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Abstract
We presenta techniquefor automatingthe constructionof Celtic knotworkand decorationssimilar to thosein
illuminatedmanuscriptssuch as the LindisfarneGospels.Our methodeliminatesrestrictionsimposedby previ-
ousmethodswhich limited the classof knotsthat could be producedcorrectly by introducingnew methodsfor
smoothingand orienting threads.Additionally, we presenttechniquesfor interweavingand attaching imagesto
the knotworkand techniquesto encapsulateknot patternsto simplify the designprocess.Finally we showhow
to usesuch knotworkin 3D and demonstrate a variety of applicationsincluding artwork and transformingthe
designsinto 3D modelsfor fabrication.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.0 [ComputerGraphics]:GeneralI.3.3 [Computer
Graphics]:Picture/ImageGenerationI.3.6 [ComputerGraphics]:MethodologyandTechniques

1. Intr oduction

Celtic decorationrefers to abstractnon-imitative artwork
originating with Celtic tribes dating from about500 B.C.
One of the hallmarksof Celtic art is elaborateknotwork,
consistingof entangledthreadswhichmaintainastrictover-
under alternating pattern betweenevery crossing of the
threads.This knotwork is analogousto closedloopsof rope
thatcrossover andunderoneanother, becomingentangled.
The loopsof ropearecalledthreadsthat, whenentangled,
form theknot.

Although similar artwork hasbeenfound in many cul-
tures,thespeci�c periodof artwork whosestylewe wish to
reproduceis containedin theilluminatedmanuscriptsof the
British Isles,suchasthe LindisfarneGospels,the Book of
Kells, the Book of Durrow andothers,createdbetweenthe
7th-9thcenturies.It is in theseworksthatCeltic art reached
its zenith,asshown in Figure16 inset.

At present,Celtic artwork is enjoying a renaissance;its
popularity has manifesteditself in design,�ne arts, jew-
elry, bodyart, decorationof sculpture,andarchitecture.As
pointedout by Wong et al. 17 therehasbeenlittle work in
the areaof computergeneratedornamentationdespitethe
factthatornamentationhashistoricallyplayedacritical role
in architecture,decorationandart.

Becauseof the complexity of Celtic art, creatinghand

drawn designsis tediousandtime consumingandoften re-
quiresa signi�cant amountof trainingto do well. Largede-
signsaredif�cult to changeandexperimentwith sincelocal
changesaffect theentireknot.Our techniqueis presentedas
a tool to designsuchartwork intuitively, quickly and eas-
ily. It augmentshumantalentsfor designwith a computers
skill at repetitionanddrudgery. It offers considerabletime
savingsover designingsuchdecorationby handandallows
usersto experimentwith global and local changesof both
style andform quickly. Automatingthe fabricationof such
knots for jewelry or decorative usealso offers signi�cant
timesavingsovercraftingcomparableobjectsby hand.

Ourmethodoffersthefollowing contributions:

� We improve over prior automatedmethodsby allowing
the creationof all possibleCeltic knotsbasedon planar
graphs(ratherthanjust a limited subsetbasedon grids).
Ourmethoddemonstrateshow to constructsuchknotsau-
tomatically, cleanlyandwithouterrors.

� We introduce techniquesto automatically orient the
threadsaroundany con�guration of userde�ned break-
pointsor graphangles.This is oneof themajor improve-
mentsoverprior researchwhichseverelylimited theclass
of knotswhichcouldbecorrectlyproduced.

� Wepresentthe�rst methodfor computersthatallows im-
agesto beinterwovenandconnectedto theknot.

� We introduceseveral smoothingtechniquesto helpdraw
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the threadsmore“artistically” and“naturally” andshow
how to stylizethethreads.

� We show a new methodof encapsulationand a back-
groundtemplatebuilder to facilitatethedesignprocess.

� We show how to useCeltic knotsin 3D by applyingour
algorithmsto 2D manifoldmeshes.

� Finally, wegeneralizethealgorithmsto supportmanufac-
turing physicalmodelsof theknotscreatedwith this pro-
gram.

2. RelatedWork

At somepoint after the 9th centurythe techniquesusedto
createCeltic art werelost. George Bain 1 reinventedmany
of theartistic techniquesnecessaryto createCeltic designs.
His son, Iain Bain 2, simpli�ed his father's methodsto be
surprisinglyalgorithmic.His methodwasbasedonatri-grid
system,which, while constrainedby its inability to create
knotsoutsidethe basicgrid pattern,producedbeautiful re-
sultsquickly andeasily. Meehanhaspublisheda seriesof
books 11; 12; 13; 14 extendingI. Bain's work. Mercat 16 gave
rulesfor manuallyproducingarbitraryknotsby interpreting
aplanargraphasthebasisfor theconstructionof thethreads.

Mercat15 andSloss19 createdprogramsthatallowedusers
to createknots by connectingimagesof threadcrossings.
Complexity wasaddedto theknotsby connectingmoreim-
agesto theknotset.Theuseof prede�nedimagesmeansthat
theseprogramsarerestrictedto a limited setof anglesand
patternswith which to de�ne threads.This doesnot repro-
ducethegeneralknot algorithmpresentedby Mercat16 but
ratherasimpleform of grid knot.

Glassner5; 6; 7 showed how to computethreads,using
I.Bain'smethod(asdo 3; 8), thatareusefulasaguidefor cre-
atinghanddrawn artwork. He concludedthat thecomputer
is notusefulin automaticallycreatingtheknotwork because
a humanis able to interpretthe threadpatternmuchmore
artistically, thoughhedoesshow computergeneratedresults
for grid patterns.Glassner's techniquerequiredmanualad-
justmentof curve drawing parametersin complex regions
to producereasonableresults.Recognizingthe limitations
of thegrid pattern,Glassnerallowedtheuserto deformthe
grid shapesin order to output a larger classof knots.Us-
ing thedeformablegrids,Glassnerproposedusingtheoutput
only asaguidefor handdrawn art.Glassneralsoshowed3D
knotwork by unfolding the sidesof simpleobjectsinto 2D
objectsandthenrefoldingaftertheknothadbeencomputed.
Thiscreated3D knotsin theshapeof theoriginalobject,but
the resultswere not smooth.Moreover, his methodseems
dif�cult to usefor all but the simplestof objects.Several
knotprogramssuchasthoseby Abbott 0 andGuionnet9 use
theMercattechnique.

Theseprogramsall suffer from aconcernraisedby Glass-
ner:theinability of thecomputertochooseanddraw athread
smoothlyand“artistically”. Previous work on graphbased
systemswereall ableto correctlydeterminehow to connect

thegraphto form threadsbut werenotableto contructvalid
or smooththreadsin any but simplegrid cases.The usage
of breakpoints(seesection3.6) changesthe basicordering
on the graphand is vital to creatingvisual interestin the
knot.In any but thesimplestcases,previousprogramsfailed
to correctlyhandlemostcon�gurationsof breakpointsand
werenotableto draw threadscorrectlyaroundgraphcon�g-
urationswhoseanglesweren't explicitly hardcodedinto the
system.This is why Glassnerproposesusingthedeformable
gridsasonly roughguidesfor handdrawn art. We have de-
velopeda generalsolutionto this problemwhich works for
any graphcon�guration.

Many Celtic knot programsusethebasicB-Splinecurve
methodto draw the threads,using the crossinglocations
as control points for the threadcurves. This is unsuitable
becausesplinesarenot able to direct threadscorrectlyus-
ing only positioninformation(seesection3.3). Interpolatory
splinemethodsmayalsointroduceundulationartifactsinto
thecurve.To accountfor theseproblems,anelaborateseries
of extrapointsareinsertedfor severalprede�nedgraphcon-
�gurations to straightenout thelinesandto directthethreads
aroundcornersandbreakpoints.They fail to correctlyori-
ent threadsin any situationthatdoesnot fall into oneof the
prede�nedcases.This resultsin an inability eitherto draw
straight,smoothlines with well formedgraphsor to guide
threadscorrectlyaroundanglesor breakpointsthat arenot
prede�ned.Furthermore,threadsmayoverlapotherthreads
in an incorrectmannerand exhibit strangediscontinuities
aroundsetsof breakpointsandirregulargraphstructures.We
show solutionsto theseproblemsby usingavarietyof curve
smoothinganddirectingtechniquesthat work for arbitrary
graphs.

Knot theoryis anareaof mathematicsthatdealswith the
de�nition, structure,equivalenceandminimizationof knots.
Scharein18 implementedaprogramfor displayandmanipu-
lationof suchknots.Theseresultsarenotdirectlyapplicable
to Celtic knotwork becausethe minimization,optimal dis-
playandbalancingof knotstransformthebasicvisualstruc-
tureof theknot andthepositionof its constituentelements,
a resultthatis unacceptablefor ourpurposes.

3. Knotwork

Thebasicalgorithmfor artistsaspresentedby Mercat16 for
creatinga Celtic knot is conceptuallyvery simple and we
generalizeit for ourpurposes:

Following algorithm1 producesa completethreedimen-
sionalCeltic knot. Whenviewedfrom above, theresultcan
bedisplayedin two dimensions.Figure1 showsanexample
of thisprocess.

3.1. De�ning a Graph

The power of the methodpresentedby Mercat is that ev-
ery planargraphde�nes a knot. While methodsbasedon
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TheMercatalgorithm(Alg.1):
1. De�ne aplanargraph.
2. Find the midpoint of eachedge.Put crossingsat each

midpoint.
3. Computethe threadsthatcomposetheknot by connect-

ing thecrossings.
4. In�ate thethreads.
5. Calculatetheoverlaporderof thethreadsandoffsettheir

heightvaluesbasedon theoverlaporder.

(a)De�ne Graph (b) Crossings (c) De�ne
Threads

(d) In�ate (e)Overlap

Figure1: Theknotalgorithm

grid systemscanbeusedto de�ne a largenumberof knots,
they areconstrainedby thebasictopologyof grids.A graph-
basedsystemcanproduceall possibleknots.While it may
seemcounterintuitive to usegraphsto de�ne knotwork, sim-
ple geometricpatternsoftenproduceknotsof striking com-
plexity. Also, the underlying graph structureprovides an
easy, intuitive methodfor altering threadorder via break-
points,whichwediscussin section3.6

In oursystem,graphedgesarerepresentedby strokesthat
aredrawn by theuserandverticesarerepresentedby junc-
tions. Usersareallowedto draw strokeswith themouseus-
ing eitherfree-formor straightline styles.Thesystemsep-
aratesstrokes wherethey intersectand culls tiny overlaps
thatoccurdueto thehanddrawn natureof thestrokes.Next,
a setof junctionsis automaticallycreatedat the endpoints
of every stroke. A junction recordsa location, the strokes
thathave endpointsnearthat locationandthecounterclock-
wiseorderingin which thestrokesconnectto that junction.
Junctionsthat arecloseto oneanotherarecombined.This
ensuresthatauserdoesn't have to draw agraph“perfectly”;
strokeendpointsjustneedto beclose.Wehavede�nedfunc-
tionsthatautomaticallyproduceseveraltypesof graphssuch
asrectangulargrids,hexagonalgridsandcircularpatterns.

3.2. Midpoint Inf ormation

The threadswill crosseachother at the midpoint of each
stroke. We identify four vectorsthat lie at 45 degreeangles
to thestroke,basedon thestroke andthestroke normaland
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Normal

Right

LeftRight

Left

(a)

AdjS

J CurS

AdjN - Right

CurN - Left

(b)

Figure2: a) Strokegeometry. b) Threadconstructionexam-
ple.

label themasleft or right asshown in Figure2. Theutility
of this formatis thatfrom eitherendpoint,lookingdown the
lengthof thestroke,bothleft andright directionsareconsis-
tent.This propertyprovesusefulin calculatingthe threads.
A nodeis de�ned to exist in conjuctionwith eachof thefour
midpoint direction vectors.A nodeconsistsof a midpoint
position and direction vector and haseither a left or right
orientation.

3.3. Thr eadConstruction

At thisstage,wecanthink of eachthreadasacurve in space
thatwe will build basedon thegraph.First, a controlsetis
constructedthatde�neseachthread,linking thestroke mid-
points.Second,the threadcurve is calculatedbasedon the
controlset.

Our threadconstructionalgorithm proceedsas follows:
Eachcontrol setconsistsof a circular linked list of nodes.
Thesystemselectsa nodefrom thesetof unusednodesand
marksit asused.Thenit createsa new controlsetwith this
nodeasthe�rst element.Nodesareaddedto thecontrolset
andmarkedasuseduntil thestartingnodeis reached.Since
only one threadcanpassthroughboth nodesof either left
or right orientation,both left or right nodesaremarked as
usedin pairs.This createsan individual thread.The algo-
rithm continuesselectingunusednodesandcreatingthreads
until nonodesareleft unused.A resultof thiscanbeseenin
Figure1c.

Now we discussthe algorithmthat selectsthe next node
to addto thecontrolset,usingacurrentnode,CurN, amem-
ber of stroke CurS, asa startingposition.First, the system
�nds the junction, J, that connectsto CurS, in the direc-
tion thatCurN is pointing.It selectsa stroke adjacentto the
CurSaroundJ calledAdjS. If theorientationof CurN is left,
AdjS is thenext clockwisestroke aroundJ. Otherwise,it is
thenext counterclockwisestrokearoundJ. Thenodeto add,
AdjN, is thenodeof left-right orientationoppositeCurN (i.e
right if CurN is left, andvice versa)that is pointing away
from J onAdjS. An exampleof this is shown in Figure2 b.

Basedon the control set,the systemcomputesthe curve
which de�nes the threadpath.A curve is calculatedfor ev-
ery threadsegmentin the linked list. A segmentis a curve
thatrunsbetweentwo adjacentnodesin thelinkedlist. Note
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(a) (b) (c)

Figure 3: Threadscalculatedwith a)Cubichermitecurves,
b)B-splinecurves,c)InterpolatingB-splines.

thatthelastnodein thelinkedlist connectsto the�rst node.
Sinceeachnodein the threadlist containsa position and
directionvector, it is naturalto usethecubichermiterepre-
sentationto calculatethe curves.Figure 3a shows threads
obtainedin this way. Becausethe B-spline curve method
usespositionaldata,but not tangentdirection and magni-
tude,methodsthat have attemptedto generatethreadpaths
usingthebasicB-splinecurve approachhave createdauxil-
liary “meta” controlpointsto guidethe threadsinto correct
pathsaroundknown cornersituationsandbreakpoints.This
resultsin undulations,unintendedoverlapsand irregularly
shapedthreads.Anotherproblemwith this is that it only al-
lows theuserto createcornersandbreakpointswithout arti-
factsaroundafew prede�nedcases,thuslimiting thebene�t
of theMercattechnique.A comparisonof threadsobtained
usingthe cubic Hermite,the B-splineandthe interpolating
B-splinerepresentationsis shown in Figure3. In bothspline
curves,the entirecontrol polygonis usedto calculateeach
threadratherthanindividual threadsegments.It revealsthe
problemwith usingsplineswithout modi�cation; B-splines
maintainthe convex hull propertyanddo not correctlyori-
entthethreads.While interpolatingsplinesdoslightly better
at directing threadsthanB-splines,they introduceundula-
tionsinto thecurve.An automaticthreadcreationtechnique
shouldremove undulationsdueto curve drawing errors.On
theotherhand,it is necessaryto observe thatsomeundula-
tionsoccurbecauseof theunderlyinggraphandshouldnot
beremoved.SeeCohenet al. [2001] for a referenceon how
to implementthebasiccurve representations.

3.4. In�ating the Thr eads

The thread curves must be in�ated so they have width.
Therefore,we de�ne a left andright curve for eachthread.
For everypositionin thethreadcurve,anoffsetin thedirec-
tion of thecurvenormalis created.Theoffsetis addedto the
curvepositionto obtaintheright curveandsubtractedto ob-
taintheleft. While thisprocesscanleadto overlapsonsharp
curves,asshown in Figure4a,our systemsearchesfor such
sectionsandculls themasseenin Figure4b.

Thestyleof thethreadscanbechangedby modifying the
patternwith which thesidesarein�ated. An exampleof this
is shown in Figure4b wherecornershave beensharpened
aroundbreakpoints(discussedin section3.6). Sharpeningis

(a) (b) (c)

Figure 4: Theinterior overlap in a) hasbeenculled in b)
andtheouteredge hasbeensharpened.c)This�gur e shows
how we sharpencorners. Thethreadpath is altered to fol-
low the blue lines towards a positionat someuserde�ned
distancealongthevectorthat lies betweenthejunctionand
themedianof theoutsidecurve.

doneby alteringthe outerin�ated curve of any threadseg-
ment with suf�ciently large curvatureand is also applied
whentwo breakpointsareadjacentto oneanotherat a junc-
tion. In this case,the medianpositionof the outercurve is
repositionedat a user-de�ned distancebetweenit' s original
positionandthejunctionit is closestto. Theothercurvepo-
sitionsarede�nedasablendof thenew medianpositionand
theoriginal in�ated curve positionsbasedon parameterdis-
tancefrom themedian.Figure4c showshow thesharpening
is accomplished.

3.5. Overlap

To displaythe properover-undercharacteristicpattern,we
mustapplyanalternatingz-offsetvaluebetweenconsective
nodesin thethreadlinkedlist. Oursystemuses1 and0 asthe
overandunderz-offsets.Dueto ouruseof images,aslightly
morecomplex algorithmis requiredthanthat presentedby
Mercat.Our algorithmtraverseseachthreadslinkedlist and
computestheoverlapvaluesfor everynode,switchingover-
lap valuebetweeneachthreadsegment.To enforcea con-
sistentordering,this algorithm recursesto any threadthat
intersectsthecurrentthread,startingwith theoppositeover-
lap value. For eachimageencountered,the overlap order
may needto be reversed(asdescribedin section4.2) after
curvecalculation,whichis why wedon't simplyaddtheoff-
setvaluesasinputsto thethreadconstructionalgorithm.We
linearly interpolatetheoverlapvaluesbetweennodesasour
zoffset.Theresultis shown in Figure1e.

3.6. Breakpoints

In section3.3 the threadsare calculatedby a constantor-
dering on the graph.Changingthe threadconnectionor-
der aroundthe midpointsleadsto differentthreadpatterns.
Breakpointscanbeusedto changetheregularityof theknot
andaddvisualinterest.Theusercande�ne abreakpointata
stroke. This createsoneof two new crossingpatternsat the
strokemidpoint,bothillustratedin Figure5 b-c.TheBreak-
pointConnectionRulesshown below de�ne how thesystem
calculatesthreadlistsusingeachbreakpointtype,illustrated
in Figure 5g.

Becausethenaturalconnectionlocationfor agiventhread

c
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BreakpointConnectionRules:
Type 1 - Threadlinked lists may not add nodesfrom this
stroke.Whentherecursivealgorithm�nds anodeatatype1
breakpoint,it appliesitself again usingthesameorientation
it startedwith.
Type 2 - This stroke is ignored as a graph element.The
threadconstructionalgorithm crossesthe stroke edgeand
usesthe next adjacentstroke to �nd the nodeto addto the
controlset.

(a)Regular (b) Type1 (c) Type2

(d) (e) (f)

(g) (h)

Figure5: a) A standard crossingpatternat a midpointof the
stroke, b) A type1 breakpoint,c) A type2 breakpoint,d) A
knot illustrating theuseof both typesof breakpoints,e) An
exampleof overlap and threadpath errors that mayoccur
whenbreakpointsare used(in this casedueto themultiple
adjacentbreakpointsaround the border), f) The corrected
version,usingmetapoints,g) Thedefaulthandlingof both
typesof breakpoints,h) Thehandlingof bothtypesof break-
pointsusingmetapoints.

segmentis skippedwhenabreakpointis used,theirusemay
introduceerrorsin several ways.First, the distanceof the
threadsegmentis roughlydoubledandsecond,thedirection
of the curve is changedhalfway throughthe threadwhich
may introducethreadpath and overlap errorsas shown in
Figure 5e. All previous graph-basedsystemswould have
producedsomethinglike theknotshown in Figure5efor the
givengraph,whenwhatis desiredis shown in Figure5f. We
introducemetapointsto guidethepathof thethreadaround
thebreakpoint.Metapointsallow usto useany setof break-
pointsanddo not requireadvancedknowledgeaboutwhat
type of graphstructureswill be used.This removesa limi-
tationof previouswork andallows usto createany possible
Celtic knotwithout threadpatherrors.

A metapoint will be a new nodein the threadcontrol

setthat is automaticallyinsertedby the systemwhenever a
breakpointis reached.This essentiallyfunctionsto tie the
curvepathto thebreakpointposition.Thereforemetapoints
areplacedrelative to themidpointof thebreakpointstroke.
For type1breakpoints,thepositionof themetapointsarede-
�ned asthemidpointplusor minusthestroke normalwhile
thedirectionis thestrokestangentvector. For type2 break-
points,thepositionis thestroke midpointplusor minusthe
stroke tangentvectorand the direction is the stroke's nor-
mal vector. Thesemetapoint con�gurationsaredepictedin
Figure5h. Theuseris allowedto alter themetapoint offset
distancefrom themidpoint.This is animportantvariablein
maintainingsmoothknots.Reasonablevaluesfor this meta
pointdistanceseemto scalelinearlywith strokesizemaking
it easyfor theprogramto estimatestartingvalues.Themeta
pointsare insertedinto the threadlist andthe threadset is
computedin thestandardway. Thisallowscoherentcompu-
tationof curveswith longsetsof breakpointsasin Figure5f.

3.7. Smoothing

An exactimplementationof step3 in Algorithm 1 maycause
undulationsin thethreadsof non-gridgraphs.Wewouldlike
to beableto smooththethreadsto getamorenatural“artis-
tic” feel.

One extensionthat we have createdsupportsautomatic
alterationof the setof directionalderivatives.The method
altersboth the direction and the magnitude(speed)of the
derivative. Too largea magnitudeleadsto internaloverlaps
of threadsegmentsand unintendedkinks and twists. Too
small a magnitudedegeneratesto linear interpolation.We
have createda heuristicto alter themagnitudethat thesys-
temmayuseat theusersdiscretion.A generalequationfor
thisheuristicis:

Magnitude= 1� UserScale� Dist � Angle (1)

whereMagnitude is the valuewhich is multiplied with the
normalizedderivative vector, UserScale is determinedby
the user, Dist is basedon the distancebetweennodesand
Angle is basedon the anglebetweenstrokesover which a
giventhreadsegmentis de�ned. Thevariablesin this equa-
tion aretakenfrom thefactorsthatmostin�uence theshape
of thecurve. While we have implementedseveral functions
that de�ne eachof thesescalefactors,we �nd that setting
Dist equalto distancebetweennodes/ 12.5, Angle equalto
anglebetweenstrokes/ 4.0andUserScalebetween5 and15
workswell in practice.

To alter the direction of the derivative at a node,a dif-
ferencevector is createdby subtractingthe positionof the
next threadnode from the position of the previous node.
The �nal direction vector is a convex blend of the orig-
inal direction vector and this new differencevector. Cur-
rently the blend value is set by the user. Becausethis
methoddoesn't dealwell with corners,we dampenthis ef-
fect aroundsharpanglesby multiplying the blend value
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(a) (b)

Figure6: Thecircular graphfor thisknotis ill formedwhich
leads to the kinks evident in a). In b) the knot has been
smoothedbyaltering thecubichermitederivatives.

(a) (b) (c) (d)

Figure7: Alternateknotdisplaystyles.

by (NextDir:DotProduct(CurDir ) + 1)=2, whereNextDir is
the valueof the directionalderivative at the next nodeand
CurDir is the valueof the directionalderivative at the cur-
rentnode.Theresultsof thisprocessareshown in Figure6.

Thoughwediscussedthereasonswhy B-Splineswerenot
appropriatefor threadconstruction,B-Splineshave several
propertieswecovet,especiallysmoothness.Smoothnesscan
bederivedfrom B-Splines,yet threadpathcorrectnessis re-
liant on cubic hermitesasshown in section3.3. Therefore,
weuseSchoenberg variationdiminishingsplinesto varybe-
tweenhow smoothversushow correctwe would like the
�nal knot to be.First, thecubichermitecurve is calculated.
Then, the cubic hermitecurve is sampledat regular inter-
vals to form a control polygon.Finally, a B-Spline is con-
structedfrom thecontrolpolygonfor our �nal threadcurve.
Theinterval sizeof thesampledetermineshow smoothver-
sushow correctthe�nal threadcurvewill be.We�nd values
of .125,.25 and.5 to beusefulsampleintervals to usewith
this method,with .125 producingvery correct,and.5 pro-
ducingvery smoothcurves.Thoughfull smoothingcanbe
enabledby selectingasinglecheckbox,anexampleof each
stepin thesmoothingprocessis shown in Figure16.

3.8. Displaying the Knot

Weallow theuserto controlthestylisticoptionsof thethread
nodesindividually. Style information, such as width and
color andstylizationsare storedwith the individual nodes
in thegraphsothreadsegmentsthatcontainthenodecanin-
herit style information.It is usefulto storethis information
with the graphratherthanthe threadssincethreadpatterns
invariablychangeandany stylechangeswouldbewipedout
eachtime theknot is recomputed.

A threadis displayedasa trianglestrip in OpenGLthat
connectsbothleft andright in�ated threadlines.Theborder
outlineis displayedasa line strip in OpenGLof theleft and
right in�ated threadlines.Theborderis offsetby somesmall
z valueto avoid z-�ghting with theinterior.

Our methodcomputesthe intersectionsof threadlines
which allows the displayof several otherstylesfrequently
found in Celtic art. Oneof the stylesstopsdrawing an un-
der sectionbeforeit reachesan over section,as shown in
Figure7a. Anotheris theuseof borderelementsasthreads
themselves.We have discoveredthatthis “borderasthread”
style hasthe propertythat eachthreadhasa constantover-
lap patternasshown in thetemplatein Figure7b. Therefore
we candraw the left andright in�ated threadlineswith the
templatepatternfor eachthreadsegmentwithout worrying
aboutoverlapinformation.The resultsof this areshown in
Figure7c.A combinationof thesetwo methodsyieldsastyle
asseenin Figure7d.

4. Using ImagesWith the Knotwork

Oneof theessentialelementsof CelticDesignin illuminated
manuscriptsis the useof imagesas part of the knotwork.
Imagesareusedin two ways:asterminuslocationsfor the
threadsandasseparateelementsinterwoveninto thethreads.
By terminus, we meanthat the threadconnectsto an image
andends.Wepresentacompletelynew methodfor theuseof
images,differingfrom thatdescribedby Mercat16. Therules
wedescribearesimpler, local,andtailoredto our technique,
makingthemmoreeasilyimplementedandincorporatedinto
theprogram.Mercatshowedoneway to useimagesaster-
minusobjects,but his methodconstrainedthetypeof knots
thatcoulduseimages.Our methodis moregeneralandcan
incorporateimagesinto arbitraryknots.Moreover, we add
theability to entangleimageswith thethreads.

We have implementedanimagemarkupprogramthatal-
lows usersto edit imagesandadddata,saving theextra in-
formationin a separate�le. This allows the userto addan
alphachannel,to de�ne joints andspinesandforcesasde-
scribedbelow, andperformmany standardimageeditingop-
erations.Theimageis displayedasatexturemappedquadri-
lateral.Thequadrilateralis givenaz-valuebetweentheover
andundervaluesso that threadswill passcleanlyabove or
below it.

4.1. Terminus

For eachimage,thedata�le containsasetof valid nodes.A
nodeon animageis referredto asanimagejoint. We allow
the userto setconnectionsbetweengraphnodesandjoints
by manuallyconnectingjoints and nodeswith the mouse,
asshown in Figure8. A connectionis a userspeci�ed link
betweennodesthatforcesthethreadconstructionalgorithm
to follow apathbetweenthelinkednodes.

Becausethereis no suchthing asa threadwith only one
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(a) (b) Joints (c) Spines

(d) (e) (f)

(g) (h) (i)

Figure 8: a) An exampleof the image data structure. The
greenarea representsthe sectionof the image whoseal-
pha value is one. Joints are orange, spinesare light green
andforcesareblueb-c)Greendragonimage with jointsand
spines.d) Threadsetandimages,e) Connectionsde�nedby
theuser, f) Thethreadshavebeenrecomputedandnowcon-
nectto the images.g) Here, the threadcurveintersectsthe
image. Intersectionsare shownin yellow. h) Interweaving
result; note that the spotswhere the overlap valuesswitch
don't appearto line up with the image features.i) Here, we
havemodi�ed thein�ate functionto forcein�ation nearim-
age featuresto follow the force. Nowthe threadappears to
switch overlapvaluein relationto theimage features.

end,terminusconnectionsmustbeaddedto athreadin pairs.
The secondterminusobject canoccuraspart of the same
threadsegmentor an even numberof segmentsaway from
the�rst terminus.Othercon�gurationswill not preserve the
overlap order and will introducea discontinuity into the
knot.

After de�ning two terminusconnections,we have asso-
ciatedtwo joints with two nodes.The threadcontrol set is
calculatedasnormalandasa postprocess,the joint nodes
are insertedinto the control set. The threadcurve is then
computedasusual.However, threadsegmentsthatoccurbe-
tweenthe joints areno longerdisplayed.Examplesof im-
agesasterminusobjectsareshown in Figure9.

4.2. Interweaving

Imagesalsoappearaselementsthatareinterwoveninto the
knot, i.e. threadscrossover andunderthemat appropriate
locations.The useris allowed to de�ne a setof spinesthat
is associatedwith eachimage.Spinesareline segmentsthat
roughly correspondto imagesfeatureswith which a thread
mayintersect.Theintersectionof aspineandthreadis com-

(a) (b) (c)

Figure9: Imagesasa-c) terminusandc) interwoven.

putedafter the threadcurve hasbeencalculated,but before
theoverlaporderhasbeenderived.Any intersectionbetween
a spineandthreadcausesa changein overlapvalueat that
location.We do not adda nodeto thethreadlist at thespine
locationbecausespinesoffer no additionaldirectionaldata.
This hasthe effect of leaving the curve alonewhile chang-
ing theoverlaporder. To maintaina well orderedknot, two
imagecrossingsor oneimagecrossingandtwo terminusob-
jectsarerequired.

In orderto ensurethat thethreadsoverlapthe imagecor-
rectly, theuseris optionallyallowedto de�ne asetof forces.
A force is a line segmentwith which the threadmay in-
tersect.Forcesroughly correspondwith the edgesof fea-
turesthat containspines.A force causesthe currentthread
to immediatelyswitchoverlapvalueat theintersectionloca-
tion. Useof forcesis optionalandis usuallyonly required
for complex interweaving situations.Becauseforcestendto
alignwith imagefeatures,wewould like theoffsetof thein-
�ate function to matchthosefeatures.Sincethe threadnor-
mal may not match the force direction at the intersection
locationthe in�ated threadmay overlapthe imagefeatures
improperly, as in Figure8h. We have addedan option that
modi�es the in�ate function andblendsthe threadnormal
to matchthe force direction at the crossinglocation.This
makesthethreadappeartocrossmorenaturallywhereforces
havebeenalignedto imagefeatures,asin Figure8i.

5. Illumination

5.1. Escapes

Often, it is usefulto connectseparategraphswithout phys-
ically joining the graphswith a stroke. Escapesare user-
de�ned connectionsbetweengraphnodes.An escapeis an
arbitraryconnectionbetweenany two nodes,A andB. When
thethreadconstructionalgorithmencountersanodeA, it im-
mediatelyaddsnodeB asthenext nodein thecontrolsetand
continuesfrom nodeB. Escapesmust also comein pairs.
Often,we useescapeconnectionsto direct the threadsetto
crossanimageasshown in Figure11andthecornersof Fig-
ure15.

5.2. Encapsulation

Encapsulationis theconceptof creatingsmallknotsandus-
ing them as pieceswith which to make larger knots.This
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(a) (b) (c)

(d) (e) (f)

Figure10: Theencapsulationprocess.a) A trianglecapsule
with boundingvolume. b) A larger capsuleconstructedby
connecting4 triangle capsules.c) Theknot resultingfrom
thegraphof thecapsulein b). d) 6 capsulesfromb) joined
in a highcrosspattern.e) Theknotresultingfromthegraph
in d). f) Thehighcrossfrome)hasbeenfabricated.

is similar to methodsdescribedby Bain 1, Meehan14 and
Mercat 16 for artists.Mercatusesthe dual of the graphas
the capsule.This is not possiblein caseswhereimagesare
present,undesireablesincewe want to storestyle dataas
well andunecessarysincethedualis simply a boundedver-
sionof thesameknot. In our system,all graph,style,image
andconnectioninformation is saved to a �le. This �le de-
�nes a capsuleobject.We canreadin capsulesandperform
operationson themsuchasrotations,transformations,scal-
ing andre�ection andchangestylesenmasse.This capsule
systemis moreintuitive thanthatof Mercator Meehanbe-
causewe maintaintheoriginal representationof thesystem
andno transformationsarerequiredto reconstructtheorigi-
nalgraph.

There are two methodsof connectingcapsules.First,
strokesconnectingcapsulegraphscanbedrawn in manually
by the user, asshown in Figure 10b. Secondwe canalign
edgestrokesof capsulesto createa singleborder, asshown
in Figure10d. Strokesthatoverlaponeanotheraremerged,
resultingin a uni�ed graph.We have createda mousefunc-
tion which snapscapsuleswhoseedgesare close to each
othertogetherautomatically.

5.3. Template

For creatingbackgroundspatterns,we have createda tem-
platebuilder that mimics the backgroundstylesusedin il-
luminatedmanuscripts.The guiding principle is the useof
thick bandsof color to separatesectionsof knotwork. Our
programallows usersto de�ne bandsof color andtheir bor-
derswith offset Béziercurveswhosecontrol pointscanbe

(a)Escapeexample (b) Templatebuilder

Figure11:

snappedto a prede�nedgrid. A �ood �ll tool canbeusedto
�ll areasbetweenthe borderswith a selectedcolor. These
backgrounddesignsfunction as templateswhose interior
spacescan be �lled with knotwork by drawing strokes or
usingcapsulesto �ll thespace.A fully realizedtemplateis
shown in Figure15 (bottom).

6. 3D Knots

We can apply the algorithmspresentedabove to arbitrary
2D-manifoldmeshesresultingin 3D knots.This works be-
cusea 2D-manifold meshcan be viewed as locally pla-
nar. Theoriginal in�ation anddisplayalgorithmsnow make
no sensesincewe in�ated in 2D. In 3D in�ation and dis-
play, in�ated threadsaretubular neighborhoodsaroundthe
threaddisplayedusingcylindersbetweenpointsin thethread
curves.Whenwe offsetthethreadsbasedon theoverlapor-
der, we usethe normalto the meshat the nodepositionas
the offset direction.Node derivative valuesare in the tan-
gentplaneat themidpoint.Examplesof knotwork produced
usingmeshesareseenin Figure15.

7. Results

Graphcreationis donein realtime.Usersdraw strokesand
selectaCreateKnotbuttonwhen�nished. Most knotscom-
puteat interactive rates,but dependingon thecomplexity of
thegraph(thecombinationof effectsappliedandthedensity
of thesamplesfor eachthreadcurve) a knot cantake up to
15 secondsto compute.Oneof themostimportantfeatures
is theeaseof useof oursystem.Userinterventionis only re-
ally requiredfor graphcreation.However, thefacility exists
for controlling almostevery aspectof the systemenabling
theartistto haveasmuchcontrolover theappearanceof the
knotsasdesired.With smoothingenabled,reasonableresults
areautomaticallyproduced99%of the time though,rarely,
a usermay needto adjusta smoothingparameterthat may
beinappropriatefor agivengraph.

In setsasfollows : Figures13a, c, e, g, Figures13b, d, f,
h, Figures14a,d, e,andFigures14 c, g andh, weseevaria-
tionson themes.This is accomplishedby theusingcapsules
to vary repeatablepatternsin new andinterestingways,and
bychangingstylisticoptionsandbreakpoints.Becauseof the
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utility andeaseof useof encapsulationmostof thesedesigns
took between1 and2 minutesto produce.Figure13i shows
a teapotshapeembeddedin a knot asa thread,demonstrat-
ing how logosandothersymbolsmaybe incorporatedinto
Celtic knotsproducedwith oursystem.

The reproductionsof art from the Book of Kells (Fig-
ures16 top, inset, 13j, 14j ) andthe LindisfarneGospels
(Figure15) usingoursystemvalidatetheutility of our tech-
niquesfor reproducingtheartwork of themastersof Celtic
illumination. Theseexamplesmark the �rst time a com-
puterhasaccuratelyreproducedtheknotwork from full car-
pet pagesand illuminated letters from the greatworks of
the Celtic illuminated manuscripts.All of the techniques
presentedwere required to create these images and no
prior knotwork creationprogramcouldhaveproducedthem.
Theseresultsare importantbecauseit shows that not only
can our systemreproducethe complexity of the original
works,but wecancreatenew workswith thesamestyleand
beautyof theoriginals.Moreover, we cando it muchmore
quickly and can experimentwith alternatedesigns,styles
andpatternswith almostnoadditionaleffort. Theonly clas-
sicalpatternswe have not beenableto reproducearethose
thatcontainimageswhich interweavewith eachotherwhich
is a problemwe have not addressedhere.The upperbor-
der in Figure 16 took abouta half hour to make. The im-
agestookabout5-10minutesto markwith analphachannel
andrelevantinformation.Designof suchawork proceedsas
follows: �lling theemptyspacesin theimageswith graphs,
makingconnectionsfrom the graphsto the imagesand �-
nally replicatingthetwo capsules(onefor eachdogimage)
andarrangingthe capsulesin a borderpattern.The central
T patternin the illuminated letter in Figure 16 was drawn
freehandin about5-10 minutes.Style changesto thesede-
signsarequick as regionscanbe selectedwith the mouse
andchangesappliedenmasse.

Thezoomorphicbordersshown in Figure16 areafterthe
style of Meehan14 which in turn take their inspirationand
�gures from theBookof Kells.Inset(atbottom)is anexam-
ple of thesmoothingprocesswhich is vital to achieving vi-
suallypleasingresults.Thesmoothestknot is automatically
producedwhenfull smoothingis enabledyet we show the
stepsfor instructionalpurposes.The lower borderdemon-
stratesthreadwidth variationto full advantage.

In Figure12a,auserhasdesignedbodyartusingourpro-
gramanda temporarytattoohasbeenappliedwith henna.
In Figure12b, our systemhascreateda 3 dimensionalknot
modelfor a CAD program.The CAD programhasde�ned
circular tubesof revolution aroundthepiecewisecubicher-
mite threadcurves. Using the CAD model as an input, a
physical 3D model was fabricatedusing a Stratasysrapid
prototypingsystem,asshown in Figure12c andFigure10f.
A usercanquickly testmany designson thecomputer, then
createphysicalresultsfor jewelryorornamentationautomat-
ically, aprocessthatusedto beextremelytimeconsuming.

(a) (b) (c)

Figure 12: Uniform design: a) A tattoo design,b) CAD
modelandc) jewelrycreatedby fabricatingtheCADmodel

8. Conclusionand Futur eWork

We have presentedtechniquesfor automatingtheconstruc-
tion of Celtic knotwork andfor creatinglarge complex de-
signswith suchknotwork. We have introducednovel orien-
tationandsmoothingtechniqueswhichallow usto compute
anddisplayknotsin both2D and3D,eliminatingrestrictions
of prior work in thisarea.Wehaveshown how to incorporate
imagesinto Celtic knotsbothasterminusobjectsandinter-
woven elements.We have introduceda new methodof en-
capsulationto facilitatethedesignprocessandhave shown
how to constructbackgroundtemplatesin the style of the
ancientmanuscripts.Further, we have shown how to auto-
maticallyfabricatephysicalmodelsfrom suchknots.

In the future, automatic knot generation using au-
tonomouscapsuleplacementmight be a useful featureto
explore.Becauseof theconnectionto wovenmaterials(the
bunny knot in Figure15 appearscrotcheted),cloth simula-
tion andrenderingseema naturalextension.Ultimately, we
view thissystemasanartisticplayground,whereartists,de-
signersandnovicesalikemayquickly andeasilyexplorethe
creationof advancedCeltic knotwork designs.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) Teapotknot (j) Dragonpatternfrom theBook
of Kellsreproducedwith oursys-
tem.

Figure 13: Examplesof Celtic knotworkcreatedwith our
system.

(a) (b) (c)

(d) (e) (f)

(g) (h)

(i) (j) physicalmodelof i

(k) Reproductionof a knot from theBook of Kells
usingoursystem.

Figure14: Further resultsfromour system.
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Figure 15: Top: Theknot constructionalgorithm appliedto 3D geometricmeshesincluding a bunnymesh.Also,a physical
modelof a knotderivedfroma star shapedmesh.Bottom:Exactreproductionof thegreatcarpetpage threadpatterntopology
introducingtheBookof Mark fromtheLindisfarneGospels(ca.6-7thcenturyAD) producedwith our system.
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Figure 16: Top border: A reproductionof a huntingdogskissingborder patternedafter Meehan.Top inset:Reproductionof
a great illuminatedletter designfromtheBookof Kells: A four leggeddragonletter T. Bottomborder: Thedog eatingits own
tail border. Our variation on a standard themethat is seenrepeatedlyin Celtic Art, especiallyin Meehan.Insetis shownthe
processof smoothingthethreads.Fromleft to right: 1) Thedefaultcon�guration of thethreads.Obviouslynot satisfactory. 2)
Thethreadsafterappropriatedistancevaluesfor themetapointshavebeenset.3) Afterhermitederivativesmoothinghasbeen
applied.4) AfterSchoenberg smoothinghasbeenapplied.4) is producedautomaticallywhenfull smoothingis enabled.
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