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ABSTRACT

Previous augmented-eality displayshave rendeed crisp virtual
walls andvirtual objectswith finger-surfacereactionghroughhap-
tics feedbak devices. The widely usedstiffness(or impedance)
methodspenalizea users intrusion into a virtual surfacewith a
force responsalependenbn the amountof penetation along the
contactnormal at the virtual proxy location. We presentan al-
ternativeapproad for computingthe surfaceimpactresponsehat
projectsLagrange multipliers associatedvith a unilateral surface
constaint onto a multivariate surfaceconstaint Jacobianfor the
casewhele thetwo objects(finger andmodel)do not stick together
Advantgesof our methodare that the surfaceJacobianis already
beingcomputedroman exactNURBS-NURBSollision updateal-
gorithm previouslydevelopedby the authoss, andthat theforcere-
sponsas accumate to numericalprecision;no polygonalor numer
ical approximationsare employed.

1 INTRODUCTION AND RELATED WORK

Thevirtual surfacecontactproblemis the first hurdlein mary vir-

tual reality systems. The ability to reachout andtoucha virtual

surfaceis importantin a numberof CAD design[34], modeling
[24], visualization,virtual prototyping[13], 3D paintapplications
[16, 10], andotherareassuchasgivenin the literaturereview in

[32]. Ourgoalistoimprove currentmethod<or forcecontactcom-
putationrenderedo a userduring surfacecollisions. Our methods
will evaluatecollisionsandreactionforcesdirectly from the alge-
braicsurfacerepresentation.

1.1 Surface Contact Models

The collision and minimal distanceanalysisfor virtual surface -
surfaceinteractionshave specialrequirementgor the surfacepene-
trationcase.God-objec{37] andvirtual proxy [27] displaystracka
non-penetratingonfigurationthatis ascloseaspossibleto theac-
tual userconfiguration.An algebraicdistanceupdatemethod[24]
(AppendixB) betweerNURBS surfacesmaintainghelocally max-
imal distancaiponpenetratiorexactly. Thegoalsof theGod-object
andproxy methodsareachieved for algebraicsurfacesby this dis-
tanceupdatemethodbecausdt is themostlocal anddoesnot malke
discontinuoushangeshatcouldbe confusingto auser

Force feedbackbasedon the virtual penetrationis commonly
doneat high updateratesto handlethe high speednatureof the

contacttransientsometimesvith a dampingtermfor addedstabil-
ity. Nonlinearviscoelasticesponsanodels[26] allow a moreso-
phisticatedspring-and-dampeby reducingthe penetratiorveloc-
ity dampingterm for small penetratioramounts. More adwanced
researchinto hapticsbandwidth[7] and controlsdesignmeasures
addsgreaterstability andachievable stiffnessto a hapticsfeedback
system.

The compliance(or admittance)method[36] is usedin virtual
graspingapplications,wherebyforce is measuredand position is
displayed,or controlled. The compliancemethodis quite effec-
tive for hapticsdeviceswith force sensors.Many devices do not
have suchsensorssuchas the entry-level PHANToM™™ device
or Pantograph™ device. A goodcomparisorof the stiffnessand
compliancemodelsis givenin [1], althougha spring-dampebased
on penetrations usedfor thevirtual couplingstiffness.We present
analternatve to virtual penetratiorin this paper

1.2 Collision Methods

Previous efforts in geometricanalysisof virtual contactsare cate-
gorizedaspoint-suraice,ray-surfice,andsurface-surdicecontacts.
Our forcecomputationdasedn surfaceJacobiansvill beapplied
to thesurface-surficecase.

Previouswork in hapticssurface-surécetracingfor virtual pro-
totyping and surface designapplicationshasuseddiscretevoxels
[20] and polygonmethodg9]. We leveragea tracing methodfor
smooth(algebraic)surface-to-suiiceinteractions.Previous New-
ton iteration methodsfor surface-surdce distanceevaluationcan
yield extraneousundesirablesolutions[13. The velocity formula-
tion [24] is more stablethanthe Newton methods.Both methods
requireevaluatingthesurfacepointandfirstandsecondurfacepar
tial derivativesfor both surfaces anefficient kilohertzratecompu-
tation. Thesemethodsareintegratedinto a threesteptrackingpro-
cesghatusesaglobalminimumdistancemethod thelocal Newton
formulation,andthe new velocity formulation.

1.3 Impact Dynamics Models

Multiple (simultaneousgontactsasin restingflat surfacecontacts,
requirea solutionto the Linear ComplementarityProblemin the
generalcase[4]. Two approacheso modelingsingle surfaceim-
pactsare constraint-basednethodsand impulse methods. With
impulse-basedystemsgollisionsare usedto representll contact



interactionsbetweenobjects. Surfacesin restingcontactare mod-
eled as having mary tiny, rapid collisions betweenthe surfaces.
More adwancedresearchinto impulsemethodshasfocusedon in-

corporatingalgebraicconstraintg22, 5]. This formulationallows
impulsesto betransferredhroughthe useof anopenloop manipu-
lator Jacobian.

We have chosento formulatethe entire dynamicalsystemwith
algebraicconstraintsothatour surfacekinematicgrelationscanbe
leveraged. The differential surfacerelations,coupledwith previ-
ousworks, allow efficient, analyticsimulationof the system.Since
surfaceimpactsare affectedby the accurag of the surfacenormal
andtangent,collision detectiondirectly on the smoothparametric
surfacerepresentations an adwantageof our methodover thetes-
sellationapproximatiorusedin [22, 5].

1.4 Forward and Inverse Dynamics

Stiffnessmethoddor virtual surfaceresponsearesimilarto inverse
dynamicamethodgthe Newton-Eulermethod17], for example)in
thatthey measureositions,velocities,andreturnor renderforces.
The goal of dynamicalsimulationsuchas the impulse dynamics
work [22] is very different; externalforceslik e gravity areapplied
to objectsandaccelerationarecomputedo animatethe objects.
Our systenrequiresbothforward andinversedynamicscompu-
tations.Thevirtual mechanisnis affectedby gravity andimpulsive
forcesfrom thevirtual finger Theaccelerationsf thevirtual mech-
anismarecomputedso thatthe objectpositionscanbe updatedn
the graphicsdisplay However, the acceleratiorof the users finger
surfaceis known becausét is measuredrom our hapticsposition
sensors.We will returnforce, or inversedynamicsto the userby
leveragingaby-productof the Lagrangemultiplier method:theLa-
grangemultipliers arethe magnitudeof the generalizedconstraint
forcesfor all the joints in the assembly In particular the surface
constraintforceis computedrom the evaluationof the multipliers.

2 CONSTRAINT-BASED SURFACE IM-
PACT DYNAMICS

To handlegeneraburfacecontactinteractionsvith mechanismsye
have choseraugmentedeneralizedoordinate$l1, 31], asdefined
in AppendixA. Redundantescriptionof mechanismss generally
acceptedor complicatedmechanicatonstraintsor joints asis the
casein our system.

The Lagrangemultiplier methodin augmentedyeneralizedco-
ordinatescouplestwo deriativesof theimplicit joint definition, or
constraint-baselinematics,with the kinetic equationsof motion.
Theseequationsaregivenin theappendixon mechanicatepresen-
tation.

2.1 Computing the Surface Impact Response

TheLagrangemultipliers may be projectedonto surfaceconstraint
Jacobiarfor computingforce feedbackn hapticsor virtual reality
applications.This evaluationis usefulwhena users fingersurface
modelencountershe surfaceof amechanicakystem.

The Lagrangemultipliers associatedvith the unilateralsurface
constraint(akin to a kinematicjoint) is givenby [29],

Av = —Hy'(1+€)CqLr ™. )

wheree is the coeficient of restitution,andH x andr aregiven
by

Hy = CYMLaCY", ©)

1-LCIH 'Cq, (3)

rt = r — aTCéVT)\N. ()]

o =

The ™ and ™~ superscriptseferto the time after andbefore,re-
spectvely, theimpactevent. 1 is theidentity matrix,and« is mea-
suredat thetime of impact. The notationdefinesL. = M ', while
all & surfaceconstraintJacobiansreincorporatednto the matrix
(C4°F)T andthe otherconstraintacobiangre C .

TheJacobiarof thefloating contactsurfaceconstraints derived
from previous work by the authorson surfacekinematics[24]. A
surfaceevaluatedat the minimal distancecontactcoordinatess a
function of its positionand orientationgeneralizedcoordinatesy,
of its controlmeshp, andthe contactcoordinatesir. The Jacobian
of asurfacef in thiscontet is givenasfy = fppq+fuug. Thesur
facekinematicsequationmi = uqq, definedin [24], is givenin the
appendix. The otherJacobiartermsare straightforvard to derive,
asshavn in [24]. This analyticalsolutionis fasterandmoreaccu-
ratethanhigh orderfinite differencingsolutionfor eachcolumnof
the Jacobiammatrix fq.

Fromtheprinciple of virtual work, it is known thatthe Lagrange
multipliers A associateavith analgebraicconstraintC multiplied
by the Jacobiarof the constraintCy is the vectorof generalized
joint (constraintyeactionforce,i.e. is ch [11].

A fingersurface f, andanothersurface,g, areconstrainedo be
non-penetratingThatis,

CYq)=(f—-g) (fuxf)>0 (5)

for surfacesparameterizedo have an inward normal cornvention
(otherwise(f, x f,,) canbeusedfor thenormal). Uponimpact,the

first half of thevectorCél\’T)\N canberenderedo theuserasgen-
eralizedimpactforce dueto thecollision (whereq = [q} qj ™).

2.2 Resting Surface Contact Response

Multiple applicationsof the impact responsealgorithm from the
precedinglerivationcanbeutilized whentwo surfacescontactcon-
tinuouslyat a point. This caseoccursexceptwhen?2 surfaceshave
regionsof contactsuchasflat-flat surfacecontact,or whentwo sur
faceshave the sameradiusof cunatureata contactpoint, or when
two or more surface points happento touchat a timestep. When
multiple simultaneougontactsoccur the Linear Complementarity
solutionis requiredaspreviously mentioned Theapplicationof the
impactresponsever separatéimestepsanapproximatemultiple
simultaneouscontacts,but this methodis not implemented. Ex-
tendedwork on the formulationthatwe leveragefrom [29] solves
the linear complementarityproblemfor multiple contacts but our
surface Jacobianis singularfor the flat-flat contactcaseand the
equalradiusof curvaturecase. A differentconstraintis required
for thesecontactssuchasthe polygonalcontactconstraingivenin
[6]. This limitation is an areaof future work. Our finger models
arehard,smoothlyshapedsurfaces,not necessarilconvex, sothe
flat-flat contactconditionhasnot beenencounteredo date.

3 RESULTS

The generalizedorce of constraintbetweenthe users finger and

mechanicamodel, W = CQ’T/\N, canberenderedo bodyspace
force and torque through standardkinematic mappingsG(q) as
givenin [11, 25 andthe appendix.The force returnedto the user
is evaluatedfrom T = GW. For our implementatiorwith the
PHANToM hapticsdevice, the first 3 componentsf T are used.
Higher DOF devices suchasthe SARCOSDextrous ArmT™ or
large PHANToM canmalke useof all 6 component®f thewrench
T.
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Themagnitudeanddirectionof joint constrainforceis shavnin
Fig. 1 for the stiffnessandsurfaceJacobiammethods The collision
occursover multiple cyclesfor the stiffnessmethod. The effect of
thedifference®f theforceresponsentheuseris anissuewith that
figure, but the measures nonethelesa helpful comparison.

0.1

Y axis X axis

Figurel: The stiffness(“0”) andsurfaceJacobian(**") methods
exhibit similar force responsevectors. A single collision eventis
shavn asatypical representatie example.

The penetratiordepthin the surfaceJacobiarmethodis anarti-
factcausedby the maximumsamplingfrequeng of 1000Hz from
our PHANToOM hapticsdevice drivers. In practice,the amountof
penetratiorwason theorderof 1072-10~* millimeters,for typical
userhandmotions. The stiffnessmethodproducedgreaterpene-
trations,andfor multiple cycles, from 10~'-10~2 millimetersfor
the samemechanismsamecollision detectionalgorithm,andvery
similar collisions. The penetratiorresultsare similar to the point-
surfacepenetrationgjivenin [33].

4 CONCLUSION

We have developedan alternatve to penetratiordepthapproxima-
tions for computingforce contactresponse. Our methoddoesnot

useapproximationsasidefrom the discretel kHz samplingof the

hapticsinterfacesystem.Stiffnessanddampingconstantsattached
toawall modelasusedn otherworksarenotneededn ourmethod;
only the coeficientsof restitutioncharacterizinghevirtual surface
materialsarerequired.

4.1 Future Work

Thediscretesamplesenderedorceis constanbverthe 1 millisec-

ondsampleperiodandthatcollisionsarenotdetectedatafinertime

resolutionthanl millisecond.An interpolatingschemeo backtrack
theusershandpositionto theexactpositionof collisionwould help

with the stability of the differential algebraicequationsof motion

usedin our dynamicssimulationsystem.

Appendix A: System Representation

Surface Representation

Thepiecavisetensomproductnon-uniformrational B-splinedefini-
tion of a surfaceS is a mappingfrom R? — R3, i.e. afunction
from parametriqu,v) spaceo Cartesiar(x,y,z) space.

— . .ww-_i jBl K B]7K”L) v ZL‘(U, ’U)
S(u,0.p) = 22 0P (u) ()_l ]

i.j wz,JBi,nu( )B],nv U) z(u, ’U)
wheretheB-splineblendingfunctionsB, controlmeshp, knotvec-
torsk., Ky andweightsw areused.The overline notationsuchas
S indicateshelocal body coordinatesystem(or coordinateframe).
The position and quaternlonorlentanon coordlnatesfor body
k are denoted by q*. A surface S(¢*,u”,v* p*) =

T(q")S(u”,v*, B*), whereT (q )|sthecoordlnatetransforrrthat

takessurfaceS” from thelocal frameto globalframe.

Supposeave have two surfacesS* andS’ in contact,which we
will denotef andg, respectiely. The parametriccontactcoordi-
natesu = [u® v* v’ v7]7 for f andg are completelydependent
ong™ = [(q)T (¢’)T]T andare thereforeremored from the
generalizedcoordinatesin this dynamicalsimulation. However,
the dynamicsalgorithm still tracksall pairs of potentialcontacts
u throughthe velocity formulationof [24] (seeAppendixB).

Becausehe contactcoordinateon onesurfacearefunctionsof
the positionand orientationof that surfaceandthe surfaceit is in
contactwith, f is afunctionof q* andq’. Thesurfacefloatingcon-
tactJacobiaris f(q"7)qi.; = Fqi7 Baii is computedsimilarly.
BecauseheJacobianaredependendnbothsetsof generalizedo-
ordinategdenotedassimply q hereafter)thereis some‘crosstalk”
betweerthe surfaces.fy andgq areof size3 x 14 for quaternion
generalizedoordinatespr 3 x 12 for Euleranglesor the exponen-
tial map.

Mechanical Representation

Simplejointsandsurfacecontacttanbemathematicallyencodedas
constraintsLibrariesof simplejoint constraintareavailablefrom
theliterature[11, 31]. Thesystenof constraintsC(q, t), expressed
in augmentedyeneralizeccoordinatesy, (referringto all the bod-
ies, not just thosein surface contact)definethe mechanicakine-
matics[11, 30, 31]. Coordinateapproachesuchasthe Denavit-
Hartenlurgh or Hayatirepresentationsannotbe usedsincethey do
not supportcomputation®n surfacecontacts.

To solwve for theaccelerationsf adynamicalsystemiwo deriva-
tives of the constraint(or kinematics)equationsC(q,t) = 0 are
coupledwith the kinetic equationsof motion. By letting the mass
tensorbe M(q), undeterminednultipliers \, externalforcesQ.,
andforcesquadraticin velocity Q. the equationscanbe written
[30]

M(q)d + CgA

—(Cq@)qq —2Cqtq— Ci:  (6)
Qe(qa éla t) + Q’U (q7 Q7 t) (7)

Appendix B: Surface Contact Velocity For-
mulation

We derive therelationbetweertime derivative of the extremaldis-
tancecontactcoordinatesand generalizedsurface body velocities
for referencehere(originally derived by the authorsfor a haptics
surface-surdcetracingapplication[24]). Supposehe surfacecon-
tactvelocitiesarev’, w’ andv?, w9, therelative linearandangular
surfacevelocitiesof surfaceg relative to surfacef aredenotedby



v,w, 0 representshe angle betweenparametricaxesgs and f,,
Ry = [ cost },andﬂ is the (signed)distancebetween

—sinf®  —cosb
contacts,1 is the 2 x 2 identity matrix. The surface kinematics
relationis givenby thelinearsystem,

—sin6

W,y

u—A["I*y}. ©)

Non-Orthogonal Parameterizations

The axesdefiningthe parametriccontactframesfor the minimal
distancecaseor themaximaldistancecaseareanorthonormaketof
vectors.Ry = [xy y; zy] istherotationmatrix from thelocal
contactframeto the world frame, wherex; = f,/||f.||, zy =
fu x £, /||fu X £u|, y5 = 25 x x5. Rq is similarly defined.z; and
z4 areparallelfreevectors.

Therelative surfacevelocitiesprovide a connectiorbetweerthe
parametriccontactcoordinatesuy anduy with the linearandan-
gular surfacevelocitiesv, w (and,attheend,q). Let thesurface
velocitiesv’ andv? andrelative surfacevelocity v bein theframe
[ Xg Yg Zg } In theextremaldistancecontet, we have

Viy+Vay = Rovafc’y + ﬁRowg,,z«, 9)
Wy gt wy—a = _RGWJ,%- (10)

The velocitiesv?, v9 arethe time derivative of the surface, or
surfaceevaluation. The time derivative containsuy andug in the
following equationshroughthe chainrule of differentiation. We
derive matricesE/ , andF/ , for surface f (andanalogouslyfor
surfaceg) from therelationsof linearandangularvelocity to sepa-
rateuy andugy from otherterms,

. T ' .

vl = R?z,yfw,y = U x; i | fui| A Ef uy,

X
(1)
w! __ = extract_skew_symmetric(R;TRy)
Y- - - foRf )y~
T .
=| Yot | w=F (12)
Vi Zu foys

A linearsystemis constructedrom Eqns.9,10,11,12,

R9(E£,y - ﬂF{y,x) _Eg,y uf — Va,y
(-RoF) _)ey  —FL, || U way |’
13)
We solvefor 1, wherethefollowing matrixis notsingularexcept
in casesvhereaninfinite numberof extremaldistancepointsexist
(suchasparallelplanes),

A= |: RO(Egﬁy - ﬂF{y,x)

1
7Eg v
z . 14
CRoF ) ] (14

~F¢,
Cartesian and Quaternion Generalized Velocities

Generalizedrelocitiesare usedin our system,so we transform
the relative surfacevelocitiesto our world framebody coordinate
velocitiesso that integration of orientationis possible(integration
of angularvelocity is meaningless)Let thelocal contactframebe
the columnsof therotationmatrix

Rioe = [ Xg Yg Zg ]T' (15)

Let Gy = G(qyf,r0t), Gg = G(qg,rot), WhereG(qro:) is the
matrix operatormappingquaternionvelocitiesto angularvelocities
[11,31], givenby

—(Qroto Qrotq Qroty —(rotg
G(QTot) =2 7Q7‘ot3 *th4 qTotl qrotQ . (16)
—Qroty Qrots —(roto Qrotq

(Gezp May be substitutedn placeof G whenthe exponential
mapis usedfor quaterniororientation.) The velocity [vZw™]7 is
the motion of surfacegy relative to surface f. We write our world
spacevelocitiesin termsof the local frame. We relaterelative an-
gularvelocity andworld framequaternionvelocity by

Qg,rot

w=Rip [ —T;G; TGy | { Af.rot } 17)

andrelative linearvelocity to Cartesiarvelocity through

v = Rioc(Qg,disp — Qf,disp + (ng - W?l) x (g(u) — qgvdisa)-%-)

x denotesthe vector crossproduct. Ty and T, arerotations
from the local frame to the world frame definedby quaternions
df.rot andqg,rot. It canbe shavn thatthe relative surfaceveloc-
ities [v7,wT]T arerelatedto Cartesianand quaternionvelocities
through

|: v :| — |: —Ryoc 03x4 Rioc 7Rloc((g(u)7qg,disp)X)RgGg ]*

w O3x7 RlocRgGg
| EPEY 03211
O4q14 q'
0323 ((8(1) —ag,disp) X)RyGyp  Isps 0324 qf
0403 -GIR]R;Gy 043 —GIGy

(19)

wherex in Eq. 19 denoteghe 3x3 skew symmetricmatrix that
performsthe operationof a crossproduct(obtainedfrom thethree

componentf a vector i.e. ax :[ . oY ]). From
—ay ag 0

Eqg. 13, thetruncatedpart [v} ,, w7 |7 is all thatis required. Let

B containthefirst two rows androws four andfive of Eq. 19. Sub-

stituting v ,,, w2 ,|” into Eq. 13, yields

g

a:AB{gf}. (20)
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Figure2: Impactsequencéetweeravirtual finger(the Utah Teapot)andthevirtual assemblyThe minimal distancecontactpointis updated
asshavn by the smalldarksphere.

Figure3: Renderedseparatédramesequence.



