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ABSTRA CT

The study and understanding of molecules,oncethe domain of blackboards and stick-
and-ball models, has becomemore and more exclusively linked to the use of computer-
aided visualizations. By creating tangible multilev el physical models for biologists, this
thesis envisions that they can once again use their tactile sensewhile interacting with
and manipulating a physical model, thus aiding educational and researti endeasors. To
increasethe e®ectivnessof such a tool, the model is constructed such that multiple
levels of information are viewable within the single physical form, stressingthe interaction
betweenthe assortedcomponerts within the molecule.

This researt addressegwo challengesthat hinder the fabrication of tangible models.
The rst researt elemen aims to represert the multiple molecular componerts in as
homogenousformat by deweloping a system for corverting triangular mesh data, as
provided by the molecular modeling padkage, into multi-surface spline models. It focuses
on techniquesneededto produce a smooth stitching at the boundariesand cornersshared
by multiple spline surfacesthat will create a near G! cortinuous model. Leveraging
the homogeneoussurface represettations, the pipeline combines the multiple molecular
componerts into a single model from which it is necessaryto create a mold. The second
researh elemen addresseshe challengesinherent in de ning the corntact region of the
two mold halves. The deweloped system preseris a curve morphing algorithm that is
able to generatea surface betweentwo 3-dimensional spacial spline curves of arbitrary
degree. Similar to the conversion system, the surface parameterization work aims to

dewvelop visually smooth results.



CHAPTER 1

INTR ODUCTION

Researt topics assa&iated with boundary represenations constitute a large portion
of problems within modeling and computer graphics. Two common model de ning
represertations include polygonal faceted meshesand spline surfaces. While meshesare
not burdenedby the computational complexities of splines,they are unableto truly de ne
a smooth surface. Spline surfacesdescribe curved geometry computed as a conbination
of weighted control points and have many mathematical advantages.

Commonly, spline models are composedof multiple spline surfaces.The properties of
splinesguarantee that the surfacesare smooth at all interior points; however, additional
e®orts must be exerted to maintain smoothness when crossing from one constituent
spline to the next. This thesis work concernsitself with the issue of smoothnessas it
relatesto two separatereseart problems: corverting triangular meshesnto multi-surface
spline models and computing a smooth surfacebetweentwo 3-dimensionalcurves. These
problems are commonly motivated by challengesin fabricating physial visualizations for
molecular biologists.

1.1 Physical Visualizations

Computer graphics and immersive ervironments have becomethe standard method
for investigating and visualizing molecules. Virtual models have ditculties corveying
geometricinformation to a researter. Physical modelsfacilitate better shape perception
and intro duce extra sensoryinformation, speci cally tactile feedbadk. Additionally , these
models can be usedto explore 3D interactions between multiple molecules. Recerily,
structural molecular biologists have collaborated with computer sciertists to manufacture
such models, which we term physical visualizations.

One sud physical visualization is the familiar stick-and-ball molecular model. Un-
fortunately, this primitiv e technique has become inadequate given the complexity of

modern structural biology, where multiple layers of information are embeddedwithin the



Figure 1.1. A physical represenation of a protein subunit of a hemoglobin. The model,
fabricated using the developed systems,shaws a peptide chain coloredaccordingto amino
acidsthat snakesthrough a clear plastic represening the assaiated molecular surface.

molecular structure. This thesis addresseshallengesthat arise while combining multiple
elemerts into a single realizable physical model.

The conceptof a 3D physical visualization and an examplethat motivatesthe researt
problems addressedby this thesisis shown in Figure 1.1. Two elemeris are incorporated
within the constructed molecule: the molecule'sbadkbone and the assaiated molecular
surface. The protein backbone protrudes from the water insolvent surfacein multiple
locations thus becoming part of the de ning exterior surface of the molecule. As sudh,
both the badkbone and the surface geometry are necessaryto the understanding of the
molecule's function. Consequetly, a physical visualization must combine these two
elemernts in a manner that facilitates sciertists’ understanding of the molecular data.

Figure 1.2 illustrates a fabrication pipeline that constructs useful physical visualiza-
tions. First, the molecular surface is combined with its assaiated protruding protein
strand to form the exterior model of the physical visualization. Stereolithography can be
usedto construct a physical form from this solid model from which a split away mold
is created. Meanwhile, the protein badkbone is independerily manufactured in opaque

plastics using a 3D color printer, colored according to the amino acids of the protein



Figure 1.2. lllustration of the fabrication pipeline usedto construct the hemoglobin
piece. (a) The input models are combined with boolean operations to obtain the exterior
surface of the visualization. (b) A split away mold is constructed from the combined
models. (c) The protein badkboneis constructed independertly with opaqueplastics and
placed within the mold by matching piecesthat had protruded to de ne the exterior
surface. (d) A translucent plastic is injected into the mold and the physical visualization
is extracted.

strand. The realized backboneis t into the split away mold and a translucent plastic is

injected which producesa 3D physical visualization of the hemoglobin molecule.

1.2 Research Goals

The input surfacesare represetted in heterogeneoudormats. The molecular surface
is stored asa triangular meshproducedby sampling methods of a molecular visualization
system [21][22][23. The protein strand is represened as a spline model formed by
a circular tube swept through the certer of its key de ning atoms. While computer
visualizations can combine the disparate data sets,the CAD systemusedto producethe
physical visualizations requiresthat the input models be equivalertly represened.

Virtual environments are able to simulate smoothnesson faceteddata by interpolating
normals, but manufactured piecesare limited by their physical properties: planar data

remain planar. Becausethe end physical visualization usesclear plastic to represen



the molecular surface, the facets of a triangular meshwill create a kaleidoscopice®ect.
Consequetly it is necessarythat the input models be converted to smooth surface
represemations. This researt opts to usespline models.

The rst researt problem, discussedin Chapter 3, de nes a systemthat cornverts a
triangular molecular meshinto a spline model. The systemis concernedwith creating
a smooth surface that accurately represetts the original data. The processbegins by
decomposing the input data into rectangular grids then createsan interpolatory spline
surfacefor ead. Thesesurfacesare constructed sothat smoothnessis maintained at the
intersurface boundaries.

The next step in the manufacturing pipeline is to construct a split away mold from
the resultant geometry Such molds are composedof two halvesthat 't together to form
a single piece. The interface betweenthe mold componerts is called the parting surface.
The goal of the secondreseart problem is to generate and parameterize this contact
region. This processis described in detail in Chapter 4.

It should be noted that, while useful, physical visualizations are only one application
of the work presened in this thesis. My researh addresseshe broader issuesof inter-
surface continuity, interpolation, path planning, and parameterization which may have
implications beyond this narrow domain. Some possible applications of this work are

proposedin the conclusionfound in Chapter 5.

1.3 Thesis Statemen t
This thesispreseris two novel algorithms. The rst dewelopsa procedureto interpolate
a data set with de ned smoothnesscharacteristics. The secondcomputesa curve morph

betweentwo 3D curvesof arbitrary degreethat inducesa well-behaved parting surface.



CHAPTER 2

RELEV ANT WORK

The two outlined problems incorporate ideas from multiple researt areas. Both
projects sharein their e®ortsto maintain intersurface continuity acrossadjacert spline
surfaces. Speci c researd to the mesh conversion includes smoothing meshes, tting
surfacesto data, and data segmemation solutions. The secondproblem, computing the
surface parameterization, builds from researd projects including morphing, robot and

group path planning, medial axis extraction, and hole Tling.

2.1 Splines
This thesis assumeshat the readeris familiar with the mathematics of splines. The
purposeof this sectionis to establish a consistert vocabulary.
ESTABLISH VOCABULARY

2.2 Intersurface Contin uity

Smooth surfaces maintain visual corntinuity acrosstheir domain. | de ne visual
cortinuity as a continuous unit normal function. Two principal cortinuity types can
satisfy this condition: parametric and geometric.

Parametric cortinuity, otherwise known as CX cortinuity, requires that the limit of
the k' derivative from the left and right of a point on a curve are exactly equal. A point
on a surfaceis CX cortinuous if this property is maintained for the set of all geadesic
curves that passthrough the point. Speci cally for a degreep £ g spline surface can
guarartee CPi kK (CY K) cortinuity at all interior points in the u (v) direction, where k
is the multiplicit y of the u (v) knot ??. For example, a bi-cubic spline surface without
multiple knots is C? continuous at all interior points, and consequetly visually smooth.

A spline model is most often composed of multiple spline surfaces. The points on

ead interior surfacewill be continuous; however, this is not guaranteed acrossthe shared
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Figure 2.1. Parametric continuity requires that crossboundary tangents at all points

on the shared boundary for the two surfacesare equal in direction and magnitude,
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Figure 2.2. Geometric cortinuity requires that tangert plane or normals at
all points on the shared boundary for the two surfaces are equal in direction,
jK@1=@ £ @1=@k Ck@=@ £ @B=@Kj = 1.

boundary of two surfaces.Figure 2.1 illustrates the tangent constraints along and across
spline surfaceboundaries necessaryto obtain C* cortinuity.

Geometric contin uity achievesthe samevisual contin uity without the strict parametric
constraints. The GK cortinuity condition requiresthe samesmoothnessas CX cortinuity
by analyzing the crossproduct of the two principal k™" derivatives. In this manner, a
bi-cubic spine surfacewithout multiple knots is G2 cortinuousat all interior points, and
consequetly visually smooth.

Only G?! continuity is required to obtain visually smooth surfaces. This geometric

continuity condition requires that the normalized normals, Ni(u;v) and Ny(u;v), is



equivalent at the limit for all incoming directions to a point on a surface. Across the
surface boundaries this meansthat the tangents can instantaneously change direction
and magnitude as long as the tangent plane remains the same. Figure 2.2 illustrates
G? continuity acrossthe surfaceboundary, matching unit normals without matching the
tangents aswith C* cortinuity.

It isimportant to achieve visual smoothnessover the ertire model while manufacturing
physical forms. While the interior points of ead spline surfaceexhibit parametric corti-
nuity (depending on the degreeof the spline), e®ortsmust enforcetangertial constraints
to maintain smoothnessacrossabutting edges.This thesis exploresmannersin which G
continuity is obtained acrosssuc boundaries.

Complete spline interpolation, described in computer aided geometric design texts
[10], is one technique that allows for the creation of spline surfaceswhile specifying the
cross-toundary tangert information. Complete spline interpolation is one technique that
provides the neededoperations to achieve visual smoothness.

Livingston [19] explores the cortinuity when stitching regions where three spline
surfacesmeet. His thesis directly addressesntersurface continuity and developsa corner
stitching method by moving data points. My researf presers an algorithm to achieve

similar results while maintaining the original data point locations.

2.3 Converting Surface Representations

Algorithms designedto t surfacesto point cloud data setsaddresssimilar smoothing
and data interpolation considerationsthat are dealt with in Chapter 3. The recert e®orts
of Cheng et al. [7] present an iterative method to 't a Loop subdivision surfaceto an
unorganized point cloud. The de ned surface convergestoward the original data by
optimizing some square distance minimization method. Similarly, Hoppe et al. [14] 't
Loop subdivision surfacesto scattered data, focusing on constructing smooth piecewise
surfaces. This work also preserts modi cations to Loop's subdivision rules in order to
model sharp features. These methods compute surfacesthat closely approximate the
original data points, however the facetedrepreseration will create unwanted artifacts on
the manufactured pieces.

Instead, researters develop continuous surfacesfrom input point clouds or meshes.
Xie et al. [30] create C* models by growing a de ned surface along a frontier. The

prioritized expansion ts quadrics to the local data points along the edgeof the de ned



surface until these quadrics encompassthe input data set. Grimm et al. [13] produce
manifold surfacesof medical data by leveraging a user produced generator polyhedron.
The userinput aids in the calculation of many spline surfacesthat are t to the original
data. Stitching betweenadjacen surfacesis avoided by overlapping boundaries. Loop [20]
“ts a G?! continuousrepreseration of an irregular meshby utilizing quad-netsto generate
smooth spline surfaces. These approaces develop smooth interpolatory represenations
with many individual surfaces. While displaying so many surfacesmay be performed
quickly enough during visualizations, this thesis describes a solution that limits the
number of surfacesrequired; hoping to speed up mathematical computations of the end
structure.

Krishnamurthy and Levoy [15]develop an interactiv e algorithm that directly addresses
the problem of converting triangular meshesinto spline models. A userpaints boundaries
for spline surfaceson the input mesh, de ning the segmemation of the data. They
resample the user-partitioned regions, forming grids, to which spline surfacesare t.
They do not stress intersurface cortinuity nor guarantee that the end represenation
interpolates the input mesh'svertices.

2.4 Surface Parameterization
2.4.1 Morphing

Morphing curvesde ne a surfaceas they are traced over time. A metamorphosisis
hindered by two challenges: developing a correspondencebetweenthe vertices of the two
curvesand plotting vertex paths over time. For a morphing curve to de ne alegal parting
surfaceasa function of time, the secondchallenge, path computation, is very important.

Developing correspondencesbetween two curves is generally solved in one of three
manners: tangent comparisons,physically basedapproadies, and hierarchical methods.
Liu et al. [18] and Cohen et al. [10] solve their correspondenceswith neighborhood and
tangent comparisons. Sederkerg and Greerwood [27] developsa physically basedmethod
with insurancesto prevent local self-intersectionsof intermediate shapes. Wolfson[29] and
Al-Khaiy at et al. [2] introduce new curve represertations aimed at making hierarchical
comparisonsbetweenthe curves.

Thesesolutions, after creating a corresppndence,move the verticesalong linear paths.
The convex conbination of end locations does not guarantee intersection-free vertex

paths. This naive approac almost always violates the constraints of developing a well-



behaved surface, thus emphasizing the importance of vertex trajectories over feature
matching.

Each intermediate time step of a morphing curve correspndsto an iso-curve on the
morphing surface. If the morph is intended to de ne a well behaved surface, then it
cannot su®erfrom self-intersections during any single time step nor between any two
time steps. Sederkerg et al. [26], Gotsman and Surazhsky[12], and Samoilos and Elber
[24] have all developed methods to produce self- intersection free vertex paths. These
solutions guararntee that any intermediate curve will not intersect itself; howewer, the
temporal intersections are not considered. This is an obscure constraint necessaryfor

surface parameterization, but not in the animation domain.

2.4.2 Potential Fields

Potential "eld researt de ne vector elds surrounding objects within an environment
in order to solve an assortmert of problems. Walking the gradient of the potential
“eld with seedpoints ensuresobstacle avoidance as it travels to local minima within
the ernvironment. Ahuja and Chuang [1] and Chuang et al. [9] utilize this method
approximating medial axis for 2D polygonsand 3D polyhedra.

Another application of the potential elds is seenin robot path planning. Dropping
seedpoints within an ervironment Tled with obstacles,seweral researtiers have looked
to navigate the "eld avoiding an obstaclewhile traveling toward an indicated goal [8] [11]
[28]. It is easyto trap the robot seedas it travels the potential eld at local minima
created by pockets within the obstacle arrangemen. Many solutions develop heuristic
modelsto exit suc regions,temporarily ignoring the gradient path side-steppingthe trap
[5] [6] [16] [17].

Robot path planning is very similar to the vertex trajectory problem of the morphing
problem. However, when dewveloping a solution to the metamorphosis, multiple vertex
trajectories must be computed simultaneously avoiding not only the input curves, but
also eac other.

Group path planning addresseghe simultaneoustravel of multiple robot seedsaiming
at deweloping collaborated movemert. By assigningrepulsion forcesto ead robot seed,
awarenessof neighboring seedsensurescollision free movemert. Balch et al. [3] [4] further
increasesrobot awarenessby introducing scacial potentials. These attractiv e locations
placed around ead seedcauseneighbor seedsto orient themselesinto speci ed forma-

tions asthey travel forward. Researth exampleshave showvn successfuformation suc as
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single Te lines following the leader or walking abreast, diamond and grid groupings, as

well as wedgepatterns.

2.4.3 Hole Filling

Other surface parameterization solutions are typically found within the scope of hole
Tling. This problem attempts to parameterize surfacesover a closedregion de ned by
a hole in the model. Many techniques exist, but Martin and Cohen's [23] approacd
addressesseeral pertinent issueson which my solution builds. They de ne a conceriric
axis along the medial axis of the closed region and de ne the surface with a radial
parameterization emanating from this axis. Their solution is generalto work for arbitrary
curves,addressingparameterization and meshapproximation issues.The concerric axis
eliminates the vertex trajectory problem, but de nes unattractiv e morphs if extendedto
two input curves. Additionally , their techniques are restricted to planar surfaces,with

considerationsonly for C° contin uity.



CHAPTER 3

MESH CONVERSION

Obtaining visual continuity acrossadjacert spline surfacesis an important challenge
when cornverting a triangular mesh into a smooth multi-surface spline model. At a
corner where any number of spline surfaces meet, other than 4, it is impossible to
specify equivalent cross-loundary tangents without introducing a singularity on one of
the surfaces[19]. Therefore, a solution can at best create a G* cortin uous spline model
from the input mesh.

Livingston [19] exploresthis intersurfacecortin uity challenge. His thesiswork dewvelops
amethod to smoothly stitch the cornercreatedby three surfacesthat modi es the location
of the corner's data points. This chapter disallows such freedom through the added

constraint that the original data points are interpolated by the end surfaces.

3.1 Implemen tation
The emphasisof this researt is to addressintersurface continuity between adjacent
spline surfacesand particularly in the neighborhood of corners. The following describes
a systemthat converts triangular meshesinto smooth multi-surface spline models. This
conversionsystemis developed asan environment in which the novel algorithm for corner

stitching is implemented and analyzed.

3.1.1 System Overview
The triangle meshis converted into a spline model by tting multiple spline surfaces
to the vertices of the input mesh. Figure 3.1 illustrates the pipeline developed for the
corversionprocess. The connectivity of the molecular meshis assumedto be topologically
equivalent to a subdivided icosahedron,thus simplifying the data segmemation problem.
The systemunrolls and pairs the 20triangles of the icosahedron,forming 10rectangles
that de ne the data grid for eac bi-cubic surface. Each rectangular data grid is extracted

by walking the vertices of the triangles within the paired faces. Next, cross-lbundary
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Figure 3.1. lllustration of the conversion pipeline of a molecular triangular meshinto a
spline model. The system consistsof the following steps: (a) the input triangular mesh
has connectivity equivalert to the n!" subdivision level of an icosahedron,(b) the data is
segmetted into 10 rectangular data grids, (c) tangents are t acrossadjacert boundaries
of eadh grid, (d) tangents and twists are computed to smoothly stitch ead corner region,
and (e) complete spline interpolation createsspline surfacesfrom the collected data. (f)
Booleanoperations combine two spline modelsto form a solid model during the fabrication
process.

tangents are estimated acrossall edgesof adjacert grids. The system then computes
a con guration of cross-toundary tangents and twists for ead corner, where either 3

or 5 surfacesmeet, that minimize G? discortinuities. The twist is the crosspartial of a

surface,¥{u; v), de ned at the corner, @ég). Convertional complete spline interpolation
methods create the nal spline surfacesfrom the collected data grids and tangential

boundary vectors.

3.1.2 Data Segmentation
The systemrequiresthe input triangular meshto have a known connectivity. Because
this work is motivated through collaborated work with a molecular biological lab, the

system is developed speci cally for the molecular meshesthat which they donate. By
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assuming the input connectivity of these meshes,this researt is able to simplify the
data segmemation challenge, which is viewed as a tangential problem, and emphasize
intersurface continuity on the nal model. The intersurface cortinuity e®orts can be
coupled with other data segmemation solutions in order to handle a broader class of
input models.

The input data is sampledand represerted as a meshwith connectivity equivalert to
the n™ subdivision level of an icosahedron. The mesh'striangles are recursively grouped
forming parent triangles, until all the triangles are mapped to the original 20 facesof an
icosahedron.

These 20 triangles are paired forming 10 rectangles,as shawvn in Figure 3.1. Multiple
factors motivate this data segmemation con guration. The rectanglesdo not form T-
junctions alongthe boundariesof the patches. Every triangle from the icosahedronis used
in the con guration once and only once. The grids segmem the model into reasonable
sizes;not so small that hundreds of spline surfaceswill comprisethe end model and not
so large that it would be dizcult to adapt the segmemation solution to accommalate
meshesof other connectivities and gerus. Finally, after the data is segmermed the mesh's
vertices are marched to extract the rows and columnsfor ead of the 10 rectangular data
grids.

Surfaceinterpolation techniques require that ead data point, p;j , from ead grid is
assigneda pair of parameter values, (uj;Vj). In this system, ead data point is assigned
the pair of parametervaluesequalto the point's row and column within the grid, such that
up = i andv; = j. The following subsectionsoutline the techniquesto compute spline
surfacesthat interpolate the triangular mesh's vertices. The documertation includes
the algorithms that limit G* discortin uities along boundariesto the corner regions and

discusseshow to minimize sud ridges where they occur.

3.1.3 Data Fitting with B-Splines
Non-uniform open cubic B-spline surfacescan be computed to interpolate the ten
data grids with C? cortinuity using data tting techniques. It is shown, within geometric
designtexts [10], that cubic B-splines have two additional degreesof freedomwhen a set
of parameter valuesis assaiated with a set of data points. While there are many ways
to constrain the nal two degreesof freedom, someare used more frequertly .
The most common data tting technigues include natural spline interpolation, not-

a-knot interpolation, and complete spline interpolation. Natural spline interpolation
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Figure 3.2. Quadratic polynomials are t to the data points acrossshared boundaries
and usedto ewaluate cross-loundary tangents for the corresponding row and column.

restricts the nal two degreesof freedom by requiring that the secondderivative of the
interpolating curve is zeroat the end points. Not-a-knot interpolation constrainsthe rst
interior point to interpolate with C2 cortinuity. Finally, the most frequert, complete
spline interpolation requiresthe speci cation of tangert information at ead end point of
the curve. The bene t of complete spline interpolation is that it guarartees cortinuity
acrossadjacert spline surfaces. Specifying identical cross-lbundary tangents along the

sharedboundary of the two surfaceswill ensurea C* cortinuous stitching.

3.1.4 Cross-Boundary Tangents
Frequertly, complete spline interpolation is performed to create isolated spline sur-
faces. In this case,the boundary conditions are de ned by "tting quadratic curvesto the
“rst three data points of ead column and row, then computing the incoming tangerts.
Similarly, the nal three data points are t to obtain the outgoing tangents. Complete
spline interpolation returns a spline surface with the computed tangent vectors as its

boundary conditions.
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In order for two adjacert surfacesto be cortinuous, equivalent cross-lobundary tan-
gerts must be assignedalong their shared edge. By matching rows and columns of the
two surfacesand assigning corresponding incoming and outgoing tangerts, the surfaces
achieve C! (parametric) continuity. The systemextendsthe isolated surfaceapproad to
compute cross-loundary tangents. Quadratic polynomials are t acrossthe boundary,
utilizing the information equally from the two surfaces. As shown in Figure 3.2, the
tangent is evaluated at the shared point on the boundary, then this vector is assigned
to both surfacesto match the corresponding row or column's incoming and outgoing
tangents.

The 't considersthree points, fp; 1; po; p19.- Point p; 1 is an interior point of the rst
data grid, displacedby onelocation from the sharedpoint along a given row or column.
Point pg is the sharedboundary point at which the tangert is evaluated. Point p; belongs
to the seconddata grid and is an interior point alsodisplacedby onelocation from the po.
Parameter values,fu, 1; Up; u1g, are assignedto the 3 points in the samemanner asthey
had beenassignedto the data grids. The curve's tangent c{t) = 2a,t + ast, is evaluated

at t = uq, where,

P2i Po . _Pii Po
a, = UliUil. UOiUil;
Uij Uo
and
_ P1i Po . .
ap= ————— i a(Uo+ U;1):
Upi Uj1

It isimportant to allow ead surfaceequalin®uence on the cross-oundary tangen, as
arbitrary tangerts, or tangents basedonly on oneside'sdata grid, may inject undulations
on the two surfaces. By tting the curve acrossthe boundary, the neighborhood of the
point, po, is consideredfrom either side. Quadratic polynomials require a minimum of
3 data points, thus ead involved data grid is given equal in°uence over the direction
of the computed tangent. Consequetly, the method producestangerts that minimize

undulations within the resultant surface,asit tries to bestestimate the surfacecurvature.

3.1.5 Corner Stitc hing
De ning cross-loundary tangerts in this manner ensuresparametric cortinuity at all
points along the boundaries, save the corner points. The data segmemation solution
createstwo corner scenarioswhere it is impossibleto specify identical cross-tobundary
tangents without producing a singularity. Thesecornersoccur whereeither 3 or 5 surfaces

meet at a single point.
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Figure 3.3. lllustration of the corner tangent and twist computation pipeline. (a) The
neighborhood is extracted, (b) weighted least squares ts a cubic surfaceto the points
and tangent vectors are computed on the surface along ead boundary, (c) twists are
computed by enforcing constraints that createthe illustrated regularity about the corner.

This subsection outlines a novel algorithm to compute a con guration of tangents
and twists for ead spline surface surrounding the corner that attempts to constrain the
surfaceto be G* cortinuous. While the following discussionappliesthe algorithm only in
the cortext of the 3-way corner, the technique is scalableto any odd number of meeting
surfaces. In fact, it must be scaledto the 5-way corner casein order to complete the
corversion system.

The systemanalyzesthe properties of a cubic surface, t to the cornerregion, in order
to estimate tangent and twist values that will smoothly stitch the boundaries. First
the neighborhood of the corner is extracted, as shavn in Figure 3.3a. After assigning
parameter valuesand weights to the 2-ring neighborhood of the corner point, a weighted
least squarecubic surface,¥{u; V), is t to the region.

The partial derivatives, €* and %“ evaluated at ¥(0; 0), spanthe tangert planelocated
at the origin. The tangent vectors are computed in the direction of ead boundary

edgeby multiplying the parameter valuesfor the corresponding boundary point with the
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computed partial derivatives.

= @Ui + @/4V

tangent;(uj;v;) = i (3.1)

@ @
The system evaluates the cortrol points assaiated with ead boundary equal to one-
third the length of the corresponding tangent vector. The variables, a,b, ¢,d, and e, are
computed corresponding the thesecontrol point locations on the tangert plane, as shaovn
in Figure 3.3. The diagram in Figure 3.3 illustrates the (u;v) coordinates of ead cortrol
point on the tangent plane, as well as the variables, j, k, and |, which are scalar values
that modify the distancealongthe boundary tangent of the corresponding tangert cortrol
point.

After the control points for the tangent valueshave beencomputed, the control points
responsiblefor the corner'stwists, @‘@g‘; are evaluated for eadh spline surface. Figure 3.3d
depicts the regularity conditions enforcedon the twists' locations. The midpoint of the

line segmen connectingead pair of adjacert twist control points is equalto the tangent
cortrol point for the boundary betweenthem. Additionally , ead twist cortrol point lies
on the line de ned by the tangent vector of the opposite boundary. Further explanation of
the mathematical bene ts of this con guration is analyzedin Section3.2. The constraints

allow the variablesillustrated in Figure 3.3dto be de ned in terms of j as follows:

= bé{icd; (3.2)

- chI ia bbe; (3.3)

(iye) = (s o o: (3.
(X2;y2) = (05§ 2 &); (3.5)
(X3;y3) = (Cﬂfbse; Cz(iiacs ; (3.6)

where,j is setsud that j;k;l <= 1.0, and max(j;k;l) = 1:0.

After computing the desiredlocations of the co-planartangent and twist corntrol points
around a corner, the system corverts these valuesto tangent and twist vectors for eah
surface. Referring to Figure 3.3d, tangent and twist valuesfor eat surfaceare computed
as follows:

tangent; = 3(cp i Cpo); (3.7)

twist; = 9(cp; 1+ CP+1 i CP i CPo): (3.8)
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Figure 3.4. A comparisonof the input triangular meshwith the corverted smooth spline
model. The highlighted regionsindicate boundarieswith potential non-smaoth features.

Finally, the corner stitching algorithm producesthe remaining componens required
for complete spline interpolation. By compositing ead computed surface, the original
moleculeis reconstructedasa smoother model, asillustrated in Figure 3.4. The remainder
of this chapter quanti es the smoothnessresults through two casestudies, then analyzes
the corner con guration, providing further understanding of the mathematical details of

the corner stitching algorithm.

3.2 Corner Algorithm Analysis
The stitching algorithm enforcesa degreeof regularity about a cornerregion, attempt-
ing to minimize the G?! discortin uities. However, in regionsof higher curvature, practice
shows that a ridge will still be preser. The following section examinesthe mathematical
underpinningsthat explain this phenomenon,aswell asmotivate the chosencon guration.
To maintain G* cortinuity along a boundary betweentwo surfaces,it must hold that
°Qu) £ L(u) = &°Yu) £ R(u)). As illustrated in Figure 3.5, °Yu) is the curve of st
derivatives along the boundary, L (u) is the curve of cross-lbundary rst derivatives for
the left surface, similarly, R(u) is the curve of cross-toundary rst derivatives for the

right surface,and ® is a scalar value. In other words,
8u;°qu) £ (L(u) i R(u)) = O (3.9)

Figure 3.5 depicts the variable namesusedfor the assaiated points. Becausethe system

guarartees that the three points, lj,c;, and r; are co-linear for all i 6 0, then G?!
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Figure 3.5. The naming scheme of L (u), R(u), and °Yu), usedto further explain the
mathematical underpinnings of the corner stitching con guration.

discortin uities can only occur within the “rst knot interval. Further de ning °qu), L (u),

and R(u), for the the rst knot interval of the boundary, gives:

*Qu) = (cri @) o(u)+ (C2i c1) 1(u) + (c3i c2) 2(u);

L(u)i R(u)

[(I3i c3)i (c3i ra)l€ 3(u)
+(l27 )i (c2i r2)l€ 2(u)
H(l1i c)i (cri ro)lf 1(u)
+[(loi co)i (Coi ro)lE o(u)
2('0%r0 )£ o(u)
2(M i Co)E o(u):

By substituting bad into Equation 3.9,

(Mj co)£ (cri Co) o(u)
(M j co) £ (c2i c1) 1(u)
(Mi c)£ (c3i C2) 2(u)

Inm + +

0:

(3.10)

(3.11)

(3.12)

The basisfunctions, o(u), 1(u), and »(u), are non-zerofor the rst knot interval.

Oneway to ensurea G cortinuousstitching of this regionis to forceall the crossproduct

coexcients to evaluate to 0. This is obtained by aligning the vector vo = (M | ¢p), with

vectorsvy = (C1j Co), V2 = (C2i C1), and vz = (c3i C2). When the three vectors that

describe °°(u)'s ‘rst knot interval, vy, v, and vs, are not parallel, as in areasof high

curvature, it is impossibleto align vo. Consequetly, it is impossibleto produce a G?!

continuous surfaceformation without modifying the location of the data points.
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The basis function, ~o(u), cortributes the largest to the error in G cortinuity over
the rst knot interval. This approadc attempts to minimize the error by eliminating
this basis function and guaranteesthat vg is parallel with v;. Because 1(u) and »(u)
also cortribute someamourt of error over the region, the visual discortin uities are not
completely removed. Howewer, as examinedin the Section 3.3, these discortin uities are

greatly reducedin the nal results by comparisonto the input models.

3.3 Conversion Case Studies

Two input triangular meshesare converted into spline models. The rst modelis a low
curvature molecule and the secondis dominated by areasof high curvature particularly
at the corner regions. The con guration of cross-tbundary tangents computed by the
aforemertioned system ensuresthat a majority of the boundaries are C* cortinuous.
Only the regionsof the rst and last knot interval for each boundary are not guaranteed
to be smooth.

Therefore, corner stitching is the pivotal method that determinesthe cortin uity results
of the corverted model. The tangent and twist control points are computed about the
corner in a manner that ensuresthat the three points M, ¢, and c; are co-linear (Refer
to Figure 3.5 for the point labeling scheme). This eliminates the ~o(u) basis function
from the error computation of Equation 3.12. The implemertation details discussedin
Subsection3.1.5 use a cubic surface t through the data points in order to evaluate the
tangent plane on which the cortrol points are computed.

Multiple di®eren technigueswere usedto approximate this tangernt plane. Di®eren
tangent planeswill produce varying smoothnessresults basedon how well the 't surface
approximates the corner's behavior. In practice no one solution could guarantee better
performance over another; however, using the tangent plane of a cubic surfaceto to the
2-ring neighborhood of the corner most often realized the best results.

Static and dynamic parameterizations of the corner produceboth quadratic and cubic
surfaces t to the data. A static parameterization assignsparameter valuesto the data
points as if they were evenly spacedabout the corner. The dynamic parameterization
method projects the points onto a best t plane and computesspeci ¢ parameter values
for their projected locations. The dynamic scenario computes tangert vectors oriented
directly towards the rst data point, as seenin Figure 3.6. This gure also shaws that

the static con guration createstangent vectors that are evenly spacedcreating a slight
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Figure 3.6. (a) The dynamic parameterization producestangent vectors that radiate
from the corner directly towards the rst data point on the boundary. (b) The static
parameterization evenly spaceghe tangent vectorscreating small curveson the boundary
edgesbetweenthe rst data point and the corner.

swirl in the end result. Despite this side-e®ect,in practice the static parameterization
producesbetter cortinuity with more consistencythan other techniques. Consequetly,
the casestudiesreport results from the evaluation of atangent plane extracted from cubic
surfaces't to statically parameterizedcorner neighborhoods.

The graphsof Figure 3.7 plot the smoothnessof the two models along ead boundary.
The knot vectors for the surfacesof eadh model range over the interval of [0;16]. The
plotted data curvesare obtained by marching ead boundary individually , evaluating the
normal of the two surfacesat the sharededgepoint, and recording the di®erencebetween
thesenormals.

Two spline surfacesstitch together with G! cortinuity where the assaiated curve
plotted in Figure 3.7 is equalto 0. It is immediately clear from the graphsthat the multi-
surface spline models are predominartly G! cortinuous, and that visual discortin uities
are con ned to reside within the rst and last knot intervals of eadh boundary that
the model. These con ned regionsare nite in number and constitute a small fraction
of the end surface. Figure 3.4 highlights the small intervals over which the end model
may not maintain G* cortinuity, further exemplifying the remotenessof their impact. A
secondclear conclusionfrom the graphsis that the rst model results in smaller angles

betweennormals. As expectedby the analysisprovided in Section 3.2, modelswith lower
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Figure 3.7. The anglesbetweennormals at shared points along eath boundary on (a)
the lower curvature model and (b) the high curvature model.

curvature around corner regionswill experiencea more successfuland smoother stitching
con guration.

The lower curvature molecule, Figure 3.7a, enduresa worst caseangle di®erenceof
1:74*. This sameboundary on the original mesh has a 7:6* angle betweenthe triangle
normals. The cornversion system producesa smoother model, that in its worst casehas
signi cantly smaller visual discortin uities than the original represenation. Additionally ,
approximately 92% of the model's boundary regions are G! cortinuous and 99% are

within 1* of G! cortinuity. Therefore, of the small portion of the overall boundary space
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wherevisual cortin uity may be compromised,an even smaller portion will have noticeable
discortin uities.

The secondmodel with higher curvature experiencessimilar success.The worst case
angle di®erenceof 4:48 to a 12:4* angle di®erencebetweenthe triangles on the original
mesh. The corverted spline model is 91% G? corntinuous and 98% within 1* of G?!
cortinuity along its boundaries. While the worst caseis larger than the rst model,
the corversion records similar percertages of smoothness. The secondmodel corverts
well around most cornersand only 14 of 50, asindicated by Figure 3.7, have di®erences

greater than 1*.



CHAPTER 4

SURFACE PARAMETERIZA  TION

A split away mold constitutes two halvesthat when clamped together form a cavity
that describes the model. Plastics are injected into this cavity which harden into a
physical form can be ejected from the mold. Figure 4.1 illustrates and identi es the
di®erent componerts of a split away mold.

Split away molds may be constructed from metal or be °exible and madefrom rubber.
Flexible molds can not endure the samehigh levels of pressureas the metal molds which
limits their applicability. Despite such shortcomings they still nd extensive use in
manufacturing. Flexible split away molds are advantageousin that they are able to
bend while ejecteda hardenedplastic form from their cavity. Metal split away molds do
not bene t from this elastic property and as a result de ning these molds becomesmore
dizcult.

Metal molds must de ne a parting surfacesbetween an object's silhouette edgeand
the mold boundary. A silhouette edgeis the collection of points on a 3D model whose
surface normals are perpendicular to a given view direction. First a viewpoint must
be computed such that a single and complete silhouette edgeis found on the model.
When this silhouette edgeis non-planar it may prove ditcult to parameterizethe parting
surface.

The challenge lies in computing a surfacethat does not have any fold-over regions.
Theseillegal areasof the parting surfaceare detectable as overlaps within the projection
of the parameterization onto a plane. A fold-over will prohibit a split away mold from
clamping together and separating while manufacturing the pieces.

In the processof creating a split away mold the parting surfacemust be parameterized
to allow for the generation of tool paths for the milling machines. When a silhouette edge
cannot be found to de ne the object or the parting surfacecan not be de ned the °exible

split away mold may be usedin place of the metal.
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Figure 4.1. lllustration of a split away mold identifying its key componerts.

The following chapter describes a system to parameterize a valid parting surface
betweentwo 3D curves,the object's silhouette edgeand the mold boundary ead of which
may have independertly arbitrary degree. Implementation details discuss methods to
compute non-intersecting vertex tra jectories, to extract and smooth meshesandto satisfy
intersurface cortinuity constraints. Case studies analyze the results and mathematical

analysesfurther discussthe challengesthat are tackled by the system.

4.1 Projecting the Problem

The speci cation of a parting surfacerequires additional constraints above those of a
well-behaved surface. Where a well-behaved surfacecannot cortain any self-intersections,
a parting surfacemust also be completely viewable from at least one orthographic view-
point. In other words, the normal of the surfaceat all points will negatively dot with this
view direction.

A characteristic of a silhouette edgefor a split-away mold, is that it is able to be
projected to a plane without producing any self-intersections. This projected planeis per-
pendicular to the previously mentioned view direction. Therefore, it must similarly hold

for the parting surface,¥{u;v) = (x(u;Vv);y(u;Vv); z(u;Vv)), that, 8u8v, n(u;Vv) ¢tNpy, >= 0,

wheren(u;v) = @4V £ @) and Ny, is the normal to the projection plane.
If the coordinate systemis changedsud that the projection plane of the silhouette
curve is the xz plane, then Ny, = (0; 1;0), simplifying the restriction:
@(u; V) @(u;v) i @(u;v) @(u;Vv)
@ @ @ @

Substitution of the following equalities:

)> O (4.1)

8u8v; (ny(u;v) =
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Figure 4.2. The mesh shows two violations of the if-else condition of Equation 4.4
located at the certer point. The columns are indicated by solid lines and the rows are
drawn with dotted lines. (left) Shows a violation when the 'if ' condition is true. (right)
Shows a violation when the 'if ' condition is false.

@(uyv) _ Ny gNv (Zi i Zii13) o viev (V) i ui 2w (W) u .
@ §i=1§j=0 Uit yi U ’
@(uyv)  _ gnu ghv (Zi i Zi 1) o vi tev (M) iy (W) v,

@ = i=03j=1 Vit yi Vi ’ (4.2)
@(uyv)  — Nu gnv (i 0 Xii 15) o view (V) i i 1ea (W) u . '
@ §i=1§j=0 Ui+ . yi Ui ’

@uyv) _— gMu gnv (i i Xig i 1) Ji vi Loy (V) e yieu (W) v .

@ i=0>j=1 Vit yi Vi '

shows that only the x and z componerts can attribute the negative values that may
violate equation 4.1. Ignoring the basisfunctions, the substitution leadsto the following
expression:

(Zivny i Zig )(Xig+1 i Xij) > (Xiwng i Xig NZij+1 i Zi): (4.3)

Further division requiresthe if-else clause:

slop&oiumn = %,

if ((Xiery i Xij) ®(Xij+1 i Xij) > 0) (4.4)
slop& ow > Slopeoiumn

else

slopgow < Slop&oiumn :

Equation 4.4 implies that comparisonsof next-row and next-column vectors' slopes
within the projection plane can be used to detect overlaps which violate the surface
normal condition of Equation 4.1. A control mesh without the intersections shovn in
Figure 4.2 which occur betweenany two columns or betweenany two rows is guaranteed
to be a valid parting surface.
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Therefore, the computation of a legal corntrol mesh can be performed within the
projection plane where it is trivial to detect the discussedintersections. This planar
meshmust then be lifted into 3D to match the input curves. The height componert is not
restricted by the proof which indicates that it is an independert variable. Consequetly
if a meshdoesnot have any intersectionswithin the plane then raising it into the original
3D problem spacewill not violate the conditions required to produce a valid parting

surface.

4.2 Implemen tation
This surface parameterization solution views the problem of surface creation as a
heavily constrainedmorphing challenge. The systemaimsto develop two morphing curves
that originate from the input curves and deform over time until they both de ne the
identical curve along the medial axis. The two surfacesthat are swept by thesemorphing

curvesas a function of time becomethe system'soutput parting surface.

421 System Overview

The system generation acceptsthe silhouette edgefor the molding object, the mold
boundary and the planar medial axis that separatesthe projected curvesasinputs. The
two 3D curves may have independertly arbitrary degree and parameterizations. By
de nition thesecurvesmust project onto a commonplane without intersectingthemselves
nor ead other. The medial axis data structure is described within this plane to divide
the projections of the two input curves.

The surface parameterization system createstwo surfacesthat originate from ead of
the input curvesand meet along the medial axis. Figure 4.3 breaks the algorithm into
four main steps. After the two 3D curvesare projected onto a plane, the systemcomputes
non-intersecting vertex paths to navigate from ewvery control point to the input medial
axis. Next a 2D corntrol meshis extracted by an algorithm that guaranteesall rows and
columns are free the intersections explained by Equation 4.4. Then the meshis re ned
and columnsslid to ead of the medial axis' vertices establishinga vertex correspondence.
Finally the systemcomputesthe height componerts lifting the planar meshinto 3D which

de nes a surface spanning the spacebetweenthe two input curves.
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Figure 4.3. The surface parameterization rst projects the input curvesto a valid

projection plane, then performs four main steps: (a) compute vertex trajectories, (b)

extract planar meshes,(c) match last rows to a common polyline, (d) lift the meshes
badk into 3D. In the end a multi-surface spline model represens the parting surface
betweenthe input curves.

4.2.2 Vertex Trajectories

The rst of the four major stepsin the surface parameterization is to compute the
vertex trajectories. A vertex trajectory is its path mapped over time asit travelsfrom the
assaiated control point of either of the two input curvesto the medial axis. Somemor-
phing applications dewelop intersection-freevertex paths most commonly using heuristic
basedsliding approades. Instead, this systemproducesmore elegan tra jectoriesinspired
by the results of robot path planning models and potential eld researd.

Robot path planning solutions assign potential forcesto polygonal shapesthat are
scattered in an ervironment. Seed points corresponding to the robots are dropped
into this spaceand paths are extracted by walking the potential gradient. This surface

parameterization systemcomputesvertex tra jectoriesfor ead control point by borrowing
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from theseideas. Smooth paths are determined for ead vertex by repelling its assaiated
seedpoints from the control meshesof the input curvestowards the medial axis.

Repulsion force functions are assignedto the input curves. The edgesof the medial
axis are classi ed and assignedeither an attraction force or a °ow eld. These forces
remove all local minima from the vector eld aiding in the vertex seeds'navigation of
concaveregions. The seedsarethen traced on a priorit y basewhich allows trailing seedso
catch their leadersand employ group path planning techniques. After a step is computed
the new location is jittered by repelling away from neighbor paths in order to spreadthe
tra jectories.

The remainder of this subsectionfurther discusseghe algorithm. The force function
directions and magnitudes are explained and °ow "elds are intro duced as a novel method
to eliminate local minima. Additionally , neighbor avoidance measuresand the purpose
of the priority queue are explained to better understand the collaborated movemernt of

the seedpaths.

4.2.2.1 Force Function Types

The input curves are assignedglobal repulsion force elds, meart to repel the seed
points no matter their distance to the control mesh. These functions are inversely
proportional to the distance from the curve showvn asthe exponertial fall o®functions in
Figure 4.4. The magnitude of the force approachesin nit y asa seedbecomesoo closeto
the curves' control mesh. As sud, it guaraneesthat a seedis unable to crossthe input
control meshesand restricts vertex motion within the desiredregion.

Local minima threaten to trap seed points that would trace through the current
ernvironment. A common challenge in robot path planning becomesnavigating the
concave pockets that are created by obstaclesthat have given the repulsion forces. This
system leveragesthe medial axis in order to create a new continuous vector eld that is
void of the undesiredlocal minima. In the end seedpoints can trace without becoming
caugh in theseregions. The segmeits of the medial axis are classi ed as either a core or
branch edge. A core edgede nes a portion of the skeleton that separatesthe two input
curves. Branch edgesseparateone curve from itself and lead from a local minimum to a
core edge.

The core skeleton edgesare given two attraction “elds, one with global in°uence and
the secondwith a local in°uence. The global in°uence is intended to give a weak draw

towards the medial axis for all seedpoints despite their distance through the use of
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Figure 4.4. The left side shaws the local function, a shifted cosine function, that
describes a shrinking force magnitude as the distance grows. The right side illustrates
the global function, an exponertial fall o®in magnitude asthe distance increases.

exponertial fall o® functions shaowvn in Figure 4.4. The secondfunction is intended to
provide a stronger local attraction that hasthe e®ectof snapping seedsthat are within a
viewable rangeof the coreedge. The radius of in°uence of the local function is determined
asthe distanceto the nearestpoint onthe input control meshedor ead core skeletonedge
endpoint. The maximum magnitude for the sameendpoint is assignedas a user de ned
constart times the radius of inuence. The local function is a cosine function shifted
upward by half the magnitude and scaled over the radius of in°uence as illustrated by
Figure 4.4.

Branch skeleton edgesare assigned®ow elds. A °ow eld is a local function whose
magnitude is determined by the shifted cosine shown in Figure 4.4. Similar to the
attraction local force function, the area of in°uence is computed as the closest point
on either input control mesh. The magnitude is computed as a user de ned variable
times the strength of the original repulsion eld at the branch skeleton edge endpoints'

location. This user de ned variable must be greater than 1:0 in order to guarantee that
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Figure 4.5. A break down of the force function directions assignedto ead of the
di®erent componerts of the environment: input curves, medial axis core edgeand medial
axis branch edge.

the °ow eld will be strong enoughto overcomethe forcesthat create a local minima.
The use of a local force function alone con nes the °ow eld's area of in°uence to the
concave pocket that formed its assaiated local minimum.

The discussedforce magnitudes and areasof in°uence de ne a cortinuous vector eld
that will usherpoints away from the input control meshesand navigate out of any concave

pocket. Figure 4.5 illustrates the forcesassignedto ead componert which hints at the
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Figure 4.6. (a) The seedpath computation is outlined by walking through the next
step computation for the middle of the three seeds.(b) The next step for a seedlocation
is computed basedon the vector "eld information at that point. (c) The repulsion from
neighbor seed paths is computed and summed. (d) Compute the componernt of the
neighbor repulsion perpendicular to the next step vector and sum the results.

vectors of the resultant vector eld. This vertex trajectory tracing solution is able to
navigate any concavity without heuristics by removing local minima and maintaining the
cortinuous vector eld. Consequetly, the solution maintains the guarantee that in their

limit, two vertex paths will not intersect.

4.2.2.2 Neighbor Avoidance and Step Computation

Seedtrajectories are computed with discrete sampling stepsthrough the vector “eld.
While adaptive fth order runge-kutta approximation is able to limit the deviation of the
computed path from the actual path, enougherror exists such that it is conceiable that
two seedpaths may inadvertently cross. Consequetly, additional e®ortsare required to
prevent such accidertal path intersections due to error in the discretely sampled path
approximations.

The simultaneous tracing of multiple vertex seedsthrough the created vector eld
resenbles the challengesof group path planning. Similar to these solutions, this system
assignsseedsand their computed paths a repulsion force to prevent neighbors from
colliding or intersecting ead other's paths. When computing a seedstep, theseadditional
repulsion forces prohibit intersections and encouragespreading of the seedpaths where
possible. However, such repulsionsmay prevent a seed'sforward progresstoward the core
medial axis edgesby creating new local minima within the vector eld.

Instead, seedpath repulsion is only consideredin the direction perpendicular to the

seed'stravel. Figure 4.6illustrates step-by-step the algorithm that computesthe seedpath
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repulsion e®ectswithout impeding another seed'sability to trace out to completion. The
‘rst step computesthe seed'sstep vector using the input curvesand extracted skeleton
forces. At this new location the repulsion from neighboring paths is computed and
summed. The componert of this summed vector that is perpendicular to the computed
step vector is then addedto the step vector in order to determine the seed'snew location.

Forward movemen will not be impeded becausethe algorithm usesthe componert
perpendicular to the seed'stravel. Additionally , the only time two seedsmay intersect is
when they are traveling parallel and becomingasymptotically close. The componert of
the repulsion vector perpendicular to the seed'stravel will be large in such caseswhich
urgesthe seedso move away from ead other. Thus, the algorithm producesintersection
free paths and seedspreadingthrough the use of these additional sccial repulsion forces

and path computation steps.

4.2.2.3 Seed Priorit y Queue

An important requiremert of this group path tracing systemis that the seedpoints
be near eadh other while tracing. This allows eat seedequal in°uence over the path
computation of its neighbors suc that the points will move in collaboration rather than
acting as individuals. Any non-simultaneous tracing technique will allow leading seeds
to trace una®ectedby their trailing neighbors. The following seedswill be bullied by the
cemeried paths of the leading seedsand are unable to push bad modifying sud paths.

Therefore, seedpath computation must be prioritized sud that someseedsare stalled
while the system repeatedly computes stepsfor those with longer distancesto travel. A
priorit y queueinserts a seedbasedon the angle betweenthe edgesto its neighbors. Small
anglesindicate that a seedis trailing the neighbor points and that its steps should be
computed before seedentries with larger angles. Priorit y queuedtracing allows a trailing
seedthe opportunit y to catch its neighbors and then exert a force that will in°uence their
paths.

Figure 4.7 and Figure 4.8 shows the advantages gained from priority queue seed
tracing. The rst gure illustrates the paths that result from round robin computation
where lead seedstrace paths una®ectedby the trailing neighbors. The second gure
exempli es the priorit y basedtracing wherethe trailing seedscatch their neighbors. They
are able to exert an equal and opposite force that e®ectsthe path computation and leads
to better dispersion of the vertex paths. The path spreadingis apparert in the tunnel

region where many paths must squeezehrough the small space.
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Figure 4.7. Round Robing computation will allow seedsahead of others to travel as
if lone seeds. Trailing seedssqueezebetween the already computed paths, becoming
extremely closeasthey travel long distances.

4.2.3 Trajectory Parameterization
After tracing the vertex paths to the medial axis, the system builds a cortrol mesh
that satis es the constraints of Equation 4.4. An identical parameterization is assigned
to ead of the vertex trajectories for a single curve. The vertex trajectories becomethe
columns of the control mesh and the segmetts that connect identically parameterized

neighbor path points becomethe rows. The goal is to reducethe number of data points



35

Figure 4.8. Priority seedtracing allows trailing seedsto catch their neighbors, then
in°uence ead other equally, further spreading paths whenewer possible. Note the
regularity of the spacingbetween paths asthey travel through the bottle ned region.

within a path to a minimal setthat produce a valid mesh.

Data reduction techniquesare able to eliminate unnecessarydata points of a polyline
basedon error metrics. The end line segmers will cluster more endpoints into areasof
high curvature and uselong segmeltts to approximate straighter regions. Data reduction
techniquesusedon the vertex tra jectories can no longer guarartee intersection free paths

becausethey do not considerneighbor path information. The secondstep of the surface
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Figure 4.9. (a) The advancemen step alongthe middle seedwill violate the neightorhood
view-ability condition, triggering a register event (b) The advancemen step along the
middle seedwill violate the future path intersection condition, triggering a register event
(c) The advancemen of a seedin areasof high curvature causingthe error, the sum of
the distance of eath approximated data point to the segmenm, to breac the userde ned
tolerance level will violate the curvature threshold condition, triggering a register event

parameterization system extends a greedy data reduction policy to consider both the

polyline's error metric and neighbor path characteristics.

4.2.3.1 Greedy Neighbor-Aw are Data Reduction

The greedydata reduction algorithm marchesalong a polyline tting the longestline
segmers possibleasit travels from start to end. One line segmen is terminated and
another one beginswhen the error of the approximation climbs above a given threshold.
This approad is extendedby adding two additional termination cheds that ched against
the neighbor paths.

The greedy neighbor-aware algorithm extracts a control meshfrom the vertex trajec-
tories by walking the paths in parallel. The priority seedqueue used during the vertex
trajectory computation again dictates the ordering of seed computation. The greedy
algorithm initializes previous and current locations for eat seedpath asbeing the start
location. The system then pops a seedo® the priority queue and computes the next
location as the advancemen of the current location marker by walking one step along
the seedpath. If a line segmen approximating the region of path betweenthe next and
previous stepsdoesnot violate a trigger condition then the next location is copied into
the current location and the seedand its neighbors are re-insertedinto the priorit y queue
with the new angles.

Trigger conditions test for the violation of the constraints placed on the resultant
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mesh. Figure 4.9 illustrates the violating casesof eat of the three triggers. The rst is
termed the neightorhood view-ability (Figure 4.9a) asit ensuresthat the approximating

line segmen does not crossthe seeds'neighbors' approximating line segmeis nor the
previously committed row. This trigger doesnot permit illegal advancemen along a seed
path that will violate the conditions of Equation 4.4. The secondcondition is future
path intersection (Figure 4.9b) which is violated when an approximating line segmen
intersectswith the future path of the neighbor seeds. This ched prevents crossingthat

may yet occur and is performed as an extra security asthe priority seedqueue should
disallow any single seedfrom advancing far enoughaheadof the othersin order to violate
this case. The nal condition is the curvature threshold (Figure 4.9c) that compares
the error assaiated with an approximating segmem with a user de ned tolerance. This

condition is the basic greedyalgorithm condition which ensuresthat the reducedpolyline
maintains someshape similarity to the original vertex trajectory.

The violation of any one of the three trigger conditions °ags a register event Register
everts indicate when a new row must be committed to the mesh. When a seedsnext step
causesaregisterevert the previous location of all seedsare appendedto the corresponding
columns of the end surfacemesh,the seeds'previous locations are then updated to equal
the current locations, and the advancemen processis cortinued. Someseeds'current
location may not have moved betweensubsequelly triggered register events. In this case,
points are inserted by subdividing the segmen betweenthe last two committed locations
becauseall points along this line segmen will be a valid by the trigger tests.

In the end the greedyneighbor-aware algorithm guaranteesto producea valid cortrol
mesh. Neighborhood view-ability and future path intersection triggers prevent inter-
sections between the rows or columns of the resultant mesh which guaranteesthat the
constraints for Equation 4.4 are satis ed. The curvature trigger aids in the capturing the

shape of the computed vertex tra jectories within the columns of the end mesh.

4.2.4 Vertex Corresp ondence
The rst two stepscompute vertex trajectories and extract planar control meshesfor
ead input curveindependerly. It is not until the third stagethat onecontrol meshmust
be aware of the other. After the two mesheshave been completed they must agreeon
a vertex correspondencein order to match points along the nal curve to achieve a C°
stitching acrossthe medial axis.
The systemcomputesa vertex correspondencebasedon the proximity of the columns



38

locations on the medial axis. The systemdoesnot require the input curvesto have similar

parameterizations nor curve degrees. Consequetly, the vertex corresppndencebecomes
matching the two meshesalong a degreeraised piecewiselinear spline. This requires
multi-knot re nement to add control points that will match the other curve and sliding

rules to align these points.

The vertex correspndencealgorithm is reduced to 5 major steps. The algorithm
“rst constructs a last row polyline by connecting vertices of the nal row of ead cortrol
mesh ordered by their intersection with the medial axis. Then this last row polyline's
vertices are reducedto obtain a common polyline at which the algorithm will make the
two surfacesmeet with C° cortinuity. Re nement and sliding techniques are employed
to force the two surfacesto align along the reducedpolyline. In the end, nal relaxation
rules ensurethat the cortrol mesheswill de ne spline surfacesthat have a C* cortinuous
stitching acrossthe reduced last row polyline. The details and considerations of these

stepsare explainedin the remaining subsections.

4.2.4.1 Last Row Polyline

The rst step of matching the control meshesalong the medial axis entails the
construction of the last row polyline. This polyline is a collection of line segmerms that
connect ead of the control points of the last row of the two meshesin order from the
“rst start point to the secondend point. Figure ??a highlights the last row polyline.

Figure ??b showvs an example of the data reduced polyline. This processemploys a
data reduction policy that computesthe error of dropping a point from the polyline and
removesthose with the lowest metric. Any reduction that would causean intersection of
the polyline with the input curve control meshess not allowed. In the endthe constructed
polyline represeits the agreedcommon piecewiselinear curve to which eat cortrol mesh

will form in its last row.

4.2.4.2 Matc hing Vertices

The two control meshesmust slide the rows and columns to match up to the agreed
common curve and remove any intersectionsthat may occur. Columns are either trun-
cated or extended such that they ead end at the new medial axis. During this process
the rows must slide badk and forth along the columns such that no intersections result

from the process.
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Figure 4.10. The illustrations help explain the reasoningfor the di®eren knot insertion
rules, shown in the example with quadratic (left) and cubic (right) curves. (upper left)
Even degreeand vertex matched with column ¢;, insert knot at ¢;'s node value. (upper
right) Odd degreeand vertex matched with column ¢;, insert knot at ¢'s middle knot
value, ki+ degree , 5. (lower left) Even degreeand vertex between columns ¢; and Ci4+1,

insert knot at the middle sharedknot K., seqree,, - (lower right) Odd degreeand vertex
2

betweencolumnsc and ¢j+1, insert knot at the node value with the sameratio between
¢ and ¢4+, asthe distance betweenthese points.

After the two meshesmatch their nal rows alongthe new medial axis, closestpoints
are slid to the vertices of the polyline. Only one column from ead control meshis slid
to ead of the verticesand only if the column is within somedistance tolerance from the
vertex. When a column is slid towards the medial axis vertex ead of it rows are modi ed
sudh that the slide does not create intersections between the mesh edges. Figure ??c
illustrates the slid columns where somevertices are matched while others are not. The
purposeof this stepis to give an indication asto what knot valuesneedto be insertedin

the preceedingstep.

4.2.43 Multi-Knot Insertion
When a piecewiselinear curve is degreeraised ead of the vertices will have a node

value that is equalto a knot value that has multiplicit y equal to the degreeof the curve.

Ki+1 +Ki+2 +Ki+3 + i+ Kj+ degree
degree

The node value of a point, p;, of a curve is computed as , Where
k; arethe knot values. At such points the curve is broken and allowed to form the sharp
anglesthus mimicking the vertices of the polyline.

Similarly the node values of the columns that match the vertices of the last row
polyline must correspond to knot values of degree multiplicit y. The system performs
knot insertion to createthe multi-knot columnsthat will align with ead of the polyline's
vertices. The value of the knot to insert with degreemultiplicit y dependson the curve
degreeand whether the vertex was matched with a column or not.

The di®erert rules for knot insertion are shown in Figure 4.10 as being dependen
on the curve's degreeand whether a column matched with the vertex or not. These
rules are designedto insert multiple columns such that the column with a node value
equivalent to the inserted knot value will be closely located to the vertex with which it

must match. The results of inserting a knot value of multiplicit y equal to the curve's
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degreehas di®eren e®ectsin the four di®erer scenarios.

When a column, ¢;, of the control mesh matches with a vertex on the polyline the
upper two imagesof Figure 4.10show the results of the knots insertion rules. If the curve
has an even degreethen the knot value inserted with degreemultiplicit y is equal to the
node value of ¢;. After re nement the column who's node value is equal to the inserted
knot value will be interpolated by the surfacenearto the original column, ¢;. If the curve
has an odd degreethe inserted knot should correspond to the middle knot value usedto
calculate the column's node value. For example, a cubic curve evaluates the node value

of column ¢ as being Xix*kirz *kiss

. The systeminserts degeeij 1 or 2 knots equal to
Ki+2 .

On the other hand, some vertices will not match a column as shown in the lower
two imagesof Figure 4.10. If the curve has an even degreeand the vertex lies between
columns ¢; and ¢+1, the knot value inserted will equal the middle knot value shared by

two columns, K; , degree For example, a quadratic curve inserts degeej 1 or 1 knots

+1°
at the middle knotzvalue equal to ki+%+1 or ki+2. If the curve degreeis odd then the
distance betweenthe vertex and column ¢; is computed asd; while the distance between
the vertex and column ¢j+; is computed asd,. The knot value that the systeminserts is
betweenthe node valuesof ¢; and ¢j+1 with the sameratio asd; to do.

The system computes all knot values for which the end surface must have degee
multiplicit y. Theseknots are inserted into the knot vector and the surfaceis re ned. The
knot insertion rules attempt to minimize the distance between the multi-knot columns
and their corresponding vertex match; howewver, some sliding will be required. After
the re nement the mesh columns are truncated or extended to match the polyline and
the columns are carefully slid along the skeleton until all vertices are matched with a
multi-knot column.

The nal row polyline is matched by ead of the control meshes. The common last
row is a piecewiselinear curve that has been degreeraised by ead of the surfacesto
match its degreein the rst dimension. The surface parameterization algorithm is able
to de ne two surfacesof di®ereri degreesand ensurea C° cortinuous stitching across
their adjacert boundary. Further meshsmoothing is performedto ensurethat the meshes

becomeC? cortinuous acrosstheir sharedboundary.
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4.2.4.4 Mesh Smoothing

The nal planar meshcreation step involvesthe relaxation of the vertices within the
two control meshes. The goals of the mesh smoothing techniques include obtaining C?
cortin uity acrossthe boundary of the two meshesC* contin uity acrossthe multiple knot
columnswithin a single surface,and spreadingcortrol points away from highly congested
regions.

First the systeminserts two additional rowsinto the corntrol meshbetweenthe last and
secondto last row. These rst row is intended to describe the cross-lbundary tangerts
and the secondrow is meart to allow additional spreading of the columns. Additionally
the greedy neighbor-aware algorithm does not have any requiremert of the number of
rows that are in the created mesh. The minimum number of rows possibleis two, the
‘rst and last. The addition of thesetwo extra rows realizesa minimum of four rows in
every control meshand thus cubic degreesurfacesin this dimension.

The extra rows are slid to form tangents acrossthe medial axis boundary. The system
computes the tangents for columns who correspond to the multiple knots as being the
halfway angle betweennext column and previous column edges.The last interior control
point for these columnsis slid along this tangent vector originating at the column's last
control point. The control point is slid along the vector until it createsan intersection
within the meshor until it becomesfurther away from the last corntrol point asit was
originally.

The remaining columns are spreadout after the tangert is setup for the multiple knot
columns. For a given column, the system computesits distanceto the next and previous
multiple knot columns aswell as all three node values. Then the algorithm attempts to
slide the column's last cortrol point along the medial axis polyline suc that its distance
ratio betweenthe multiple knot columnsis equivalent to the nodal ratio. The extra two
rows of cortrol points becomeusefulin bending the column around cornersin the mesh.

The bending around corners and spacing of columns occurs as a two stage process.
First the last cortrol point is slide down the polyline keepingthe nal four cortrol points
co-linear. Of thesefour cortrol points the two end points are the original meshand the
middle two are the inserted rows; therefore, the control points are initially co-linear and
do not require any special sliding. This rst passdoesnot always get the cortrol point
to the nal destination. A secondpassslides the last control point further along the

polyline keepingthe nal three control points co-linear. This is where the control mesh
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bendsaround areasit previously could not reac.

The “rst and last control point locations are nalized for ead column after the
previous spreading step. The remainder of the mesh smoothing entails developing the
tangents for the columns acrossthe medial axis polyline, and spreading of the internal
points to form a more intuitiv e mesh.

Tangerts for the columns are computed then formed by tting the secondto last row
along the vectors. The algorithm computesthe tangent for ead column by computing
the distance ratio to the previous and next multiple knot columns' cortrol points on
the medial axis polyline. Then the algorithm assignsthe tangent that is the sameratio
betweenthe two multiple knot columns' tangerts. The secondto last control point slides
along the computed tangent until its length maxesout similar to the previous tangent
“tting technique.

After tangents are grown then the rst and nal two rows are cemeried and the
algorithm dewelops a smoothing technique for the remaining internal control points.
Laplacian smoothing techniques exhibited poor performancein practice. Commonly the
control points of a column are clustered at one end of the mesh. Consequetly, it proved
dixcult for corvertional techniquesto quickly and adequately spreadthesepoints evenly
along the column. Instead the meshsmoothing algorithm implements techniquesdirectly
aimed at relaxing such situations. During the mesh smoothing steps it is important
to note that special considerationsare made to ensurethat columns maintain co-linear
connectionsacrossthe multiple knot columns. The control points of both the column and
its neighbor multiple knot column are slid to maintain the co-linear connection before
testing the validity of a slide.

The internal smoothing method is a two step processthat rst spreadspoints along
ead column then spaceghem out within the mesh. Each column is analyzedindividually
asits points are jittered. The algorithm tries to slide the points along the column until
they are evenly spaced. The legality of the slides are chedked to ensurethat no °ips in
the meshare committed. After this stagethe bunching issueis quickly eliminated.

The secondstep of the internal mesh smoothing relaxes the points in relation to
the neighboring columns. If a line segmen can approximate the column from start
to end without intersecting the neighbor columns, then ead point is relaxed toward
the midpoint of its neighbors within the column. Mearwhile the remaining columns

implement a Laplacian smoothing that takesinto accoun the neighboring cortrol points.
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In this manner, columnsthat can be straight toward their destination quickly becomeso
while others accourt for neighbors and try to evenly spread around. The implemented
smoothing processis directly aimed at addressingthe challengesmost often encounered

as a byproduct of the meshcreation process.

4.3 3D Mesh Creation

The fourth and nal stageindicated in the Figure 4.3 is the projecting of the planar
meshbadk into the original 3D spaceof the input curves. Becausethe 2D meshis created
within the projection plane of the parting surface,to create a 3D meshis a problem of
determining the height componernt of ead cortrol point. The systemis given two 3D
curves betweenwhich it is to de ne a surface. Thus far the parameterization algorithm
develops two planar surface corntrol meshesthat originate from the projection of these
curvesand meetstogether along the medial axis.

The rst step of lifting the meshesinto 3D involves determining the height of eac
cortrol point within the rst row of the two meshes.The rst row of each meshis lifted
to de ne the input curves. Next the vertices of the medial axis polyline are computed as
a convex combination of the corresponding columnsand their rst row heights. After the
vertices' heights are computed, the remaining columns' last row cortrol point heights are
computed as corvex combinations of the vertex heights sud that the medial axis polyline
is lifted into 3D and the original vertices again de ne the segmeits of the polyline.

The system computes the height componert for all internal points after lifting the
‘rst and last rows of eah meshinto 3D. Each column is handled individually as the
cortrol points are lifted as a convex combination of the ‘rst and last row heights of the
column and the points percertage along the column's length. The internal points heights
are relaxed by a weighted averageof the neighbor's heights inversely proportional to the
distance of the neighbor point.

Finally the algorithm relaxesthe height componerts to again obtain C* contin uity
acrossthe medial axis and within a single surface acrossmultiple knot columns. This
process rst computesthe tangent cortrol point heights acrossthe medial axis polyline.
The rst interior cortrol point to either side of the polyline is relaxed until the points
are co-linear. After ead of the multiple knot columns are walked adjusting these points
height to make it co-linear with the neighbor column heights.

In the end the systemis able to parameterize a surfacebetweenthe two input curves
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Figure 4.11. Three views of the surfaceparameterization system'soutput giventwo 3D
spline curves of arbitrary degree. The end result is a valid parting surface composed of
two spline surfaces. The bounds of eat surfaceis indicated by the di®eren colors.
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as exhibited in Figure 4.11. The surfacethat is de ned represerts a legal parting surface
void of overlaps and overhanging regions. The methods describe two morphing curves
that originate from the input curvesand de ne smooth surfacesas they are swept over
time to meet with C? continuity along the medial axis. The two surfacesare indicated

by di®erert colorsin the image of Figure 4.11.

4.3.1 Contin uity Analysis

The computation and relaxation of the output control meshesof this surface param-
eterization system strive for C! continuity wherewer possible. This is not possibleat all
locations becausethe systemallows for curveswith arbitrary degree,di®ering degreeand
dissimilar parameterizations. This following section analyzeswhere cortinuity is gained
and lost on the nal surfacethat is composedby the two created spline surfaces.

The surface parameterization algorithm constructs the surfaceswith the input curve
degreein the rst dimension and cubic degreein the seconddimension. The algorithm
relaxesthe tangerts sud that it achievesa C! contin uousstitching acrossthe two surfaces
at the medial axis. Additionally C?! continuity is maintained acrossall multiple knot
columnsthat are createdthrough the re nement processduring the vertex correspondence
stage.

The system is not able to guarantee smooth results in all locations of the surface.
In the evert that the input curves contain C! discortinuities, the system attempts to
smooth these out within the surfaces. Howewer, the system is unable to modify the
input curve and must create the discortinuities on the end surface to properly match
its curve. Additionally , becausethe two input curves are allowed di®ering degreesand
parameterizations the system requires that the medial axis polyline be a degreeraised
piecewiselinear curve. This requiremert allows all curve degreesto be given on input
to the system. For this reasonthe algorithm is unable to maintain anything but C°
continuity at thesepoints.

In short, the system guarartees at least C! cortinuity at all points in the second
dimension on the end surface. In the st dimension C! continuity is achieved at most
points. The major exceptionsbeing the violations on the input curve, and the surface

near the vertices of the medial axis polyline.



CHAPTER 5

CONCLUSION

To the delight of molecular biologists, by whom this work is inspired, this researt
solvestwo challengesthat previously hindered the construction of physical visualizations.
The rst system accurately corverts a molecular mesh into a smooth spline model.
Leveraging the newly realized homogenousernvironment, modeling software toolkits can
combine the protein strand's spline model with its assaiated converted molecular spline
surfacevia boolean operations asin Figure 5.1. The secondsystem parameterizesvalid
parting surfacesthat are necessaryto create the tool paths neededto construct metal
split away molds, shown in Figure 5.2. After obtaining the solid model of the molecular
data and de ning the parting surface for the mold, the fabrication processis able to
produce the desired physical visualizations as shavn in Figure 1.1.

Two main advantages of the corversion system are accuracy and smoothness. The
cornverted models maintain the original data using point interpolation. Additionally , the
stitching methods enforceinter-surface contin uity betweenthe 10 bi-cubic spline surfaces
usedto encompasghe input mesh. The algorithms con nes visual discortin uities to small
regionsaround the cornersof the spline surfaces.In casestudies the worst discortin uity
that resultsis signi cantly better than the corresponding boundary on the original mesh.
The new spline model is an accurate and much smoother represertation of the original
molecular mesh.

The systemdewelopsa novel stitching algorithm that if implemented in a CAD system
can achieve smooth boundaries on any multi-surface spline model. The methods have
implications within many industrial and academic facilities where smooth models are
important.

The surfacegeneration system addressesa hew set of input conditions in comparison
to convertional hole 'Tling solutions. The algorithms produce smooth surfacesthat are
constrained to de ne valid parting surfaces. The surface generation system constructs a

novel morphing technique betweentwo 3D curvesthat is free of self-intersections. The
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Figure 5.1. Within the homogeneougnvironment CAD systemscan commbine the protein

spline model with the corverted molecular spline model to producethe solid model needed
for fabrication. The imagesshaws the two separatedata sets positioned together for the

boolean operations.

Figure 5.2. The parameterization of a 3-dimensionalparting surfacebetweenan object's
non-planar silhouette edgeand the mold boundary.

new methods implement °ow elds to presernt a solution that may benet hole ling

methods, robot path planning e®ortsand future morphing algorithms.

5.1 Future Research

The corversion systemignoresthe data segmemation problem in order to tackle the
challengesof smaoothly stitching multiple spline surfaces.Becausethis work is motivated
by a speci ¢ input data structure, the solution is able to leverageassumptionsconcerning
the connectivity of the input triangular meshes.Data segmetation of arbitrary meshes
remains an interesting problem, that, when solved may be coupled with this systemto
then corvert any triangular meshinto a smooth spline model.

The corner stitching algorithm may benet from additional improvemerts as well.
The system computes the corner con guration basedon the tangertial information of
a cubic least squaresapproximated surface t to the data points within the corner's

neighborhood. While somee®ortswere made to jitter the tangent plane in an attempt
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to nd a local minimum that would produce the smoothest results, nothing was ever
“nalized.

The surfacegenerationsystemprovides a breedingground for potential extensionsand
extra work. The system'svertex trajectory computation has direct applications within
the realm of robot path planning. As with the corner stitching algorithm, the relaxation
techniqguesemployed by the surfacegenerationsystemcan be improvedto producebetter
intersurface continuity and remaove possible undesirable undulations. Additionally , the
emerging succesof T-splines ???? may easesomeof the parameterization issuesof the
generatedsurface.

This surface parameterization system s able to compute morphing betweentwo 3D
curves. The results are restricted to de ne a surface over time; howewer, they provide a
new technigue to guarantee intersection free paths betweenthe two shapes. Removing
the constraint and addressingthe metamorphosis directly leads to feature matching
and arbitrary intersecting curve inputs. Additionally surface to surface morphs may

be generatedusing similar vertex path computation techniques.
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