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We review a family of related techniques for geometric cotapu
tions in the parameter space of freeform curves and surfages
ometric constraint equations for freeform curves and sedaave
low degrees (often linear or quadratic)ry z and considerably
higher degrees in the curve or surface parameters. We aliexiry,
andz, so that the constraints are expressed in terms of the curve o
surface parameters, while making the variablgsz the functions
of these parameters under those same constraints. It tvegla
straightforward to compute the differential geometricgadies of
many constructs using this representation. We have sufotlgss
addressed the following classes of computation for freefourves
and surfaces: Minkowski sums, bisectors andectors, surface-
surface intersections, collision detection, offset trimgy swept
volume computation, constructing Voronoi diagrams, carivalls
and kernels, silhouette, and visibility computations. \Wkevjgle a
few simple examples to demonstrate how to apply this teckniq
a variety of problems in geometric computation.

Keywords: Freeform curves and surfaces, geometric constraints,
system of polynomial equations, parameter space

Conventional research in computer aided geometric desigrfds
cused on the design and representation of freeform cungswan
faces [Cohen et al. 2001; Farin 1997; Hoschek and LasseR; 199
Piegl and Tiller 1995]. Geometric operations permit thesenget-
ric shapes to be employed in various applications, such k& so
modeling and NC machining. Unary operations include cune a
surface offsets, convex hulls, and silhouette computati@inary
operations take two geometric objects as input and proddiftea
ent curve or surface as a result. Examples include suriadaes
intersection, bisector computation, and determining thevex hull

of two curves or surfaces. More generally, we may think-afry
geometric operations that takalifferent objects as input and pro-
duce some results which are useful for the application under
sideration.

Compared with freeform shape design, geometric operations
usually more dif cult to support in a reliable way. For exaleoff-
sets and surface-surface intersections are in generahesly dif-
cult to compute in a robust way without user interventionhéefe
are always some intricate degenerate cases where thesgioper
produce incorrect results, in particular in the determarabf the
topology of the resulting curves or surfaces. This fundaalen
problem is not limited to these two operations. We expegesim-
ilar de ciency in many geometric operations which deal withn-
straints speci ed irxyzspace, i.e. the workspace. One reason for
this de ciency is that in most cases the results of geometpiera-
tions are produced as algebraic curves and surfaces, asel dhe
unfortunately non-rational in general. In this paper, wespnt a
reasonable way of handling algebraic constraints.
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Rational curves and surfaces are represented in pararfuetric
whereas curves and surfaces are located inyk&orkspace. This
discrepancy between the workspace and the parameter sjpage o
causes problems, not only in terms of computational ef ciehut
also with topological consistency. To resolve these proklewe
show how to reduce constraints into the parameter spaceams t
form the results back to the workspace.

Given two freeform rational surfac& u v andS, st in xyz
space, geometric constraints are usually represented rdigeear
equations in the seven variables/st x y z The terms inky z
are often linear or quadratic since the constraints inctushelitions
such as orthogonality, predetermined xed angles, equshdces,
etc. On the other hand, the termsuirv s t usually have consider-
ably higher degrees. It is easier to eliminatg z and convert the
constraints into others that use only the paramaters t. If we
try to remain in thexyzspace, it is far more dif cult to eliminate the
high-degree terms io vst. In many cases, elimination takes an
inordinate amount of computing time. Even if it works, theuk-
ing equations ix y zhave very high degrees. Thus it is reasonable
to eliminatex y zinstead ofu v s t and, more importantly, itis very
ef cient.

There is another important advantage in eliminating the- low
degree termsir y zinstead of the high-degree termsiiv s t, un-
der the same constraints. It is relatively straightforwardompute
the differential geometric properties of many construcisig this
representation. In recent years, we have successfullyessied the
following classes of computation for freeform curves andages:
Minkowski sums [Lee et al. 1998], bisectors aaesectors [Elber
and Kim 1998; Elber and Kim 2000; Elber et al. 2001], surface-
surface intersections [Heo et al. 1999; Heo et al. 2001; &eon
et al. 2005a], collision detection [Wang et al. 2001], dffgénm-
ming [Seong et al. 2005b], swept volume computation [Elret a
Kim 2000], constructing Voronoi diagrams [Hanniel et al03])
convex hulls and kernels [Elber et al. 2001; Seong et al. 001
silhouette computations [Seong et al. 2005b], and visjbdidompu-
tation [Elber et al. 2005]. A recent book [Patrikalakis andé¥awa
2002] also discusses many important problems of shapeagier
tion that can be reduced to solving equations in paramegaresp

Computational geometry has dealt with some of these prablem
in the discrete domain of points, lines, polygons, and pedyh.
The parameterization of curves and surfaces provides tigsien
formation on their spatial coherence. Therefore we needferdi
ent approach to developing algorithms for geometric oparaton
curves and surfaces. In this paper, we review a set of retatdd
niques, which may suggest a different way of looking at ggeme
ric computations for freeform curves and surfaces. Our @gugr
suggests that the rational parameterization of freeforraesuand
surfaces provides the most natural way of dealing with theogm-
etry in the type of geometric operations common in comporteii
geometry and also in computer graphics. Entire computsutiail
down to solving a set of polynomial equations. This papenig
dated abbreviated version of recent articles [Elber and RQ®1;
Kim and Elber 2000].

The rest of this paper is organized as follows. Sections 2—4
show how to convert problems of geometric constraint ints- sy
tems of polynomial equations. The problems discusseddecibe
Minkowski sum, bisector, and silhouette computation feeform
shapes. Section 5 concludes this paper.



and more explicitly the derivative%‘]’ andg—i‘z’ are given as follows:

We present the basic principle of geometric computatiorairam- dv Fu
eter space using the simple examples of envelope curvesuand s du R
faces.
d2v Fuu ZFUVg% Fwv g%j

dw? R

Assume thatacurv@ u X U Y1 U isgiven in thexy-plane FuFRZ 2RwFiR FnF?
and another curv€, v X2 V Yo V. moves (with a xed ori- F3

entation) along the trajectory cur@ u . The sweep o€, gener-
ates a planar region. This region is bounded byaimeelope curve
Xuv yuv ,whichisde ned by

Using Equations (1) and (2), the envelope curve is repredent
asCu XUuvu yuvu . The rstand second derivatives
of the coordinate functions can be computed as

Xuv XU XV Q)
yuv yiu y2v 2 % Yy UV XVUV:_‘J
under the parallelism constrai@f u  C, v, which is in turn rep- dy dv
resented as an algebraic equatiomn Bndv: au Yyuuv yuv au
FUv Xuy,Vv yjuxv O ®3) d2x dv dv 2 d?v
T Xuu U V 2xu\,uvaJ Xuv UV au x\,uvw
In some applications, it is useful to consider the paral-
lelism constraint in the same direction, i.€, u C, v and d?y dv dv 2 d2v
CiuGCv 0. Figure 1 shows two examples of outer enve- {2 Yuu UV 2yp uv du Yw UV du Wwuv a2

lope curves generated by considering only the pairs of cpovets
C; u Cy v for which the two curves have the same tangent di-
rection. In Figure 1(a), the moving curve is a circle and theep
envelope curve is thus the untrimmed offset of the trajgotarve.

The signed curvature of the envelope curve is then compuged b
evaluating the following formula [do Carmo 1976]:

Figure 2(a) shows a non-convex curve moving along a honeonv ggd_zy d?x gg
trajectory curve. The resulting outer envelope curve isierably ku Ud  di# du 33
more complicated than the two original curves. dx 2 dy 2

du du

Note that the curvature is a non-rational functionudbecause of
the square root function in the denominator.

Given a surfacé&; u v XQ UV y3 UV Z uv inXxyzspace,
another surfaces, st X2 St yost z st moves (with
a xed orientation) along the surfac& uv and generates a
swept volume. The volume is bounded kyvelope surfaces
Xuvst yuvst zuvst ,which are de ned by

\ \ Xuvst X uv X st 4
yuvst yiuv y,st (5)
zuvst ZZUV 2 st (6)

under a parallelism constraiflg uv N st , whereN; u v

7% uv I3 uv denotes the normal vector of the surface

S u v, andsimilarlyN, st denotes the normal vector§f st .
The parallelism constraint; uv N st is formulated as a

system of two algebraic equations:

Figure 1: Outer envelope of a curve moving along anotherecurv

The differential properties of the envelope curve can be-com 1%
i ivati i i - F N 0 7
puted by evaluating the derivatives of its coordinate fiomst. As- uvst LUV e st 7
suming the implicitcurvés uv  0is locally parameterized hy;
the parametev may be interpreted as a functioru of u. The rst 7%
t

ay ! i Guvst st 0 (8)
and second derivatives gfu can then be computed by differenti-

Npuv

atingF uv 0 using the chain rule:
Assuming the implicit 2-manifold uvst Guvst O
FLuv Fouv d_V 0 in uvstspace is locally parameterized byandv, the parameters
du andt may be interpreted as functiossu v andt u v of uandv.
dv dv 2 d2v The rst partial derivatives% and % can be computed by differ-
Fwuv  ZRyuv o Rvuv 0 Ruvas 0 entiatingF uvst OandGuvst O withrespect taiusing



the chain rule:

s i

Fouvst Fsuvst% Ftuvstﬁ 0 9)
S t
Gy uvst Gsuvst% Gtuvst% 0 (10)
which produces
o R Fo Fu
Gy G Gs G
ﬂ_s u t ﬂ S u 1)
fu Fe R fu Fo R
GS Gt GS Gt

Similarly, the rst partial derivative%sl and% can be computed

by differentiatingF uvst OandGuvst 0 with respect
to v, using the chain rule:
ds dt
FRRuvst Fsuvst—v Ftuvstd—V 0 (12)
ds dt
Gyuvst Gsuvstd—V Gtuvstd—v 0 (13)
which produces
RoR R
G Gs G
d_s v G ﬂ S v (14)
dv F R du F R
GS Gt Gs Gt

The second partial derivativ 2§' and”—zg can be computed by
differentiating Equations (9) and (10) wi’%H respectif@gain using
the chain rule:

12s 72t
Fsuvst — uvst — Auvst
S @ fu2

12s 72t
Gsuvst — Giuvst — Buvst
s mw u2

whereAuvst andB uvst arerational expressionsinv st,
Is and%. This produces

flu?
A R Fs A
1]28 B G ﬁzt Gs B
" "R W AR
GS Gt Gs Gt

Similarly, the second partial derivativq%zﬁiV andﬂﬁ—ztv can be com-
puted by differentiating Equations (9) and (10) with respew:

1%s Tt
Fsuvstm Ftuvstm Duvst
s U
G t —— t— E t
suUVs Tufv Giuvs Tufv uvs

whereD uvst andE uvst arerational expressionsinv s t,

I, I, I and L. This produces
D k Fs D
s E & 72t Gs E (16)
fTufiv Fs R fufv Fs R

GS Gt GS Gt

Finally, using the chain rule one more time, the second garti

derivativesﬁvi' and”—\zlE can be computed by differentiating Equa-
tions (12) and (13) with respect to

12s 72t
Fsuvst — uvst — luvst
s e 2
1s T2t
Gsuvst — Giuvst — Juvst
s w2 2

wherel uvst andJ uvst are rational expressions inv st,
Is and%. This produces

v’
I R Fs |
1%s J G 7t Gs J
™ KR N mA
Gs G Gs G

Using the partial differentials of the bivariate functions
suv andtuv, we can compute the rst and second par-
tial derivatives ofx uvsuv tuv ,yuvsuv tuv , and
zuvsuv tuv . The rstand second fundamental forms and
the curvatures can be computed in a straightforward maonéné
envelope surface [do Carmo 1976].

a

We now apply our problem reduction scheme to the bisectarecur
of two rational curves in the plane. After that, we will catesi the
a-sector curve whose minimum distance between the two cigves
intheratioofa:1 a.

Given two rational curve€; u andC; v in the plane, each point
X'y on the bisector curve is at an equal minimum distance from
C1 u andGC, v ; thus each point satis es

Xy Ciu Ciu 0 (18)
xy CvGv 0 (19)
Xy MQU v 0 (20)

Figure 2(a) shows an example of a bisector curve betweenawo r
tional curves in the plane, and Figure 2(b) shows an exanfpde o
self-bisector of a rational curve.

() (b)

Figure 2: (a) Bisector curve and (b) self-bisector curve.

Conventional approaches would eliminate the parametersd
vto generate an implicit equatidnx y 0O for the bisector curve



in the xy-plane [Hoffmann and Vermeer 1991], or trace the curve

b xy 0 numerically [Farouki and Johnstone. 1994; Farouki
and Ramamurthy 2001]. Unfortunately, the algebraic degfee
bxy 0is very high. (For two cubic curves, the degree of
bxy 0is 46.) Note that Equations (18)—(20) are lineaxin

andy. Thus it is considerably easier to eliminate the variatles
andy than the other curve parametessandv. Moreover, the de-
gree of the resulting implicit equatioR uv 0 is signi cantly
lower than that ob x y  0; in this case the degree Bfu v is
10 when bothC; u andC, v are cubic polynomial curves. (For
more details, see [Elber and Kim 1998].)

In this context, Equations (18) and (19) mean that the hisect

is located at the intersection point of the lines normal ® tivo
curves, which can be computed using Cramer's rule as follows

XpUX U ypuy;u yu
X2 VX,V YoVY,V Y,V
Xuv 2 2 2 (22)
X, u y;u
X, V. Yo V
XU XguX;u yruyu
Xo V. Xo VX, V. Yo VY, V
yuv 2 2 2 (22)
XU yu
X, Voo Y, V

Since this intersection poink u v y u v is located on the bi-
sector curve, it satis es Equation (20). Thus we have thiefdhg
constraint equation fan andv, which represents an implicit curve
in theuv-parameter plane:

Ciu Cv

Fuv Xuv yuv 5 Cilu GCv 0

The differential properties of the bisector curve can be mated
using the technique introduced in Section 2.1.

a

Given two rational curve€; u andC, v in the plane, each point
X y on thea-bisector curve is at a relative distarge 1 a from
C1 u andC; v ; thus each point satis es

Xy Ciu Cju 0 (23)
Xy CvGCGyv 0 (24)
1 a2 xy Cu? a2 xy Gv?2 o0 (25)

The rst two equations produce the same solutions as in Eopst
(21) and (22). However, the third equation produces an uitpli
curve of higher degree:

Fuv 1 a2 xuvyuv Ciu?
a’ xuv yuv GCv 2?2 0

A similar approach can be applied to computing the bisectdase
of two rational freeform surfaces [Elber and Kim 2000]. Fig3
shows an example of a surface-plane bisector.

LetS uv andS, st be two rational surfaces. We consider
the bisector surface & u v andS, st , which consists of points
x y z satisfying the following ve constraint equations:

S, uv

Xyz o

S uv 0 (26)

Figure 3: Bisector surface between a freeform surface aranep

1S uv
Xyz S uv v 0 27)
1S st
Xyz $ st 7s 0 (28)
Xyz S st ﬂszﬁtSt 0 (29)
Xyz 2 st S ut
S ut 2 Sst 2 0 (30)

Equations (26) and (27) mean that the bisector point z is lo-
cated on the normal t& u; v; , and Equations (28) and (29)
imply that the pointx y z is on the normal t& u, v> . Addi-
tionally, Equation (30) constrains the pointy z to the symmetry
plane ofS; u; vi1 andS; up vo . Equations (26)—(30) are all linear
in xyz.

By applying Cramer's rule to the linear system formed
by Equations (26), (27), and (30), we can represent
Xuvst yuvst zuvst as rational functions oluvst.
Substituting these rational expressions to Equations §28)(29),
we obtain the following two rational constraint equations:

Fiuvst Buvst $ st ﬁSzﬂsst 0 (31)
Fouvst Buvst $ st ﬁszﬁtSt 0 (32)

whereB uvst Xuvst yuvst zuvst

The common zero-set of Equations (31) and (32) satis es all
ve constraints of Equations (26)—(30). Hence, we have cedu
the surface-surface bisector problem to a common zero+set
ing problem for the two four-variate functions of Equatici3d)
and (32). For each pointu vst in the resulting zero-set, the
corresponding bisector point can be computed by the rdtioap
xuvst yuvst zuvst . Thedifferential properties of the
bisector surface can be computed using the technique irteatin
Section 2.2.

Let O denote a three-dimensional object bounded by a rational
freeform surface&Ss u v, and letAt denote an af ne transforma-
tion represented by a 44 matrix,

annt appt ajzt tyt
ar1 t apo t a3zt tyt
azg1t azgpt azzt tt

0 0 0 1



@ (b)

(e) )

Figure 4: Snapshots of time-varying silhouettes.

where aj t 3 3represents a linear transformation (e.g. rotation
or shearing) andtx t tyt t;t denotes a translation of the coor-
dinate system.

The swept volume of the obje@ under the af ne transforma-
tionAt isgivenby tAt O.Assuminga t b, the boundary
surface of the swept volume consists of some patches of tfeceu
Aa Suv andsomeofA b Suv ,together with the boundary
envelope surface. The set of points on the envelope sudattet-
acterized by the following equation [Martin and Stephent@@0]:
1S 1S
u uv v uv 0

The silhouette points on the boundary of the swept volume

At Suv , seen from a viewpoinp, satisfy the following im-
plicit equation:

Fuvt At Suv At At

Guvt At Suv pAt Nuv 0 (33)
whereN uv isthe normaltSuv. SinceNuv F ISis

rational, the functiorG u vt is also rational. The common zero-
setofF uvt Guvt 0 produces 1-manifold curves uvt-
space, which correspond to the silhouette curves of thedzoyirof
the swept volume. Figure 4 shows snapshots from an animation
silhouettes in which their topological arrangements cleaag the
eye position moves along a prede ned path.

Assuming the implicit 1-manifold curvE uvt Guvt
0 in uvt-space is locally parameterized by the parametersi
and v may be interpreted as functionst andvt oft. The
differential properties of the silhouette curvet yt zt
At Sut vt can be computed by combining the techniques
introduced in Sections 2.1 and 2.2 as follows.

The rst partial derivativesf and J¥ can be computed by dif-

ferentiatingF uvt OandGuvt O with respect td using
the chain rule:
fu v
F t — t — t 0 34
u uv m R uv m Ruv (34)
fu v

(©) (d)
@ (h)
which produces
a & o &
flu v v u t
- — 36
mt R Rt R R (26)
Gu G\/ GU GV

Similarly, the second partial derivativ% andﬂ%’ can be com-
puted by differentiating Equations (34) and (Sés with redpet,
again using the chain rule:

2u 1°v
FRbuvt — uvt — Auvt
! 2 2
2u °v
GUUVt_ﬂtZ G\,uvt—ﬁt2 Buvt

whereAuvt andB u vt are rational expressions invt, %
and%. This produces

A K Fn A

2 B 2 G B
ﬂ_;l G ﬂ_;/ u (37)

fit R R mt R R

Gu G\/ GU C;V

Using the partial derivatives of the functionst andvt , we
can compute the rst and second partial derivatives of thteosk
ettecurvext yt zt . The curvature of the space curve is then
computed as follows [do Carmo 1976]:

xtytzt xtytzt

kt
xtytzt 3

Note that the curvature is a non-rational function bécause of the
square root function in the denominator.



In this paper we presented a problem reduction scheme that co
verts geometric constraints in work space to a system ofteosa

in parameter space. The effectiveness of this approach des b
demonstrated through a few simple geometric operationsie-In
cent years, we have successfully applied the same approazh t
wider variety of geometric computations which are congitibr
more involved than those discussed in this paper. New tqabsi
have been introduced to deal with these problems. Futurk witir
introduce even more advanced techniques to attack moreleamp
geometric problems.
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