EurographicsSymposiunmon Rendering2003
PerChristensemndDaniel Cohen-OrEditors)

Computer GeneratedCeltic Design

Matthev KaplanandElaineCohen

Universityof Utah

Abstract

We presenta techniquefor automatingthe constructionof Celtic knotworkand decoations similar to thosein
illuminated manuscriptssud as the LindisfarneGospels. Our methodeliminatesrestrictionsimposedby previ-
ous methodswhich limited the classof knotsthat could be producedcorrectly by introducingnen methodsfor
smoothingand orienting threads.Additionally, we presenttechniquesfor interweavingand attaching imagesto
the knotworkand techniquesto encapsulatenot patternsto simplify the designprocess Finally we showhow
to usesud knotworkin 3D and demonstate a variety of applicationsincluding artwork and transformingthe

designdnto 3D modelsfor fabrication.

CatgoriesandSubjectDescriptorgaccordingto ACM CCS} 1.3.0 [ComputerGraphics]:General.3.3[Computer
Graphics]:Picture/Imagéseneration.3.6 [ComputerGraphics]:Methodologyand Techniques

1. Intr oduction

Celtic decorationrefersto abstractnon-imitatve artwork

originating with Celtic tribes dating from about500 B.C.

One of the hallmarksof Celtic art is elaborateknotwork,

consistingof entangledhreadsvhich maintaina strict over

under alternating pattern betweenevery crossing of the
threadsThis knotwork is analogougo closedloopsof rope
thatcrossover andunderoneanotherbecomingentangled.
The loops of rope are called threadsthat, when entangled,
form theknot

Although similar artwork hasbeenfound in mary cul-
tures,the speci ¢ periodof artwork whosestyle we wish to
reproducas containedn theilluminatedmanuscript®f the
British Isles, suchasthe Lindisfarne Gospelsthe Book of
Kells, the Book of Durrow andothers,createdbetweenthe
7th-9thcenturieslt is in theseworksthat Celtic artreached
its zenith,asshavn in Figurel6inset.

At presentCeltic artwork is enjoying a renaissanceits
popularity has manifesteditself in design, ne arts, jew-
elry, body art, decorationof sculpture,andarchitectureAs
pointedout by Wong et al. 17 therehasbeenlittle work in
the areaof computergeneratecornamentatiordespitethe
factthatornamentatiomashistorically playeda critical role
in architecturedecoratiorandart.

Becauseof the complity of Celtic art, creatinghand
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dravn designss tediousandtime consumingandoftenre-

quiresa signi cant amountof trainingto dowell. Largede-

signsaredif cult to changeandexperimentwith sincelocal

changesffectthe entireknot. Our techniquéds presentecs
a tool to designsuchartwork intuitively, quickly and eas-
ily. It augmenthumantalentsfor designwith a computers
skill at repetitionanddrudgery It offers considerabldgime

savings over designingsuchdecoratiorby handandallows

usersto experimentwith global andlocal changesf both

style andform quickly. Automatingthe fabricationof such
knots for jewelry or decoratve use also offers signi cant

time savingsover craftingcomparablebjectsby hand.

Our methodoffersthefollowing contritutions:

We improve over prior automatedmethodsby allowing

the creationof all possibleCeltic knots basedon planar
graphs(ratherthanjust a limited subsetbasedon grids).
Ourmethoddemonstratelow to construcsuchknotsau-
tomatically cleanlyandwithouterrors.

We introduce techniquesto automatically orient the
threadsaroundary con guration of userde ned break-
pointsor graphangles This is oneof the majorimprove-

mentsover prior researchwhich severelylimited theclass
of knotswhich couldbecorrectlyproduced.

We presenthe rst methodfor computerghatallowsim-

agedo beinterwovenandconnectedo theknot.

We introduceseveral smoothingtechniquego help drav
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the threadsmore “artistically” and“naturally” and show
how to stylizethethreads.

We shov a nev methodof encapsulatiorand a back-
groundtemplatebuilder to facilitatethe designprocess.
We shav how to useCeltic knotsin 3D by applyingour
algorithmsto 2D manifoldmeshes.

Finally, we generalizeghealgorithmsto supportmanugc-
turing physicalmodelsof the knotscreatedwith this pro-
gram.

2. RelatedWork

At somepoint after the 9th centurythe techniquesusedto
createCeltic art were lost. Geoge Bain ! reinventedmary
of the artistictechniquesiecessaryo createCeltic designs.
His son, lain Bain 2, simpli ed his fathers methodsto be
surprisinglyalgorithmic.His methodwasbasecdn atri-grid
system,which, while constrainedy its inability to create
knots outsidethe basicgrid pattern,producedbeautiful re-
sults quickly and easily Meehanhaspublisheda seriesof
books11121314 extendingl. Bain's work. Mercat 16 gave
rulesfor manuallyproducingarbitraryknotsby interpreting
aplanargraphasthebasisfor theconstructiorof thethreads.

Mercat!® andSloss!® creategorogramghatallowedusers
to createknots by connectingimagesof threadcrossings.
Complity wasaddedto the knotsby connectingnoreim-
agedotheknotset.Theuseof prede nedimagesneanghat
theseprogramsarerestrictedto a limited setof anglesand
patternswith which to de ne threads.This doesnot repro-
ducethe generaknot algorithmpresentedy Mercat6 but
rathera simpleform of grid knot.

Glassner® 67 shaved how to computethreads,using
I.Bain's method(asdo 3 8), thatareusefulasa guidefor cre-
ating handdrawn artwork. He concludedthatthe computer
is notusefulin automaticallycreatingthe knotwork because
a humanis ableto interpretthe threadpatternmuch more
artistically thoughhe doesshav computergeneratedesults
for grid patternsGlassnes techniquerequiredmanualad-
justmentof curve drawing parametersn comple regions
to producereasonableesults.Recognizingthe limitations
of the grid pattern,Glassnemrllowed the userto deformthe
grid shapesn orderto outputa larger classof knots. Us-
ing thedeformablegrids,Glassneproposedisingtheoutput
only asaguidefor handdrawvn art. Glassnealsoshaved 3D
knotwork by unfolding the sidesof simple objectsinto 2D
objectsandthenrefoldingaftertheknothadbeencomputed.
This created3D knotsin theshapeof theoriginal object,but
the resultswere not smooth.Moreover, his methodseems
dif cult to usefor all but the simplestof objects.Several
knot programssuchasthoseby Abbott® andGuionnef use
the Mercattechnique.

Theseprogramsall suffer from aconcerrraisedby Glass-
ner:theinability of thecomputeto chooseanddraw athread
smoothlyand“artistically”. Previous work on graphbased
systemswereall ableto correctlydeterminehow to connect

thegraphto form threadshut werenotableto contructvalid
or smooththreadsin ary but simplegrid casesThe usage
of breakpointyseesection3.6) changeshe basicordering
on the graphand s vital to creatingvisual interestin the
knot. In ary but thesimplestcasespreviousprogramsailed
to correctly handlemostcon gurationsof breakpointsand
werenotableto drawv threadscorrectlyaroundgraphcon g-
urationswhoseangleswerent explicitly hardcodedinto the
systemThisis why Glassneproposesisingthedeformable
gridsasonly roughguidesfor handdrawn art. We have de-
velopeda generalsolutionto this problemwhich works for
ary graphcon guration.

Marny Celtic knot programsusethe basicB-Splinecurve
methodto draw the threads,using the crossinglocations
as control points for the threadcurves. This is unsuitable
becausesplinesare not ableto direct threadscorrectly us-
ing only positioninformation(seesection3.3). Interpolatory
splinemethodsmay alsointroduceundulationartifactsinto
thecurve. To accountor theseproblemsanelaborateseries
of extra pointsareinsertedor severalprede nedgraphcon-
gurationsto straighteroutthelinesandto directthethreads
aroundcornersand breakpoints.They fail to correctly ori-
entthreadsn ary situationthatdoesnot fall into oneof the
prede nedcasesThis resultsin aninability eitherto draw
straight,smoothlines with well formed graphsor to guide
threadscorrectly aroundanglesor breakpointghat are not
prede ned.Furthermorethreadsmay overlapotherthreads
in an incorrectmannerand exhibit strangediscontinuities
aroundsetsof breakpoint@ndirregulargraphstructureswWe
shaw solutionsto theseproblemsby usinga variety of curve
smoothinganddirectingtechniqueghat work for arbitrary
graphs.

Knot theoryis anareaof mathematicshatdealswith the
de nition, structure gequivalenceandminimizationof knots.
Scharein8 implementeda programfor displayandmanipu-
lation of suchknots.Theseresultsarenotdirectly applicable
to Celtic knotwork becausehe minimization, optimal dis-
play andbalancingof knotstransformthe basicvisualstruc-
ture of the knot andthe positionof its constituenelements,
aresultthatis unacceptabléor our purposes.

3. Knotwork

Thebasicalgorithmfor artistsaspresentedby Mercat16 for
creatinga Celtic knot is conceptuallyvery simple and we
generalizet for our purposes:

Following algorithm1 producesa completethreedimen-
sional Celtic knot. Whenviewed from above, theresultcan
bedisplayedn two dimensionsFigure1 shovs anexample
of this process.

3.1. De ning a Graph

The power of the methodpresentedy Mercatis that ev-
ery planargraphde nes a knot. While methodsbasedon
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TheMercatalgorithm(Alg.1):

1. De ne aplanargraph.

2. Find the midpoint of eachedge.Put crossingsat each
midpoint.

3. Computethe threadsthat composehe knot by connect-
ing thecrossings.

4. In ate thethreads.

5. Calculatethe overlaporderof thethreadsandoffsettheir
heightvaluesbasedntheoverlaporder

/ \ /A\\ //;\\ \
// \\ #* \*\ /%/k}\
/ \ \
/ \ /N /NS N\
* NN
(a)De ne Graph  (b) Crossings (c) De ne
Threads
(d) In ate (e)Overlap

Figure 1: Theknotalgorithm

grid systemganbe usedto de ne alarge numberof knots,
they areconstrainedy thebasictopologyof grids.A graph-
basedsystemcan produceall possibleknots. While it may
seenmcounterintuitve to usegraphso de ne knotwork, sim-
ple geometrigpatternsoften produceknotsof striking com-
plexity. Also, the underlying graph structureprovides an
easy intuitive methodfor altering threadorder via break-
points,which we discusdn section3.6

In our systemgraphedgesarerepresentedly strokesthat
aredrawn by the userandverticesarerepresentetyy junc-
tions Usersareallowedto drav strokeswith the mouseus-
ing eitherfree-formor straightline styles.The systemsep-
aratesstrokes wherethey intersectand culls tiny overlaps
thatoccurdueto the handdravn natureof the strokes.Next,
a setof junctionsis automaticallycreatedat the endpoints
of every stroke. A junction recordsa location, the strokes
thathave endpointsnearthatlocationandthe counterclock-
wise orderingin which the strokesconnectto thatjunction.
Junctionsthat are closeto one anotherare combined.This
ensureshata userdoesnt have to draw agraph“perfectly”;
stroke endpointgustneedto beclose We have de nedfunc-
tionsthatautomaticallyproduceseveraltypesof graphssuch
asrectangulagrids,hexagonalgridsandcircularpatterns.

3.2. Midpoint Information

The threadswill crosseachother at the midpoint of each
stroke. We identify four vectorsthatlie at 45 degreeangles
to the stroke, basedon the stroke andthe stroke normaland
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Figure 2: a) Stroke geometryb) Threadconstructionexam-
ple.

labelthemasleft or right asshown in Figure 2. The utility
of this formatis thatfrom eitherendpointJooking down the
lengthof thestroke, bothleft andright directionsareconsis-
tent. This propertyprovesusefulin calculatingthe threads.
A nodeis de nedto existin conjuctionwith eachof thefour
midpoint direction vectors.A node consistsof a midpoint
position and direction vector and haseither a left or right
orientation.

3.3. ThreadConstruction

At this stagewe canthink of eachthreadasa curvein space
thatwe will build basedon the graph.First, a control setis

constructedhatde neseachthread linking the stroke mid-

points. Secondthe threadcurve is calculatedbasedon the

controlset.

Our threadconstructionalgorithm proceedsas follows:
Eachcontrol setconsistsof a circular linked list of nodes.
The systemselectsa nodefrom the setof unusedhodesand
marksit asused.Thenit createsa new control setwith this
nodeasthe rst elementNodesareaddedto the controlset
andmarked asuseduntil the startingnodeis reachedSince
only one threadcan passthroughboth nodesof eitherleft
or right orientation,both left or right nodesare marked as
usedin pairs. This createsan individual thread.The algo-
rithm continuesselectingunusedchodesandcreatingthreads
until nonodesareleft unusedA resultof this canbeseenn
Figurelc.

Now we discussthe algorithmthat selectsthe next node
to addto thecontrolset,usingacurrentnode CurN, amem-
ber of stroke CurS, asa startingposition.First, the system

nds the junction, J, that connectsto CurS, in the direc-

tion thatCurN is pointing. It selectsa stroke adjacento the
CurSaround] calledAdjS. If theorientationof CurN is left,
AdjSis the next clockwisestroke aroundJ. Otherwisejt is
thenext counterclockwisetroke around]. Thenodeto add,
AdjN, isthenodeof left-right orientationoppositeCurN (i.e
right if CurN is left, andvice versa)thatis pointing away
from J on AdjS. An exampleof thisis shovnin Figure?2 b.

Basedon the control set, the systemcomputeghe curve
which de nesthethreadpath.A curwe is calculatedfor ev-
ery thread sggmentin the linked list. A segmentis a curve
thatrunsbetweenwo adjacennodesn thelinkedlist. Note
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Figure 3: Threadscalculatedwith a)Cubichermitecurves,
b)B-splinecurves c)InterpolatingB-splines.

thatthelastnodein thelinkedlist connectdo the rst node.
Sinceeachnodein the threadlist containsa position and
directionvector it is naturalto usethe cubic hermiterepre-
sentationto calculatethe curves. Figure 3a shavs threads
obtainedin this way. Becausethe B-spline curve method
usespositionaldata, but not tangentdirection and magni-
tude, methodsthat have attemptedo generatahreadpaths
usingthe basicB-splinecurve approacthave createcauxil-

liary “meta” control pointsto guidethe threadsinto correct
pathsaroundknown cornersituationsandbreakpointsThis

resultsin undulations,unintendedoverlapsand irregularly

shapedhreads Anotherproblemwith this is thatit only al-

lows the userto createcornersandbreakpointswithout arti-

factsaroundafew prede nedcasesthuslimiting thebene t

of the Mercattechnique A comparisorof threadsobtained
usingthe cubic Hermite,the B-spline andthe interpolating
B-splinerepresentationis shavn in Figure3. In bothspline
curwes, the entire control polygonis usedto calculateeach
threadratherthanindividual threadsegments.lt revealsthe

problemwith usingsplineswithout modi cation; B-splines
maintainthe corvex hull propertyanddo not correctly ori-

entthethreadsWhile interpolatingsplinesdo slightly better
at directing threadsthan B-splines,they introduceundula-
tionsinto the curve. An automaticthreadcreationtechnique
shouldremove undulationsdueto curve drawing errors.On

the otherhand,it is necessaryo obsene that someundula-
tions occurbecausef the underlyinggraphandshouldnot

beremoved.SeeCohenetal. [2001] for areferenceon how

to implementthe basiccurve representations.

3.4. Inating the Threads

The thread curves must be in ated so they have width.
Therefore we de ne a left andright curve for eachthread.
For every positionin thethreadcurve, anoffsetin thedirec-
tion of thecurve normalis createdTheoffsetis addedo the
curwe positionto obtaintheright curve andsubtractedo ob-
taintheleft. While this processanleadto overlapsonsharp
curwes,asshawvn in Figure4a, our systemsearchesor such
sectionsandcullsthemasseenin Figure4b.

Thestyle of thethreadscanbe changedy modifying the
patternwith which thesidesarein ated. An exampleof this
is shavn in Figure 4b wherecornershave beensharpened
aroundbreakpoints(discussed section3.6). Sharpenings

_J

(@ (b) (c)
Figure 4. Theinterior overlapin a) hasbeenculledin b)
andtheouteredge hasbeensharpenedc)This gur e shows
how we sharpencorneis. Thethread pathis altered to fol-
low the blue lines towards a positionat someuserde ned
distancealongthe vectorthat lies betweerthe junctionand
themedianof the outsidecurve

doneby alteringthe outerin ated curve of ary threadsey-
ment with sufciently large curvature and is also applied
whentwo breakpointsaareadjacento oneanotherat a junc-
tion. In this case the medianpositionof the outercurwe is
repositionedat a userde ned distancebetweenit's original
positionandthejunctionit is closesto. Theothercurve po-
sitionsarede ned asablendof thenew medianpositionand
theoriginalin ated curve positionsbasedn parametedis-
tancefrom the median.Figure4c shavs how the sharpening
is accomplished.

3.5. Overlap

To displaythe properover-under characteristigattern,we
mustapply analternatingz-offsetvaluebetweenconsectie
nodesn thethreadinkedlist. Oursystenusesl and0 asthe
overandunderz-offsets.Dueto our useof imagesaslightly
more comple algorithmis requiredthanthat presentedy
Mercat.Our algorithmtraversesachthreaddinkedlist and
computegheoverlapvaluesfor every node,switchingover

lap value betweeneachthreadsegment.To enforcea con-
sistentordering, this algorithmrecursedo ary threadthat
intersectghe currentthread startingwith the oppositeover

lap value. For eachimage encounteredthe overlap order
may needto be reversed(asdescribedn section4.2) after
curve calculationwhichis why we don't simply addtheoff-

setvaluesasinputsto thethreadconstructioralgorithm.We
linearly interpolatethe overlapvalueshetweemodesasour
z offset. Theresultis shovn in Figure le.

3.6. Breakpoints

In section3.3 the threadsare calculatedby a constantor-

dering on the graph. Changingthe thread connectionor-

der aroundthe midpointsleadsto differentthreadpatterns.
Breakpointscanbe usedto changetheregularity of the knot
andaddvisualinterest.Theusercande ne abreakpointata
stroke. This createsoneof two new crossingpatternsat the
stroke midpoint,bothillustratedin Figure5 b-c. The Break-
point ConnectiorRulesshavn below de ne how thesystem
calculateghreadlists usingeachbreakpointype,illustrated
in Figure 5g.

Becauséhenaturalconnectioriocationfor agiventhread
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BreakpointConnectiorRules:

Type 1 - Threadlinked lists may not add nodesfrom this
stroke. Whentherecursve algorithm nds anodeatatypel
breakpointjt appliesitself again usingthe sameorientation
it startedwith.

Type 2 - This stroke is ignored as a graph element.The
thread constructionalgorithm crosseshe stroke edgeand
usesthe next adjacentstroke to nd the nodeto addto the
controlset.

XX

(c) Type2

(a) Regular

SF

(d) (e)

Type 2 _— \\
1 -\ Start Node Type 2
1 \

(b) Typel

© (h)

Figure5: a) A standad crossingpatternat a midpointof the
stroke, b) A type 1 breakpoint,c) A type2 breakpoint,d) A
knotillustrating the useof both typesof breakpointsg) An
exampleof overlap and thread path errors that may occur
whenbreakpointsare used(in this casedueto the multiple
adjacentbreakpointsaround the border), f) The corrected
version, usingmetapoints,g) Thedefaulthandlingof both
typesof breakpointsh) Thehandlingof bothtypesof break-
pointsusingmetapoints.

segmentis skippedwhena breakpoinis used their usemay
introduceerrorsin several ways. First, the distanceof the
threadsegmentis roughlydoubledandsecondthedirection
of the curwe is changedhalfway throughthe threadwhich
may introducethreadpath and overlap errorsas shown in
Figure 5e. All previous graph-basedystemswould have
producedsomethindik e theknotshavn in Figure5e for the
givengraph,whenwhatis desireds shavn in Figure5f. We
introducemetapointsto guidethe pathof thethreadaround
thebreakpointMetapointsallow usto useary setof break-
pointsand do not requireadvancedknowledge aboutwhat
type of graphstructureswill be used.This removesa limi-
tation of previouswork andallows usto createary possible
Celticknotwithout threadpatherrors.

A metapoint will be a new nodein the threadcontrol
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setthatis automaticallyinsertedby the systemwheneer a
breakpointis reachedThis essentiallyfunctionsto tie the
curwe pathto the breakpointposition. Thereforemetapoints
areplacedrelative to the midpoint of the breakpointstroke.
Fortypel breakpointsthepositionof themetapointsarede-
ned asthemidpointplus or minusthe stroke normalwhile
thedirectionis the strokestangentvector For type 2 break-
points,the positionis the stroke midpointplus or minusthe
stroke tangentvector and the directionis the stroke's nor-
mal vector Thesemetapoint con gurationsaredepictedin
Figure5h. The useris allowedto alterthe metapoint offset
distancefrom the midpoint. This is animportantvariablein
maintainingsmoothknots. Reasonabl®aluesfor this meta
pointdistanceseento scalelinearly with stroke sizemaking
it easyfor the programto estimatestartingvalues.The meta
pointsareinsertedinto the threadlist andthe threadsetis
computedn thestandardvay. This allows coherentompu-
tationof curveswith long setsof breakpointssin Figure5f.

3.7. Smoothing

An exactimplementatiorof step3 in Algorithm 1 maycause
undulationsn thethreadf non-gridgraphsWewouldlike
to beableto smooththethreadgo geta morenatural“artis-
tic” feel.

One extensionthat we have createdsupportsautomatic
alterationof the setof directionaldervatives. The method
altersboth the direction and the magnitude(speed)of the
derivative. Too large a magnitudeleadsto internal overlaps
of threadsegmentsand unintendedkinks and twists. Too
small a magnitudedegeneratego linear interpolation.We
have createda heuristicto alterthe magnitudethat the sys-
tem may useat the usersdiscretion.A generalequationfor
this heuristicis:

Magnitude= 1 UserScale Dist Angle (1)

whereMagnitude is the valuewhich is multiplied with the
normalizedderiative vector UserScale is determinedby

the user Dist is basedon the distancebetweennodesand
Angle is basedon the anglebetweenstrokes over which a
giventhreadsegmentis de ned. The variablesin this equa-
tion aretakenfrom thefactorsthatmostin uence the shape
of the curve. While we have implementedseveral functions
that de ne eachof thesescalefactors,we nd thatsetting
Dist equalto distancebetweemodes 12.5 Angle equalto

anglebetweerstrokes/ 4.0andU serScale betweerb and15

workswell in practice.

To alter the direction of the derivative at a node,a dif-
ferencevectoris createdby subtractingthe position of the
next threadnode from the position of the previous node.
The nal direction vectoris a corvex blend of the orig-
inal direction vector and this new differencevector Cur
rently the blend value is set by the user Becausethis
methoddoesnt dealwell with cornerswe damperthis ef-
fect around sharp anglesby multiplying the blend value
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@ (b)
Figure6: Thecircular graphfor thisknotisill formedwhich
leadsto the kinks evidentin a). In b) the knot has been
smoothedy altering the cubichermitederivatives.

(@) (b)
Figure 7: Alternateknotdisplaystyles.

by (NextDir:DotProdud (CurDir) + 1)=2, whereNextDir is
the value of the directionalderivative at the next nodeand
CurDir is the value of the directionalderivative at the cur-
rentnode.Theresultsof this processareshovn in Figure6.

Thoughwe discussedhereasonsvhy B-Splineswerenot
appropriatefor threadconstruction B-Splineshave several
propertiesve covet, especiallysmoothnessSmoothnessan
be derivedfrom B-Splines yetthreadpathcorrectnesss re-
liant on cubic hermitesasshavn in section3.3. Therefore,
we useSchoenbay variationdiminishingsplinesto vary be-
tweenhow smoothversushow correctwe would like the

nal knotto be.First, the cubichermitecurve is calculated.
Then, the cubic hermitecurwve is sampledat regular inter-
vals to form a control polygon. Finally, a B-Splineis con-
structedfrom the controlpolygonfor our nal threadcurve.

Theintenal sizeof the sampledeterminesiow smoothver

sushow correctthe nal threadcurvewill be.We nd values
of .125,.25and.5 to be usefulsampleintervalsto usewith

this method,with .125 producingvery correct,and.5 pro-

ducingvery smoothcurves. Thoughfull smoothingcanbe
enabledy selectinga singlecheckbox, anexampleof each
stepin the smoothingprocesss shavn in Figure 16.

3.8. Displaying the Knot

We allow theuserto controlthestylistic optionsof thethread
nodesindividually. Style information, such as width and
color and stylizationsare storedwith the individual nodes
in thegraphsothreadsegmentshatcontainthenodecanin-

herit style information. It is usefulto storethis information
with the graphratherthanthe threadssincethreadpatterns
invariablychangeandary stylechangesvould bewipedout

eachtime theknotis recomputed.

A threadis displayedasa triangle strip in OpenGLthat
connectdothleft andright in ated threadlines. Theborder
outlineis displayedasa line stripin OpenGLof theleft and
rightin ated threadines.Theborderis offsetby somesmall
z valueto avoid z- ghting with theinterior.

Our method computesthe intersectionsof threadlines
which allows the display of several other stylesfrequently
foundin Celtic art. One of the stylesstopsdrawing anun-
der sectionbeforeit reachesan over section,as shovn in
Figure 7a. Anotheris the useof borderelementsasthreads
themseles.We have discoveredthatthis “borderasthread”
style hasthe propertythat eachthreadhasa constantover
lap patternasshavn in thetemplatein Figure7h. Therefore
we candraw theleft andright in ated threadlineswith the
templatepatternfor eachthreadsegmentwithout worrying
aboutoverlapinformation. The resultsof this are shawvn in
Figure7c. A combinatiorof thesewo methodgieldsastyle
asseenin Figurerd.

4. UsingImagesWith the Knotwork

Oneof theessentiaklement®f Celtic Designin illuminated
manuscriptds the use of imagesas part of the knotwork.
Imagesareusedin two ways: asterminuslocationsfor the
threadsaandasseparatelementsnterwoveninto thethreads.
By terminus we meanthatthe threadconnectdo animage
andendsWe presenaicompletelynev methodfor theuseof
imagesdifferingfrom thatdescribedy Mercat6. Therules
we describearesimpler local, andtailoredto ourtechnique,
makingthemmoreeasilyimplementedindincorporatednto
the program.Mercatshaved oneway to useimagesaster-
minusobjects,but his methodconstrainedhe type of knots
thatcould useimages Our methodis moregeneralandcan
incorporateimagesinto arbitrary knots. Moreover, we add
theability to entanglemageswith thethreads.

We have implementedanimagemarkupprogramthatal-
lows usersto editimagesandadddata,saving the extra in-
formationin a separatele. This allows the userto addan
alphachannelto de ne joints andspinesandforcesasde-
scribedbelow, andperformmary standardmageeditingop-
erationsTheimageis displayedasatexturemappecdjuadri-
lateral. Thequadrilaterals givenaz-valuebetweerthe over
andundervaluessothatthreadswill passcleanlyabore or
belaw it.

4.1. Terminus

For eachimage thedata le containsasetof valid nodesA

nodeon animageis referredto asanimagejoint. We allow

the userto setconnectiondetweengraphnodesandjoints
by manually connectingjoints and nodeswith the mouse,
asshaowvn in Figure8. A connectionis a userspeci ed link

betweemodesthatforcesthe threadconstructioralgorithm
to follow a pathbetweerthelinkednodes.

Becausehereis no suchthing asa threadwith only one

¢ TheEurographicsAssociation2003.



M. Kaplanand E. Coher/ ComputerGeneatedCeltic Design

Y

(b) Joints  (c) Spines
%j\—

N

®

(d) (e)

17/ [

@) (h)
Figure 8: a) An exampleof theimage data structue. The
green area representsthe sectionof the image whoseal-
phavalueis one Joints are orange, spinesare light green
andforcesare blue b-c)Greendragonimage with joints and
spinesd) Threadsetandimages,e) Connectiongle ned by
theuserf) Thethreadshavebeenrecompute@dndnowcon-
nectto the images.g) Here, the thread curveintersectsthe
image. Intersectionsare shownin yellow h) Interweaving
result; note that the spotswhele the overlap valuesswitch
don't appearto line up with the image features.i) Here, we
havemodi ed thein ate functionto forcein ation nearim-
age featuesto follow the force Nowthethreadappeas to
switch overlapvaluein relationto theimage featutes.

@

end terminusconnectionsnustbeaddedo athreadn pairs.
The secondterminusobject can occur as part of the same
threadsegmentor an even numberof sggmentsaway from

the rst terminus.Othercon gurationswill notpresere the
overlap order and will introducea discontinuity into the
knot.

After de ning two terminusconnectionswe have asso-
ciatedtwo joints with two nodes.The threadcontrol setis
calculatedasnormalandasa postprocessthe joint nodes
are insertedinto the control set. The threadcurwe is then
computedasusual. However, threadsegmentgthatoccurbe-
tweenthe joints are no longer displayed.Examplesof im-
agesasterminusobjectsareshovn in Figure9.

4.2. Interweaving

Imagesalsoappeamlselementghatareinterwoveninto the
knot, i.e. threadscrossover and underthem at appropriate
locations.The useris allowed to de ne a setof spinesthat
is associateavith eachimage.Spinesareline sggmentsthat
roughly correspondo imagesfeatureswith which a thread
mayintersectTheintersectiorof a spineandthreadis com-
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Figure 9: Imagesasa-c) terminusandc) interwoven.

putedafterthe threadcurve hasbeencalculatedput before
theoverlaporderhasbeenderived.Any intersectiorbetween
a spineandthreadcausesa changein overlapvalueat that
location.We do notadda nodeto thethreadlist atthe spine
locationbecausespinesoffer no additionaldirectionaldata.
This hasthe effect of leaving the curve alonewhile chang-
ing the overlaporder To maintaina well orderedknot, two

imagecrossing®r oneimagecrossingandtwo terminusob-

jectsarerequired.

In orderto ensurethatthe threadsoverlaptheimagecor
rectly, theuseris optionallyallowedto de ne asetof forces
A force is a line sggmentwith which the threadmay in-
tersect.Forcesroughly correspondwith the edgesof fea-
turesthat containspines.A force causeghe currentthread
to immediatelyswitchoverlapvalueattheintersectiorloca-
tion. Use of forcesis optionalandis usuallyonly required
for compl interweaing situations Becausdorcestendto
alignwith imagefeatureswe would lik e the offsetof thein-

ate functionto matchthosefeatures Sincethe threadnor

mal may not matchthe force direction at the intersection
locationthein ated threadmay overlapthe imagefeatures
improperly asin Figure 8h. We have addedan option that
modi es the in ate function and blendsthe threadnormal
to matchthe force direction at the crossinglocation. This

malesthethreadappeato crossmorenaturallywhereforces
have beenalignedto imagefeaturesasin Figure8i.

5. lllumination
5.1. Escapes

Often, it is usefulto connectseparateyraphswithout phys-
ically joining the graphswith a stroke. Escapesare user
de ned connectiondetweengraphnodes.An escapés an
arbitraryconnectiorbetweerary two nodesA andB. When
thethreadconstructioralgorithmencounteranodeA, it im-
mediatelyaddsnodeB asthenext nodein thecontrolsetand
continuesfrom node B. Escapesnustalso comein pairs.
Often,we useescapeonnectiongo directthe threadsetto
crossanimageasshavn in Figure11 andthecornersof Fig-
urels.

5.2. Encapsulation

Encapsulatioris the conceptof creatingsmallknotsandus-
ing them as pieceswith which to male larger knots. This
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(@) (b) ©

(d) (e) ®

Figure 10: Theencapsulationprocessa) A triangle capsule
with boundingvolume b) A larger capsuleconstructedby
connecting4 triangle capsulesc) The knot resultingfrom
the graph of the capsulein b). d) 6 capsulesromb) joined
in a high crosspattern.e) Theknotresultingfromthegraph
in d). f) Thehigh crossfrome) hasbeenfabricated.

is similar to methodsdescribedby Bain 1, Meehan!* and
Mercat16 for artists.Mercatusesthe dual of the graphas
the capsuleThis is not possiblein casesvhereimagesare
presentundesireablesincewe want to store style dataas
well andunecessargincethedualis simply aboundedver-

sionof the sameknot. In our systemall graph,style,image
and connectioninformationis savedto a le. This le de-
nes acapsuleobject.We canreadin capsulesandperform
operationson themsuchasrotations transformationsscal-
ing andre ection andchangestylesen masseThis capsule
systemis moreintuitive thanthat of Mercator Meehanbe-
causewe maintainthe original representatioof the system
andno transformationsirerequiredto reconstructhe origi-

nal graph.

There are two methodsof connectingcapsules.First,
strokesconnectingcapsulegraphscanbedravn in manually
by the user asshavn in Figure 10b. Secondwe canalign
edgestrokesof capsulego createa singleborder asshovn
in Figure10d. Strokesthatoverlaponeanotheraremeiged,
resultingin auni ed graph.We have createda mousefunc-
tion which snapscapsulesvhoseedgesare closeto each
othertogetherautomatically

5.3. Template

For creatingbackgroundgatternswe have createda tem-
plate builder that mimics the backgroundstylesusedin il-
luminatedmanuscriptsThe guiding principle is the use of
thick bandsof color to separatesectionsof knotwork. Our
programallows usersto de ne bandsof color andtheir bor-
derswith offset Bézier curveswhosecontrol pointscanbe

(a) Escapexample (b) Templatebuilder

Figure 11:

snappedo aprede nedgrid. A ood |l tool canbeusedto
Il areasbetweenthe borderswith a selectedcolor. These
backgrounddesignsfunction as templateswhose interior
spacescanbe lled with knotwork by drawing strokes or
usingcapsulego Il thespaceA fully realizedtemplateis
shavn in Figure15 (bottom).

6. 3D Knots

We can apply the algorithmspresentedabove to arbitrary
2D-manifold meshegesultingin 3D knots. This works be-
cusea 2D-manifold mesh can be viewed as locally pla-
nar Theoriginalin ation anddisplayalgorithmsnow make

no sensesincewe in ated in 2D. In 3D in ation anddis-
play, in ated threadsaretubular neighborhoodsrroundthe
threaddisplayedusingcylindersbetweerpointsin thethread
curwes.Whenwe offsetthe threadshasedon the overlapor-

der, we usethe normalto the meshat the nodepositionas
the offset direction. Node derivative valuesare in the tan-
gentplaneatthe midpoint. Examplesof knotwork produced
usingmeshesreseenin Figurel15.

7. Results

Graphcreationis donein realtime.Usersdraw strokesand
selecta CreateKnot buttonwhen nished. Mostknotscom-

puteatinteractize rates but dependingon the compleity of

thegraph(thecombinatiorof effectsappliedandthe density
of the sampledfor eachthreadcune) a knot cantake up to

15 secondgo compute Oneof the mostimportantfeatures
is the easeof useof our systemUserinterventionis only re-

ally requiredfor graphcreation.However, thefacility exists

for controlling almostevery aspectof the systemenabling
theartistto have asmuchcontrolover theappearancef the

knotsasdesiredWith smoothingenabledreasonableesults
areautomaticallyproduced9% of the time though,rarely,

a usermay needto adjusta smoothingparametethat may
beinappropriatdor a givengraph.

In setsasfollows: Figuresl3a,c, e, g, Figuresl3b, d, f,
h, Figuresl4a,d, e,andFiguresl4c, g andh, we seevaria-
tionsonthemesThisis accomplishedby theusingcapsules
to vary repeatablgatternan new andinterestingways,and
by changingstylisticoptionsandbreakpointsBecausef the

¢ TheEurographicsAssociation2003.
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utility andeaseof useof encapsulatiomostof thesedesigns
took betweenl and2 minutesto produce Figure 13 shawvs
ateapotshapeembeddedn a knot asa thread,demonstrat-
ing how logosand othersymbolsmay be incorporatednto
Celtic knotsproducedwith our system.

The reproductionsof art from the Book of Kells (Fig-
ures16 top, inset, 13, 14 ) andthe LindisfarneGospels
(Figure15) usingour systemvalidatethe utility of ourtech-
niquesfor reproducingthe artwork of the mastersf Celtic
illumination. Theseexamplesmark the rst time a com-
puterhasaccuratelyreproducedhe knotwork from full car
pet pagesand illuminated lettersfrom the greatworks of
the Celtic illuminated manuscripts All of the techniques
presentedwere required to create theseimagesand no
prior knotwork creationprogramcouldhave producedhem.
Theseresultsare importantbecausét shows that not only
can our systemreproducethe compleity of the original
works, but we cancreatenew workswith the samestyleand
beautyof the originals.Moreover, we cando it muchmore
quickly and can experimentwith alternatedesigns,styles
andpatternswith almostno additionaleffort. Theonly clas-
sical patternswe have not beenableto reproducearethose
thatcontainimageswhich interweae with eachotherwhich
is a problemwe have not addressedhere. The upperbor-
derin Figure 16 took abouta half hour to make. The im-
agegook about5-10minutesto markwith analphachannel
andrelevantinformation.Designof suchawork proceedss
follows: lling theemptyspacesn theimageswith graphs,
making connectionsrom the graphsto the imagesand -
nally replicatingthe two capsulegonefor eachdogimage)
andarrangingthe capsulesn a borderpattern.The central
T patternin the illuminated letter in Figure 16 wasdravn
freehandn about5-10 minutes.Style changedo thesede-
signsare quick asregions can be selectedwith the mouse
andchangesppliedenmasse.

Thezoomorphidhordersshavn in Figure 16 areafterthe
style of Meehan!* which in turn take their inspirationand
gures from the Book of Kells. Inset(atbottom)is anexam-
ple of the smoothingprocesswhich is vital to achieving vi-
sually pleasingresults.The smoothesknot is automatically
producedwhenfull smoothingis enabledyet we shav the
stepsfor instructionalpurposesThe lower borderdemon-
strateghreadwidth variationto full advantage.

In Figure12a,auserhasdesignedodyart usingour pro-
gramand a temporarytattoo hasbeenappliedwith henna.
In Figure 12b, our systemhascreateda 3 dimensionaknot
modelfor a CAD program.The CAD programhasde ned
circulartubesof revolution aroundthe piecavise cubic her
mite threadcunes. Using the CAD model as an input, a
physical 3D model was fabricatedusing a Stratasysapid
prototypingsystemasshawn in Figure12c andFigure 10f.
A usercanquickly testmary designson the computerthen
createphysicalresultsfor jewelry or ornamentatiomutomat-
ically, aprocesghatusedto be extremelytime consuming.
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Figure 12: Uniform design: a) A tattoo design,b) CAD
modelandc) jewelry createdby fabricatingthe CAD model

8. Conclusionand Futur e Work

We have presentedechniquedor automatingthe construc-
tion of Celtic knotwork andfor creatinglarge complex de-
signswith suchknotwork. We have introducednovel orien-
tationandsmoothingtechniquesvhich allow usto compute
anddisplayknotsin both2D and3D, eliminatingrestrictions
of priorwork in thisareaWe have shavn how to incorporate
imagesinto Celtic knotsboth asterminusobjectsandinter-
woven elementsWe have introduceda nev methodof en-
capsulatiorto facilitatethe designprocessand have shavn
how to constructbackgroundiemplatesin the style of the
ancientmanuscriptsFurther we have shavn how to auto-
maticallyfabricatephysicalmodelsfrom suchknots.

In the future, automatic knot generation using au-
tonomouscapsuleplacementmight be a useful featureto
explore. Becausef the connectionto woven materials(the
bunry knot in Figure 15 appearsrotcheted)cloth simula-
tion andrenderingseema naturalextension.Ultimately, we
view this systemasanartistic playgroundwhereartists,de-
signersandnovicesalike mayquickly andeasilyexplorethe
creationof advancedCeltic knotwork designs.
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Figure 14: Further resultsfromour system.

(i) Dragonpatternfrom the Book
of Kellsreproduceavith our sys-

Figure 13: Examplesof Celtic knotwork createdwith our

system.
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Figure 15: Top: Theknot constructionalgorithm appliedto 3D geometricmeshesncluding a bunny mesh.Also, a physical
modelof a knotderivedfroma star shapednesh Bottom:Exactreproductionof the greatcarpetpage threadpatterntopology
introducingthe Bookof Mark fromthe LindisfarneGospelqca. 6-7thcenturyAD) producedwith our system.
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Figure 16: Top border: A reproductionof a huntingdogs kissingborder patternedafter Meehan.Top inset: Repoductionof
a greatilluminatedletter designfromthe Bookof Kells: A four leggeddragonletter T. Bottomborder: Thedog eatingits own
tail border Our variation on a standad themethat is seenrepeatedlyin Celtic Art, especiallyin Meehan.nsetis shownthe
procesof smoothinghethreads.Fromleft to right: 1) Thedefaultcon guration of the threads.Obviouslynot satisfactory 2)
Thethreadsafter appopriatedistancevaluesfor themetapointshavebeenset.3) After hermitederivativesmoothinchasbeen
applied.4) After Shoenbeg smoothinghasbeenapplied.4) is producedautomaticallywhenfull smoothings enabled.
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