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ABSTRACT

Previous augmentedreality displayshave rendered crisp virtual
wallsandvirtual objectswith finger-surfacereactionsthroughhap-
tics feedback devices. The widely usedstiffness(or impedance)
methodspenalizea user’s intrusion into a virtual surfacewith a
force responsedependenton the amountof penetration along the
contactnormal at the virtual proxy location. We presentan al-
ternativeapproach for computingthesurfaceimpactresponsethat
projectsLagrange multipliers associatedwith a unilateral surface
constraint onto a multivariatesurfaceconstraint Jacobianfor the
casewhere thetwoobjects(finger andmodel)donotstick together.
Advantagesof our methodare that thesurfaceJacobianis already
beingcomputedfromanexactNURBS-NURBScollisionupdateal-
gorithmpreviouslydevelopedby theauthors, andthat theforcere-
sponseis accurateto numericalprecision;no polygonalor numer-
ical approximationsare employed.

1 INTRODUCTION AND RELATED WORK

Thevirtual surfacecontactproblemis thefirst hurdlein many vir-
tual reality systems.The ability to reachout and toucha virtual
surfaceis important in a numberof CAD design[34], modeling
[24], visualization,virtual prototyping[13], 3D paint applications
[16, 10], andotherareas,suchasgiven in the literaturereview in
[32]. Ourgoalis to improvecurrentmethodsfor forcecontactcom-
putationrenderedto a userduringsurfacecollisions.Our methods
will evaluatecollisionsandreactionforcesdirectly from thealge-
braicsurfacerepresentation.

1.1 Surface Contact Models

The collision and minimal distanceanalysisfor virtual surface-
surfaceinteractionshavespecialrequirementsfor thesurfacepene-
trationcase.God-object[37] andvirtual proxy[27] displaystracka
non-penetratingconfigurationthat is ascloseaspossibleto theac-
tual userconfiguration.An algebraicdistanceupdatemethod[24]
(AppendixB) betweenNURBSsurfacesmaintainsthelocally max-
imal distanceuponpenetrationexactly. Thegoalsof theGod-object
andproxy methodsareachieved for algebraicsurfacesby this dis-
tanceupdatemethodbecauseit is themostlocalanddoesnotmake
discontinuouschangesthatcouldbeconfusingto a user.

Force feedbackbasedon the virtual penetrationis commonly
doneat high updateratesto handlethe high speednatureof the

contacttransient,sometimeswith a dampingtermfor addedstabil-
ity. Nonlinearviscoelasticresponsemodels[26] allow a moreso-
phisticatedspring-and-damperby reducingthe penetrationveloc-
ity dampingterm for small penetrationamounts.More advanced
researchinto hapticsbandwidth[7] andcontrolsdesignmeasures
addsgreaterstability andachievablestiffnessto a hapticsfeedback
system.

The compliance(or admittance)method[36] is usedin virtual
graspingapplications,wherebyforce is measuredandposition is
displayed,or controlled. The compliancemethodis quite effec-
tive for hapticsdeviceswith force sensors.Many devices do not
have suchsensors,suchas the entry-level PHANToM ��� device
or Pantograph��� device. A goodcomparisonof thestiffnessand
compliancemodelsis givenin [1], althoughaspring-damperbased
onpenetrationis usedfor thevirtual couplingstiffness.Wepresent
analternative to virtual penetrationin this paper.

1.2 Collision Methods

Previous efforts in geometricanalysisof virtual contactsarecate-
gorizedaspoint-surface,ray-surface,andsurface-surfacecontacts.
Our forcecomputationsbasedon surfaceJacobianswill beapplied
to thesurface-surfacecase.

Previouswork in hapticssurface-surfacetracingfor virtual pro-
totyping andsurfacedesignapplicationshasuseddiscretevoxels
[20] andpolygonmethods[9]. We leveragea tracingmethodfor
smooth(algebraic)surface-to-surfaceinteractions.Previous New-
ton iteration methodsfor surface-surfacedistanceevaluationcan
yield extraneous,undesirablesolutions[15]. Thevelocity formula-
tion [24] is morestablethanthe Newton methods.Both methods
requireevaluatingthesurfacepointandfirst andsecondsurfacepar-
tial derivativesfor bothsurfaces,anefficient kilohertzratecompu-
tation. Thesemethodsareintegratedinto a threesteptrackingpro-
cessthatusesaglobalminimumdistancemethod,thelocalNewton
formulation,andthenew velocity formulation.

1.3 Impact Dynamics Models

Multiple (simultaneous)contacts,asin restingflat surfacecontacts,
requirea solution to the Linear ComplementarityProblemin the
generalcase[4]. Two approachesto modelingsinglesurfaceim-
pactsare constraint-basedmethodsand impulse methods. With
impulse-basedsystems,collisionsareusedto representall contact



interactionsbetweenobjects.Surfacesin restingcontactaremod-
eled as having many tiny, rapid collisions betweenthe surfaces.
More advancedresearchinto impulsemethodshasfocusedon in-
corporatingalgebraicconstraints[22, 5]. This formulationallows
impulsesto betransferredthroughtheuseof anopenloopmanipu-
lator Jacobian.

We have chosento formulatethe entiredynamicalsystemwith
algebraicconstraintssothatoursurfacekinematicsrelationscanbe
leveraged. The differential surfacerelations,coupledwith previ-
ousworks,allow efficient,analyticsimulationof thesystem.Since
surfaceimpactsareaffectedby theaccuracy of thesurfacenormal
andtangent,collision detectiondirectly on thesmoothparametric
surfacerepresentationis anadvantageof our methodover the tes-
sellationapproximationusedin [22, 5].

1.4 Forward and Inverse Dynamics

Stiffnessmethodsfor virtual surfaceresponsearesimilar to inverse
dynamicsmethods(theNewton-Eulermethod[17], for example)in
thatthey measurepositions,velocities,andreturnor renderforces.
The goal of dynamicalsimulationsuchas the impulsedynamics
work [22] is very different;externalforceslike gravity areapplied
to objectsandaccelerationsarecomputedto animatetheobjects.

Our systemrequiresbothforwardandinversedynamicscompu-
tations.Thevirtual mechanismis affectedby gravity andimpulsive
forcesfrom thevirtual finger. Theaccelerationsof thevirtual mech-
anismarecomputedso that theobjectpositionscanbeupdatedin
thegraphicsdisplay. However, theaccelerationof theuser’s finger
surfaceis known becauseit is measuredfrom our hapticsposition
sensors.We will returnforce,or inversedynamics,to theuserby
leveragingaby-productof theLagrangemultiplier method:theLa-
grangemultipliers arethemagnitudeof thegeneralizedconstraint
forcesfor all the joints in the assembly. In particular, the surface
constraintforceis computedfrom theevaluationof themultipliers.

2 CONSTRAINT-BASED SURFACE IM-
PACT DYNAMICS

To handlegeneralsurfacecontactinteractionswith mechanisms,we
havechosenaugmentedgeneralizedcoordinates[11,31],asdefined
in AppendixA. Redundantdescriptionof mechanismsis generally
acceptedfor complicatedmechanicalconstraintsor joints asis the
casein oursystem.

The Lagrangemultiplier methodin augmentedgeneralizedco-
ordinatescouplestwo derivativesof theimplicit joint definition,or
constraint-basedkinematics,with thekinetic equationsof motion.
Theseequationsaregivenin theappendixonmechanicalrepresen-
tation.

2.1 Computing the Surface Impact Response

TheLagrangemultipliersmaybeprojectedontosurfaceconstraint
Jacobianfor computingforce feedbackin hapticsor virtual reality
applications.This evaluationis usefulwhena user’s fingersurface
modelencountersthesurfaceof a mechanicalsystem.

The Lagrangemultipliers associatedwith the unilateralsurface
constraint(akin to a kinematicjoint) is givenby [29],
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superscriptsrefer to the time afterandbefore,re-
spectively, theimpactevent. � is theidentity matrix,and & is mea-
suredat thetime of impact.Thenotationdefines� �/. ���

, while
all 0 surfaceconstraintJacobiansareincorporatedinto the matrix��� �$1 2� � � andtheotherconstraintJacobiansare � �� .

TheJacobianof thefloatingcontactsurfaceconstraintis derived
from previous work by the authorson surfacekinematics[24]. A
surfaceevaluatedat the minimal distancecontactcoordinatesis a
function of its positionandorientationgeneralizedcoordinates3 ,
of its controlmesh4 , andthecontactcoordinates5 . TheJacobian
of asurface6 in thiscontext is givenas 6 � � 6�784 � � 6�9:5 � . Thesur-
facekinematicsequation ;5 � 5 � ;3 , definedin [24], is givenin the
appendix.TheotherJacobiantermsarestraightforward to derive,
asshown in [24]. This analyticalsolutionis fasterandmoreaccu-
ratethanhigh orderfinite differencingsolutionfor eachcolumnof
theJacobianmatrix 6 � .

Fromtheprincipleof virtual work, it is known thattheLagrange
multipliers

�
associatedwith analgebraicconstraint� multiplied

by the Jacobianof the constraint� �
is the vectorof generalized

joint (constraint)reactionforce,i.e. is � �� � [11].
A fingersurface,6 , andanothersurface,< , areconstrainedto be

non-penetrating.Thatis,

� � � 3 � � � 6 
 < � � � 6>=@?A6>B �$C�D (5)

for surfacesparameterizedto have an inward normal convention
(otherwise,� 6�BE?F6>= � canbeusedfor thenormal).Uponimpact,the

first half of thevector
� �� � ��� canberenderedto theuserasgen-

eralizedimpactforcedueto thecollision (where 3 ��G 3��HI3��JLKM� ).

2.2 Resting Surface Contact Response

Multiple applicationsof the impact responsealgorithm from the
precedingderivationcanbeutilizedwhentwo surfacescontactcon-
tinuouslyat a point. This caseoccursexceptwhen2 surfaceshave
regionsof contact,suchasflat-flatsurfacecontact,or whentwo sur-
faceshave thesameradiusof curvatureat a contactpoint, or when
two or moresurfacepointshappento touchat a timestep. When
multiple simultaneouscontactsoccur, theLinearComplementarity
solutionis requiredaspreviouslymentioned.Theapplicationof the
impactresponseover separatetimestepscanapproximatemultiple
simultaneouscontacts,but this methodis not implemented. Ex-
tendedwork on the formulationthatwe leveragefrom [29] solves
the linearcomplementarityproblemfor multiple contacts,but our
surfaceJacobianis singular for the flat-flat contactcaseand the
equalradiusof curvaturecase. A different constraintis required
for thesecontacts,suchasthepolygonalcontactconstraintgivenin
[6]. This limitation is an areaof future work. Our finger models
arehard,smoothlyshapedsurfaces,not necessarilyconvex, so the
flat-flatcontactconditionhasnotbeenencounteredto date.

3 RESULTS

The generalizedforce of constraintbetweenthe user’s finger and
mechanicalmodel, N � � �� � � � , canberenderedto bodyspace
force and torquethroughstandardkinematicmappingsO � 3 � as
given in [11, 25] andtheappendix.The force returnedto theuser
is evaluatedfrom P � OQN . For our implementationwith the
PHANToM hapticsdevice, the first 3 componentsof P areused.
Higher DOF devices suchas the SARCOSDextrous Arm ��� or
largePHANToM canmake useof all 6 componentsof thewrenchP .



Themagnitudeanddirectionof joint constraintforceis shown in
Fig. 1R for thestiffnessandsurfaceJacobianmethods.Thecollision
occursover multiple cyclesfor thestiffnessmethod.Theeffect of
thedifferencesof theforceresponseontheuseris anissuewith that
figure,but themeasureis nonethelessa helpful comparison.

0
0.05

0.1
0.15

0.2
0.25

0

0.2

0.4

0.6

0.8

1
0

0.2

0.4

0.6

0.8

1

X axisY axis

Z
 a

xi
s

Figure1: The stiffness(“o”) andsurfaceJacobian(“*”) methods
exhibit similar force responsevectors. A singlecollision event is
shown asa typical representative example.

Thepenetrationdepthin thesurfaceJacobianmethodis anarti-
factcausedby themaximumsamplingfrequency of 1000Hz from
our PHANToM hapticsdevice drivers. In practice,the amountof
penetrationwason theorderof S D ��T - S D �VU millimeters,for typical
userhandmotions. The stiffnessmethodproducedgreaterpene-
trations,andfor multiple cycles,from S D ��� - S D ��T millimetersfor
thesamemechanism,samecollision detectionalgorithm,andvery
similar collisions. Thepenetrationresultsaresimilar to thepoint-
surfacepenetrationsgivenin [33].

4 CONCLUSION

We have developedanalternative to penetrationdepthapproxima-
tions for computingforce contactresponse.Our methoddoesnot
useapproximationsasidefrom thediscrete1 kHz samplingof the
hapticsinterfacesystem.Stiffnessanddampingconstantsattached
toawall modelasusedin otherworksarenotneededin ourmethod;
only thecoefficientsof restitutioncharacterizingthevirtual surface
materialsarerequired.

4.1 Future Work

Thediscretesamplesrenderedforceis constantover the1 millisec-
ondsampleperiodandthatcollisionsarenotdetectedatafinertime
resolutionthan1 millisecond.An interpolatingschemeto backtrack
theuser’shandpositionto theexactpositionof collisionwouldhelp
with the stability of the differentialalgebraicequationsof motion
usedin our dynamicssimulationsystem.

Appendix A: System Representation

Surface Representation

Thepiecewisetensorproductnon-uniformrationalB-splinedefini-
tion of a surfaceS is a mappingfrom W�XZY[W T

, i.e. a function
from parametric(u,v) spaceto Cartesian(x,y,z) space.

\ �^] )>_`) 4 � � a 1 bLc a 1 b d a 1 b�e a 1 fhg �^]i� e bj1 fhk � _ �
a 1 bLc a 1 b e a 1 fhg �^]i� e bj1 fhk � _ � � l �^] )>_ �m �^] )>_ �n �^] )>_ �

wheretheB-splineblendingfunctionse , controlmesh4 , knotvec-
tors oL= ) oLB andweightsp areused.Theover-line notationsuchas\

indicatesthelocalbodycoordinatesystem(or coordinateframe).
The position and quaternionorientationcoordinatesfor body0 are denoted by 3 2 . A surface

\ � 3 2 ) ] 2 )>_ 2 ) 4 2 � �
P � 3 2 � \ �^] 2 )>_ 2 ) 4 2 � , whereP � 3 2 � is thecoordinatetransformthat

takessurface
\ 2

from thelocal frameto globalframe.
Supposewe have two surfaces

\ a
and

\ b
in contact,which we

will denote6 and < , respectively. The parametriccontactcoordi-
nates5 �qG ] a _ a ] b _ b K>� for 6 and < arecompletelydependent
on 3 a 1 b �rG � 3 a � � � 3 b � � K � and are thereforeremoved from the
generalizedcoordinatesin this dynamicalsimulation. However,
the dynamicsalgorithm still tracksall pairs of potentialcontacts5 throughthevelocity formulationof [24] (seeAppendixB).

Becausethecontactcoordinateson onesurfacearefunctionsof
the positionandorientationof that surfaceandthe surfaceit is in
contactwith, 6 is a functionof 3 a and 3 b . Thesurfacefloatingcon-
tactJacobianis 6 � 3 a 1 b � �-sut v � wyxw � sut v . < ��szt v is computedsimilarly.
BecausetheJacobiansaredependentonbothsetsof generalizedco-
ordinates(denotedassimply 3 hereafter),thereis some“crosstalk”
betweenthesurfaces. 6 � and < � areof size {|?}S�~ for quaternion
generalizedcoordinates,or {�?�S�� for Euleranglesor theexponen-
tial map.

Mechanical Representation

Simplejointsandsurfacecontactcanbemathematicallyencodedas
constraints.Librariesof simplejoint constraintsareavailablefrom
theliterature[11, 31]. Thesystemof constraints

��� 3 )>� � , expressed
in augmentedgeneralizedcoordinates3 , (referringto all the bod-
ies, not just thosein surfacecontact)definethe mechanicalkine-
matics[11, 30, 31]. Coordinateapproachessuchas the Denavit-
Hartenburghor Hayatirepresentationscannotbeusedsincethey do
notsupportcomputationsonsurfacecontacts.

To solvefor theaccelerationsof adynamicalsystem,two deriva-
tivesof the constraint(or kinematics)equations��� 3 )z� � ���

are
coupledwith thekinetic equationsof motion. By letting themass
tensorbe

. � 3 � , undeterminedmultipliers
�
, external forces �Z� ,

andforcesquadraticin velocity �@B , the equationscanbe written
[30]

� � � 3 )>� ���3 � 
 ��� � ;3 � � ;3 
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 � �^�
(6). � 3 �y�3 ��� �� � � � � � 3 ) ;3 )>� �`� �AB � 3 ) ;3 )M� � # (7)

Appendix B: Surface Contact Velocity For-
mulation

We derive therelationbetweentime derivative of theextremaldis-
tancecontactcoordinatesandgeneralizedsurfacebody velocities
for referencehere(originally derived by the authorsfor a haptics
surface-surfacetracingapplication[24]). Supposethesurfacecon-
tactvelocitiesare � H )>� H and � J )>� J , therelativelinearandangular
surfacevelocitiesof surface < relative to surface 6 aredenotedby



� )M� , � representsthe anglebetweenparametricaxes <`� and 6 = ,���$� �j����� �`�����:��`�����:���`�j����� , and � is the(signed)distancebetween

contacts,
�

is the �}?�� identity matrix. The surfacekinematics
relationis givenby thelinearsystem,

;5 �¡  �+¢ 1 £� ¢ 1 £ #
(8)

Non-Orthogonal Parameterizations

Theaxesdefiningtheparametriccontactframesfor theminimal
distancecaseor themaximaldistancecaseareanorthonormalsetof
vectors. ¤ H �¥G ¦ H¨§iH¨©ªH K is therotationmatrix from the local
contactframe to the world frame, where

¦ H � 6>=L«�¬­¬ 6�=®¬­¬ , ©ªH �
6>=¯?°6>B «-¬±¬ 6>=°?°6>B ¬­¬ , §'H � ©ªH ? ¦ H . ¤ J is similarly defined.©ªH and© J areparallelfreevectors.

Therelative surfacevelocitiesprovide a connectionbetweenthe
parametriccontactcoordinates5 H and 5 J with the linear andan-
gular surfacevelocities � , p (and,at theend, ;3 ). Let thesurface
velocities� H and � J andrelativesurfacevelocity � bein theframe¦ J § J © J . In theextremaldistancecontext, we have

� J¢ 1 £ � �'¢ 1 £²� ¤A³h� H¢ 1 £ � �*¤A³ � H£-1 � ¢ ) (9)

� J£�1 � ¢ � � £-1 � ¢ �´
 ¤ ³ � H£-1 � ¢ # (10)

The velocities � H , � J arethe time derivative of the surface,or
surfaceevaluation. The time derivative contains ;5 H and ;5 J in the
following equationsthroughthe chainrule of differentiation. We
derive matricesµ H¢ 1 £ and ¶ H¢ 1 £ for surface · (andanalogouslyfor
surfacȩ ) from therelationsof linearandangularvelocity to sepa-
rate ;5 H and ;5 J from otherterms,

� H¢ 1 £ � ¤ � Hj¹ t º ;6»¢ 1 £²� ¦ H¼§iH � 6 9 X¾½`X ;5 H � µ H¢ 1 £ ;5 H )
(11)

� H£�1 � ¢ ��¿ l �>À-Á:Â�� Ã 0 ¿ c Ã m:ÄZÄ ¿ �>À-ÅzÂ � ¤ H � ;¤ H � £-1 � ¢
� ¦ H � © 9§iH � © 9 X¾½�X

;5 H � ¶ H£-1 � ¢ ;5 H # (12)

A linearsystemis constructedfrom Eqns.9,10,11,12,

¤Z³ � µ H¢ 1 £ 
 �$¶ H � £-1 ¢ � 
 µ J ¢ 1 £� 
 ¤Z³�¶ H£-1 � ¢ � ¢ 1 £ 
 ¶ J ¢ 1 £ ;5 H;5 J � � ¢ 1 £� ¢ 1 £ #
(13)

Wesolvefor ;5 , wherethefollowing matrixis notsingularexcept
in caseswhereaninfinite numberof extremaldistancepointsexist
(suchasparallelplanes),

 Æ� ¤ ³ � µ H¢ 1 £ 
 �$¶ H � £�1 ¢ � 
 µ J ¢ 1 £
 � ¤ ³ ¶ H£-1 � ¢ � ¢ 1 £ 
 ¶ J ¢ 1 £
�+� #

(14)

Cartesian and Quaternion Generalized Velocities

Generalizedvelocitiesareusedin our system,so we transform
the relative surfacevelocitiesto our world framebody coordinate
velocitiesso that integrationof orientationis possible(integration
of angularvelocity is meaningless).Let the local contactframebe
thecolumnsof therotationmatrix

¤AÇ­ÈjÉ � ¦ J § J © J � #
(15)

Let O H � O � 3 H 1 Ê È ��� , O J � O � 3 J 1 Ê È � � , where O � 3 Ê È � � is the
matrixoperatormappingquaternionvelocitiesto angularvelocities
[11, 31], givenby

O � 3 Ê È � � � �

(Ë Ê È � X Ë Ê È � � Ë Ê È � U 
(Ë Ê È � T
(Ë Ê È � T 
(Ë Ê È � U Ë Ê È � � Ë Ê È � X
(Ë Ê È � U Ë Ê È � T 
(Ë Ê È � X Ë Ê È � �

#
(16)

( O � ¢ÍÌ may be substitutedin placeof O whenthe exponential
mapis usedfor quaternionorientation.)Thevelocity

G �'� � �ªK>� is
the motion of surface ¸ relative to surface · . We write our world
spacevelocitiesin termsof the local frame. We relaterelative an-
gularvelocityandworld framequaternionvelocityby

� � ¤AÇ­ÈjÉ 
 P H O H P J O J ;3 H 1 Ê È �;3 J 1 Ê È � ) (17)

andrelative linearvelocity to Cartesianvelocity through

� � ¤ Ç­È�É � ;3 J 1 Î a � Ì 
 ;3 H 1 Î a � Ì �Ï� � J ÇJ 
 � J ÇH � ? � < � 5 � 
 3 J 1 Î a � Ì �j� #
(18)? denotesthe vector crossproduct. P H and P J are rotations

from the local frame to the world frame definedby quaternions3 H 1 Ê È � and 3 J 1 Ê È � . It canbeshown that the relative surfaceveloc-
ities

G �'� )M� �ªKM� arerelatedto Cartesianandquaternionvelocities
through
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é × ¹ × Õ × ¹hê>êÕ Ù ¹hê ÙÕ × ¹ × ÛzÛ Ü�Û^Ý�Þ �²ß à t ájsãâzä ÞÍå�Þ¾�
ë æ ë�é × ¹ × Õ × ¹ ÙÕ Ù ¹ × � æ�ìà � ì à �
ë æ ë Õ Ù ¹ × � æ²ìà æ à

íß ëíß à
(19)

where ? in Eq.19 denotesthe { l { skew symmetricmatrix that
performstheoperationof a crossproduct(obtainedfrom the three

componentsof a vector, i.e. î"? � ï ð+ñ¾ò ñ ºñ ò ï ð+ñ ¹ð+ñ º ñ ¹ ï ). From

Eq. 13, the truncatedpart
G � �¢ 1 £ )>� �¢ 1 £ K � is all that is required.Letó

containthefirst two rows androws four andfiveof Eq.19. Sub-
stituting

G �+�¢ 1 £ )�� �¢ 1 £ KM� into Eq.13,yields

;5 �¡ @ó ;3 H;3 J #
(20)
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Figure2: Impactsequencebetweenavirtual finger(theUtahTeapot)andthevirtual assembly. Theminimaldistancecontactpoint is updated
asshown by thesmalldarksphere.

Figure3: Rendered,separateframesequence.


