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Motion planning: 

the basic problem 

Let B be a system (the robot) with k degrees of 

freedom moving in a known environment 

cluttered with obstacles. Given free start and 

goal placements for B decide whether there 

is a collision free motion for B from start to 

goal and if so plan such a motion. 

 

Two key terms: (i) degrees of freedom (dofs) 

and (ii) configuration space 



The number of degrees of freedom 

(dofs) 

 = the number of independent parameters that 
define a configuration  

Â a polygon robot translating in the plane   2 

Â a polygon robot translating and rotating   3 

Â a spatial robot translating and rotating   6 

Â  industrial robot arms 

typically 4 - 6 



Configuration space 

[Lozano-Perez, late 70s] 



Talk overview 

Â CG and R&A, a very brief history 

Â Shorter 

Ç and other objectives: motion path optimization 

Â Smaller 

Ç new manufacturing processes at the micro level 

Ç the motion of molecules 

Ç swarms of robots 

Â Tighter 

Ç assembly planning 

Ç motion in tight quarters 



CG and R&A:  
terse history through the motion-planning lens 

late 1970s: C-space, motion planning is hard 

early 80s: piano movers, general solution 2-epx 

mid 80s: roadmap/silhouette, general solution 1-exp, 

potential field 

late 80s to mid 90s: near-optimal solutions for small # of 

dofs 

mid 90s: 1st WAFR (10th WAFR, last week) 

mid 90s: PRM 

 



Sampling-based motion planners 

Â PRM (Probabilistic RoadMaps) 
 [Kavraki, Svestka, Latombe,Overmars 96] 

Â many variants followed, e.g. 

RRT (Rapidly Exploring Random  

trees), [LaValle-Kuffner 99,00] 

 

    



Sampling-based motion planners, 

advantages 

Â easy to implement, 
provided you have a good 
static collision detector 
[Lin,Manocha et al; survey, Hdbk 
of DCG `04] 

Â extended the applicability of 
motion planning: animation, 
docking motions, virtual 
prototyping, more 

Â revealed the nature of many 
practical problems: dofs vs. 
tightness 



side note 

a (hidden?) gem: 

Helmut Alt, Rudolf Fleischer, Michael Kaufmann, 

Kurt Mehlhorn, Stefan Näher, Stefan Schirra, 

Christian Uhrig: Approximate Motion Planning 

and the Complexity of the Boundary of the Union 

of Simple Geometric Figures  Algorithmica 

8(5&6): 391-406 (1992) 



Sampling-based motion planners, 

shortcomings 

Â path quality 

 

Â predictability or (in)operability in tight settings,  

    the narrow passage problem           



Shorter 
motion path optimization 



http://www.sfbtr8.uni-

bremen.de/project/r3/HGVG/hierarchicalVGraphs.html 

High-quality paths: 

analytic solutions for simple cases  

 

shortest path in 2D:  

Visibility Graph 
(Nilsson 69, Lee 78, 

Hershberger and Suri 97) 

maximal clearance 

in 2D: Voronoi 

diagram (O dunlang and 

Yap, 82) 

short + high clearance 

in 2D: Visibility-

Voronoi  Complex 
(Wein et al., 07) 

but NP-hard in other settings with only a few 

degrees of freedom (e.g., Canny and Reif, 87) 



Growing two-trees (Bi-RRT) 
 [Kuffner and LaValle 00] 

Â maintain two trees rooted at source & goal 

Â construction step   

sample configurations and expand either tree as in RRT 

Â merging step   

connect configurations from both trees 

 

Source 

Goal 

* adapted from slides by Latombe 



How low can path quality get? 

Sampling-Diagram Automata:  

Analysis of path quality in tree planners 
[Nechushtan-Raveh-Halperin, WAFR 2010] 



Experiments (I)  in OOPSMP 

Type-A 

Type-B 

Ç 49.4% of paths are over three times worse than optimal (even after smoothing)   

Ç much larger than the theoretical bound 



Experiments (II)  close-by start and goal 

configurations 

Ç 5.9% of paths are over 140 times worse than optimal (even after smoothing)  

Ç importance of visibility blocking  narrow passages not the only king 

(theoretical motivation for Visibility PRM, Laumond et al. 00) 



Experiments (III)  3D 

Cube-within-Cube 
Experiments: 97.3% (!) of paths are 

much worse than optimal after 

smoothing 



Improving path quality in sampling-based 

motion planning, related work 

Â Short-cutting heuristics ( path smoothing ) 

Â Retraction towards medial axis  

[e.g., Wilmarth et al. 99, Geraerts and Overmars  07] 

Â Useful Cycles in PRM [Nieuwenhuisen and Overmars 04] 

Â Biasing tree growth by a cost-function 
[e.g.,  Urmson and Simmons 03, Ettlin and Bleuler 06,                                         

Jaillet et al. 08, Raveh et al. 09] 

Â Anytime RRT [Ferguson and Stentz 06] 

 

Â RRT* - a modification of RRT [Karaman and Frazzoli 10] 

Č the modified RRT* algorithm converges to an optimal path as running time 

reaches infinity 

Č Standard-RRT  misses the (precise) optimal path with probability one 

Still, might be -̠good, or within same homotopy class as optimal path 

 



Č wrong decision can be taken at every step 

Č can be solved by path-hybridization  

More complex settings 
Several visibility-blocking regions + repetitive structure 



Improving quality by path hybridization 

[Raveh,Enosh,H 11] 
target: 

example: move the rod from the 

bottom to the top of a 2D grid 

(rotation + translation) 



3 randomly generated motion paths 



H-Graphs: Hybridizing multiple motion paths  
( = looking for shortcuts) 
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Hybridizing the paths 
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applied to car-like motion 

with various quality 

criteria: length, 

smoothness, clearance, 

number of reverse vehicle 

motions 


