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Linear regreesion—the task

Just like classification, except outputs are y € R.

1. In the linear case, want function: f(x) = w'x + b

2. Function should satisfy: f(x,) = y, for all training points
(Xn, Yn)n_s-
3. Why is this not a reasonable requirement?
4. Want to measure loss between predicted value and truth, ¢(y, )
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Today’s Topics

1. Linear regression

1.1 The “optimal” model
1.2 The regularized model
1.3 Algebraic solution

1.4 Non-algebraic solution

2. Support-vector regression
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Regularized linear regression, square loss

Typical choice of loss function:

(.9 =y -7
Called square(d) loss. Problem becomes:

1 T 5
T.,,'QE En (W' Xn+b—yn)
Helps to regularize the weights:

1 A
TV'Q 2;(WTXn +b— yn)? ) |w|f?

regularization
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Loss
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Solving regularized linear regression
For simplicity, consider unbiased case.

Matrixifying the problem, wis D x 1, x, is D x 1, everything else is
scalar. Let X be the N x D matrix with [X], 4 = Xp.q, Y be the N x 1
vector of y,s. Then:
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22 W Xn — }/n EHWH
Z*IIXW—YII +*HWH
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The gradient descent solution

We have the regularized loss function:

. A
min> (W' X, +b—y.)?+ 2 ||wl|]?
w,b 2

We can easily take derivatives:
V= ZZ(WTX” +b— yp)Xn+ Aw
n

n

while not converged:
» Update: w — w —nVy
» Update: b — w — nVy
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Solving regularized linear regression

Computing derivatives (w: 1 x D, X: Nx D,Y: N x 1)
J(w) = ; [WTXTXW +Y'Y - ZYTXW} + %WTW

Vwd = ; [ZXTXW _ 2XTY} AW

=X"Xw-X"Y+A\w=0
=X"Xw+ \w=X"Y
N [xTx n Al} w=XTY

—w = [xTx + )\I] XTy

A totally closed form solution!
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Bias/variance tradeoff in linear regression

Let y, be the observed point, t, be the truth (so y, = t, + noise) and let
¥ be our prediction. Call € the noise. Then our expected loss is:

3 SB[ty
A bit of algebra yields:
E|(th— )°] = E || +E |(ta ~ EF)?| +E L] - 50)°]
= V[noise] + bias® + V[§,]

So our error is the sum of the variance of the noise (we can’t control),
the (squared) bias of our predictor and its own variance.

= Bias/variance trade-off
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Bias/variance trade-off in linear regression

E|(th— )°] = E || +E |(t — E)?| + B | (E[Ja] - n)?
= V[noise] + bias? + V[,]
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0.12} variance
(bials)2 + variance
0.09} i/
0.06f
] %
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e-insensitive regression
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Support vector regression

ldea: extend hinge loss to regression.

Support vector classification:

A 1 5
minimizey EHWH

subjectto y, [wa,, + b] -1>0

Support vector regression (e-insensitive loss):

R 1 >
minimizey §||w\|

subjectto W 'Xx,+b>y,—¢

Can be kernelized. ..
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Support vector regression

Hard margin version:

R 1 >
minimizey §||w\|

subjectto w'x,+b>y,—¢

Slack-ified version:
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minimizey

subject to

WX, +b<ynte

1
S IWIE+CY ¢
n

WTXn+ben—€—£n
W X, +b<yn+etén
& >0 (Vn)
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