf ()s (; ; 0 ; 0) +
Rd ()(1 , Rf ())
;


where Rf () is the Fresnel reflectance for a polish-air interface. The problem with this equation is that it is not reciprocal, as can been seen by exchanging  and 0 which changes
the value of the matte dampening factor because of the multiplication by (1 , Rf ()). The specular term, a scaled
Dirac delta function, is reciprocal, but this does not make up
for the non-reciprocity of the matte term. Because Shirley’s
BRDF is not physically plausible, it will cause some rendering methods to have ill-defined solutions.
Schlick proposed a general reflectance model tuned for
efficiency. In his model a matte/specular surface could have
constant Lambertian and specular coefficients, or the Fresnel reflectance could be used. In the latter case, which he
calls a double surface the BRDF becomes:

(; ; 0 ; 0; )

=

Rf ()s (; ; 0 ; 0) +
Rd ()(1 , Rf ( ))
;


where Rd () is a matte coefficient and is half the angle between incident and outgoing directions. However, this form
does not conserve energy for all incident angles: for example, at  = 90 the specular reflectivity goes to one, and the
fraction of the hemispherical reflectance is still above zero
(e.g,. plug in 0 = 0). So that part of the Schlick model is
not appropriate for our purposes.
In review of our attempt to model a smooth mattespecular surface, none of the commonly used general models is appropriate for our purposes. The Lambertianspecular and Ward models do not have the appropriate angular trade-off between the matte and specular term. For
smooth surfaces, the He model has a constant subsurface

term that must be set to zero if energy is to be conserved. The
Schlick model either defaults to the Lambertian-specular
model, or it accounts for the Fresnel equation effects but
does not conserve energy. One reason these models fail for
this case is that they are all intended to model spread reflection for a variety of material types. In our case-study we do
not need this generality, so we can develop a simple model
that is customized for this narrow class of materials and captures the angular-dependent relationship of the matte and
specular coefficients. This model uses a physically-based
specular coefficient derived from the Fresnel equations, and
a heuristic matte component of the BRDF. To our knowledge, it is the first model that produces the matte/specular
tradeoff while remaining reciprocal and energy conserving.
Because the key feature of the new model is that it couples
the matte and specular scaling coefficients, we will hereafter
refer to it as the coupled model.

5.1 A coupled model
Surfaces which have a glossy appearance are often a clear
dielectric, such as polyurethane or oil, with some subsurface
structure. The specular (mirror-like) component of the reflection is caused by the smooth dielectric surface and is independent of the structure below this surface. The magnitude of this specular term is governed by the Fresnel equations.
The light that is not reflected specularly at the surface is
transmitted through the surface. There either it is absorbed
by the subsurface or it is reflected from a pigment or a subsurface and transmitted back through the surface of the polish. This transmitted light forms the matte component of reflection. Since the matte component can only consist of as
much light as is transmitted, it will naturally decrease in total magnitude for increasing angle (Figure 5).
Figures 1 and 5 illustrate why the magnitudes of the matte
and specular behaviors are coupled; because they partition
the incident energy, one must decrease as the other increases.
This inverse relationship is the fundamental behavior that
the traditional Lambertian-specular model does not capture.
To avoid choosing between physically plausible models and models with good qualitative behavior over a range
of incident angles, we note that the Fresnel equations that
account for the specular term, Rf (), are derived directly
from the physics of the dielectric-air interface. Therefore
the problem must lie in the matte term. We could use a fullblown simulation of subsurface scattering as implemented
by Hanrahan and Krueger [14], but this technique is both
costly and requires detailed knowledge of subsurface structure, which is usually neither known nor easily measurable.
Instead, we can modify the matte term to be a simple approximation that captures the important qualitative angular
behavior shown in Figure 4. Let us assume that the matte

E

E

< (1−R1)E
< (1−R2)E

E
< (1−R3)E

the normalization properties we desire [9]. We could now
insert the full form of the Fresnel equations to get Rf () and
then use energy conservation to solve for constraints on k.
Instead we will use the approximation discussed in Section 2
This implies that

f () / (1 , (1 , cos )5 ):
Figure 5. Viewing along the same incident angles as in

Applying Equation 3 gives:

figure 2, the fraction of energy in the matte term is at most
what is transmitted and thus varies with incident angle. The
energy of the matte component is spread over many outgoing directions, as indicated by the grey lines. The length of
each grey line indicates the relative energy near that direction.

k=

=

Rf ()s (; ; 0 ; 0) +
kRm ()f ()f ( 0 ):

(2)

We know that the matte component can only contain energy not reflected in the surface (specular) component. This
means that for Rm () = 1, the incident and reflected energy
are the same, which suggests the following constraint on the
BRDF for each incident  and :

Rf () + 2kf ()

Z 
2

0

f (0 ) cos 0 sin 0 d0 = 1:

=

(4)

(; ; 0 ; 0; ) =


R0 + (1 , cos )5 (1 , R0) s (; ; 0 ; 0) +



kRm () 1 , (1 , cos )5 1 , (1 , cos 0 )5 :(5)
To test this new coupled model we created an approximate geometric model of the scene in Figure 4, where each
tile has a displacement map that roughly corresponds to the
subtle roughness of the real tiles. We took two photographs
of the test scenes from different view angles, resulting in two
different values of .
The results of running the coupled model is shown in Figure 6. Note that for the high viewpoint the the specular reflection is almost invisible, but is clearly visible in the lowangle photograph image, while the matte behavior is less obvious.
For reasonable values of refractive indices, the R0 is limited to approximately the range 0:03 to 0:06 (the value R0 =
0:05 was used for the figures). The value of Rs in a traditional Phong model is harder to choose because it must typically be tuned for viewpoint in static images, and tuned for
a particular camera sequence for animations. Thus, the coupled model is easier to use in a “hands-off” mode.
We did not attempt to mimic all subtleties of geometry
exactly, so the reader should concentrate on the gross appearance features in the rendered and photographic images
of the model. These images were produced using a Monte
Carlo path tracer.

(3)

We can see that f () must be proportional to (1 , Rf ()). If
we assume matte components that absorb some energy have
the same directional pattern as this ideal, we get a BRDF of
the form:

(; ; 0 ; 0; )

:

The full coupled BRDF is then:

term is not Lambertian, but instead is some other function
that depends only on , 0 and : m (; 0 ; ). We discard
behavior that depends on  or 0 in the interest of simplicity. We try to keep the formulas reasonably simple because
the physics of the matte term is complicated and sometimes
requires unknown parameters. We expect the matte term to
be close to constant, and roughly rotationally symmetric, as
is argued in He’s dissertation [15].
An obvious candidate for the matte component
m (; 0 ; ) that will be reciprocal is the separable
form kRm ()f ()f ( 0 ) for some constant k and matte reflectance parameter Rm (). We could merge k and Rm ()
into a single term, but we choose to keep them separated
because this makes it more intuitive to set Rm () which
must be between 0 and 1 for all wavelengths. Separable
BRDFs have been shown to have several computational
advantages [11], which suggests the separable model:

(; ; 0 ; 0; )

21

 , R0 )

20 (1

Rf ()s (; ; 0 ; 0) +
kRm ()[1 , Rf ()][1 , Rf (0 )]:

This is similar to a BRDF model used in the sensor community, although the constants used in that model do not have

5.1.1 Monte Carlo sampling
It is not enough just to come up with an expression for the
BRDF. We also need some computational tools if it is to be
useful for statistical simulations. Given an incident angle 
and a BRDF, we often want to scatter a reflected ray whose
direction follows the outgoing energy distribution indicated
by the BRDF. In the case of the coupled BRDF presented in
this section, one can first choose probabilistically between a
reflection governed by the matte term and the specular term.

This equation is accurate to within 1.2% for all  . If more accuracy is needed, the equation provides an excellent initial
guess for a Newton iteration to approximate cos 0 to machine precision in only a few iterations.

6

Conclusion

We hope to have communicated three things in this paper. First, reflectance modeling is a hard problem that has
many competing constraints. Second, that there is currently
no general-purpose reflectance model that is suitable for all
or even most situations. This was emphasized by the case
study of ideal smooth/subsurface reflection, where the popular models all broke down. Third, that where reflection modeling is headed is unclear. It is possible that special purpose
reflection modeling such as our case-study is the wave of the
future. It is also possible that there is an as yet undiscovered general purpose model that will suffice. The possibly
orthogonal issue of how scale should be handled is also an
open question.

Acknowledgments
Figure 6. Renderings of polished tiles using coupled
model.

If the matte term of Equation 5 is chosen, then we use a probability density function p that is proportional to the cosineweighted BRDF for the given incident :

p(0 ; 0) /



1

, (1 , cos 0 )5



cos

0 :

Because p does not depend on 0 we can choose 0 uniformly given a canonical (uniform on [0,1)) random number  0 : 0 = 2 0 . Because the differential measure
on the sphere is sin 0 d0 d0, we can write down a onedimensional probability density function q(0 ):

q(0 ) /



1

, (1 , cos 0 )5



cos

0 sin 0 :

Using standard techniques we can transform a second
canonical random number  into a 0 ([39], pp.184-185), but
this requires solving for a root of a high-degree polynomial
in cos 0 :



=

 ,

7
3 0
cos
2
21
5 0
cos
5

21

 ,

4
7
4

cos

4 0 +

cos

6 0 + 3 cos7 0 :
10

(6)

The solution to this equation that gives a  2 [0; 1) can be
approximated by the following rational function:
cos

0 =

:

:

:

:
: 

38295 9 3 + 13002 4 2 + 154 4 + 0 0114813

:

:

16520 2 3 + 33596 4 2 + 1483 57 + 1

:
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