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Abstract

Thispaperpresentsa newapproachto two-levelhazard-
free sum-of-products logic minimization. No currently
availableminimizersfor single-outputliteral-exacttwo-level
hazard-free logic minimization can handle large circuits
without synthesistimesranging up over thousandsof sec-
onds. The logic minimizationapproach presentedin this
paper is basedon state graph exploration in conjunction
with single-cubecover algorithms. Our algorithm achieves
fastlogic minimizationbyusingcompactedstategraphsand
covertablesandanefficientalgorithmfor single-outputmin-
imization. Our exact two-level hazard-freelogic minimizer
findsminimalnumberof literal solutionsandis significantly
faster than existing literal exact methods— over two or-
dersof magnitudefasterfor thelargestextendedburst-mode
benchmarksto date. This includesa benchmark that has
neverbeenpossibleto solveexactlyin numberof literalsbe-
fore.

1 Intr oduction

In recentyears,there hasbeena numberof success-
ful andpracticalasynchronouscircuitsdesignedusingasyn-
chronousfinite statemachinesin theform of extendedburst-
modecontrollers[3, 19, 15, 23, 7]. During the designpro-
cess,it is necessaryto try differentprotocolsandstateas-
signmentsto find a good circuit implementation.This of-
ten leadsto many iterationsthroughthe synthesisprocess.
The bottleneckof finite statemachinesynthesisis typically
in the two-level hazard-freelogic minimizationstep. Since
existing exactsynthesismethodsaretoo slow, andmaynot
even completefor large circuits, designersareoften forced
to useheuristicmethods,or partitioning,to interactively ex-
plore thedesignspacein a reasonableamountof time often
yielding sub-optimalcircuits. This paperdescribesa new
exactsingle-outputtwo-level hazard-freelogic minimization
methodthatutilizesfastalgorithmsbasedon stategraphex-�
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plorationto producesolutionsfor extendedburst-modecon-
trollers in a fractionof the time of thestate-of-the-arttools.
Thisnew methodyieldsliteral exactsolutionsevenfor acon-
troller thatpreviouslycouldnot besolvedexactly in number
of literals.

Thestate-of-the-artin literal exacttwo-level hazard-free
logicminimizationisHFMIN [4]. However, thistool requires
thousandsof secondsfor largecontrollers,anddoesnotcom-
pletefor the largestbenchmarks.The tool IMPYMIN [21],
whichis basedonimplicit algorithms,performssubstantially
betterbut is only capableof producingcube-exactsolutions.
Themosttime efficient tool to dateis ESPRESSO-HF [21],
but it usesheuristicalgorithmsandthuscannotguaranteeei-
ther literal or cubeexact solutions. Theseminimizersare
currentlyusedto performlogic minimizationin the3D [22]
andMINIMALIST [5] burst-modesynthesistools.

Theapproachtakenin this paperexploits standardsyn-
thesis techniquestraditionally used for gate-level speed-
independentsynthesis,namelystategraphexploration and
derivationof single-cubecovers[16, 1, 2, 11]. In previous
work, we successfullyappliedthesealgorithmsto the syn-
thesisof extendedburst-modestatemachinesimplemented
usinggeneralizedC-elements(gC)[8]. Wenotonly achieved
two to threeordersof magnitudeimprovementin runtime
comparedwith the best literal-exact tool, HFMIN, but our
tool is alsomorethanoneorderof magnitudefasterthanthe
bestheuristictool, ESPRESSO-HF. To be able to achieve
theseresults, we developed a new approachthat allows
stategraphsto be representedvery compactly, transform-
ing thegraphtraversalcomplexity from potentiallyexponen-
tial, to linear. Compactedstatesalsoallow reducedsynthe-
sis time in the subsequentbinateandunatecover problems
by generatingsmallercover tables. This paperalsodevel-
opsa new algorithmto efficiently derive single-outputcov-
ersthat areminimal in the numberof literals. By dividing
thecoverprobleminto moreeasilysolvedsub-problemsand
thenmerging the results,the time spentby the algorithmin
findingaminimal solutionis significantlyreduced.

The limitation of our previous work is that the circuit
implementationsrequiredspecializedgCsto be in the gate
library. Suchcells are not typically found in standard-cell
or gate-arraylibraries, and may needto be specially de-
signed.In orderto facilitateefficient semi-customdesignof



integratedcircuits, it is necessaryto synthesizeto standard
gatessuchasANDs andORs. The key difficulty in doing
so for asynchronouscontrollersis the needto avoid intro-
ducinghazards.In restrictingour library to compact,atomic
gCs, most hazardconcernsare avoided. In particular, the
only hazardissuethatneedsto be addressedis for dynamic
0 � 1 transitions.However, whentargetingstandardgates,
additionalhazardsfor static1 � 1 anddynamic1 � 0 tran-
sitionsmayalsooccur.

This paperleveragesour previous work to addressthe
importantmilestoneof achieving fastandexacthazard-free
two-level logic minimization. In order to allow the useof
standardgate libraries, our synthesismethodologyis ex-
tendedto guaranteethe absenceof all static1 hazardsand
dynamichazardsfor 1 � 0 transitionsaswell as dynamic
0 � 1 transitions. By combatingstateexplosion through
compactedstategraphsanddividing theminimizationprob-
lem into more easily solved sub-problems,our new algo-
rithm allowsvery fastlogic minimizationof eventhelargest
benchmarksto dateandyieldsper-outputliteral-exactsolu-
tions,bettersupportinginteractive anditerative exactexplo-
rationof designalternatives.

Section2 gives a backgroundon asynchronouslogic
synthesisandthehazardmodelsusedin two-level logic min-
imization. Section3 givesbackgroundon compactedstate
graphsusedby our new method. Section4 presentsa new
exactalgorithmthatachievesper-outputliteral-exacthazard-
freecoversusingstandardgatesalongwith a detailedexam-
ple. Section5 presentsbenchmarkcomparisonsbetweenthe
algorithmpresentedin this paperandotheravailablemini-
mizationtools.Conclusionscanbefoundin Section6.

2 Asynchronouslogic synthesisbackground

For asynchronousdesign,thetwo-level logic minimiza-
tion problemis complicatedby thefactthattheremustbeno
hazardsin thesum-of-products(SOP)implementation.This
sectiondescribesourassumptionsandhazardmodel.

2.1 Extendedburst-modemachines

The synthesismethoddescribedin this paperproduces
hazard-freeimplementationsfor controllersspecifiedasex-
tendedburst-mode(XBM) machines,a classof multiple in-
putchange(MIC) asynchronousfinite statemachines.Inputs
areallowedto changeconcurrentlyin a form of MIC called
bursts. The signalswithin a burst may arrive in arbitrary
order. Every input burst if followed by a (possiblyempty)
concurrentburst of outputandstatesignalschanges.After
the outputandstateburst, the internal nodesof the circuit
areallowedto stabilizebeforethefed backstatesignalsare
allowed to reachthe inputsof the circuit. The circuit oper-
atesunderfundamental-modewhich meansthat the circuit
mustbeallowedto stabilizein responseto thefedbackstate
signalsbeforethenext inputburstcanarrive.

The extendedburst-modespecificationshown in Fig-
ure1 is usedasanexamplein latersections.Eachtransition
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Figure 1. Example: extendedburst-modecontroller ack-
xbm-si.

betweenstatescontainsan input burstanda possiblyempty
outputburst. If thereis more thanoneoutgoingtransition
from astate,adeterministicchoiceis implied. Signalsanno-
tatedwith 
 and � signsandnot enclosedin anglebrackets
imply a rising and falling transition,also known as a ter-
minatingedge. Input signalsannotatedwith a � arecalled
directeddon’t caresandarefreeto changemonotonicallyat
any time during a sequenceof specifieddirecteddon’t care
statesbut mustchangeby the time the signal is next speci-
fied asa terminatingedge.A terminatingedgenot preceded
by a directeddon’t careis calleda compulsoryedge. Sig-
nals enclosedwithin anglebracketsareconditionals(level
signals)andarefreeto changenon-monotonicallywhenever
notspecified.Whenspecified,suchaconditionalis assumed
to reacha stablevalue in time to be sampledcorrectly by
thearriving compulsoryedgesof theburst. Statetransitions
occuronly whenall conditionalsaremetandall terminating
edgespertainingto a bursthaveappeared.

Transitionsin XBM machinesbegin in onecubec1 and
end in anothercubec2 where the valuesof multiple vari-
ablesmaychangeduringthetransition.Thecubec1 is called
the start cube and c2 is called the end cube of the tran-
sition. The smallestcubethat containsboth c1 and c2 is
calledthegeneralizedtransitioncubeandis denoted
 c1 � c2 �
[25]. This cubeincludesall possiblemintermsthat a ma-
chinemay passthroughstartingin c1 andendingin c2. A
generalizedtransitioncubecan also be representedwith a
productwhichcontainsa literal for eachvariablexi in which
c1 � i ��� c2 � i ������ . An open generalized transition cube
 c1 � c2 � includesall mintermsin 
 c1 � c2 � except thosein c2.
An opentransitioncubeusuallymustberepresentedusinga
setof products.

In a generalizedtransitioncube,signalsmaybeof type
rising, falling, or level. Rising and falling signalschange
monotonically(i.e.,at mostoncein a legalgeneralizedtran-
sition cube). Level signalsmusthold the samevaluein c1



andc2, wherethevalueis eitheraconstant(0 or 1) or adon’t
care( � ). Level signals,if they aredon’t care,may change
non-monotonically.

2.2 Hazard model

If a function f doesnot changemonotonicallyduringa
MIC, then f hasa functionhazard for that transition. If a
transitionhasa functionhazard,thereexistsno implementa-
tion of thefunctionwhich avoidsthehazardduringthetran-
sition. In an XBM machine,the typesof transitionsarere-
strictedsuchthateachfunctionmayonly changevalueafter
the completionof an input burst. A generalizedtransition
 c1 � c2 � for a function f is anextendedburst-modetransition
if for everymintermmi � 
 c1 � c2 � , f � mi ��� f � c1 � andfor ev-
erymintermmi � c2, f � mi ��� f � c2 � . Therefore,if a function
only hasextendedburst-modetransitions,thenit is function
hazard-free[17, 25].

Although thereareno functionshazards,theremay be
logichazards. In ordertodesignahazard-freeSOPcover, we
mustconsidereachpossibletypeof transitionin turn. First,
if duringa static1 � 1 transition 
 c1 � c2 � , thecover of f can
momentarilyevaluateto 0, thenthereexistsastatic1-hazard.
In aSOPcover, considerthecasewherethereis oneproduct
p1 whichcontainsc1 butnotc2 andanotherproductp2 which
containsc2 but notc1. Thecoverincludesbothc1 andc2, but
therecanbe a static1-hazard.If p1 is implementedwith a
fastergatethan p2, thenthe gatefor p1 may turn off faster
than the gatefor p2 turns on which can lead to the cover
momentarilyevaluatingto a 0, thusexhibiting a momentary
1 � 0 � 1 glitch on the output. When multiple variables
arechangingconcurrently, thecovermaypassthroughother
mintermsalongthe way betweenc1 andc2. To be free of
static1-hazards,it is necessarythat a singleproductin the
cover includeall theseminterms.In otherwords,eachgen-
eralizedtransitioncube, 
 c1 � c2 � , where f � c1 ��� f � c2 ��� 1,
mustbecontainedin someproductin thecover to eliminate
static1-hazards.

In a SOPcoverof a function,theonly way therecanbe
a static0-hazardis if someproductincludesbothsignal,xi ,
and its complementxi . Clearly, sucha productwould not
be includedin a minimal SOPcover, so SOPcoversnever
producea static0-hazard.

The resultsfor dynamichazardsarea little morecom-
plicated,andwe needa couplemoredefinitions. The start
subcube, c�1, is a maximalsubcubeof c1 suchthateachsig-
nal undergoing a directeddon’t caretransitionis set to its
initial value(i.e., 0 for a rising transitionand1 for a falling
transition).Theendsubcube, c�2, is amaximalsubcubeof c2
suchthateachsignalundergoinga directeddon’t caretran-
sition is setto its final value(i.e.,1 for a risingtransitionand
0 for a falling transition).

For eachdynamic1 � 0 transition, 
 c1 � c2 � , if a product
in theSOPcoverintersects
 c1 � c2 � (i.e.,it includesaminterm
from the transition),thenit mustalsoincludethe startsub-
cube,c�1. For eachdynamic0 � 1 transition, 
 c1 � c2 � , if a
productin theSOPcover intersects
 c1 � c2 � , thenit mustalso

includetheendsubcube,c�2. If a producttermcontainsc�1 or
c�2, thenit changesvaluemonotonicallyduringthetransition.
If a producttermdoesnot containc�1 or c�2 but still intersects
the transitioncube 
 c1 � c2 � , then it may changevalue non-
monotonicallyduring the transition. During the transition
from c1 to c2, the productterm startsout as0, thenevalu-
atesto 1 whenthe transitioncrossesthe intersectionpoint,
andthengoesbackto 0 oncethe transitionhaspassedthe
intersectionpoint. For adynamic1 � 0 transitionthis could
resultin a 1 � 0 � 1 � 0 glitch if the intersectingproduct
term is slow to turn on. Similarly, a dynamic0 � 1 transi-
tion couldresultin a0 � 1 � 0 � 1 glitch if theintersecting
producttermturnsonandoff quickly [25].

2.3 Summary of hazard requirements

Thehazard-freecover requirementsfor theON-setof a
two-level SOPimplementationof outputfunction f are:

1. Each ON-set cover cube of f must not intersectthe
OFF-set.

2. Every static1 � 1 transition 
 c1 � c2 � in f mustbecom-
pletelycoveredby someproduct.

3. For everydynamic0 � 1 transition 
 c1 � c2 � in f , c2 must
becompletelycoveredby someproduct.

4. For every dynamic1 � 0 transition 
 c1 � c2 � in f , each
maximal subcubeof 
 c1 � c2 � must be completelycov-
eredby someproduct.

5. Any productterm of f intersectinga dynamic1 � 0
transition 
 c1 � c2 � mustalsocontainthestartsubcubec�1.

6. Any productterm of f intersectinga dynamic0 � 1
transition 
 c1 � c2 � mustalsocontaintheendsubcubec�2.

Requirements2, 3, and4 describethe productterms,also
calledrequiredcubes, thatarerequiredfor thecover to turn
on whenit is supposedto. Theentirerequiredcubemustbe
coveredby someproductin thecoverto eliminatestatichaz-
ards.Thetransitioncubesdescribedin requirements5 and6
arealsocalledprivilegedcubes. Intersectionsof thesecubes
thatdonotcontaintheappropriatesubcuberesultin dynamic
hazards.Therefore,ahazard-freecovermustguaranteethere
areno suchillegal intersections.As shown in Section4, all
of theserequirementsaresatisfiedby thelogic minimization
algorithmpresentedin this paper.

3 Compactedstategraphs

Our algorithm begins with a compactedstate graph
(CSG)[8]. CSGsis an efficient way to representstatesof
highly concurrentcontrollerswithout introducingstateex-
plosion.Similar methodsto avoid stateexplosionhavebeen
explored for speed-independentproperty analysisof gate
networks[10]. A CSGis modeledwith a 4-tuple � I � O � Φ � Γ �
whereI is a setof input signals,O is a setof outputsignals,
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Figure2. CSGfor controllerack-xbm-si.

Φ is a setof compactedstates, andΓ is a setof statetransi-
tions.Eachcompactedstateis labeledwith acubeconsisting
of all statesreachableby all possibleinterleavingsof theset
of currently enabledmonotonic(edge)andnon-monotonic
(level) inputandoutputsignals.For agivencompactedstate
sandsignalu, wedefinethefunctions� u� asfollows:

s$ u%'&
()))* )))+

0 stablelow
R changingmonotonicallyfrom 0 to 1
1 stablehigh
F changingmonotonicallyfrom 1 to 0, changingnon-monotonically

CSGscan be easily derived from both BM andXBM
statemachines.CSGsderivedfrom XBM specificationsare
composedof compactedstateswhichareoneof two different
types.A compactedstateis saidto representan input burst
if someinputsarechangingwhile all outputsarestable. A
compactedstateis saidto representanoutputburst if some
outputsareunstable.Due to directeddon’t caresandlevel
signals,someoutputburstsmaycontainunstableinputs. In
aCSGderivedfrom anXBM machine,thesuccessorstateof
aninputburstmustbeeitherauniqueoutputburstorpossibly
a set of input bursts. Figure 2 illustratesthe CSG derived
from thexbm-siXBM specificationin Figure1.

CSGscan be usedto representthe set of generalized
transitioncubesimplementinga functionin a compactfash-
ion. A compactedstate representsa generalizedtransi-
tion cubefor eachoutput. The transitioncubefor a given
compactedstates is [initial (s), final(s)] and the productis
cube(s), whereinitial , final, andcubecanbedeterminedus-
ing thefollowing threefunctions:

initial $ s%-$ u%'&
(* + 0 if s$ u%.& 0 or s$ u%/& R

1 if s$ u%.& 1 or s$ u%/& F, if s$ u%.& ,

final $ s%-$ u%0&
(* + 0 if s$ u%.& 0 or s$ u%/& F

1 if s$ u%.& 1 or s$ u%/& R, if s$ u%.& ,

cube$ s%-$ u%'&
(* + 0 if s$ u%/& 0

1 if s$ u%/& 1, if s$ u%/& , or s$ u%/& Ror s$ u%.& F

For eachoutputsignalu andeachinput bursts, we can
determinewhattypeof transitionis representedby thetransi-
tion cubefor thestate.Assumethats� u��� 0. First,we must
checks� where � s� s�1� � Γ. If s� � u��� 0, then the transition
cube,cube(s), is a0 � 0 transition.If s� � u�2� R, thencube(s)
is a0 � 1 transition.Now assumes� u�3� 1. If s� � u�4� 1 then
cube(s) representsa 1 � 1 transition. Finally, if s� � u�5� F,
thencube(s) is a 1 � 0 transition. For eachoutputburst s,
the transitioncube,cube(s), representsthe stateof signals
during the feedbackof the outputvariablesback to the in-
puts. Feedbackis always a static transitionfor an output.
Thusif final � s� � u�5� 1, it is a static1 � 1 transition,andif
final � s� � u�3� 0, it representsa static0 � 0 transition.

The maximal subcubesfor a compactedstateare the
cubesformedby, for eachcube,settingonedon’t carecor-
respondingto a terminatinginput edgeto its initial value.
In orderto find themaximalsubcubes,we split thestatefor
eachsuchdon’t caresignalusingthefollowing function:

split $ s6 v%-$ u%0&
()* )+ 0 if s$ u%/& 0 or $ u & v ands$ u%/& R%

1 if s$ u%/& 1 or $ u & v ands$ u%/& F %, if u 7& v and $ s$ u%.& , or s$ u%/& R
or s$ u%/& F %

Table 1 illustrates the resultsof the respective func-
tions when applied to states= abdl.xyzuv:0FR-.10000of
theCSGin Figure2. In thetable,v = 8 a,b,d,l,x,y,z,u,v9 .

initial(s) final(s) cube(s) split(s,v)
010-.10000 001-.10000 0---.10000 01--.10000

0-0-.10000

Table1. States = 0FR-.10000appliedto definedfunctions.

4 Hazard-fr eelogic minimization algorithm

Our logic minimization algorithm uses state graph
traversalandideassimilar to thosein thefastsingle-cubeal-
gorithm[16] designedfor speed-independentandtimedcir-
cuits.An importantpropertyof generalizedtransitionsis that
a requiredON-setcubecanalwaysberepresentedby a sin-
gle cover cube.Therefore,takinga single-cubeapproachis
guaranteedto alwaysfind an optimal solutionfor two-level
implementations.Figure3 presentsour logic minimization
algorithm. The input to our logic minimization algorithm
is a CSGderivedfrom a stateassignedXBM machine,and
theoutputis a minimumliteral logic equationfor eachout-
putsignalimplementingtheON-setregionsin theCSG.The
logic minimizationalgorithmbegins by traversingthe CSG
to derivethesetof requiredcubesnecessaryto covertheON-
set. The algorithmthenproceedsto find the initial trigger



cubesfor eachrequiredcubeseparately. A triggercubeis an
initial coverthatincludessignalsthatmustappearin any cor-
rectcover of therequiredcube.Sincethis initial cover may
includemintermsfrom the OFF-set,calledcover violations
(CV), aswell asdynamichazards,calledintersectionviola-
tions (IV), additionalcontext signalsmayhave to be added
to the cover. A context signalis any signalthat is stablein
the requiredcubeandwhich is not a triggersignal. Next, a
binatecovering problemis formulatedto remove all cover
andintersectionviolationsby selectingthe minimum num-
berof context signalsneeded.Theresultis asetof solutions
derived for eachrequiredcube. Finally, a unatecovering
problemis setupandsolvedto find theminimumnumberof
thesesolutionsneededto cover all requiredcubesfor each
outputsignal.

minimize(: I 6 O 6 Φ 6 Γ ; )
foreachu < O

LocalSol & /0;
RC & find requiredcubes(: I 6 O 6 Φ 6 Γ ; ,u);
foreachrc < RC

tc & find trigger cube(: I 6 O 6 Φ 6 Γ ; ,u);
CS & find context signals(I ,O,rc,tc);
CV & find cover violations(: I 6 O 6 Φ 6 Γ ; , RC, u, tc);
IV & find intersectionviolations(: I 6 O 6 Φ 6 Γ ; , CS, u, rc, tc);
table & build binatecover table(tc, CS,CV, IV);
LocalSol & LocalSol = solve binatecover table(table,RC);

table & build unatecover table(RC, LocalSol);
Sol(u) & solve unatecover table(table);

return(Sol);

Figure3. Logic Minimization Algorithm.

4.1 Finding requiredcubes

The setof requiredcubesdescribeshow the ON-setof
thefunctionmustbecoveredin orderto obtainahazard-free
solution.Eachrequiredcubemustbecompletelycoveredby
someproductterm. The following requiredcubesmustbe
generatedfor eachgeneralizedtransition 
 c1 � c2 � :> 0 � 1 transition:requiredcubeequalsc2.

> 1 � 1 transition:requiredcubeequals
 c1 � c2 � .> 1 � 0 transition: setof requiredcubesis the maximal
subcubesof 
 c1 � c2 � .> 0 � 0 transition:no requiredcube.

Requiredcubesarederivedduringatraversalof theCSG
asshown in Figure4. For eachcompactedstate,s, thealgo-
rithm checksthe valueof the outputsignal,u, that is being
synthesized.If the valueof u in s is R, thenthe compacted
stateis anoutputburststaterepresentinga 0 � 1 transition.
Thishasarequiredcubeequalto theinitial cubeof thisburst.
Thisstatealsorepresentsa1 � 1 transitionwhentheoutput

signalsare fed back. This cubeis equalto the entirestate
cubewhich includesthefirst requiredcube.Therefore,only
thesecondrequiredcubeis necessary.

find requiredcubes(: I 6 O 6 Φ 6 Γ ; ,u)
RC & /0;
foreachs < Φ

if s$ u%/& R then // Dynamic0 ? 1 andstatic1 ? 1 transitions
RC & RC = cube(s);

elseif s$ u%/& 1 then
if @A$ s6 sBC%2< Γ D sBE$ u%/& 1 then // Static1 ? 1 transition

RC & RC = cube(s);
else // Dynamic1 ? 0 transition

foreachv < I = O
if (s$ v%/& Rand sBE$ v%/& 1) or

(s$ v%A& F and sB $ v%/& 0) then
RC & RC = split(s,v);

elseif s$ u%/& 0 or s$ u%/& F then ; // No requiredcube
return(RC);

Figure4. Algorithm to find requiredcubes.

If thevalueof u in s is 1, this representseithera 1 � 1
transitionor a 1 � 0 transition. If it is a 1 � 1 transition
then the successorstatealso hasu as 1. In this case,the
requiredcubeis the statecube. If the valueof the output
in the successorstateis F, then the requiredcubesare all
themaximalsubcubesof s. Thesecanbefoundby checking
eachunstablesignalfor stability in thesuccessorstate.If this
signal is stabilizing, thena cubeis formedwhereall other
unstablesignalsaredon’t care,andthis signalis stableat its
initial value.

If thevalueof u in s is 0, this representseithera 0 � 0
transitionor a 0 � 1 transition. A requiredcube is only
neededif it is a 0 � 1 transition. As mentionedabove, this
requiredcubeis includedin the next compactedstate(the
outputburststate).Therefore,it doesnot needto be gener-
atedfor this compactedstate.

If thevalueof u is F , thenthecompactedstatemustbe
anoutputburststaterepresentinga1 � 0 transition.There-
quiredcubesfor this transitionarefoundwhenthepreceding
compactedstate(the input burst) is processedasdescribed
above.

Considerthe CSGin Figure2 asan example. The no-
tation x+,3 correspondsto the third occurrenceof signalx
rising in the CSG in a depthfirst search(left branchfirst)
startingin thestartstateabdl.xyzuv:0RR-.00001. Similarly,
x*,1 refersto the first statictransitionof x, andx-,1 to the
first falling transitionof x. Considertheoutputsignalx. The
logic minimization startsout by first deriving the required
cubesfor x. Take requiredcubeRC(x+,2)= 110-.-0-01
asan example. This requiredcubecorrespondsto the left-
mostshadedcompactedstate,S= 110-.R0R01, in Figure2
wherex is enabledto rise. This requiredcubecovers the
static 1 � 1 transitionfor x causedby the output variable
feedbackin stateS. The requiredcubesfor x areillustrated
in Table2.



4.2 Finding trigger cubesand contextsignals

Eachrequiredcubehasanassociatedtriggercubewhich
forms the initial cover for that requiredcube. While a final
hazard-freecover cubecanalwaysbe found from anempty
triggercube,addinginitial triggersignalsnarrowsthesearch
for thecover cube.Thesetriggersignalsareformedby sig-
nalsknown to be requiredfor a legal cover andarederived
from thecurrenttransition.

The transitioncubeof a 0 � 1 transition 
 c1 � c2 � is re-
stricted to turn on only once the end cube c2 has been
reached.c2 is reachedonly onceall terminatingsignalsin
the transitioncubehave fired. The final cover cubefor this
transitionis thereforerequiredto containthevalueof all ter-
minatingedgesignalsafter they have fired — otherwisethe
final cover cubewould intersecttheOFF-set.Theterminat-
ing edgesignalsof the transitionarethereforeaddedto the
triggercubeasinitial triggersignals.

Similarly, eachtriggercubefor a1 � 0 transition 
 c1 � c2 �
is requiredto turn off astheendcubec2 is entered.Eachre-
quiredcube,beingamaximalsubcubeof 
 c1 � c2 � , mustthere-
fore turn off asthelastsignalin thetrajectoryit coversfires.
Eachtriggercubecanthereforebeannotatedwith theinitial
valueof the last signalto fire in its correspondingrequired
cube.

Notethata signalspecifiedasa directeddon’t carein a
transitioncannotbea triggersignalsincethat transitionhas
its valueasa don’t carethroughoutthe transitioncube. A
level signalis alsonotatriggersignalsincethesetuptimere-
quirementforcesit to stabilizebeforeany compulsoryedges
arriveat theinputs.Onceatriggercubeis found,thecontext
signalsarethosesignalsthatarenot trigger signalsandare
stablein therequiredcube.

In our example, after generatingthe requiredcubes,
the algorithmproceedsto find the context signalsandtrig-
ger cubescorrespondingto theserequiredcubes. For the
required cube RC(x+,2) derived from state 110-.R0R01
in our example, the corresponding trigger cube is
TC(x+,2)= ----.----1 sincev+ is the signal transition
that causesthe machineto enterthe requiredcubeandturn
on thecover. Thecorrespondingcontext signalsarea, b, d’,
y’, u’ sincethesesignalsarestablethroughoutthe required
cube. The trigger cubesandcontext signalsfor x areillus-
tratedin Table2.

4.3 Finding violations

Sincethe initial trigger cubemay spanover minterms
belongingto the OFF-set(i.e., a cover violation), andmay
alsointersectothertransitioncubesin a hazardousway (i.e.,
an intersectionviolation), suchviolationsmustberemoved.

A triggercubetc for asignalu containsacoverviolation
if it intersectsa transition 
 c1 � c2 � in which thevalueof u is 0.
Thealgorithmshown in Figure5findsall coverviolations.In
a compactedstates, signalu is or is tendingto 0 whenit has
value0 or F , andif tc intersectss, thentheremaybea cover
violation. Thereis, however, onespecialcase.If the value

Γ Requiredcubes Triggercubes Context signals
x+,1 01--.-000- -1--.----- a’ y’ z’ u’
x*,1 -1--.10000 ----.----- b x y’ z’ u’ v’
x-,1 111-.10000 -1--.----- ad x y’ z’ u’ v’
x+,2 110-.-0-01 ----.----1 ab d’ y’ u’
x*,2 11--.10101 ----.----- ab x y’ z u’ v
x*,3 111-.10-0- ----.----- ab d x y’ u’
x+,3 110-.--010 ----.---1- ab d’ z’ v’
x*,4 -1--.11010 ----.----- b x y z’ u v’
x*,5 01--.1-0-0 ----.----- a’ b x z’ v’
x-,2b 01--.10000 -1--.----- a’ x y’ z’ u’ v’
x-,2d 0-0-.10000 --0-.----- a’ x y’ z’ u’ v’

Table2. Requiredcubes,trigger cubes,andcontext signals
for thetransitions(Γ) of outputx of controllerack-xbm-si.

of u is 0 in aninputburstandR in thefollowing outputburst
thenall statesin the compactedstateexcept the final state
(whereu is tendingto 1) mustbe excluded. Therefore,in
this caseall maximalsubcubesmustbefoundandexcluded
individually (if they intersectthetriggercube).

find cover violations(: I 6 O 6 Φ 6 Γ ; ,RC,u,tc)
CV & /0;
foreachs < Φ

if (s$ u%/& 0 or s$ u%/& F) and tc F s 7& /0 then
if @A$ s6 sB %2< Γ D sB $ u%/& R then

foreachv < I = O
if ((s$ v%/& R and sB $ v%/& 1) or

(s$ v%/& F and sBG$ v%A& 0)) and
(split(s,v) F tc 7& /0) then
CV & CV = split(s,v);

else
CV & CV = s;

return(CV);

Figure5. Algorithm to find cover violations.

A triggercubetc containsanintersectionviolation (also
called illegal intersection)if tc intersectsa dynamic1 � 0
transition 
 c1 � c2 � and tc doesnot containthe start subcube
c�1. An intersectionviolation alsoexists if tc intersectsthe
endcube,c2 for a dynamic0 � 1 transitionanddoesnot
containtheendsubcubec�2. Intersectionviolationscanalso
be causedby the selectionof a context signal that, when
addedto the trigger cube,causesan illegal intersectionof
adynamictransition.

Intersectionviolations can be detectedthrougha state
graphtraversalasshown in the algorithmin Figure6. This
algorithm returnsa set of intersectionviolations in which
eachviolation is a pair wherethefirst elementis thechoice
of context signalthatcausestheviolationsandthesecondis
thestatewhichmustbeexcluded.

For eachdynamic1 � 0 transitionstates, thealgorithm
checksif the triggercube,tc, intersectss, but doesnot con-
tain the start subcube. The start subcube,c�1, is found by
settingall changingsignalsto their initial value. Even if tc
containsc�1, the choiceof a context signal may lead to an
illegal intersection,andacontext signalmustbeaddedto re-



find intersectionviolations(: I 6 O 6 Φ 6 Γ ; ,CS,u,rc,tc)
IV & /0;
foreachs < Φ

// Checkif stateis dynamic1 ? 0 transitionintersectingtriggercube
if s$ u%/& 1 and @/$ s6 sB %4< Γ D sB $ u%A& F and tc F s 7& /0 then

cB1 & initial(s); // Find startsubcube
if cB1 7H tc then

IV = IV =JI ( /0,s) K ;
else

foreachv < CS
// Checkif context signalexcludespartof startsubcube
// but not thestate
if rc $ v%�7& cB1 $ v% and cube(s)(v) & , then

IV = IV =JI (v,s) K ;
// Checkif stateis dynamic0 ? 1 transitionintersectingtriggercube
elseif s$ u%/& R and tc F s 7& /0 then

// Continueif therearelevel signalsor directeddon’t cares
if @ v < I D cube(s)(v) & , then

cB2 & s; // Copy for endsubcube
foreachv < O

sBL$ v%A& initial(s)(v);
cB2 & final(sB ); // Findendsubcube
if tc F sB then

if cB2 7H tc then
IV = IV =JI ( /0,sB ); K

else
foreachv < CS

// Checkif context signalexcludespartof end
// subcubebut not thestate
if rc $ v%�7& cB2 $ v% and cube(sB )(v) & , then

IV = IV =JI (v,sB ); K
return(IV);

Figure6. Algorithm to find intersectionviolations.

moveit. In otherwords,if achoiceof acontext signalcauses
the cover to excludepartof thestartsubcubebut still inter-
sectthe state,then we must chooseanothercontext signal
thatexcludesthewholestates.

For eachdynamic0 � 1 transition,if thereareno un-
stableinput signalsor conditionalsignals,thentheendcube
equalstheendsubcubeandis a singlemintermsotherecan
benoviolation(i.e., this is aburst-modetransition).If this is
notthecase,wesetall outputsin thestateto theirinitial value
sincethe0 � 1 transitiontakesplacebeforethechangesin
outputvaluesareallowed to be fed back. To calculatethe
endsubcube,we setall unstableinput signalsto their final
value.If thetriggercubeintersectsthis compactedstate,but
doesnot includethe endsubcube,thenthereis an intersec-
tion violation anda context signalmustbeaddedto remove
this compactedstate.If a context signalchoicecanexclude
partof theendsubcubewhile still allowing thecover to in-
tersectthestate,thenanothercontext signalmustbechosen
to removetherestof thestate.

Considertrigger cubeTC(x+,2)= ----.----1 in our
example.This triggercubehasa cover violation sinceit in-
tersectscompactedstate0RR-.00001which belongsto the
OFF-setof x. Since x goeshigh once b rises, the cover
violation is representedby cube 00R-.00001. The trig-

TC CV IV
x+,1 1101.00000,11F1.00000 none

1100.00000,11F0.00000
x*,1 1R1-.00000,1101.00000 none

11F1.00000,1100.00000
11F0.00000,101-.F0000
00R-.00001,001-.F0000
000-.0000R,00F-.00000

x-,1 CV(x+,1) 0FR-.10000
x+,2 00R-.00001 01R-.00001
x*,2 CV(x*,1) none
x*,3 CV(x*,1) 0FR-.10000
x+,3 none none
x*,4 CV(x*,1) none
x*,5 CV(x*,1) none
x-,2b CV(x+,1) none
x-,2d 1101.00000,1100.00000 01R-.00001

00R-.00001,000-.0000R

Table 3. Cover violations (CV) and intersectionviolations
(IV) for thetriggercubes(TC) of outputx of controllerack-
xbm-si.

ger cubealsohasa potentialintersectionviolation of state
0RR-.00001. If d’ was to be selectedas a context signal,
the trigger cube would no longer cover the end subcube
011-.00001of the transitionand the cover would be haz-
ardous. If this context signal is addedto the cover (to re-
move otherviolations), the entireendcube01R-.00001of
state0RR-.00001mustbe excludedin orderto remove the
introducedhazard.This is achievedby selectingothercon-
text signalsthatexcludetheentireendcubefrom thecover.
Thecoverandintersectionviolationsfor outputx areshown
in Table3.

4.4 The covering tables

In orderto find thebestchoiceof context signalsto re-
move all violations, our logic minimization algorithm sets
up andsolvesa coveringproblemwherethecolumnsof the
coveringtablearetheavailablecontext signalsandtherows
aretheviolationsthatmustberemoved.Sinceselectingcer-
tain context signalscanleadto moreintersectionviolations,
thiscoveringproblemis binate.A row is addedto thebinate
covertablefor everycoverviolationalongwith an”X” in the
columnfor everycontext signalthatcompletelyremovesthe
violating statecube. Similarly, a row is addedto the binate
tablefor every intersectionviolation. An ”X” is addedfor
every context signalthat removestheviolation. In addition
an”O” is addedif theintersectionviolation is causedby that
context signal.

The binatecover table is thensolved usingclassicre-
ductiontechniquesanda branchandboundalgorithm.Dur-
ing columndominance,a dominatedcontext signal is only
removed if the dominatingcontext signalexcludeslessre-
quiredcubes.Sinceourultimategoalis to find theminimum
cover of all requiredcubes,this stepis necessaryto ensure
that a minimum literal solution can be found. During the
branchandbound,thealgorithmrecordsthesetof minimal
uniquehazard-freecubesthat cancover the requiredcube.
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Figure7. a) binatecover tables,b) local solutions,c) unatecover table,andd) final solutionfor outputx of controllerack-xbm-si.

A minimal uniquecubeis a cubecoveringa setof required
cubesnot coveredby any othercubeof smallercardinality.

Oncea set of hazard-freeminimal uniquecubeshave
beenderived for all requiredcubesof an output function,
finding theminimalcover is posedasaunatecoveringprob-
lem. In theunatetable,therowsrepresenttherequiredcubes
of the function andthe columnsrepresentthe setsof mini-
mal uniquecubes.Solvingtheunatecover tableusingclas-
sic techniquesthenresultsin a final hazard-freecover thatis
minimal in numberof literals.

In our example,considerthebinatecover tablebuilt for
triggercubeTC(x+,2)= ----.----1. Thecontext signals
a, b, d’, y’, u’ of the trigger cubeare enteredas columns
in the table and the two violation cubes00R-.00001, and
01R-.00001areenteredasrows. An “O” is enteredfor row
01R-.00001in the columnfor d’ sinceaddingthat context
signalwill introducea hazardandrequireus to remove the
row from the tableby selectinganothercontext signal. For
eachrow an “X” is enteredin eachcolumnwherethe con-
text signal would remove the violation cube. In our case,
signalsa andb would remove cover violation 00R-.00001,
anda would remove intersectionviolation 01R-.00001. In
this fashion,binatecover tablesarebuilt for eachrequired
cubefor x asillustratedin Figure7(a).

Thebinatecover tablesarethensolvedoneby one.For
trigger cubex+,2 thereexists two minimal uniquesolution
cubes,bv and av. Since they both cover the sameset of
requiredcubeswith the samenumberof literals, only one
cubeneedsto bekept. In our casewe keepbv. Generally, a
triggercubecanhaveseverallocal solutions.x*,2 for exam-
ple hasthreedifferentlocal solutions,z, bv, andbx. These
areall minimal uniquesolutionsthatcover a setof required
cubesnot coveredby any of the other local solutions. For
example,while z is a smallersolutionthanbv, it coversonly
requiredcube11--.10101while bv covers11--.10101and
110-.-0-01. Thusbv is a minimal solutionfor the unique
setof requiredcubesit covers.Similarly, while zcoversonly
a subsetof the requiredcubesthat bv covers,z is a smaller
cover, so z is still a minimal cover for the set of required
cubes 8 11--.101019 . The local solutionsfor eachtrigger
cubeareillustratedin Figure7(b).

Finally, aunatecovertable(seeFigure7(c)) is built with
the requiredcubesas rows, and the combinedlocal solu-
tions ascolumns. A final minimal literal solutioncovering
all requiredcubesis thenfoundusingclassicreductiontech-
niques.In our case,local solutioncubesab’, bx, bv, u, and
d’x are all essentialand form the final cover illustratedin
Figure7(d).
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Table 4. Benchmarkcomparisonsbetweenexisting two-
level logic minimizers ATACS (the method presentedin
this paper), HFMIN, IMPYMIN, andESPRESSO-HF. ( ºΦ º
- numberof compactedstatesin stategraph, IO - number
of input,output,andstatesignals,Time- logic minimization
run-timein seconds,Lit - numberof literalsin solution.)

5 Results

The algorithm describedin this paperhasbeencom-
pletely incorporatedandautomatedin theATACS [16] syn-
thesistool. The ATACS extendedburst-modelogic mini-
mizer is exact in numberof literals. We compareagainst
thepublicly availablestateof theart hazard-freelogic min-
imization toolsdevelopedby Nowick et al. TheHFMIN [4]
minimizer is exact in numberof literals. TheIMPYMIN [4]
implicit minimizer is exact in numberof cubes,but does
not performliteral minimization.TheESPRESSO-HF min-

imizer is heuristic. It should be noted that the HFMIN,
IMPYMIN, andESPRESSO-HF toolsareoptimizedfor the
moredifficult problemof multi-outputminimization.As our
goal is to generatecontrollerswith small delay ratherthan
smallarea,theminimizersarerun in single-outputconfigu-
rationsfor thebenchmarkspresentedin this paper.

The runtimeand literal comparisonsshown in Table4
containsthe largestbenchmarksthat have beenbuilt in the
burst-modecommunityto date.Thepostoffice[3], cache-ctrl
[18], diffeq [23], cd-player[9], pscsi[24], sscsi[19], xscsi
[22], dram-ctrl [19], andbarcode[20] areall derived from
real-life designs.The burst-modecontrollersack-cdplayer,
ack-fibonacci,ack-diffeq, ack-barcode, ack-gcd, and ack-
factorial aregeneratedautomaticallyfrom a procedurallan-
guagedescriptionby the high-level synthesisframework
ACK [12, 13, 14, 7, 6]. Theotherexamplesareclassicburst-
mode benchmarksfrom various publications. All bench-
marksarerun on a 333MHz Ultrasparc-2processorwith 1
GB of physicalmemoryand840MB of virtual memory. All
benchmarksthat finishedran completelyin physicalmem-
ory. Hencetheresultsshouldshow thetrueruntimepotential
of therespectiveminimizers.

As can be seen in Table 4, our logic minimization
methodis very fastfor thevastmajority of thebenchmarks.
As illustrated by the ack-cdplayer-p1, ack-fibonacci, and
ack-diffeq benchmarksour algorithm is especiallyefficient
when minimizing large and complex extendedburst-mode
controllersbecauseof the compactway our methodrep-
resentsdirecteddon’t caresand level signals. For these
benchmarks,our methodis well over two ordersof mag-
nitude fasterthan the literal-exact tool HFMIN. While the
IMPYMIN tool performsbetter runtime wise thanHFMIN
for large benchmarks,it canonly producecubeexact cov-
ers. Thesecovers have up to 25% more literals than cor-
respondingminimal literal solutions. TheESPRESSO-HF
minimizerperformswell for all benchmarksin termsof run-
time. Beinga heuristicminimizerhowever, it producescov-
erswith up to 19%moreliteralsthanliteral exactsolutions.

These observations underscore the importance of
achieving fast literal exact minimization. Even whencom-
paring againstthe heuristicalgorithm of ESPRESSO-HF,
ATACS is asfastor fasterfor all but onebenchmarkand,in
addition,producesliteral exactcovers.In additionto simply
beingfaster, our methodcanalsoperformliteral exactmin-
imizationfor designswherethis haspreviouslybeenimpos-
sible. For theack-cdplayer-p1 benchmark,HFMIN runsout
of memorydespite1.84GB of availablememorywhile our
minimizerATACS completesin 80 secondsusinglessthan
74MB of memory. It isworthnotingthattheonebenchmark,
cache-ctrl, for which ATACS hasa relatively long runtime,
hasaninordinatelargenumberof requiredcubes.Thelarge
numberof requiredcubesfor this benchmarkresultsin a di-
minishingreturnfor ATACS otherwiseeffective divide and
mergeminimizationstrategy, explainingthelongerruntime.
Nevertheless,for thisbenchmark,ATACS is still on parwith
theimplicit algorithmof IMPYMIN.



6 Conclusions
An efficient algorithm for single output literal-exact

two-level logic minimization hasbeenpresented.The ef-
fectivenessof the presentedlogic minimizer canbe mainly
attributedto two factors.First, thesignalconcurrency prop-
ertiesof extendedburst-modecontrollersallows themto be
expressedvery efficiently in the form of compactedstate
graphs.Usingcompactedstategraphsto representextended
burst-modefinite statemachines,time spentin stategraph
exploration grows linearly, rather than exponentially, with
thecomplexity (amountof signalconcurrency andnumberof
level signals)of thespecification.Thenotionof compacted
statesis alsoexploitedto significantlyreducethetime spent
in solvingthebinateandunatecover problemsnecessaryto
find hazard-freeminimal solutions,asthe sizeof the cover
tablesis significantlyreduced.Second,thepresentedsingle-
outputminimizationalgorithmnaturallydividestheproblem
of findingasolutioninto smallersub-problemsof finding lo-
caluniquesolutionsfor eachrequiredcubeseparately, which
arethenmergedinto a final minimal solutionfor the entire
outputfunction. This divide andmergestrategy hasshown
to performwell for mostbenchmarksandparticularlywhere
thenumberof requiredcubesis limited. Put together, these
techniquesform a literal-exact logic minimizationapproach
thatcanperformseveralordersof magnitudefasterthanex-
isting methodsbasedon classicalminimizationapproaches
for largeandcomplex controllers,makinginteractiveandit-
erativedesignexplorationpossible.
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