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Figurel: (a) Controlmesh(green)with 12 boundaryEVs, andlimit suriace(blue). (b) 20x20and
(c) 70x70hairsperface,evaluatedatjitteredrandom(u; v) locationsusingour method.
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Abstract

We extend the eigenbasis method of Jos Stam to evaluate Catmull-Clark subdivision
surfaces near extraordinary vertices on B-spline boundaries. Source code to generate
eigenbasis data and do the runtime evaluation is available online.

1 Intr oduction

In a seminalpaper[5], Jos Stamgave a methodfor evaluating Catmull-Clark subdvision sur
facedq[1] at parameteraluesnearaninterior extraordinaryvertex (EV). The basicideais to sub-
divide recursvely until the (u; v) parameteto be evaluatedis containedn aregular4 4 grid of
controlpointswhich de ne abicubicB-splinepatch.The subdvision stepscanbe computedvery
ef ciently in theeigenbasi®f the subdvision matrix, i.e., by diagonalizing.Stamdid not provide
detailsfor boundariesywherediagonalizations not alwayspossible but in relatedwork on Loop
subdvision, he usedthe JordanNormal Form to evaluateEVs of valence3 [4]. Evaluationnear
boundariesvasevidently implementedn Maya for Catmull-Clarksurfacesbut never published.
Zorin etal. later publisheda methodfor evaluatinga family of Loop subdvision schemesinclud-
ing nearboundariesysinga differentdecompositiorf7]. They worked on a similar methodfor

Catmull-Clarkbut did not publishit.



We rst encounteretheproblemof evaluationnearboundariesvhile workingonahairsystem
for productionrendering.We neededo grow hair at arbitrary(u; v) locationson a control cage,
andit wasimportantthatthe hair origin lie onthelimit surfacewhenrenderedArtists wereat rst
encouragedo avoid growing hair nearboundariesof opencagesbut inevitably the demandfor
this capabilityaroseg.g.,for eyebravs andsomehair styles.

It might be possiblein somecasedo subdvide to a high level andbilinearly interpolateover
eachface,insteadof usingexactevaluation.However, the subdvide-and-interpolatapproacire-
quiresmemoryfor the high resolutionmesh,whereasour exactevaluationonly requiresmemory
for the basemesh,plus a constantamountof staticeigenbasiglata. Bilinear interpolationintro-
duceserrorswhich aredependenbn the meshresolution,andalthoughhair is perhapdorgiving
of errors,applicationsnvolving texture anddisplacemenmapsarelessso. For example,we have
successfullyusedexactevaluationto bake vectordisplacementapsbetweertwo subdvision sur
faceswith a commonstructure(e.g., whereone surfaceis a subdvided and sculptedversionof
the other). Our methodcould also be usedto projecttexturesonto subdvision surfaces,andto
computecurvature.

Our studiousesCatmull-Clarksubdvision with cubic B-splineboundariesimilar to [2], but
without ary pinnedvertices;all nev boundaryedgepoints are the averageof the two adjacent
boundaryvertices. The subdvision matrix is not alwaysdiagonalizabldor boundaryEVs of va-
lencenotequalto 3. In practicemostboundaryEVsarecorvex or concae cornersof valence2 or
4, but we wanteda methodthatwould work for highervalencesaswell shouldthe needarise.Our
solutionwasto extendStams methodusingthe JordarNormalForm. We assumén theremainder
of this paperthatthereaderis familiar with Stams paperaswe usesimilar notation.

faceTlelds[i] = 0; // singletile for entiremesh

2 Algorithm

In theregularboundarycaseshavn in Figure2, we extrapolateanextrarow of controlpointspast
the boundaryand evaluatethe B-spline patchs(u; v) directly. The extrapolatedpointscausethe
boundarys(u; 0) to beacubicB-splinecurve.

However, directevaluationis not possiblewhenthereare EVs. Figure3 (left) shavs control
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Eigure 2: A regular boundaryface, f , is evaluatedas a bi-cubic B-spline patch: s(u;v) =
ilfo pib (u;v). ControlpointsO through3 areextrapolatede.g.,po = 2ps  ps.



Figure 3. Step-by-stepvaluationof facef ; (top row) andfacef, (bottomrow), both of which
containa boundaryEV of valence4 (marked asvertex 0). The initial control points (left) are
subdvided (middle), thenextra control points are createdby subdvision or linear extrapolation
(right), giving enoughpointsto performB-splineevaluationon the dark shadedegions. Notethat
extrapolatedoointsare marked assquareglower right). To evaluatemoreof the face,the middle
stepcanberepeatedecursvely via repeatednultiplicationby a subdvision matrix.

pointsneara boundaryEV of valenceN = 4. ThereareK = 2N + 6 controlpointsfor facef o
andK = 2N + 7 pointsfor facef ;. TheK K subdvision matrix hasthe form

S 0
St Sz

To quickly sketchStams method multiplying a vectorC of the controlpointsby A givesus
a new vectorC, of pointscloserto the EV (Figure3, center). Moreover, the nenv control points
de ne threebicubicB-splinepatchesvhich canbe explicitly evaluated.Any (u;Vv) of interestcan
be evaluatedby subdviding n timesuntil we have a supportingsetof controlpointsC ,. An extra
layer of control points (Figure 3, right) is alsoneededsothe nal multiplicationis by A which
containsextra B-splineknotinsertionrows:

A =

C,= AA" C,

We selectthe 16 B-splinecontrol pointsby multiplying C, with oneof threepicking matrices,
P, logically similar to thoseshavn in Figure6 of Stam.Onedifferences thatthe picking matrix
may also needto extrapolatepoints acrossthe boundary suchasthe 4 points marked by small
squaresn Figure3, lower right.

For Stams methodto be practical,the computationof A" ! needsto be very fast. In the
interior, StamdiagonalizesA usinganeigervectordecompositionsothatcomputingA " * takes
constantime:

AMt=v "y t=vdiag( §h T YL ROV L
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whereV haseigervectorsin thecolumnsand is adiagonalmatrix of eigervalues.

However, for boundaryEVs of mostvalencesA is notdiagonalizablethereis oneeigervalue
of algebraianultiplicity 2 andgeometriomultiplicity 1 (meaningthe eigervalueoccurstwice, but
thereis only one correspondingeigervector up to normalization). We turn insteadto the Jordan
NormalForm (JNF)of A :

An 1_ TJ n 1-|- 1
whereT hasK 1 eigemvectorsandoneso-called generalizedeigervectorin the columns,and
J is nearlydiagonal,sothatJ" ! hasonly oneextra off-diagonalterm. We shav belav how to
nd the generalizeceigervectorfor ary valence.Seefor example[6] for theoreticabackground
ontheJNFE

Therearea few othercomplicationswith boundaries.Portionsof matricesA andT depend
on the faceindex aboutthe EV, althoughsomeblocksare constant.Becauseof symmetrythere
areonly bN=2c uniquecasesege.g.,facesf o andf, in Figure3 aresymmetricandhave the same
subdvision matrix providedthe controlpointsarereorderedFacef o, which hasa boundaryedge,
is a specialcasebecausdhereis onefewer initial control point, and4 of the nal control points
areextrapolatedacrosghe boundary(Figure 3, lower right). Cornerswith valence2 (not shavn)
have 2N + 5initial controlpointsandneed8 extrapolatedooints.

3 Implementation Details

N 4 5 6 7 8 9 10 4 4i+1 4i+2
index(r) 4 2 6 8 4 10 4i 2i 4i + 2
r 0.25 0.5 0.25 0.25 0.5 0.25 0.25 0.5 0.25

Figure4: Indicesandvaluesof the "defectve’ eigervalueof A, dependingon valence,N. The
indicesarezero-basedyith eigervaluessortedin decreasingrderfor eachvalence.

3.1 Precomputation

In this sectionwe computethe JNF of A numerically by rst nding the JNF of the upperleft
block:

S=Up Uyt

(The lower right block, S;, = W31 W, ! is diagonalizableandis the sameasin Stamexcept
whenN = 2). Tocompute(Ug; ) we rst computeeig (S) numericallyin Matlah We obsene

empiricallythatfor valences3; 7; 11;:::, S is diagonalizableandfor othervalenceghereis one

“defectve’ eigervalue, |, thatoccurstwice but hasonly oneeigervector If the eigervaluesfor a

givenvalencearesortedin decreasin@rdet theindex r andvalueof , occurin thepatternshavn

in Figure4. (We have veri ed this patternthroughvalenceN = 100. We next nd ageneralized
eigervector w to gowith the existing eigervector v, suchthat

(S Dw = v,
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Therearemary choicesfor w, sinceaddingarny multiple of v, ontoasolutiongivesanothersolu-
tion. Thew thatis orthogonako v, is theshortessolution,andwe nd it usingthe pseudoimerse
(pinv () in Matlab):

w=pinv(S (),

Wetheninserta'1' in , sothe nal decompositiorof S is

0 o O 0 0 0
0 0 0 0
Ug= Vo Vi Ve, W Von 1 = 0O O r 1 0
O O O r+1: r O
0O O 0 0 0

Thedecompositiorof A is givenby

_ U O . _ 0
T= u, w,; ’ )= 0

We solwve for the2N unknavn columnsof U ; by solving
(S12 iHui= SuUo f+u; 19

whereu; denotescolumni of U,, andthe rightmosttermin bracesis only includedwhen is

not diagonalandi = r + 1. As a minor complication,for odd valenceghereis oneeigervalue

( i = 1=8) whichis alsoaneigervalueof S;,, sotherearemultiple solutionsfor thecorresponding
column,u;. We usethe pseudoirerseagain here.

We have chosento follow Stams blockwisederivation, but anotheroption would be to call
eig () directly on the entirematrix A, theninsertthe generalizeceigervectorin one column of
T. This would requireshufing andrescalingthe eigervectorsafterwardsto restorethe block
structureof T .

We testedthe accurag of the INF by computingijA  TJT 1j, andobsered errorson the
orderof 10 ° to 10 * evenfor valencesashighas10Q

3.2 Storageand Runtime Costs

For thebN =2c facesof eachvalencewe precomputendstoretheK K matrix T ! andthethree
16 K coefcient matrices(P AT)T;(k = 1;2;3). At rst glancethis is O(N %) storageper
valence put we decreas¢histo O(N ?) by breakingouttheblocksof T ! thatdonotvary perface
index. We storeoneupperleft block (U ,!) pervalence andstorethreelower right blocks(W , 1)
independenof valence(oneversionfor f 5, onefor f; o, andonefor the cornercase).We alsodo
notstoretheupperright block of zeros.Thebulk of thestoragas thelower left block which varies
perface.

At runtimewe transformthe control pointsinto theeigenbasisCo = T ICy, usingthethree
storedblocksof T 1. Thenwe evaluatethe patchasin Equation(15) from Stam,exceptwith an

o O

- QOO ---
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extraterm(in braceswhenJ is notdiagonallN 2f7;11;:::9):

|
K1 '

s(u;v) = ()" 1Xi(tk:n(U;V);k)pi +(n ()" 2Xr( )Pr+1

i=0

wheret ., (u; v) normalizeghe (u; v) rangeasde ned in Stam,p; is a projectedcontrol point (a
row in €o), andx (u; v; k) = (P AT )Tb(u;v) aretheso-calleceigenbasisunctions.(b(u; v) are
the 16 B-splinebasisfunctions). Thereis a singularityat (u; v) = (0;0), soin practicewe clamp
bothu andv to asmallnonzerdower bound.The costof the evaluationis comparabléo Stam.

Matlab codeto generatdoundaryandinterior eigervaluesandcoefcients is availableonline
attheaddresdistedatthe endof this paperalongwith precomputediata,andC codefor runtime
evaluation.(For reviewers: http://www.cs.utah.edu/ lageell/subdeal).

4 Remarks

The JNFis seldomfound numericallyfor two reasonsFirst, it canbedif cult to tell whethertwo
eigervaluesareidenticalor just very close,with nite precisionarithmetic. We do not have that
problemherebecausef the patternin Figure4; we alreadyknow the positionsof the repeated
eigervalues,andtheir exactvalues.Secondaddingsmallamountsof noiseto a matrix cancause
large changean its JNE This doesnot apply hereeither becausaeve know the elementsof A
exactly accordingo the Catmull-Clarksubdvisionrules.

Recentlywe becameawareof unpublishedvork which analyticallydervesa JNFnearEVson
boundariegincludinginterior creases)aswell aspinnedEVs of Catmull-Clarksurfaces[3]. We
believe our numericalway of nding the JNFis muchsimplerto understandandimplementfor
boundary/creasgVs, andcould perhapde extendedo pinnedEVs. Also, our blockwisestorage
methodrequiresonly O(N 2) pervalenceyersusO(N 3) pervalencen [3].

5 Appendix
Matrix S hasthe samepatternfor ary valenceandface:
0 1
2 % 0 00 0O 0O 000 %
2 2 000 00 O 000 O
2 11090 00 O 000 O
i 1 1 14
5 i 16 B % % 0 O 000 O
s=B; 0 0 3z 7 3 O O 000 O

% 0O 000 OO & 1= % & i
] 0O 000 OO 0 0 3 7 3
5 0000 O0O 0 00 0 3

Matrix S;, is the sameasin theinterior case exceptwhenN = 2 thereareonly 6 rows and
columnsandthelastrow is equalto (0; O; : : : ; 1=8). Likewise,S;; isthesameasin theinteriorcase



forN > 2, exceptfor facef o; thenthereareonly 6 rows, thelastrow is equalto (1=8; 34, 0; 0; : : 2),
andcolumns3;:::;2N 1 of therows above areshiftedleft by two columns.ForN = 2, Sy, is

givenby
Siin=2 = %

Hereis the picking orderfor facef , andvalencesN > 2; seethe Matlab codefor the other
casesNotethatR,., denotesanextrapolatedvertex: v = 2v, Vp,.

o
=

®l-h | FolRE -R |-
ININ I M e PR

O 5| 1wmiwd|w
>0

O ®iw O wiwg|©

= ( Rs30;0;3;2N + 2 R54;1;2;2N + 1;
Ron+aon+5;2N + 52N + 4;2N;
R2N+12;2N +13:2N + 132N + 122N + 11)
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