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Abstract

Similar to the manner of S. Itoh, P. Ordejon, and R. Martin [Comp. Phys. Com-
mun. 88, 173 (1995)|, we report implementation of a massively-parallel linear-scaling
algorithm into the ab initio tight-binding FIREBALL method [Phys. Rev. B (2001)].
The use of local-orbitals yields a very sparse Hamiltonian matrix which facilitates using
a linear-scaling algorithm to obtain the electronic band-structure energy. The general
functional form of Kim, Mauri, and Galli [Phys. Rev. B 52, 1640 (1995)], which mini-
mizes a functional to obtain the electronic band-structure energy, has been parallelized
utilizing the conjugate gradient method. The results of this approach are reported here.

In addition, the use of “fireball” wavefunctions, where the wavefunctions are explicitly



zero beyond some cutoff, allows for pre-generating all integrals describing two- and
three-center interactions. The computation of these integrals is then an easily paral-
lelizable problem for which the results are reported. Both integral generation and the
linear-scaling optimization procedures are parallelized using the standard MPI message

passing interface mixed with an OpenMP strategy.

1 Introduction

As each new generation of computers is introduced, the scope of computational endeavors
becomes more promising. Larger and longer simulations can be run, producing better quan-
titative results, answering a variety of scientific questions. A major factor in producing more
efficient and feasible computational tools is the utilization of parallel computers. The most
recently produced supercomputers boast of terascale computing through the development of
parallel algorithms. The advances of computational hardware has also significantly improved
the computational software produced in the electronic-structure community. Several meth-
ods even incorporate some degree of parallelization to ideally reduce the overall computation
time by the number of processors utilized (For example, see Ref. [1, 2, 3, 4, 5, 6]). However,
with a few exceptions, most have not demonstrated efficient parallelization on hundreds or
thousands of processors. The need to apply theoretical methods to increasingly computa-
tionally demanding chemical systems is the driving force behind the parallelization efforts
reported here.

Many properties of a molecular system depend upon the environment in which they occur.
For example, to fully understand many chemical reactions of molecular systems it is necessary
to study condensed-phase reactions rather than gas-phase reactions. Performing a simulation

of a single octahydro-1,3,5,7-tetranitro-1,3,5,7-tetrazocine (HMX) molecule decomposing in a



condensed phase would require that the image of the decomposing molecules do not strongly
interact with each other. Therefore, to properly treat condensed-phase molecular systems,
thousands of atoms would be needed to increase the size of the periodic supercell. For
example, a 4x4x4 supercell of HMX would contain 1792 atoms (128 molecules). In addition,
a sufficiently accurate method must be used to obtain at least the correct qualitative features
of the reaction, if not the quantitative accuracy.

Empirical potentials will fail to produce the correct chemistry without bias because bond-
breaking mechanisms require a many-body effect due to the quantum nature of the chemical
bond. Semi-empirical, or tight-binding (TB), methods will provide a quantum mechanical
picture, but may be less accurate than true ab initio methods, and the transferability from
one system to another may be problematic. Previously, we have introduced an ab initio
TB approach, called FirREBALL, which is an improvement to the original Sankey-Niklewski
method [7]. The FireBarL method avoids the stringent approximations present in semi-
empirical methods, because the approach relies upon no experimental parameterization.

The primary computational “bottleneck” of electronic-structure methods is the adverse
power law scaling, O(N'), where N is the total number of basis set orbitals and [ is generally
3 or greater. In TB methods or density functional theory (DFT) methods, where a linear
combination of atomic orbitals (LCAQO) are used, the power law scaling inherently is [ = 3
because the band-structure energy is evaluated solely from a generalized eigenvalue equation.
Several approaches for reducing the adverse power law scaling , in these methods, from [ = 3
to | = 1 (linear-scaling methods) has been the topic of much discussion in the literature
(See Ref. [8, 9] for reviews). Little effort has been made to parallelize these linear-scaling
algorithms.

The use of local-orbitals in the FiIREBALL method yields a very sparse Hamiltonian matrix,



which facilitates using a linear-scaling algorithm to obtain the electronic band-structure
energy. The general functional form of Kim, Mauri, and Galli [10], which optimizes a defined
functional to obtain the electronic band-structure energy, is our functional of choice. The
optimization of this functional has been parallelized similar to the method of S. Itoh, P.
Ordejon, and R. Martin [2| developed for TB methods; however, we have made significant
improvements. In particular, we have developed a method for determining the ideal stepsize
in the conjugate gradient optimization algorithm. We report here the implementation of a
massively-parallel linear-scaling algorithm into the ab initio TB FireBALL method [11].
This paper is organized as follows. Section 2 describes the theoretical background of the
FireBALL method. Section 3 discusses the results for parallelization of the integral routines
evaluated in the CREATE module. As an initial benchmark comparison, implementation of
parallel diagonalization libraries (ScaLAPACK) into FireBALL were considered; our results
are discussed in Sec. 4. From the results of the ScaLAPACK implementation, it is evident
that a more efficient parallel strategy is needed. This strategy is discussed in Sec. 5. The
results for the massively-parallel linear-scaling with system size implementation are discussed
in Sec. 6. More specific details about the algorithm for our parallel linear-scaling strategy

are given in Appendix A.

2 Theoretical Background

A summary of the main features of the FIREBALL method are discussed here; for a more
detailed discussion, we refer the reader to Ref. [11] and references therein.

The theoretical basis of the FIREBALL method is the use of DF'T with a non-local pseu-
dopotential scheme. At the core of the method is the replacement of the Kohn-Sham energy

functional by the approximate Harris-Foulkes functional [12; 13]:
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B = EPS 4+ {U " — U [pin ()]} + {U" [pin(r)] = V** [pin ()]} (1)

In Eq. 1, E®S is the band structure energy (23, .. €i), where ¢; are the eigenvalues of the
one-electron Schrodinger equation; the second term is the “short-range” repulsive interaction
which is the ion-ion interaction offset by the overcounting of the Hartree interactions; and
the last term is a correction to the exchange-correlation.

In evaluating the total energy of the system (Eq. 1), the input density is a sum of confined
spherical atomic-like densities, p;,(r) = Y. n;|¢;(r — R;)|%. The orbitals ¢;(r — R;) are the
slightly excited “fireball” pseudoatomic wavefunctions which are used as basis functions for
solving the one-electron Schrédinger equation. The occupation numbers n; determine the
number of electrons occupying each spherically confined atomic-like densities. Although
the Harris-Foulkes functional is inherently a non-self-consistent formalism, a self-consistent
generalization has been implemented. This implementation is necessary to deal with systems
in which charge transfer contributes significantly to the underlying chemistry and requires a
self-consistent determination of the occupation numbers, n;, i.e. now n; = n? + dn;. Thus,
the total energy is a function of the occupation numbers, Ejos[pin (r)] = Ejor[ni] (n; # n?), and
a self-consistent procedure on the occupation numbers, n;, is introduced (DOGS) [14, 15].

In our calculations, the generalized norm-conserving separable pseudopotentials of the
Hamann [16] or Troullier-Martins type [17] are used, employing for their construction the
scheme of Fuchs and Scheffler [18]. The pseudopotentials are transformed into the fully
separable form suggested by Kleinman and Bylander [19]. For the exchange-correlation
energy within the pseudopotential calculation, and respectively for the exchange-correlation
potential, various parameterizations of the local-density approximation (LDA) and of the

generalized gradient approximation (GGA) are available |20, 21, 22, 23, 24, 25, 26, 27].



For calculating the exchange-correlation (XC) interactions, we use the approach proposed
by Horsfield [28], which represents these interactions as a many-center expansion based on
an expansion of the density a site at a time. The Horsfield approximation can be used
with gradient corrected functionals. The XC potential matrix elements are calculated using
up to a three-center approximation, splitting the matrix elements into one, two, and three
center integrals, similar to the electrostatic integrals. However, the on-site terms and the
double counting correction term are calculated using only a two-center approximation. This
approach for determining the exchange-correlation interactions is independent of the type
of functional used. Therefore, a variety of LDA and GGA exchange-correlation interactions
can be implemented within the method. Currently, however, only two types of exchange-
correlation density functionals are available within FireBALL - LDA and Becke exchange
(B88) [23] with Lee-Yang-Parr (LYP) correlation [22].

In solving the one-electron Schrodinger equation a set of slightly excited pseudoatomic
“fireball” wavefunctions are used. These orbitals are computed within DFT and a norm-
conserving separable pseudopotential [16] and are chosen such that they vanish at some
radius re (Y% |r>r, = 0). This boundary condition is equivalent to an “atom in the box”
and has the effect of raising the electronic energy levels (e, €, €4, ... atomic eigenvalues)
due to confinement. The radial cutoffs (r.) are chosen such that these electronic eigenvalues
remain negative and are mildly perturbed from the free atom. A flexible choice of basis
set of double numerical (DN) or additional polarization orbitals are permitted within the
FirEBALL method.

The “fireball” boundary condition yields promising features. First, the slight excitation
of the atoms somewhat accounts for Fermi compression in solids which apparently gives a

better representation of solid-state charge densities [29]. Second, the range of hopping ma-



Figure 1: The two-center interaction: due to cutoffs (r.) used in the method, the interaction
range (d) of two s-orbitals, shown here, is non-zero only within some finite range.
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trix elements between orbitals on different atoms is limited; therefore, very sparse matrices
are created for large systems. This inherent sparseness allows one to more readily imple-
ment linear-scaling algorithms to obtain the band structure energy, which will be the main
discussion of this paper and Sec. 5. Also as a result of the finite interaction range, the two-
and three-center interactions can be evaluated for all possible geometries, which will be the

discussion of the next section.

3 Parallelization of the Integral Package - CREATE

Given any two atomic orbitals, i and j, beyond some cutoff interaction distance (r¢; + 7))
the matrix elements H;; and S;; become exactly zero. As an example, the interaction range
of the overlap matrix of two s-orbitals is demonstrated in Fig. 1. As a result of the cutoff,
there is only a prescribed interaction range over which the integrals need be evaluated.
Within the FirEBALL approach, all integrals may be pre-computed on a numerical grid
and the specific values needed gleaned from the tabulated values via interpolation. With

this approach, interactions calculated within the CREATE module will be readily available.



For two-center interactions, a cubic spline function is chosen as the interpolation method, so
as to maximize numerical stability. Because these integral tables depend only on the atom
type, their . values, and the type of DF'T exchange-correlation functional, the integral tables
only need to be generated once, for a given set of atomic species. As long as the criteria
chosen for generating the data files does not change, the data files may be used over and over
again, saving overall computation time. The generation process for the atomic interactions
lends itself to easy parallelization by spreading the data file creation over multiple processors
based on differing integral types.

Within the CREATE module, integrals are distributed to different processors based upon
atomic number and based upon integral type (kinetic, overlap, exchange-correlation, etc.).
The simple loop based approach is used for distributing work to processors and has been
found to be very effective. This approach minimizes communication while distributing work
evenly across the processors. This parallelization scheme is particularly important, since the
number of data files needed grows as O(M?) with the number of different atomic species M.

The other two traditional approaches to integral evaluation were rejected for efficiency
reasons. Within the “conventional” approach employed in gas-phase electronic-structure
codes [30], integrals are evaluated once per geometry and stored to disk for use during the
SCF procedure. This approach would result in extensive disk I/O and computation, given
the shear number of MD time steps generally needed. The “direct” approach [31] in which
integrals are calculated as needed is similar to the approach taken within FirEBALL. Given
the large computational cost of calculating each individual integral (because the integrals are
evaluated numerically), the evaluation of different matrix element components are performed
via interpolation within FirREBALL, rather than via explicit evaluation of the integral as done

in the gas-phase direct approach.



Figure 2: Scalability of the CreaTE module. The larger calculation (5 species) produces
better scaling, as expected.
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The scalability of the CREATE module is demonstrated for both 4 and 5 atomic species
in Fig. 2. On an SGI Origin 2000 system (Los Alamos National Laboratory), increased
performance is achieved up to and including 1024 processors. The Origin 2000 computer is
designed with efficient parallel computation as the goal, containing 128 processors per shared
memory box. The version of MPI is also vendor optimized to use the hardware interconnect
present on the Origin 2000. This approach to parallelism for the CREATE module works very
well on both shared memory machines and on distributed memory machines. Because the
code scales better with more species, the code scales as well as is needed. The efficiency
advantage of this parallelization is evident in that calculations previously taking several

weeks now take only a few hours.



4 FmeaiL Parallelization- ScaLAPACK Implementation

Within most DFT and TB methods, as well as the FIREBALL method, the most time con-
suming step are the O(N?) matrix manipulations, such as matrix multiplication and diago-
nalization, where NNV is the number of orbitals (i.e. matrix diagonalization and matrix multi-
plication). The adverse scaling of these matrix manipulations produces a “bottleneck” which
prohibits performing calculations of systems with more than a few hundred atoms. One ap-
proach for reducing this “bottleneck” is to implement a parallel set of routines for performing
matrix diagonalization and matrix multiplication found in the BLACS (Basic Linear Algebra
Communication Subprograms), PBLAS (Parallel Basic Linear Algebra Subprograms), and
ScaLAPACK (Scalable Linear Algebra PACKage) packages [32]. The BLACS package pro-
vides a standard basis for parallel linear algebra. The PBLAS package is a parallel version
of the standard BLAS library, and performs matrix arithmetic on matrices distributed using
BLACS. A variety of data types (both real and complex) and operations are supported (in-
cluding dot products, addition and multiplication). The ScaLAPACK package is a parallel
version of the standard LAPACK library, which solves a variety of linear algebra problems,
including the generalized eigenvalue problem.

The BLACS library manages the distribution of matrices across multiple processors using
a block cyclic decomposition. A block cyclic approach ensures load balancing and thus
scalability. An example of the global view of the matrix distributed to 4 processors A, B, C, D
is presented in Figure 3. In this example, each processor has one fourth of the matrix stored
locally.

All computational work within fireball that is inherently O(N) is done on processor zero
only. Processors 1 through p-1 go to sleep and do computation only when contacted by

processor zero. This is similar to the fork and rejoin approach used in multi-threaded pro-
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Figure 3: Global view of a block cyclic distributed matrix.
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gramming, but in this case processes 1 through p-1 wait rather than die and then reincarnate
as needed. Initially, processor zero uses MPI to distribute the matrices to the appropriate
processors in a BLACS block cyclic distribution. The PBLAS routines are called whenever
matrices must be multiplied and ScaLAPACK routines are called to diagonalize matrices
as needed. Finally, MPI is used to accumulate the final answers to processor zero. The
FireEBALL code is written in Fortran90 to take advantage of reduced memory requirements
provided by parallelism.

Once the matrix blocks get too small, the performance degrades as is shown in Fig. 4.
As the system becomes larger (i.e. more orbitals implies larger N), the scalability improves
because the O(N?) step dominates the calculation, thus ensuring good load balancing. As N
becomes larger, the size and number of blocks distributed becomes larger, and the thus the
PBLAS and ScaLAPACK algorithms become more efficient. Better performance is obtained
if the interconnect between processors is fast, because of the high levels of inter-processor

communication. This method provides a precursor to other approaches, such as linear scaling
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Figure 4: Scalability of the fireball module with the ScaLAPACK (parallel diagonalization)
implementation. These calculations were performed on the SGI-Nirvana machine located at
Los Alamos National Laboratory (LANL).
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methods by providing a standard with which to compare. In general, parallel diagonalization

exhibits very poor scaling due to the heavy communication overhead (as seen by Fig. 4).

5 FimreBaLL Parallelization - Linear-Scaling Implementa-
tion

As a result of the conclusion from parallel diagonalization (Sec. 4), to achieve more efficient
scaling a better algorithm for obtaining the band-structure energy must be used. Similar to
the report of S. Itoh, P. Ordejon, and R. Martin [2], we choose to implement a linear-scaling
algorithm into the ab initio TB FireBaLL method [11|. Our goal is to develop a parallel

implemention using OpenMP /MPI languages for minimizing the general functional form of
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Kim, Mauri, and Galli [10], which when optimized determines the electronic band-structure
energy. We have developed and tested an efficient parallel optimization algorithm utilizing
the conjugate gradient method. The algorithm exhibits a near linear speedup in the problem
size n and number of processors p, as implemented on up to 1024 processors. We illustrate
the key principles of the algorithm here, and describe it in detail in Appendix A. Since we
introduce variations from the original work of S. Itoh, P. Ordejon, and R. Martin [2], we

include full details here.

5.1 Energy functional and gradient matrix

We define h and s to be the symmetric n x n Hamiltonian and overlap matrices respectively,
and m, 1 < m < n, to be the number of occupied bands (typically, m > n/2). The vectors
C;, 1 = 1..m, are the length-n wave function coefficient vectors, and C' is the n X m matrix of
which C; is the ith column. We define the matrices F = hC, F* = sC, H=C"F = CThC,
and S = CTFs = CTsC; clearly H and S are symmetric. The energy functional is given in
[10] as

E=2|2Tv(H —nS) + Z(USZ?J- — H;;S;j)

1,j=1

+ nN. (2)

where NV is the number of electrons in the system, n is a parameter related to the chemical
potential, and Tr(A) = "7 | A; is the trace of an n X n matrix A.
We define the n x m gradient matrix

OF
aCy;

_ 0B _

G:%:

: (3)

To find an expression for G we apply the chain rule to the matrix factors of E. Defining the
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n x m matrix Ay = [0;0;], where §;; is the Kronecker delta function, we observe that

OH

— = ALWC + CThg = ALF + (ALF) (4)

0Ck

8‘96*? = ALsC + CTsPy = ALF* + (AL F)" (5)
kl

and hence

OF OH oS dS;;  OH;;
92— 9o (2L 92 Hy; — 2nS;;) 220 g,
0C { ! (5Ckl nackl) Z [( i~ 205%) 0Ck * 0Cki SZ]} } ©)

2,j=1
= 8(Fu—nFg) —4) Fgi(Hy—2S5) =4 FuSu
i=1 i=1
It follows that
G = 8F — 8yF° + 8F°S — AF*H — 4FS. (7)

As described in [10], the closeness of 7 to the electronic chemical potential determines
whether the ground-state energy Ej is a minimum of E. For the purposes of simplification, we
currently work with a fixed n = 0, with m = n/2 (the occupied subset - i.e. the functional of
Ordejon et al.) [33]. This avoids the need for computing 1 at each iteration of the algorithm,
but requires careful selection of the initial coefficients and slows down convergence in many
cases (see Section 7). The algorithm developed here can be readily applied to the general

case (1 # 0) with only slight variation. With n = 0, equations (2) and (7) become

E=2 <2 Tr(H) — Z (Hmsm)) (8)
G =8F —4F°H — AFS. (9)
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5.2 Minimization method

The iterative method described in Appendix™A approximates the coefficient matrix C at
which E achieves its ground state, Ey. At each iteration the gradient matrix G is computed
and used by the conjugate gradient method to determine a search direction along which
to vary the coefficient matrix C' so that C converges to C. The approximation of the
optimal step length 4 which locally minimizes E along the search direction requires only the
minimization of a fourth-degree polynomial. We let i denote the number of the iteration
with 7 = 1 at the first iteration, let C* denote the value assigned to C at the beginning of
iteration ¢ (with C! equal to the initial guess), and let E; denote the energy value computed
at the end of iteration 7. The algorithm terminates when the relative change in F falls within

a given threshold § > 0, that is,

|Ei — Ei_1| < 0|y (10)

at step ¢ > 1, and when the RMS of G falls within an absolute threshold ¢ > 0.

5.3 Communication method

We describe here the communication method we use to perform distributed matrix multipli-
cations. The method attempts to ensure that the communications overhead has order O(p),
where p > 0 is the number of processors, by ensuring that a processor only sends its matrix
section to those other processors that require it to perform the multiplication.

We define m’ = m/p (resp. n’ = n/p) to be the number of coefficient vectors (resp. rows
of h and s) distributed to each processor. We assume for simplicity that p exactly divides

m and n. Thus processor k, k =0,...,p — 1, locally stores rows kn’ +1...(k+ 1)n’ of C,
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h, and s.

We introduce a notation to describe the distribution of matrices over p processors. For
a matrix X with m = m'p rows (resp. columns), we let X, (resp. X*™) denote the
submatrix made up of rows (resp. columns) km' + 1...(k + 1)m’ of X. For a matrix X

with n = n'p rows (resp. columns), we let X, (resp. X [kn]) denote the submatrix made

[in]

up of rows (resp. columns) kn' +1...(k+1)n’ of X. We let X, -

| represent (X n] ey o,
equivalently, (X [km])[l"]. Following this notation, each processor & locally stores Clin), Ak,
and Spp).

Suppose we want to multiply a [ x m matrix A by a m x n matrix B, where p is the
number of processors, [ = I'p,m = m/p, and n = n'p. Suppose also that for k =0,... p—1,
processor k locally stores Ay and By Processor k& can compute (A x B)[kl] using the
equality

p—1
(Ax By =Y _ Al Blimy. (11)
i=0

Let us now define a p x p block information matrix A’ associated with A, such that
Afy 1 =0if AEZ]"] =0and A}, ;,, =1if AE;}"] # 0. Row k of A’ contains a 1 in position
i+ 1 if processor k needs to receive Bj, from processor i to complete the computation of Eq.
11. It naturally follows that column & of A’ contains a 1 in position ¢+ 1 if processor k£ needs
to send Bjy,) to processor 1. We always assume that the diagonal of a block information
matrix is zero.

A block information matrix associated with a distributed matrix may be easily computed
by examining matrix elements on each processor to fill in the rows, then gathering the rows

across all processors. We have determined from the physical properties of the problem

that certain blocks of h and s remain zero throughout the algorithm, so that their block
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information matrices need be computed only once.
Given distributed matrices A and B and a block information matrix A’ stored on every
processor, we use the following method to compute and distribute A x B. Here we call the

sequence of processors kK +1,... p—1,0,... k — 1 the successor chain of processor k.

1. Initialize the Boolean array recv[0...p — 1] to false. This array indicates which pro-

cessors will be targets of sends.

2. Each processor k executes the following loop for 2 = 0,... p — 1. Processor 7 examines
row ¢ + 1 of A’ to find the first processor in 7’s successor chain that needs to receive
the local section from processor ¢, and whose entry in recv is false. If such a processor
exists we call it j, otherwise go to step 3. Set Aj,, ;,, to zero, set recv[j] true, send

the local section of k to j if © = k, and receive the local section of 7 if j = k.

3. If A’ =0 then terminate, otherwise go to step 2.

5.4 Use of parallel tools

In the parallel implementation presented here, the MPI and OpenMP libraries are used to
manage communication between processes. The eight processors on each node are divided
into two four-processor shared memory groups. The groups of processors communicate with
each other using MPI library calls as if each group were a single processor. Processors
within the same group behave according to the OpenMP standard; one processor executes
the application code and communicates with other groups, while the other processors in the
group remain idle except when a shared loop is encountered. A shared loop is identified by
OpenMP directives placed within the code. The iterations of a shared loop are distributed

among the processors in the group, while any variables that must be available to the entire
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group are flagged in the code and held in shared memory. In this manner we achieve limited
parallelism without the need for MPI communications between processors in a group. We
declare the application’s most compute-intense loops to be shared; these include matrix
multiplication and addition, and computation of the energy functional.

An additional decrease in the communication overhead is obtained by using the MPI
function called MPI _GraphCreate. This function takes a graph whose vertices indicate paths
between pairs of processors along which data must be sent, and creates a communicator in
which the processors are ordered in such a manner that the graph is almost optimally matched
to the underlying multiprocessor architecture. This improves the chances that processors
that need to communicate with each other will be physically “close” to one another. Our
current method is to perform a Boolean OR of all the block information matrices associated
with the matrices in the algorithm, then create a graph containing a vertex for every pair
of processors whose entry in the resulting block matrix is nonzero. This graph is passed to
MPI _GraphCreate, and then each processor sends its local parameters and matrix segments
to the processor that will have its rank under the new communicator. In essence, each
processor assumes the identity of another processor. Using the new communicator in place
of the original communicator makes this substitution transparent. This process needs to be

done only once, after the computation of the block information matrices.

6 Results

The scaling results from running the optimization algorithm for systems of 1,512, 3,024, and
6,048 atoms on Blue Horizon (IBM SP architecture at San Diego Supercomputer Center),
with up to 1,024 processors, are presented in Figs. 5 and 6 (this corresponds to 54 and

108 HMX molecules, respectively). As seen from Fig. 5, the linear scaling in the number of
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processors becomes stronger and more consistent as the number of atoms increases. For 1,512
atoms, the ratio of the time per iteration for 2n processors to the time per iteration for n
processors ranges between 58% and 71% (with 140% at 2n = 1,024), with an average of 75%
(50% indicates ideal linear scaling). For 6,048 atoms, the same ratio ranges between 59% and
68% (with 69% at 2n = 1024), with an average of 64%. The improved scaling performance
is due to the fact that the proportion of computation time (matrix multiplication, etc.) to
communication time increases with the number of atoms. Additionally, as seen in Fig. 6, the
linear scaling in the number of atoms becomes stronger and more consistent as the number
of processors increases. For 8 processors, the ratio of the time per iteration for 2n atoms
to the time per iteration for n atoms ranges from 194% to 255%. For 512 processors, the
same ratio ranges from 180% to 233%. This reflects slight superlinearity of scaling as the
dimensions of the matrix segments distributed to the processors increase.

We performed preliminary tests to measure the rate of convergence to the minimum
energy value using the 1,512 atom system. By changing the relative energy tolerance, 4§,
gradient RMS tolerance, (, and cutoff radius, r, no obvious series of patterns regarding the
number of iterations until convergence was determined. The lack of a certain pattern in
our preliminary results may be largely due to the variable randomness in initializing the
wavefunction coefficients that occurs from one job to the next (different sets of processors
from one job submission to the other). However, one exception was that as the relative
energy tolerance, ¢, was decreased from § = 107° to § = 107% the number of iterations

required increased additionally by about an order of magnitude.
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Figure 5: Scaling results - time ro perform one iteration of the optimization algorithm as
the number of processors are increased with fixed number of atoms (on NPACI Bluehorizon
IBM-SP3 architecture).
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Figure 6: Scaling results - time to perform one iteration of the optimization algorithm as
the number of atoms are increased with fixed number of processors (on NPACI Bluehorizon
IBM-SP3 architecture).
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7 Future work

Plans are underway to implement an improved energy functional having a positive definite
Hessian matrix. Described in Sec. 5, this functional requires that n be computed at each
step to approximate the electronic chemical potential. Although with 7 fixed at 0 the careful
selection of initial coefficient vectors seems to prevent the functional value from spiraling ever
downward, the nonexistence of a global minimizer of P in step 6 of the algorithm may be
responsible for the slow convergence. Additionally, plans are underway to explore methods
of computing search directions that may have better performance than conjugate gradient,
and methods of computing search lengths that may overcome the sensitivity of the current

root-finding method without requiring a full line search.

Acknowledgements

The authors would like to thank P. Ordejon and S. Itoh for useful discussions in the initial
stages of this project. This research is funded by The University of Utah Center for the
Simulation of Accidental Fires and Explosions (C-SAFE), funded by the Department of
Energy, Lawrence Livermore National Laboratory, under subcontract B341493. Within this
DOE funding, allocations of computer time on the SGI Origin 2000 (Nirvana) located at Los
Alamos National Laboratory were used in this work; an allocation of computer time from
the NPACI-SDSC (National Partnership for Advanced Computational Infrastructure - San

Diego Supercomputer Center) was also used in this work.

21



A Description of the algorithm

The steps involved in an iteration of the algorithm are described in detail below, and graph-
ically in the associated figures. The total communication cost of an iteration consists of five

order < O(p) operations (see Section 5.3) and four O(logp) global gathers.

Steps of the Algorithm

1. Initialization

Each processor k, k = 0,...,p — 1, initializes and locally stores Clgp), Ajgn), and Sjgy)-

2. Computation of (C) ), Fikn), and (F*)
This step is based on the equalities
—1

p—1
1=0

i

3

Il
o

Set C = C*, where i is the iteration number. Each processor k copies (C[[,f:g])T into
(™) kz multiplies h%m and s%m by Cn], and copies these products into Fy, and
(£°) k) respectively. It then sends Cpip to all other processors that require it, an order
< O(p) global operation described in Sec. 5.3. As each processor k receives Cp,, from
processor I, | # k, it copies (C[[ZI;T])T into (C’T)[Zi], multiplies hggﬂ] and sggg by Ciin),
and adds these products to Fj,) and (F* ) (kn) Tespectively. At the end of this step each
processor k has computed and locally stored (C7)pm), Fin), and (F*)pn). See Fig. 7

for an illustration of the computation of F,(the computation of (F*)j, is similar).

3. Computation of Hyp and Sigm)
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O I = = Ty

Clin

|/\. Fit) = Fi) + Wy Cta

Figure 7: Computation of Fj, in step 2.

This step is based on the equalities

Each processor k£ multiplies (CT)

processor k receives Fi,) and (F

p—1
Hygm = (C" )i F = D (C") oy T

p—1

Sty = (CT) i F* = D (C7) iy (Fim

=0

into Higy,) and Spm respectively. It then sends Fii,) and (F s)[;m] to all other processors

that require it, an order < O(p) global operation described in Sec.”5.3. As each

Fin and (F*),) and adds these products to Hiy,,) and Sjgm respectively. At the end of
this step each processor £ has computed and locally stored Hiy,,) and Sii,,- See Fig. 8

for an illustration of the computation of Hy, (the computation of Sjgp, is similar).
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Flin] Fin

O I = = Ty

Fuin)

Hitrn) = Him) + (C) oy Pl

Figure 8: Computation of Hy,) in step 3.

4. Computation of the local gradient Gx,; and energy value E

This step is based on the equality

G[Im] = 8F[1m} — 4(Fs)[;m]H - 4F[1m]S (14)
p—1 p—1
_ o+ [im)] [im]
= 8Fjkn) — 4> (F*)iemi Hiim) — 4 Y Fien? Sjim)-

Each processor k sets G t0 8y — 4(F 3)%Z$]H[km] —4F[[,f$]5’[km]. It then sends Hpgpy
and Siky, to all other processors that require them, an order < O(p) global operation
described in Sec. 5.3. As each processor k receives H[,) and Sp,,) from processor I,
| # k, it subtracts 4(F5)&7Z}H[lm] + 4F[[,ﬁ;n]15[lm] from G,y At the end of this step

each processor k£ has computed and locally stored Gi,). See Fig. 9 Next, compute the

energy value {E} = {E}; using (8). Since H and S are symmetric, this may be done
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O O = /=

H[lm]a S[lm]

—_ S [lm] [lm]
Glin) = Glin) — A(F°) oy Hitm) — AF 0 St

Figure 9: Computation of Gy in step 4.

by summing the matrix entries and products on the separate processors and using a

global gather to sum the contributions of the processors.

Computation of conjugate gradient search direction

To compute the search direction R we use the Polak-Ribiere conjugate gradient method
([34], p. 120). If i =1 or E; > E;_; (i.e., the energy has increased from the last itera-
tion) then reset the method by setting R = G (the steepest descent search direction).
Otherwise set R = G+ BR;_1, where R;,_; and G;_; are the search direction and gradi-
ent from the previous iteration, A denotes a vectorization of the elements of the matrix
A, and 8 = GT(G — Gi_1)/||Gi_1]|2. The vector products are computed using global

gather operations.

Approximation ~ of optimal step length ¥
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To approximate the step length 4 that minimizes F along the search direction R, we
need a trial step length 5. We set 7o = min(—¢, {7}i—1), where J(;_1}is the step length
from the previous iteration and ( is a small positive constant which ensures that the step
length has a minimum magnitude (we currently use ¢ = 0.001). Use steps 2 through
4 to compute the energy values E',E% E3 E* at the points C — 2v,R,C — v%R,C +
Yo R,C + R, respectively. These computations are independent of each other and can
be done simultaneously, requiring an order < O(p) global communication operation.
Each processor computes the coefficients of P(), the unique fourth-degree polynomial
such that P(—27y,) = E',P(—7,) = E%,P(v) = E?,P(27y,) = E*, and P(0) = E. Each
processor then computes the roots {zi, 22,23} of dP/dy. Out of these r is the real
root which yields the smallest value of the polynomial. To ensure progress and avoid
problems with instability in root finding, we do not allow the step length to be non-

negative or too small or large in magnitude. Hence v = max(—27y, min(—(, —abs(r))).

7. Update C' and test for termination

Set C*t! = C + yR. If the termination conditions of Sec. 5.2 are satisfied then
terminate with {E} = { F},, otherwise return to step 2. Observe that on termination,

C (not C?1) is the coefficient matrix whose energy value is E.
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