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Figure1: (a)Controlmesh(green)with 12boundaryEVs,andlimit surface(blue). (b) 20x20and
(c) 70x70hairsperface,evaluatedat jitteredrandom(u; v) locationsusingourmethod.
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Abstract

We extend the eigenbasis method of Jos Stam to evaluate Catmull-Clark subdivision
surfaces near extraordinary vertices on B-spline boundaries. Source code to generate
eigenbasis data and do the runtime evaluation is available online.

1 Intr oduction

In a seminalpaper[5], JosStamgave a methodfor evaluatingCatmull-Clarksubdivision sur-
faces[1] at parametervaluesnearan interior extraordinaryvertex (EV). Thebasicideais to sub-
divide recursively until the(u; v) parameterto beevaluatedis containedin a regular4� 4 grid of
controlpointswhichde�ne a bicubicB-splinepatch.Thesubdivisionstepscanbecomputedvery
ef�ciently in theeigenbasisof thesubdivisionmatrix, i.e.,by diagonalizing.Stamdid not provide
detailsfor boundaries,wherediagonalizationis not alwayspossible,but in relatedwork on Loop
subdivision, he usedthe JordanNormal Form to evaluateEVs of valence3 [4]. Evaluationnear
boundarieswasevidently implementedin Maya for Catmull-Clarksurfacesbut never published.
Zorin etal. laterpublishedamethodfor evaluatinga family of Loopsubdivisionschemes,includ-
ing nearboundaries,usinga differentdecomposition[7]. They worked on a similar methodfor
Catmull-Clarkbut did notpublishit.
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We�rst encounteredtheproblemof evaluationnearboundarieswhile workingonahairsystem
for productionrendering.We neededto grow hair at arbitrary(u; v) locationson a controlcage,
andit wasimportantthatthehairorigin lie onthelimit surfacewhenrendered.Artistswereat �rst
encouragedto avoid growing hair nearboundariesof opencages,but inevitably the demandfor
thiscapabilityarose,e.g.,for eyebrowsandsomehair styles.

It might bepossiblein somecasesto subdivide to a high level andbilinearly interpolateover
eachface,insteadof usingexactevaluation.However, thesubdivide-and-interpolateapproachre-
quiresmemoryfor thehigh resolutionmesh,whereasour exactevaluationonly requiresmemory
for the basemesh,plus a constantamountof staticeigenbasisdata. Bilinear interpolationintro-
duceserrorswhich aredependenton themeshresolution,andalthoughhair is perhapsforgiving
of errors,applicationsinvolving textureanddisplacementmapsarelessso.For example,we have
successfullyusedexactevaluationto bakevectordisplacementmapsbetweentwo subdivisionsur-
faceswith a commonstructure(e.g.,whereonesurfaceis a subdivided andsculptedversionof
the other). Our methodcould alsobe usedto project texturesonto subdivision surfaces,andto
computecurvature.

Our studiousesCatmull-Clarksubdivision with cubicB-splineboundariessimilar to [2], but
without any pinnedvertices;all new boundaryedgepointsare the averageof the two adjacent
boundaryvertices.Thesubdivision matrix is not alwaysdiagonalizablefor boundaryEVs of va-
lencenotequalto 3. In practice,mostboundaryEVsareconvex or concavecornersof valence2 or
4, but wewantedamethodthatwouldwork for highervalencesaswell shouldtheneedarise.Our
solutionwasto extendStam'smethodusingtheJordanNormalForm. Weassumein theremainder
of thispaperthatthereaderis familiarwith Stam'spaper, asweusesimilarnotation.

faceTileIds[i] = 0; // singletile for entiremesh

2 Algorithm

In theregularboundarycaseshown in Figure2, weextrapolateanextra row of controlpointspast
the boundaryandevaluatethe B-splinepatchs(u; v) directly. The extrapolatedpointscausethe
boundarys(u; 0) to beacubicB-splinecurve.

However, directevaluationis not possiblewhenthereareEVs. Figure3 (left) shows control
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Figure 2: A regular boundaryface, f , is evaluatedas a bi-cubic B-spline patch: s(u; v) =P 15
i=0 pi bi (u; v). Controlpoints0 through3 areextrapolated,e.g.,p0 = 2p4 � p8.
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Figure3: Step-by-stepevaluationof facef 1 (top row) andfacef 0 (bottomrow), both of which
containa boundaryEV of valence4 (marked as vertex 0). The initial control points (left) are
subdivided (middle), thenextra control pointsarecreatedby subdivision or linear extrapolation
(right), giving enoughpointsto performB-splineevaluationon thedarkshadedregions.Notethat
extrapolatedpointsaremarkedassquares(lower right). To evaluatemoreof theface,themiddle
stepcanberepeatedrecursively via repeatedmultiplicationby asubdivisionmatrix.

pointsneara boundaryEV of valenceN = 4. ThereareK = 2N + 6 controlpointsfor facef 0

andK = 2N + 7 pointsfor facef 1. TheK � K subdivisionmatrixhastheform

A =
�

S 0
S11 S12

�

To quickly sketchStam's method,multiplying a vectorC 0 of thecontrolpointsby A givesus
a new vectorC1 of pointscloserto theEV (Figure3, center).Moreover, thenew controlpoints
de�ne threebicubicB-splinepatcheswhich canbeexplicitly evaluated.Any (u; v) of interestcan
beevaluatedby subdividing n timesuntil we have a supportingsetof controlpointsC n . An extra
layer of control points(Figure3, right) is alsoneeded,so the �nal multiplication is by �A which
containsextraB-splineknot insertionrows:

�Cn = �A A n� 1C0

Weselectthe16B-splinecontrolpointsby multiplying �Cn with oneof threepickingmatrices,
P k , logically similar to thoseshown in Figure6 of Stam.Onedifferenceis thatthepickingmatrix
may alsoneedto extrapolatepointsacrossthe boundary, suchas the 4 pointsmarked by small
squaresin Figure3, lower right.

For Stam's methodto be practical, the computationof A n� 1 needsto be very fast. In the
interior, StamdiagonalizesA usinganeigenvectordecomposition,sothatcomputingA n� 1 takes
constanttime:

A n� 1 = V � n� 1V � 1 = V diag (� n� 1
0 ; � n� 1

1 ; :::; � n� 1
K � 1)V � 1
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whereV haseigenvectorsin thecolumnsand� is adiagonalmatrixof eigenvalues.
However, for boundaryEVsof mostvalences,A is notdiagonalizable;thereis oneeigenvalue

of algebraicmultiplicity 2 andgeometricmultiplicity 1 (meaningtheeigenvalueoccurstwice,but
thereis only onecorrespondingeigenvectorup to normalization).We turn insteadto the Jordan
NormalForm(JNF)of A :

A n� 1 = TJ n� 1T � 1

whereT hasK � 1 eigenvectorsandoneso-called̀ generalized'eigenvectorin thecolumns,and
J is nearlydiagonal,so that Jn� 1 hasonly oneextra off-diagonalterm. We show below how to
�nd thegeneralizedeigenvectorfor any valence.Seefor example[6] for theoreticalbackground
on theJNF.

Therearea few othercomplicationswith boundaries.Portionsof matricesA andT depend
on the faceindex aboutthe EV, althoughsomeblocksareconstant.Becauseof symmetrythere
areonly bN=2c uniquecases,e.g.,facesf 0 andf 2 in Figure3 aresymmetricandhave thesame
subdivisionmatrixprovidedthecontrolpointsarereordered.Facef 0, whichhasaboundaryedge,
is a specialcasebecausethereis onefewer initial controlpoint, and4 of the �nal controlpoints
areextrapolatedacrosstheboundary(Figure3, lower right). Cornerswith valence2 (not shown)
have2N + 5 initial controlpointsandneed8 extrapolatedpoints.

3 Implementation Details

N 4 5 6 7 8 9 10 � � � 4i 4i + 1 4i + 2
index(r) 4 2 6 8 4 10 � � � 4i 2i 4i + 2

� r 0.25 0.5 0.25 0.25 0.5 0.25 � � � 0.25 0.5 0.25

Figure4: Indicesandvaluesof the `defective' eigenvalueof A , dependingon valence,N . The
indicesarezero-based,with eigenvaluessortedin decreasingorderfor eachvalence.

3.1 Precomputation

In this sectionwe computethe JNF of A numerically, by �rst �nding the JNF of the upperleft
block:

S = U 0� U � 1
0

(The lower right block, S12 = W 1� W � 1
1 is diagonalizableand is the sameas in Stamexcept

whenN = 2). To compute(U 0; �) we �rst computeeig (S) numericallyin Matlab. We observe
empirically that for valences3; 7; 11; : : :, S is diagonalizable,andfor othervalencesthereis one
`defective' eigenvalue,� r , thatoccurstwice but hasonly oneeigenvector. If theeigenvaluesfor a
givenvalencearesortedin decreasingorder, theindex r andvalueof � r occurin thepatternshown
in Figure4. (We have veri�ed this patternthroughvalenceN = 100). We next �nd a generalized
eigenvector, w to gowith theexistingeigenvector, v r , suchthat

(S � � r I )w = v r
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Therearemany choicesfor w, sinceaddingany multipleof v r ontoa solutiongivesanothersolu-
tion. Thew thatis orthogonalto v r is theshortestsolution,andwe �nd it usingthepseudoinverse
( pinv () in Matlab):

w = pinv (S � � r I )v r

Wetheninserta `1' in � , sothe�nal decompositionof S is

U 0 =
�

v0 v1 � � � v r w � � � v2N � 1
�

; � =

0

B
B
B
B
B
B
B
B
B
@

� 0 0 � � � 0 0 � � � 0 0
0 � 1 � � � 0 0 � � � 0 0
...

...
...

0 0 � � � � r 1 � � � 0 0
0 0 � � � 0 � r +1 = � r � � � 0 0
...

...
0 0 � � � 0 0 � � � 0 � 2N � 1

1

C
C
C
C
C
C
C
C
C
A

Thedecompositionof A is givenby

T =
�

U 0 0
U 1 W 1

�
; J =

�
� 0
0 �

�

Wesolve for the2N unknown columnsof U 1 by solving

(S12 � � i I )u i = � S11U 0 f + u i � 1g

whereu i denotescolumni of U 1, andthe rightmostterm in bracesis only includedwhen� is
not diagonalandi = r + 1. As a minor complication,for odd valencesthereis oneeigenvalue
(� i = 1=8) whichis alsoaneigenvalueof S12, sotherearemultiplesolutionsfor thecorresponding
column,u i . Weusethepseudoinverseagainhere.

We have chosento follow Stam's blockwisederivation, but anotheroption would be to call
eig () directly on the entirematrix A , then insert the generalizedeigenvector in onecolumnof
T . This would requireshuf�ing and rescalingthe eigenvectorsafterwardsto restorethe block
structureof T .

We testedthe accuracy of the JNF by computingjA � TJT � 1j, andobserved errorson the
orderof 10� 9 to 10� 14 evenfor valencesashighas100.

3.2 Storageand Runtime Costs

For thebN=2c facesof eachvalenceweprecomputeandstoretheK � K matrixT � 1 andthethree
16� K coef�cient matrices(P k

�A T )T ; (k = 1; 2; 3). At �rst glancethis is O(N 3) storageper
valence,but wedecreasethis to O(N 2) by breakingout theblocksof T � 1 thatdonotvaryperface
index. We storeoneupperleft block (U � 1

0 ) pervalence,andstorethreelower right blocks(W � 1
1 )

independentof valence(oneversionfor f 0, onefor f j > 0, andonefor thecornercase).We alsodo
notstoretheupperright blockof zeros.Thebulk of thestorageis thelower left blockwhichvaries
perface.

At runtimewe transformthecontrolpointsinto theeigenbasis,̂C0 = T � 1C0, usingthethree
storedblocksof T � 1. Thenwe evaluatethepatchasin Equation(15) from Stam,exceptwith an
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extra term(in braces)whenJ is notdiagonal(N =2 f 7; 11; : : :g):

s(u; v) =

 
K � 1X

i =0

(� i )n� 1x i (t k;n (u; v); k)p i

!
�

+ (n � 1)(� r )n� 2xr (� � � )p r +1
	

wheret k;n (u; v) normalizesthe(u; v) rangeasde�ned in Stam,p i is a projectedcontrolpoint (a
row in Ĉ0), andx(u; v; k) = (P k

�AT )T b(u; v) aretheso-calledeigenbasisfunctions.(b(u; v) are
the16 B-splinebasisfunctions).Thereis a singularityat (u; v) = (0; 0), so in practicewe clamp
bothu andv to asmallnonzerolowerbound.Thecostof theevaluationis comparableto Stam.

Matlabcodeto generateboundaryandinterior eigenvaluesandcoef�cients is availableonline
at theaddresslistedat theendof thispaper, alongwith precomputeddata,andC codefor runtime
evaluation.(For reviewers: http://www.cs.utah.edu/˜lacewell/subdeval).

4 Remarks

TheJNFis seldomfoundnumericallyfor two reasons.First, it canbedif�cult to tell whethertwo
eigenvaluesareidenticalor just very close,with �nite precisionarithmetic. We do not have that
problemherebecauseof the patternin Figure4; we alreadyknow the positionsof the repeated
eigenvalues,andtheir exactvalues.Second,addingsmallamountsof noiseto a matrix cancause
large changesin its JNF. This doesnot apply hereeither becausewe know the elementsof A
exactlyaccordingto theCatmull-Clarksubdivision rules.

Recentlywebecameawareof unpublishedwork whichanalyticallyderivesaJNFnearEVson
boundaries(includinginterior creases),aswell aspinnedEVs of Catmull-Clarksurfaces[3]. We
believe our numericalway of �nding the JNF is muchsimplerto understandandimplementfor
boundary/creaseEVs,andcouldperhapsbeextendedto pinnedEVs. Also, our blockwisestorage
methodrequiresonly O(N 2) pervalence,versusO(N 3) pervalencein [3].

5 Appendix

Matrix S hasthesamepatternfor any valenceandface:

S =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

3
4

1
8 0 0 0 0 0 � � � 0 0 0 0 1

8
1
2

1
2 0 0 0 0 0 � � � 0 0 0 0 0

1
4

1
4

1
4

1
4 0 0 0 � � � 0 0 0 0 0

3
8

1
16

1
16

3
8

1
16

1
16 0 � � � 0 0 0 0 0

1
4 0 0 1

4
1
4

1
4 0 � � � 0 0 0 0 0

...
...

...
3
8 0 0 0 0 0 0 � � � 1

16
1
16

3
8

1
16

1
16

1
4 0 0 0 0 0 0 � � � 0 0 1

4
1
4

1
4

1
2 0 0 0 0 0 0 � � � 0 0 0 0 1

2

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A

Matrix S12 is thesameasin the interior case,exceptwhenN = 2 thereareonly 6 rows and
columnsandthelastrow is equalto (0; 0; : : : ; 1=8). Likewise,S11 is thesameasin theinteriorcase
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for N > 2, exceptfor facef 0; thenthereareonly6 rows,thelastrow isequalto (1=8; 3=4; 0; 0; : : :),
andcolumns3; : : : ; 2N � 1 of therows above areshiftedleft by two columns.For N = 2, S11 is
givenby

S11;N = 2 =

0

B
B
B
B
@

1
64

3
32

9
16

3
32

1
16

1
16

3
8

3
8

1
8 0 0 3

4
1
16

3
8

3
8

1
16

1
8

3
4 0 0

1

C
C
C
C
A

Hereis the picking orderfor facef 0 andvalencesN > 2; seethe Matlab codefor the other
cases.NotethatRm;n denotesanextrapolatedvertex: v = 2vn � vm .

q3 = ( R3;0; 0; 3; 2N + 2; R2;1; 1; 2; 2N + 1;

R2N +4 ;2N +5 ; 2N + 5; 2N + 4; 2N;

R2N +12 ;2N +13 ; 2N + 13; 2N + 12; 2N + 11)
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