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ABSTRA CT

Many applications bene t from surfaceparameterization,including texture map-
ping, morphing, remeshing, compression,object recognition, and detail transfer,
becauseprocessings easieron the domain than on the original irregular mesh. Pro-
ducing consisten parameterizationsof a set of objects hasa number of applications
including morphing, principal componernt analysis, attribute transfer, deformation
transfer etc.

In this thesis we have two main cortributions. First, we presen a method for
simultaneously parameterizing seeral gerus-zeromeshespossibly with boundaries
onto a commonsphericaldomain, while ensuringthat correspnding user-highlighed
featureson eat of the meshesnap to the samedomain locations. We obtain visually
smooth parameterizationswithout any cuts, and the constrairts enableusto directly
asseiate sematically important featuressud as animal limbs or facial detail. Our
method is robust and works well with either sparseor densesetsof constrairts.

Our secondcortribution is a method to robustly partition two meshesof arbitrary
topologyinto a setof consiste patchesusing userspeci ed features. This is the rst
stepin creating a high quality map betweentwo arbitrary surfaces.This method can
can alsobe usedin other scenariosncluding simplicial parameterization, octahedral
or toroidal parameterizationwhereit producesbetter parameterizationsthan previous

specializedtechniques.
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CHAPTER 1

INTR ODUCTION

Se\eral applicationsin computer graphics,sud astexture mapping, compression,
surface processing,detail synthesis, and object recognition rely on mesh parame-
terization. Parameterization refersto computing mappings between surfacesin 3D
and simpler domains sud as planar regions, simplicial domains, or spheres. To be
useful for these varied applications, the mappings must satisfy seweral properties,
sudh as cortinuity, bijectivity, smaothness, constraint satisfaction, and acceptable
distribution of domain area over the surface. We proposea method for computing
mapswith theseproperties for a set of gerus-zeroobjects.

Parameterizing a mesh onto a plane or a simplicial domain is a well studied
problem and a number of algorithms have been proposed for the same. Unless
working with meshesthat are topological discs, these methods rst partition the
mesheanto disk like charts and parameterizeead chart independertly. This results
in discortinuity of the parameterization along the chart boundaries. An alternative
is to cut the meshinto a topological disk using a network of paths and unfold the
meshonto the plane. Howewer this method su ers from seamartifacts along the cut
paths.

Continuous parameterizationsare only possiblebetweentopologically equivalert
models. For gerus-zeromodels, the unit sphereis a natural parameterizationdomain
sinceit isinherertly smooth. While sphericallyparameterizinggeometricallycomplex
modelswith many extremities incurs somedistortion, this distortion is acceptablefor
most models. In addition to being cortinuous, the mapping is also smooth since
derivative discortinuities are only imposedby the model discretization itself, not by
the domain.

Besidesproducing cortinuous maps, allowing the userto specify constrairts is

another important requiremert in many applications, since it provides a way to



incorporate higher-le\vel semaric knowledgeabout the objects. Without constrains
it would be di cult for instanceto texture map a face and have the eyesappear in
the correct place. Constraints can alsobe usedfor hiding texture seamsby placing a
number of constrains along the seam[KSGO03].

Constraints can be either \soft" - to be satis ed in least squaressenseor \hard"
- to be satis ed exactly. In either case,imposing constrairts makes the parame-
terization problem more challenging, sincethe algorithms typically lose theoretical
guararteesof bijectivity, presenation of metrics, etc.

A set of parameterizationsthat satisfy a set of constraints and sharea common
domain are called consistert. Consistert parameterizationsare useful in a number
of applications including morphing, principal componert analysis,attribute transfer,
and deformation transfer.

Consisternt parameterizatinosare generallyconstructedby partitioning the meshes
using a set of consisten cuts, but this is di cult for many models with dissimilar
geometry and may require extra userinput sud as specifying the cut connectivity.
Moreover, the resulting map generally lacks smoothness along cuts and at their
junctions.

In this work, we extend the work of Praun and Hoppe [PHO3] on sphericalpara-
meterizationto allow simultaneousconsisten parameterizationof multiple gerus-zero
objects, possibly with boundaries. We map the objects to the sphere,while guaran-
teeing cortinuity, bijectivity, visual smaothness,and minimizing overall distortion.

Using consiste sphericalparameterizations,one can create consisteth geometry
images[GGHO02, PHO3] represeting se\eral objects in a database,opening the door
to a large array of applications that work on regular grids, including compression
(the stadked geometryimagesform a volume which can be compressedusing voxel
techniques),conversionto hardware-supported subdivision surfaceswith displacemen
maps [LHSWO03], natural LODs, etc. In Figure 1.1 we spherically embed a collection
of headssud that correspnding user-provided featuresmap to the samespherical
locations. This enablesapplications sudc as principal componert analysisas shovn

on the right.
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Figure 1.1. Consistent sphericalparameterizationof a collection of heads

The next stepin obtaining high quality consisten parameterizationsis to obviate
the use of an intermediate domain. This would also allow forming maps between
surfacesof arbitrary (but same)gerus. With this goalin mind we dewelop a method
to directly optimize the map betweentwo surfaceswithout goingthrough an interme-
diate domain. This thesispreserts the rst stepin the processwhich is to partition
the two surfacesinto a correspnding set of triangular patches by tracing a set of

correspnding paths.

Figure 1.2. Inter-surfacemap betweenthe dragonand the feline

Figure 1.2 shavs an inter-surfacemap betweenthe dragonand feline models(both
gerus 2). The rst imageshaws the edgesof the feline mapped onto the dragon, the
secondand third imagesshonvw the edges/normalsof the dragon mapped onto the

feline and the fourth image shows a 50% morph betweenthe two.



Speci cally, we presertt the following cortributions:

Constrained spherical parameterization where speci ed points on a meshmap

to given points on the sphere.

Robust construction of consistert sphericalparameterizationsfor seweral gerus-

zerosurfaces.

Methodsto avoid swirls (bad homotopy classe®f the map), and to correctthem
whenthey arise.

Method to robustly partition two meshesof arbitrary topology into a set of

consistent patchesusing userspeci ed featuresas path end points.



CHAPTER 2

PREVIOUS WORK

2.1 Surface Parameterizations

A parameterizationof a surfaceis de ned asa one-to-onemapping of every point
on the surfaceto a suitable domain. Commonly used domains include the plane,
the sphereor a coarsesimplicial domain. Most surfacesthese days are represered
as triangular meshes. Parameterization for meshesare obtained by constructing a
one-to-onemappings from the mesh vertices to a domain resulting in a piecewise
linear parameterization.

Surfaceparameterization has many applications in computer graphicsincluding
texture mapping, digital geometryprocessingmorphing, surfaceediting, compression
and geometryremeshing.Having \good" parameterizationsis important for all these
applications and so a number of algorithms have beenproposedfor this task.

The earliest parameterization methods establishedmappingsto planar domains.
There have beenmany methods deweloped to date; for a survey we refer the reader

to Floater and Hormann [FHO4]. Most algorithsm try to adieve the following goals:
1. The mapping should be one-to-one.

2. It should minimize somemeasureof distortion eg. distortion in lengtts, disto-

rion in angles,distorition in areas.

Length preserving parameterizationsa.k.a. isometric parameterziationsare de-
ned as maps that presene the lenghs of arcs on the surfacewhen mapped onto
the domain. While these parameterizationsare ideal, they exist only a small set of
surfacescalled dewelopablesurfaces.Developablesurfacesare de ned assurfaceswith

zeroguassiancurvature everywhere. The cylinder is an exampleof one sud surface.



The cylinder can be mapped isometrically to the plane by cutting it alongits length
and unfolding it to the plane. Most methods try to comeas closeto an isometry as
possible.

To measureand minimize the mapping distortion, thesemethods employ various
quality metrics, such as conformality (angle presenation) e.g. [EDD* 95, LPRMO02,
DMAO2] or stretch minimization [SSGHO01,PH03].

Maps that presene anglesare saidto be conformal. It is generallynot possibleto
construct mapsthat are conformalat all the points on the domain and henceconfor-
mal mapstry to locally presenesanglesas much as possible. Stretch minimization
avoids excessie scaling of domain distancesonto the surface,which is particularly
important for applications involving regular sampling of the domain. Sinceour goal
is regular remeshing,we usea stretch metric. Howewer, the method could easily be

modi ed to work with conformal metrics and irregular sampling.

2.2 Planar parametrizations

The traditional surface parametrization problem considersthe casewhere the
domain D is a planar region (seesurvey in [FHO4]). The map is represeted by the
parametric locations of verticesof M within the plane. Optimization can freely move
the verticeswithin the domain aslong as bijectivity is maintained.

A classof methods known as convex combination maps map a topological
discto a plane. Thesemethods are basedon the following theorem proved by Tutte
[Tut63]:

\Giv ena planar 3-connectedgraphwith a boundary xed to a convexshapein Ry,
the positionsof the interior (non-boundary) verticesform a planar triangulation if and
only if eath vertex position is somecorvex combination of its neighbor's positions".

These methods work by mapping the mesh boundary to some convex polygon

and de ning ead interior vertex as a corvex conmbination of its neighbors: U; =
XK XK

iny Un; » Where iny = 1,and N; = (Njo; Ni1:::Ny) formsthe 1-ring neigh-
j=1 j=1
borhood of vertex i. Let n be the number of vertices in the meshand let m be

the number of interior vertices. Also assumethat the vertices have beenreordered

sud that the rst m verticesare interior verticesand the next (n  m) verticesare



boundary vertices. Then, ead interior vertex resultsin a linear equation of the form:
U, X i Uy = X i U, where i = 1; i = w;,if ] 2 N;j; i = 0 otherwise.
This Jrz.-lsults in ajlfnnégr systemthat is sparseand diagonally dominarnt and can be
solved e cien tly usingthe conjugategradiert method.

Tutte [Tut63] had proposedusingweights ;; = 1=degeg(i) thereby placing eah
vertex at the certroid of its neighbors. This method takes into accourt only the
connectivity of the mesh, not its geometry Sincethen, a few method have been
proposedthat try to minimize some measureof distortion, the most popular ones
being the shape-preservingmethod [Flo97] and the mean-\alue method [Flo03].

There are a number of methods that presene anglese.g.[HG99, LPRM02, SS01,
DMAOQ2]. Sudh methods are called conformal maps.

She er et al. [SSO01]formulate the parameterization problem in terms of angles
alone. They note that the sum of anglesaround a vertex on the meshis usually
lessthan 2 , while the sum of anglesaround the correspnding vertex in the plane
is always 2 . This distortion cannot be avoided and hencethey try to distribute
this deformation evenly around the vertex. Their formulation resultsin a non-linear
optimization problem which they solve to get the anglesin the plane. They then use
theseanglesto compute actual vertex positions.

Levy et al. [LPRMO2] measurethe conformality on ead triangle of the surface
and this resultsin a linear systemof equations. Unlike the convex combination maps
which alsosole linear systemsthey x only two verticesand hencehave lessdistorion
in their maps. Though it works well in practice, it is not guararteed to produce a
valid embedding.

An important limitation of planar parametrization techniquesin generalis that
represeting an ertire surface requires that it be cut into one or more disk-like
charts, where eat chart is parametrized independerlly. Sometechniques cut the
surfaceinto a single chart e.g. [GGHO02]; She er et al. 2002; Sorkine et al. 2002,
while others cut it into an atlas of charts e.g. Maillot et al. 1993; Sander et
al. 2001;Levy et al. 2002; Gu and Yau 2003. In either case,the cuts break the
continuity of the parametrization, making it di cult to usea planar parametrization

approad to constructa cortinuousmap betweentwo di erent surfacessincetheir cut



structures di er. Hence,unlessapplied to topological discs,thesemethods introduce

discortinuities in the parameterization.

2.3 Simplicial parameterization

To avoid parameterization cuts, the domain must have the sametopology as the
given surface. One suc approad is to parameterizeonto a simplicial domain D e.g.
[EDD* 95, LSS 98, GVSS00,PSS01,KLS03]. The domain can either be a simpli ed
basemesh[EDD* 95, LSS 98, GVSS0Q or an abstract simplicial complex [PSS01].
The surfaceis partitioned into triangular regionsthat are mapped to facesof D.

Simplicial domainswork for arbitrary gerus. Howewer, unlike planar and spherical
domains which are smaoth ewverywhere, simplicial domains have sharp edgesand
verticesresulting in derivative discortinuities in the map at verticesand edgesof the
basedomain. Sincethe whole domain cannot be simultaneously \unfolded”, most
methods iterativ ely apply a linear relaxation to a small group of adjacert faces. For
example, Eck et al. [EDD™ 95 iteratively unfold a pair of adjacert domain faces
and reparametrizethe surfaceneighborhood over the resulting quadrilateral. Guskov
et al. [GVSSO00]perform local reparametrizationsover 1-ring vertex neighborhoods,
with the advantage that the imagesof domain verticescan shift over the surface.Lee
et al. [LSS 998 apply relaxation basedon Loop subdivision. Rather than iterativ ely
optimizing local neighborhoods, Khodakovsky et al. [KLS03] set up a global system
wherethe meshedgesspanningadjacent domain facesare treated asif the two faces
were locally unfolded into a plane. Solving the global system provides much faster
corvergence.Unfortunately, the domain verticesare xed during the global system,

and must be relaxed separatelyusing traditional 1-ring relaxation.

2.4 Spherical parameterization
Discortinuities can be avoided altogether by mapping models to smooth do-
mains of the sametopology, sud as the unit spherefor gerus-zeromodels. Exam-
ples of spherical parameterization methods include [Ale00, ST98 SGDO03, HAT * 00,
GWC* 03, GGS03,PH03]. Thesemethods have signi cantly lessdistortion compared

to planar parameterization methods.



Alexa [Ale0(Q adaptsthe method of Tutte [Tut63] which producesa straight-line
embedding of a planar graph to produce a straight-arc embedding of the graph on
a unit sphere. They rst x four verticeson the sphere. Next intead of placing the
remaining vertices at the certroid of their neighbors asin [Tut63], he projects the
certroids onto the sphere. This resultsin a non-linear system of equationsthat he
solves using an iterativ e relaxation process. This relaxation processmay result in a
degneratesolution (wherein the embedding collapseso a point), or leadto foldovers
depending on the starting state. He usesse\eral heuristics that help the system
convergeand produce valid maps. The maps produced using this method take into
accour only the connectivity of the meshand not its geometry

Shapiroand Tal [ST98 map a meshonto a convex polyhedron and then project
it to a sphere. They rst simplify the meshusing a seriesof vertex removals and
retriangulations until only a tetrahedron remains. They then insert the verticesone
by one,constructing a corvex polyhedronat ead stagethat is isomorphicto the mesh
at that stage. Though their method is e cien t and producesa vaild embedding, the
embedding doesnot take into accoun the meshgeometry

Sheer et al. [SGDO03 propose a method which is guararteed to nd a valid
embedding. However, they report that the numerical procedurethey useto solve the
systemis very slov and not practical for meshescortaining more than a few hundred
vertices.

Gotsman et al. [GGSO03] prove that spherical paranterization is a non-linear
extension of the linear theory of barycertric coordinates used in the planar case.
They alsodescribe a method for generatingtheseparameterizationsand show results
for a few simple meshes.It is not clear how the non-linear systemthey solve would
scaleto large meshes.

Sincewe build uponthe method of Praun and Hoppe [PHO3], we brie y summarize
it here. To spherically parameterizea mesh,they rst corvert it to progressie mesh
format [Hop9q with a tetrahedral basedomain. They map this tetrahedron to a
regular oneinscribed in the unit sphere,and then run through the progressie mesh
sequencdrom coarseo ne, introducing newverticesand mappingthem to the sphere

while optimizing their location aswell asthose of their immediate neighbors. A new
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vertex can always be mapped inside the kernel of the spherical polygon of its 1-ring
neighborhood, which is guararteedto be non-empty. To optimize a vertex's spherical
location, it is moved inside its one-ring kernel using a sequenceof random-direction
spherical arc searties. The energy being minimized correspnds to the L2 stretch
of the whole map, but since only the con guration inside the 1-ring neighborhood
changes,it is only computed locally. The stretch on ead triangle equalsthe trace
of the linear map metric tensor, and correspndsto the squareof the L2 averageof

linear distancescalingover all surfacedirections [SSGHO1.

2.5 Parameterization constrain ts

Seeral methods addressthe problem of parameterizationunder constrains. Con-
strained parameterizationsare generallyusefulin texture mapping for examplewhen
mapping a photograph of a face onto a 3D meshof a face. Constraints can be hard
(satis ed exactly) or soft (satis ed only appraximately).

Levy [Lev0]] texture mapsmeshesinder soft constrairts by introducing additional
terms in the quality metric. This algorithm satis es the constrairts in the least-
squaressense.The method works well for a small number of constrairts, but can fail
for large set of constrairnts resulting in an invalid parameterization.

It hasbeenshown that for a given meshconnectivity not every set of cortraints
canbe satis ed exactly [ESGO1](seeFigure 2.1, left meshshaws original connectivity
with the arrows indicating constrained locations, middle mesh shavs connectivity
with extra Steinerverticesand gure on right shavs meshsatisfying the constrairts).
Howewer, constrairts canbe satis ed exactly if a few additional verticescalled Steiner
vertices are added to the mesh. Eckstein et al. [ESGO01] propose a method for
satisfying hard constraints for planar parameterization by deforming an existing
parameterization and adding Steiner vertices in a greedy fashion. Howewer this
method is di cult to implemert and not very robust.

Desbrunet al. [DMAO2] use Lagrangemultipliers to add hard constairts to the
parameterization formulation. Howevwer, their method works well only for a small
number of constrairts and can generatefoldovers when the number of constrains

increases.
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Figure 2.1. Steinervertices

Kraevoy et al. [KSGO3]presert the Matchmaker schemefor satisfying correspnd-
ing feature point constrains. They start with an unconstrainedplanar parameteriza-
tion and then move the constrainedverticesto their required positions by matching
a triangulation of thesepositionsto a triangulation of the planar meshformed by the
paths between constrainedvertices. Finally, they relax this parameterization while
keepingthe constrairnts. They demonstrateresultsinvolving a fairly large number of
features. Howewer their path insertion processis not guararteed to terminate since
they do not enforceconsisten neighbor ordering. Consistert neighbor ordering is
necessaryto avoid partial graphsthat areimpossibleto complete,asshawvn in Figure
2.2(if D and E link to the samebasevertex B or C, this will resultin ipp edtriangles;
if they link to di erent ones,edgeswill cross). To guararteethe successfutermination
of the path insertion process,we imposeordering constrairts on the neighbors of a

feature vertex, and we trace a spanningtree before completing the full graph.

Figure 2.2. Consistert neighbor ordering
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Incorporating hard constraints into a sphericalparameterizationsthemeprovesto
be challenging, becauseit is di cult to guarartee bijectivity of the result. We chose
to build upon the approad of Praun and Hoppe [PHO3] becauseits hierarchical

construction approad enablesa robust solution.

2.6 Consisten t parameterizations

A set of parameterizationsis called consisten if they sharethe samebasedomain
and satisfy a set of feature constraints. The common base domain can either be
a simplied basemeshor an abstract simplical complex. These methods work by
consisterlly partitioning the meshesusing a set of consistert cuts and then pa-
rameterizing ead triangular patch to the correspnding face in the base domain
e.g. [Ale00, LDSS99,PSS01,KS04, SAPHO04]. Sud parameterizationsare used to
construct remeshesof the same connectivity which can then be usedin a number
of applications including morphing, principal componert analysis, attribute transfer
and deformation transfer.

Alexa [Ale0( constructs consistet parameterizations between two gerus-zero
surfacesby parmeterizing the meshesonto a unit sphereand composing the two
maps. Feature corresppndencesare satis ed by deformingenbeddingson the sphere.
Howewer, the method is not guararteed to satisfy the constrairts exactly and is not
robust.

In their work, Leeet al. [LDSS99] rst construct simplicial parametrizationsfrom
the two original meshego their respective basedomains. They then de ne the map
as the composition of thesetwo simplicial maps and the map betweenthe two base
domains. Becausghe domain meshesare di erent, userassistances requiredto form
a good map betweenthem, and this map constructionis not robust. For the morphing
application that they demonstrate,they createa commonmeta-meshwhich conbines
the sourceand target connectivity. Unfortunately this algorithm doesnot scalesince
the meta-meshis typically a reported 10 times more complex than either original
mesh. Also, it is not clear how this method would scaleto more than two models.
This method supports hard constrairts by retaining the feature corresppndencesn

the basedomain.
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Praun et al. [PSSO01]consisterly parameterizea set of gerus-zeromodelsonto a
simplicial complex. The connectivity of the simplicial complex needsto be speci ed
a priori. They createconsisteh parameterizationsby partitioning the meshbasedon
the connectivity of the simplicial complex and parameterizing eat patch onto the
respective simplical complex face. Becauseof this common simplicial domain they
can parameterizeany number of models consisterly. Their method works robustly
on gerus zero objects and producesgood maps even between objects of di erent
geometries. One drawbad of this method is that it needssigni cant user input
since the user needsto specify the simplicial complex. Another drawbad is that
the structure of the simplicial complexrestricts the freedomof the parameterization.
Unlike their method, we do not imposea xed consistet connectivity of the base
domain, but only satisfy the given point constrairts, thereby providing the map more
freedom.

Kraevoy and She er [KS04], improve upon the technique of Praun et al. by not
requiring the simplicial complexto be speci ed a priori. Howeer, their algorithm does
not scalewell with regardto the number of modelsto be consistetly parameterized.
They demonstrate consistet parameterizationamong 3 models, but their approadh
is asymmetric and would not scaleto a large collection of models.

In more recent work [SAPHO4] we have extendedour work to construct consis-
tent parameterizationsbetweentwo models without going through an intermediate
domain. This method works for surfacesof arbitrary (but same)gerus and produces
high quality results with very little userinput. Howewer the method is limited to
dealing with only two modelsand is very slow. We give more details of this method
in Chapter 5.

Whereasin all previous caseshe simplicial domain is abstract (with no inherert
geometry), our sphericaldomain geometryis explicit. This implies that paths must
be straight arcson the sphere,rather than arbitrary meanderingmesh paths, which
makesthe problem moredi cult. One advantage of the lack of domain connectivity

is the opportunity to improve the map by ipping edgesjikein Delauna re nement.



14

2.7 Morphing

Morphing is the processof cortinuously transforming a sourceobject into atarget
object over time. When morphing a sourceobject to a target object, not only is
the shape interpolated but also object attributes sud as sufacenormals, color and
texture. Its main application is in generating computer animation sequencedor
movies. The animator can specify a few key framesand interpolate betweenthem.
Among other applications, a designercould useit to blend existing shapesin order
to createnew shapes.

Many techniqueshave beenproposedfor 3D meshmorphing. We refer the reader
to [FA98] and [Ale0Z] for a good survey of recen algorithms. Most techniquesrequire
the userto specify a setof feature corresppndences.Thesearethen usedto getadense
set of correspndenceswhich in turn are usedin subsequeth interpolation between
sourceand destination. The goal of any morphing technique is to produce smaoth
and aestheticmorphswith aslittle userinput aspossible.

One possibleapproad is to samplethe meshinto a volumetric grid represemation
and apply extensionsof 2D imagemorphing techniqueswhich is a well studied problem
[LGL95]. Thesemethods would be ableto support morphing betweentwo surfacesof
di erent gerus quite easily Howewer, thesemethods do not scalewell to large models
and would be memory limited.

The other approat (that we follow) is to compute a bijective map between
the sourceand target meshesand then interpolate between them [Ale00, LDSS99,
PSS01,SAPH04, KS04. These methods compute a map betweenthe sourceand
target mesheseither directly [SAPHO04, KS04] or by composing maps to di erent
[Ale00, LDSS99]or common[PSS0] domains. All these methods focus on solving
the correspndenceproblem soasto get smooth morphs. Thesemethods are limited
to forming morphs betweenobjects of the samegerus.

Once sud a bijective map has been obtained, one could start with the source
vertices and interpolate them to get sourcevertices placed on the target meshwith
source connectivity. Howewer the source connectivity might not approximate the
target object well. Many techniques[Ale00, LDSS99,KS04 compute an overlay of

the two input meshegcalled a meta-mesh)which include the verticesof both the input
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meshesas well as verticesformed by the edge-edgentersectionsof the two meshes.
Howeer, the meta-meshis typically a factor of ten largerthan either the input meshes
and can have badly shaped triangles. Instead, Praun et al. [PSSO1]createremeshes
with the sameconnectivity that they obtain by regularly subdivding their basemesh.
We obtain the common remeshesby creating a spherical parameterization of an
octahedronand then regularly subdividing it. A problemwith theseregularremeshes
is that for mesheshaving lot of detail in only someregions,a densesubdivision is
required over the erntire mesh. In recert work, Kraevoy et al. [KS04 usethe map
to remeshthe two input models with signi cantly fewer elemeits while accurately
approximating the input geometries. They start with the sourceconnectivity and

adapt it to approximate the target geometrywell.

2.8 Databases of human faces/b odies

Se\eral researters have addressedhe problem of creating databasesof human
facesor bodies. Thesemethodsusespeci ¢ knowledgeof the objectsbeingrepreseted
to createa carefully tuned template that can be geometrically tted to the raw data.
Blanz and Vetter [BV99] use optical ow to nd densecorrespndencesbetween
a set of facesrepreseted as mesheswith disc topology. Their algorithm bene ts
from the implicit 2D parameterization of the input data given by its cylindrical
coordinates. Marschner et al. [MGROO] t a template subdivision surfaceto laser
scansof facesusing 25-30user-selectedeaturesas soft constrairts, and then obtain
surfacecorrespndencesusing normal-piercing. Allen et al. [ACPO03 use 74 physical
markers on whole-body human scansto obtain the soft constrairts, and optimize the
smoothnessand the t of the transforms that needto be applied to the template

subdivision meshverticesto appraximate ead scan.

2.9 Stretc h Metric
Sincewe optimize the parameterization using the stretch metric, we give a brief
review of the planar-domain stretch metric deweloped by [SSGHO0] and the spherical

domain stretch metric developed by [PHO3].
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The stretch metric minimizesundersamplingof the surfaceon the texture domain

and tendsto distribute the samplesuniformly over the surface.

2.9.1 Planar-domain stretc h metric
Let :D! M :(s;t) R?! (x;y;z) R3 beamapwhereD is a planar domain

and M is the meshsurface. At any point (s;t), the singular values and of the

—rd.d
ds’ dt

mapping unit-length vectorsfrom the domain D to the surfaceS, i.e. the largestand

3 2 Jacobianmatrix J ] represen the largest and smallestlenghts when

smallestlocal stretch. The L? and the L' norms corresmpnding to rms and worst

casestretch over all directions in the domain are de ned as:
r

sy = 52+ )

and
LY (s:t) =

The L2 stretch norm is integrated over the surfaceM to obtain the stretch metric:

S 77
LMY= - (L(st)2dAu (i)
M

wheredAy, (s;t) is the di erential surfacearea.
For the caseof a triangle mesh, is piecewisdinear andits JacobianJ is constart

over ead triangle. Thus the integrated metric can be rewritten asa nite sum.

2.9.2 Spherical-domain stretc h metric
Praun and Hoppe [PHO3] extend the de nition of stretch to considera spherical
paramerization :S! M :vS ! (x;y;2) R® They analyzethe inverse map
I(s;t) from atriangle T badk to the sphere.For any point (P) insideT, the inverse
Jacobian map J : provides a local linear approximation for . Consequetly,
distancesaround P get stretched through map by a factor between® and 1 (with

and the singularvaluesof J i. They de ne the stretch over the triangle T as:
S

ZZ
1 1 1
Au. (— + —)dAu, (st)

L¥(T) =

wheredAy (s;t) is the di erential meshtriangle area.
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They alsoadd a small regualarizationterm (’Z—M)F’:2+1 () P to avoid oversampling
alongwhendirection. This canwhen happen . They use = 0:000landp= 6
for all their models.

Unlike in the planar domain case,J : is not constart and therefore and
are not. Hencethey resort to numerical integration. They subdivide ead spherical
triangle sud that the resulting piecesare su cien tly planar and for read resulting
sphericalsub-triangle, they directly point-samplethe JacobianJ : by ewaluating the
derivativesof the sphericaltriangle map.

Stretc h E ciency:  The L2 stretch e ciency isde ned as(Ay / Ap)(1=L%(M)?)
where Ay and Ap are the areasof the surfaceand domain respectively. The stretch

e ciency hasan upper bound of 1.

2.10 Inter-surface maps

We call a map betweentwo surfacesM; and M, an inter-surfacemap. Previous
methods [Ale00, PSS01,LDSS99,KS04] compose parameterizationsof M; and M,
over someintermediate domain. Howewer, using an intermediate domain may result
in a poor inter-surfacemap since ead sub map ignoresthe non uniform distortion
in the other. For example when mapping a cow to a horse, the cow's legs would
not be encouragedio match with the horse'slegs. While it is possibleto manually
force corresppndencesof constrairnts on a denseset of domain vertices, a more ele-
gart and exible solution is to automatically favor this correspndencewithin the
distortion metric itself. The user generally speci es a few constrains to guide the
parameterization processto a good solution. Inter-surface maps have a number of
practical applications including morphing, principal componert analysis, attribute
transfer, deformation transfer etc.

Alexa [Ale0( computesan intersurfacemap betweentwo surfacesby parameter-
izing the meshesonto a unit sphereand composingthe two maps. Feature correspn-
dencesare satis ed by deforming the embedding on the sphere. Howewer, sincethe
sphereis usedas intermediate domain it works only for gerus-0 objects. Also, it is

not guararteed to satisfy the constrairts and the method is not very robust.
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Leeet al. [LDSS99]createan inter-surfacemap betweentwo surfacesM,, M, by
rst constructing simplicial parametrizationsto the respective basedomains. Because
the domain meshesD,, D, are di erent, user assistances required to form a good
map betweenthem, and this map construction is not robust.

To overcomethis drawbadk, Praun et al. [PSSO1l]dewelop a simplicial para-
metrization method in which the connectivity of the simplicial complex D can be
speci ed a priori. Given a gerus-zerosimplicial complexand desiredimagesof eah
domain vertex on multiple surfacesthey construct consistem parametrizations, over
the sharedsimplicial domain D.

Kraevoy and She er [KS04 usethe composition to remeshthe surfaceM, using
the connectivity of M (together with someadditional vertices). They smaoth the
map using a spring relaxation where edgeweights are related to local remesherror.
Their approad is much fasterthan ours, and they producesimpler meshessompared
to other similar techniques. Howewer, since their maps are basedon a conformal
metric, they require the userto assaiate all interesting model features. Also their
sthemeis robust for gerus-zeroobjects. Although they demonstrate maps between
models of nonzerogerus, their algorithm may abort and requestthe userto provide

additional feature constrairts.



CHAPTER 3

CONSISTENT SPHERICAL
PARAMETERIZA  TION

3.1 Problem De nition

Given a set of gerus zero triangular meshes(Mq; M,:::;; M;) with a set of cor-
responding feature vertices (V1; Vz:::; V), whereV, = (vj1;Vi2:::;Vik) are the feature
vertices on mesh M;, our goal is to form a consisten parameterization of all the
meshegnto the unit sphere.That is, we producefor ead surfacean embeddingonto
the unit spheresud that correspnding feature points acrossthe di erent meshes
(v1i; V2iii vini ) map to the samelocation on the sphere. The feature points on the
sphere need not be specied by the user and are deduced automatically by the
algorithm. Using theseconsisteh remesheswe then form remeshesaving the same
connectivity which can be used for a number of applications including morphing,

principal componert analysis,attribute transfer, deformation transfer etc.

3.2 Algorithm Overview
Our approad hastwo major parts. First, we nd good sphericalfeaturelocations,
sud that the nal mapshave low distortion and distribute the sphereareaadequately
to the various parts of the input meshes.Second,we create a constrainedspherical
parameterizationfor ead surface,forcing the feature points to map to the computed
locations. Hereis the algorithm in more detail (seealsoFigure 3.1). Let M; (i=1..n)
be the initial meshes,P be a parameterization, and F a set of spherical feature

locations.

1. (P;;F") := UnconstrainedSphericalBram(M )

/I Find initial feature locations on sphereusing one model.
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2. Fori= 2:n, Pf = ConstrainedSphericaIIaram(Mi;F°)

/[P arameterizeall modelsusing thoseinitial locations.
3. Fori = 1::n, MR := Remesh;; P,)

//[Remesh to n geometryimageswith identical connectivities.
4. MR:= fME;ME; s MRg

/IConcatenate to single meshwith vertex coordinatesin R".

5. (PR;F) := UnconstrainedSpherical@ram(M R)

/[Find good feature locations consideringall models.

6. For i=1...n, P; := ConstrainedSphericalRram(M;; F)

/[/[Compute nal parameterizationsusing theselocations.

Step 5

Figure 3.1. Stepsof the algorithm.

Figure 3.1 illustrates the steps of the algorithm. For clarity, steps3-5 shov a

coarserversionof the remeshgrid than the one actually used. The featuresin step 5
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are verticesof the ner grid. The stretch e ciencies for the parameterization of the
gargoyle and bunny were 0.632and 0.697respectively.

We now descrike eat of thesestepsin more detail.

Obtain intial feature locations on sphere: The intial featurelocationson the
sphereare obtained by doing an unconstrainedspherical parameterization of one of
the models. The choiceof the modelusedto nd the intial sphericallocationsdoesnot
a ect the nal consisteh parameterizationbecauseof the remaining stepswhereinwe
nd good sphericallocations consideringall the models. The unconstrainedspherical
parameterizationis done using the method of [PHO3] as described in Section2.4.

Obtain consistent parameterizations using these locations: In this step
we do a constrainedspherical parameterization (Section 3.3) of all the other models
using the initial locations obtained in Step 1.

We now have consisteth parameterizationsof all the models onto the sphere.
Howewer, this parameterization is biased towards the geometry of the model used
to obtain the initial sphericallocations resulting in high distortion in the parameter-
izations of the other mesheg(seeFigure 3.5). For examplewhen forming consistert
parameterizations between a horse and a dinosaur, if the horseis usedto obtain
the initial spherical locations, the dinosaur's tail will map to a small area on the
spheresincethe horsemodel hasno tail. In the resulting remeshesthe horsewill be
well sampled,while the dinosaur'stail will be highly undersampled. To avoid suc
assymetry in the next stepswe nd new sphericallocations taking into accoun the
geometriesof all the meshes.

Remesh to n geometry images: We remeshusingthe sphericalparameteriza-
tions obtained in Step 2 to get n geometryimageswith identical connectivities. For
this we create a spherical paranterization of an octahedron, unfold it into an image
and then uniformly samplethe octahedronat the verticesof a regular n-tessellation
asdescrited in [PHO3].

In this step, we needto exactly represem the feature points sincethey might not
lie exactly on the grid samples.Sowe snapthe closestgrid samplesto the spherical

locations.
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Find good feature locations considering all models: This stepinvolvesthe
construction of a progressie meshfor the special meshwith geometryin R3. We
modify the quadric error metric of Garland and Hedkbert [GH97]to sum ead of the
n errorsin R3.

We alsomodify the sphericalparameterizationmethod of Praun and Hoppe [PHO3J]
to sum the n stretch energiesfrom the n meshgeometriesin R® to the sphere. The

summedstretch over a triangle T is de ned as:
S

—

yi
1 1 1
A (_2 + _z)dAMTi (S;t)
MTi i i

L2(T) =

i=1

wheredAy , (s;t) is the di erential meshtriangle area.
Obtain nal parameterizations using good feature locations We now have
sphericalfeature locations that have beenobtained consideringthe geometriesof all
the models. We obtain the nal parameterizationsby doing a constrainedspherical

parameterization using theselocations as descrilked in Section3.3.

3.3 Constrained Spherical Parameterization
As the algorithm presened above shaws, the key challengein our approad is to
spherically parameterizea surfacewhile ensuringthat a given set of feature points

map exactly to speci ed locations on the sphere.

3.3.1 Problem De nition

Given a gerus zerotriangular meshM with feature points V = (vyq;V,:::;vk) and
correspnding feature points on the sphereS = (s;;s,:::;Sk), our goalisto nd a
valid stretch-minimizing embedding of the meshonto the sphere : S! M sud

that (si) = v;; fori = 1:::k. By valid we meanthat noneof the triangles are ipp ed.

3.3.2 Algorithm

Our rst attempt wasto directly extend the method of Kraevoy et al. [KSGO03
to the sphere. We rst create a matching triangulation of the feature points on the
sphereand the mesh. Eadh triangular patch (vi;Vv;; v) hasa corresmpnding spherical

triangle (si;s;; sk). We parameterizethe triangular patch onto the triangle formed by
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the correspnding sphericaltriangle. We x the verticeson the patch boundariesusing
arc-length parameterization and use Floater's shape preservingconvex combination
map [Flo97] for the interior vertices. We then do an iterative relaxation step as
descriked in [KSGO0J3 to get a smaooth parameterization. The relaxation procedure
involves putting ead vertex at the certroid of its neighbors if it doesnot causeany
ips. Finally, we project thesepoints onto the sphereusing the gnomonicmap.

This method works well for small meshes(< 10k verticesin our experimerts).
Howewer, in caseof large meshes,some of the patches are too large to robustly
parameterizeusing a singlelinear system.

Our goal was to dewelop a robust method to parameterizea set of gerus zero
meshes.[HGC99 SGSH02 AKSO03J] report that the useof coarse-to- ne approades
help parameterizationsconvergeto good solutions. Additionally, sincewe intend to
useregularsampling,the low scale-distortionpropertiesof the unconstrainedspherical
parameterizationof Praun and Hoppe [PHOJ] is ideally suited for our purpose. Hence,
we adapt their method to work with constrains as follows.

During coarse-to- ne re nement, we simply x the sphericallocation of feature
vertices. The dicult y is to bootstrap the algorithm by creating a valid starting
state that satis es all constrairts. Speci cally, we must create a progressie mesh
represemation of the surfacewhere the basedomain cortains only feature vertices

and is triangulated the sameway asthe sphericalfeatures(seeFigure 3.3.2).

Figure 3.2. \T riangulations" of featureson the sphere(left) and mesh (middle);
basemeshafter simpli cation (right).
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To satisfy this, we needonly nd a sphericaltriangulation and a correspnding
embedding of its arcsonto the mesh,given by a set of non-intersecting paths. Once
we have sud a path network, we simplify the meshto produce a progressie mesh,
but we keepthe feature vertices, and only allow vertices on the feature paths to be
collapsedinto other path or feature vertices [SSGHO1]. If a vertex on a path were
allowed to collapseto a vertex not on the path, the two triangles on that edgewould
map to an arc on the sphereand have hencehave zeroareaon the sphere.

To producethe path network on the 3D surface,we usea method similar to those
of Praun et al. [PSS01jand Kraevoy et al. [KSG03. We link together pairs of feature
points, with great circle arcson the sphere,and paths on the mesh,until we complete
a full \triangulation". Sometimesit is not possibleto form consisten triangulations
for a given meshconnectivity (seeFigure 2.1). Adding Steiner vertices resolesthe
problem.

We usea greedyalgorithm that usespaths with Steinerverticesif it fails without
them. The algorithm starts by building a candiate pool of paths that is populated
initially by shortest paths betweenall the feature pairs, computed using a Dijkstra
seard on meshvertices. This candidate pool is maintained asa priority queuebased
on the path lengths. The addition of paths is donein a greedyfashion, selectingthe
best pair from this pool of candidates.

The added paths should satisfy the following conditions:

1. The paths (and arcs) should not intersect eat other exceptat feature vertices
(and their spherical locations). When we selectthe best candidate path we
chek to seeif it intersects any paths already inserted in the network and
if so we re-compute it using a restricted seartr. These restricted seartes
can also use edgemidpoints in addition to meshvertices (though with a cost
penalty), correspnding to inserting \Steiner" vertices in the original mesh
[ESGO01,SAPH04,KS04].

2. The ordering of paths around a vertex should be consisten on the meshand
the sphere.If not, we trace a new path on the meshwhile imposingthe sectors

from the sphere.In this casetoo we allow the useof Steiner vertices.
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3. The introduced path should not complete any cyclesuntil a spanningtree of
all the feature vertices has beentraced. If the paths wereto be introducedin
a random order, the algorithm is not guararteed to terminate. For example, it
is possibleto encirclea vertex with paths making it unreadable [PSS01].The
spanningtree construction ensuresthat no vertex can be encircledduring the
tree building phase. Once we have a tree, we can complete the triangulation
by adding the remaining patch boundariesin any order. For a proof of this see
[PSSO01].

Consistert neighbor ordering and the initial construction of a spanning tree of
the feature vertices ensurethat the path layout algorithm always terminates in a
topologically valid triangulation [PSS01]. To improve the geometric quality of the
triangulation we employ a set of heuristicsto avoid and x swirls (Section4.1) and
we ip edgesby replacingthem with the other diagonal of the quad formed by the
two adjacert patches. We perform this operation only when the new path is shorter

and the new con guration is valid on the sphere.

3.3.3 Dealing with swirls

Homotopy de nes a setof equivalenceclassegor mapsbetweentwo surfacesn the
presenceof constrains. Two mapsbelongto the sameclassif there existsa cortinuous
deformation betweenthem that maintains the constrairts. Any optimization algo-
rithm that cortinuously deformsthe parameterizationsud as[PHO3] always remains
within a homotopy class. It is thereforeimportant to initialize the parameterization
in a good con guration. Somehomotopy classesappear bad to a human obsener
becausepaths take unnecessarilylong routes around other feature vertices. We call
a swirl the local con guration of theselong paths. Figure 3.3 shavs an example of
swirl on the horse'sleg. The white patch (bottom) must connectto B, but it doesso
around A. It cannot be straightened sinceit would have to move over A and AB.

Praun et al. [PSSO01l]note that swirls correspnd to \p oor" homotopy classes
and cannot be xed using local cortinuous relaxation like the 1-ring relaxations
of patches around a vertex [GVSS00]. Instead they proposea set of heuristics to

prevert them. Unfortunately we do not bene t from a user-provided basedomain,
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Figure 3.3. Swirl lllustration

so some of their heuristics do not work in our case. Furthermore, our setting is
harder sincethe sphericallocations of the feature points obtained in steps1 and 5
of the algorithm (Section3) may be quite di erent from preferredsphericallocations
consideringthe geometryof the current mesh,and neighbor ordering constrairts based
on thesesphericallocations may prevert the insertion of many paths that look good
on the mesh. To addressthis problem, we dewelop a more robust set of swirl-avoiding
heuristics,aswell asa method to identify and remove swirls after they have appeared.

Swirl-a voiding heuristics The main tool we use in selecting new paths to
insert in the network is their ranking in the priority queue. Paths are normally
ranked accordingto their surfacelength (shorter is better), but they are occasionally
penalized (placed at the end of the queue) when certain conditions occur. Sud

conditions include:

The current path links non-extremevertices,and there are still someextremities
left unconnected. Extremities are featureswith large averagedistanceto their
nearestneighbors (such as legs, arms, etc.). We start the spanningtree con-
struction by linking sud features. If left unconnectedthey might causeswirls
sincepaths linking other vertices go around the baseof the extremity, equally

likely on the \correct” ason the \wrong" side.

The spherical image of the path creates spherical triangles with very small
angles(< 10 degreesn our examples).In thesecaseshe winding order of the
3 feature locations on the sphereis not reliable. Furthermore, skinny triangles

make the sphericaloptimization lessrobust.
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Failed sidednesgestsfor neighboring features. We ched& whetherthe projection
of afeature vertex onto the path (computedusingunrestricted Dijkstra from the
neighbor to the path) is on the samesideasthe projection of the correspnding
feature point onto the arc on the sphere.If someof the verticesare on di erent
sideson the meshand the sphere,we try to forcethe path to lie on the correct
side of nearby feature vertices. To do this we add temporary constraint paths
from the path endpoints to the neighboring feature. We now trace the shortest
path onthe mesh. The path sotracedis onthe correctsideof all the featuresin
the connectedcomponert of the neighbor. Howeer, this might not always be
possibleas the addition of the temporary constrairt paths might form a cycle
enclosingeither the sourceor the destination vertex on di erent sideson the

meshand the sphere.In sud caseswe add the path to the end of the queue.

Figure 3.4. Sidednesgest to avoid swirls
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Figure 3.4 shavs an example of this test. Path BD (top) fails the sidedness
test sincefeature vertex C lies to the left on the meshand on the right on the
sphere.Paths BC and CD are introducedtemporarily and BD is traced sothat
it starts and endsin the samesectoron the meshason the sphere.Point C lies
on the right of the newly traced path BD (bottom) both on the meshand the

sphere.

Unswirl operator: In addition to using heuristics that avoid swirls (as Praun
et al. did [PSS01]),we have alsodeweloped a method to identify and remove them in
the rare caseghat they do occur. Paths betweentwo featuresincident to many other
\long" paths (with high ratios betweenactual length and gealesicdistance between
endpoints) are likely to be the certer of swirls. To x them, we remove all paths
incidert to the two vertices,and then replacethem in a new order, introducing rst
paths that were previously bad (so they have a chanceto use a more direct route
now that someof the old nearby constraints are absen). If this doesrt work, we
let the userto add/remove certain paths and then let the algorithm complete the
triangulation. In all the exampleswe tried howewer, we did not require any user
intervertion.

Edge ips: As a post-process,we ip edgesto improve the quality of the
triangulation. The edge ips are doneonly if the new path is shorter and the new
con guration is valid on the sphere.Inpractice, our path tracing algorithm produces

well rounded triangular patchesand very few edge ips are needed.

3.4 Obtaining good spherical locations

Oncewe have a consisten triangulation of the meshand the spherewe canproceed
with the algorithm. In step 1, we obtain sphericallocations using one of the models.
We shift theselocationsin steps3-6 consideringthe geometriesof all the models.

Figure 3.5 demonstratesthe role of steps3-6 of the algorithm. The top row shows
the location of feature points on the sphere.The left column shows feature locations
computed using only the cov model (unconstrained spherical parameterization of
the cow). Performing constrained parameterization of the dinosaur model with the

feature locations determinedusing the cow leadsto a poor map with large distortion.
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The right column shaws feature locations computed using all the models shavn in
Figure 4.5. Optimizing the locations using all the models results in much better
maps. Even though step 1 makesthe processhiasedtowards one model of the set,

the commonoptimization in step 5 removesthis asymmetry,

Figure 3.5. Parameterizationquality improvesafter optimizing the map taking into
accourt all models.

3.5 Mesh boundaries
Mesheswith boundariesposea challengefor the algorithm sinceead hole must
be in correspndencein the di erent models. To deal with boundarieswe needto
imposefeature path constraints in addition to points. We cannot directly apply the
solution for boundariesfrom spherical parameterization [PHO3], sincein that work
the holestypically keeptheir perimeter on the sphererelatively constart but shrink
to a regionwith almost zeroareaand jaggedoutline. A few point constrairts would

not keeptheseregionsin corresppndenceacrossdi erent models.
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We treat holesby placing a number of feature vertices (at least 3 and the same
number for all the input meshes)around eat hole and marking the paths between
them as path constrains. During the spherical parameterization (steps 1, 2, 5, and
6 of the algorithm) vertices along a constrained path are only allowed to move on
the spherical arc betweenthe two neighbors that are also on the path, rather than
in the full kernel of their 1-ring polygon. Step 3 (and the possibleremeshafter step
6) is modi ed sud that the remeshexactly samplesthe feature paths. This is done
by splitting someof the remeshtriangles using the spherical arc correspnding to
the path, if the remeshdoesnot needregular connectivity (sud asthe intermediate
remeshusedin steps 3-5), or by snapping nearby remeshverticesif onesdesiresa
purely regular connectivity (such as when constructing geometry imagesbasedon
the sphericalparameterization).

Figure 3.6 shons an exampleof parameterizinga meshwith boundary. As canbe
seen,the perimeter of the sphericaltriangle correspnding to the boundary cortour

is big enoughto support the meshboundary, but the areashrinks to almost zero.

Figure 3.6. Meshwith boundary

The feature vertices at the endsof the boundary paths can move on the sphere

during the coarse-to- ne optimization only whenthe adjacen paths are single edges
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(i.e. there are no intermediate vertices along the path). Otherwise, the constrairt
that the intermediate verticeslie on the arc betweenthe endpoints would be broken.
To maximizethe coarse-to- newindow during which theseverticescan be optimized,
when we createthe progressie meshwe rst remove verticeson boundary paths (so

that they are the last onesto appear during the vertex optimization).



CHAPTER 4

APPLICA TIONS

4.1 Morphing

Morphing is the processof cortinuously transforming a sourceobject into atarget
object over time. For morphing, we simply store two correspnding positions of the
sphericalremeshand linearly interpolate betweenthem.

Praun and Hoppe [PHOJ] create morphs betweenmesheswithout any point con-
straints. Figure 4.1 shavs a morph createdbetweenthe bunny and the garggyle using
their sphericalremeshes.

Figure 4.2 shavs a morph betweenthe bunny and the garggyle using our method.
The morph looks good even though the two geometriesare very di erent. Note that
the head of the bunny seemsto rotate soasto align with the head of the gargogyle.
This wasadieved by placing two featuresone eat on the front and bad of the ned

of the bunny and the gargoyle.

4.2 Database of objects

Figure 4.3illustrates the basicapproad for applicationsmaking useof large model
databases. To create the database, a few represemative models are selectedand
consistenly parameterizedusing our algorithm, in order to obtain good spherical
locations for the 22 feature points. Note that the hole at the nedks was mapped to
a sphericaltriangle with very small area, and yet did not collapseto a point (due to
tangertial stretch along the boundary). In our examplewe usedthe 5 headsshown
out of a setof 8. The remainingmodelscanbe subsequetly addedto the databaseby
running constrainedsphericalparameterization (step 6 of our algorithm). Note that

not all feature verticesneedto be speci ed for the new models, but the initial models
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Figure 4.1. Morph betweenbunny and gargoy/le without point constrains

to be parameterizedshould cortain the largestset of featuresthat the databasemay
needin correspndence.

Once the databaseis created, the consisten parameterization can be used to
obtain a setof commonremeshesvhich canthen be usedfor taskssud asclassi cation
and retrieval basedon principal componert analysisasin [TP91]. On the right side
of Figure 4.3 we shav the averageof our set of heads,and the rst three principal
componerts (visualized addedto the averagehead).

Real-world instancesof sud applications may include databasesof scannedheads
or bodies, or brain surfacesrom MRI. It is alsousefulin compressiorsincea datbase

of headscould be represeted as a set of few eigenheadglus the projection of heads
onto theseeigenheads.
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Figure 4.2. Morph betweenbunny and gargoy/le.

4.3 Attribute Transfer
Consistert parameterizationscan also be usedto transfer mesh properties, sut
as geometricdetail (the high-frequencycomponerts of a multiresolution meshrepre-
seration), normals, colors, or texture coordinates. This is done by a simple vertex
to vertex attribute copy since we have a vertex-wise corresppndence. Figure 4.4
demonstratesexamplesof color and normalstransfer betweentwo heads. The texture
and normals of the head on the left are combined with the geometry of the headin

the middle to producethe oneon the right.

4.4 More examples
Figure 4.5 gives an additional example of consistelly parameterized models.
The top row shows the original models with 20 feature points. Row 2 shows their
parameterizationsonto the sphere.The third row shows consisteh geometryimages.

Row 4 shaws consecutie 50% pair-wise morphs betweenthe remeshes.Finally the
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Figure 4.3. By spherically embedding a set of models sud that correspnding
user-provided features map to the samespherical locations, we enable applications
sud as principal componert analysis.
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Figure 4.4. Texture and normals of the head on the left are conmbined with the
geometryof the headin the middle to producethe oneon the right.

last row shaws 4-way morphs (ratios 1/2 - 1/6 - 1/6 - 1/6 resp.). Similar mapsin
[PSSO01]Jused54 features. The stretch e ciencies were 0.322,0.316,0.341,0.286.
This exampleis challenging due to the great variation in geometry betweenthe

models, and their many long extremities that test the robustnessof the basedomain
constructionalgorithm and of the sphericalparameterization. Toillustrate the quality
of the parameterizationand the correspndencebetweenthe features,we shav morphs
between pairs of models as well as various points in the linear interpolation space
betweenthe four models. The stretch e ciency numbers reported in the Table 4.1
provide a quartitativ e measureof the parameterizationquality. They are de ned as

in [PHO3], and have an upper bound of 1.0.
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Our path layout procedure introduces between 0.5% and 2.8% new "Steiner"
verticesin our examples. These numbers are similar to those reported by Kraevoy
et al. [KSGO03. For applications involving remeshing,inserting new verticesin the

original meshesds not an issue.

4.5 Geometry images

To createa geometryimage,we rst samplethe sphereusing a subdivided octa-
hedron. We then cut someof the edgesof this octahedronasin [PHO3 and unfold
its facesinto the planeto createa geometryimage.

The main advantage of geometryimagesis that they represen geometrywithout
storing any connectivity. The connectivity information is implicit and neednot be
storedseparately In addition, renderingatextured geometryimagedoesnot needany
expensive memory gather operations, suc as dereferencingvertex indicesor making
random memory accesse$o texture. Instead, the correspndencebetweengeometry
and textures is direct and implicit, and one can march along the regular structure
for rendering. This accesspattern works very well with cading. The regularity of
the structure also allows image processingalgorithms to be adapted for geometry
Finally, they provide a natural framework for level of detail. Simpler models can be
obtained by simply subsamplingthe original geometryimage.

The third row in Figure 4.5 shows consistert geometryimagesobtained using our
method.

4.6 Stretc h e ciencies
Sanderet al. [SSGHO01]de ne a measureto report the stretch of a parameteriza-
tion. They de ne the L2 stretch e ciency asthe surfaceareain 3D divided by the
domain area after the domain has been pre-scaledto have a stretch error of 1. L?2
Am

stretch e ciency = Km'

whereL?(M)? is the L2-stretch norm integrated over
the surfaceM (seeSection2.9.2for details). Thusanisometry hasa stretch e ciency
of 1.

Table 4.1 shaws the stretch e ciencies we obtain comparedto the unconstrained

spherical parameterization of Praun and Hoppe [PHO3]. The verus model was para-
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Table 4.1. Stretch e ciencies

Model | [PHO3] (Unconstrained) | Our method
Verus 0.943 0.847
bunny 0.706 0.697
gargo/le 0.643 0.632
armadillo 0.454 0.286
horse 0.363 0.316
cow 0.405 0.322
dinosaur 0.360 0.341

meterized consistertly with 7 other models as showvn in Figure 4.3. The bunny and
gargo/le models were parameterizedconsisterly (Figure 3.1). The armadillo, horse,

cowv and dinosaur models are showvn in Figure 4.5.

4.7 Timing

Table 4.2 shaws timing results for our method. It takes about 10 minutes to
run one 100k face model through our pipeline. This is signi cantly faster than the
sphericalparameterizationtimes reported in [PHO3], but in accordancewith the order
of magnitude speedupthat they obtained after code optimization. For small meshes,
step 5 is the most expensiwe since it involves seweral geometriessimultaneously
Howewer, whenthe original meshesare very dense(for example,someof the headsin
Figure 4.3 have 300kfaces),the remeshesisedin steps3-5can have lower complexity,

and in that casestep 6 becomeghe most expensiwe one.

Table 4.2. Timing results

Models | Complexity (# faces) Steps Total time
1| 2, 3| 4|/5| 6

Fig. 1 12,402-363,53419 (81| 0| 0|8 |95 203

Fig. 2 70,980-199,99410| 5| 0| 0|5 |17 37

Fig. 7 24,088-199,994 2 23| 0| 0|7 |24 56

Timing results (in minutes, cumulative for all models) for the heads
example(Figure 1), bunny and gargo/le example(Figure 2), and 4
animals (Figure 7). The timings for steps2 and 6 are cumulative for
the di erent modelsin the set.
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All thesetiming experimerts weredoneon a 2.4GHz Pertium 4 PC with 512MB
RAM. These timing results are slover comparedto the methods of [PSS01]and
[KSGO03]. This is mainly becauseof the non linear stretch optimization that is done
in steps1, 2, 5 and 6. Use of the conformal metric would have resulted in better
executiontimes. Howeer, as Praun et al. [PHO3] show, the useof conformal metric
leadsto scaledistortion and henceundersampling. Also, Screiner et al. [SAPH04]
shaw that the conformal metric is not suited for applications like morphing sinceit
is doesnot favor natural correspndenceof major geometricfeatures.

Unlike Praun et al. [PSS01]howewver, we do not require a user speci ed base
complex. Also, we do not su er from the discortinuties presen in simplicial/planar
paraenterization. Our method is faster than [SAPH04 who do a much more ne

grain optimization.



Figure 4.5. Consistert parameterizationsbetween4 di erent models
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CHAPTER 5

INTER SURFACE MAPPING

5.1 Inter-surface maps

Inter-surface maps have a number of practical applications including morphing,
principal componert analysis, attribute transfer, deformation transfer etc. Unlike
previous approadeswhich composeparametrizationsof M; and M, over someinter-
mediate domain, we directly optimize the quality of the overall map (seeFigure 5.1.
The useof an intermeidate domain may result in a poor inter-surfacemap sinceeadh
sub map ignoresthe non uniform distortion presen in the other. For examplewhen
mapping a cow to a horse,the cow's legswould not be encouragedo match with the
horse'slegs. While it is possibleto manually force correspndencef constrairts on
a denseset of domainvertices,a moreelegan and exible solution is to automatically

favor this correspndencewithin the distortion metric itself.

Figure 5.1. Lack of intermediate domain resultsin better inter-surfacemaps
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Our method works for arbitrary gerus and doesnot require the userto provide
a simplicial complex (e.g. [PSS0]). The usermay optionally specify correspnding
feature points on M; and M», and our construction guararteesthat the map satis es
theseconstrairts.

Some parametrization schemesmay require a large set of manually specied
featuresto guide the parametrization processto a good (or ewen valid) solution.
Our mapping method is robust even with few feature constrairts. Moreover, directly
minimizing the distortion of the inter-surface map tends to naturally align corre-
sponding shape elemens. Of course,a few user-sgeci ed constrairts are helpful for
overall registration and for linking semarically related regions.

Chapter 3 discussesa robust method for creating consistet parameterizations
between a set of gerus-zeromodels. Though inter-surface maps are not created
explicity, they canbe thought of asthe composition of the mapsto the sphere. These
inter-surfacemapscan then be usedfor a number of application including morphing,
principal componert analysis,digital geometryprocessingattribute transfer and the
like asdescribed in Chapter 4.

Onedisadvantage of usingthe sphereasan intermediatedomainmethod is that the
method is restricted to gerus-zerosurfaces.Also the useof a sphereasan intermeidate

domain may result in a poor inter-surface.

5.2 Problem De nition
Given two triangular meshesM; and M, of the sametopology, with a set of
correspnding feature vertices (Vi;V,), where V; = (vi1;Vi2::i;Vvik) are the feature
verticeson meshM;, our goalis to to producea piecewise-lineamap betweenthe two
triangle mesheghat satisfy the constrains. We specify the map using a meta-mesh
that includes the vertices of both the initial meshesas well as vertices formed by

edgesof M, intersectingthose of M,. We call such a map an inter-surfacemap.

5.3 Algorithm Overview
Our strategy is to useprogressie re nement to robustly createand optimize the

inter-surface map. Even for planar and spherical parametrizations, which involve
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smaooth domains, coarse-to- ne approades help parametrizations convergeto good
solutions [HGC99, SGSH02,AKS03]. For inter-surface maps, the lack of domain
smoothnessexacerbateghe problem of local minima, further motivating progressie
re nement.

Our method rst constructs progressie mesh (PM) represemations of both M,
and M, [Hop94. To simplify the task of initializing the inter-surfacemap (and in
fact make this task trivial), we constrain the two progressie meshesto have base
mesheswith identical connectivities. And, to satisfy user-sgeci ed correspndences,
feature points areretained asverticesin the basemeshes.Consequetly the algorithm
becomesprovably robust. A trivial valid map is createdinitially , and the re nement
operations always succeed,so that by induction we are guararteed a valid map
betweenthe fully re ned surfaces.

The basic stepsof our algorithm are:

1. Partition the surfacesM; and M, into a correspnding setof triangular patches,
by tracing a set of correspnding paths. If user-sgeci ed featuresare provided,

theseare chosenas path endpoints.

2. Create progressie meshrepresemations of both M; and M,, using the path
networks to constrain the simpli cations, resulting in two base mesheswith

identical connectivities.

3. Establishatrivial map betweenthe two basemeshes:a 1-to-1 map on vertices,

with no edge-to-edgentersections.

4. lterativ ely re ne the two progressie meshes. After eat vertex split, update
the inter-surfacemap and optimize it on the local neighborhood. When both

meshesare fully re ned, we obtain the inter-surfacemap.

Stepsl and 4 are the most challenging. Step 1 is preserted in detail in this thesis.
For details on step 4 refer [SAPHO04. To create the progressie meshesin Step 2,
we constrain the edge collapsesequenceto presene the topology of the paths, as
descriked by Sanderet al. [SSGHO0]. We thus obtain base domains whose edges

correspnd to original paths and whosetriangles correspnd to original patches(see
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Figure 5.3). Sincethe two basedomainshave the sameconnectivity, the construction

of the initial map in Step 3 is trivial.

Figure 5.2. Example of consisten partitioning process

5.4 Initialization of coarse map

Our goal is to form a consisterh partitioning of meshesM; and M, into corre-
sponding triangular patches. The patch boundariesare de ned by path networks
linking together feature vertices. These feature vertices are optionally speci ed by
the user. If their number is insu cien t for the given surface gerus our algorithm
automatically inserts additional pairs. For examplewe needat least 4 featuresfor
gerus-zeroobjects, at least 7 featuresfor gerus 1 objects (seeFigure 5.3), more for
higher gerus), We allow the path connectivity to be either speci ed (asin [PSS01])
or arbitrary (asin [KSGO03]), depending on the application scenario.

Our approad is to link together correspnding feature pairs on both meshesausing
constrained shortest paths, similarly in spirit to the methods of [PSS01,KSGO03,
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Figure 5.3. The Csaszartorus

KS04]. We add pathsin a greedyfashion,subject to constrairts that ensureconsister
topology, and using heuristics that avoid swirls. When a maximal graph of non-
crossingpaths hasbeencreated,the two surfaceshave beenpatrtitioned into triangular
patches.

For gerus-zerosurfaces,the approad is similar to the one descriked in Chapter
3, exceptthat instead of the spherewe have a secondmesh.

Path tracing: The algorithm starts o by computing the shortestpath from eadh
feature vertex to its ten closestneighbors using Dijkstra searties. These paths are
storedin a priority queuesortedin increasingorder of summedpath length on the two

meshes.Our greedy path-insertion algorithm selectsthe best pair of correspnding
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paths from the priority queue. When the bestcandidateis selectedwe chedk whether
it is still valid, and if not we recomputeit and insert it bad in the queue.

To allow the creation of a valid path betweenany pair of features,we lazily add
extra Steiner verticesin the meshes,as suggestedoy Kraevoy et al. [KSGO03]. Our
sthemeperformsDijkstra seartieson both the meshverticesand the edgemidpoints.
Sinceusing edgemidpoints in a path correspndsto adding Steiner vertices, we give
preferenceto paths that do not usethem. This may lead to slightly more jagged
paths, but the precisegeometry of the paths is not critical to the nal map, since
the paths are not constrairts - they only guide the construction of compatible PM
sequences.

The legality conditions are as follows:

1. Pathson either meshshouldnot intersectead other. If the path currertly being
introducedto the network intersectsany of the paths already in the network,
we trace another path betweenthe two vertices constrainingit to not intersect

any existing paths and add it bad to the queue.

2. The paths shouldstart and endin correspnding sectorson the two meshegWe
assumethat the meshesare orientable). This is neededto obtain path networks
with consistert topologiesbetweenthe two meshes. When the shortest paths
on ead mesh are not consistet, we trace two candidate pairs of paths, by
imposingthe sectorsfrom M, on the path on M,, and vice-versa,and then pick

the best pair.

The top row in Figure 5.4 shovs a valid con guration of paths. The middle row
shows that if the pink path is added on the meshon the left, there does not
exist a correspnding path on the meshon the right that doesnot violate the
consisten vertex ordering condition. The bottom row shows how a path canbe
addedin the correct sectorif Steinerverticesare allowed. The Steinervertex is

shown in blue.

3. To guarartee the succesf the algorithm, we must avoid enclosingany vertex
within a path cycle not connectedto it. Praun et al. [PSSO1]obsene that for

gerus-zerosurfacesit is sucient to rst build a spanningtree of the feature



47

(a) Legal path network

(b) Pink path violates consistert vertex ordering constraint

(c) Useof a Steiner vertex solvesthe problem

Figure 5.4. Consistent Vertex Ordering

vertices (beforeforming any cycles). We generalizethis approad to arbitrary
gerus. To this end, we must distinguish betweenseparatingand non-separating
cyclesformed by the paths. (A separatingcycleis onethat breaksthe surface
into two disjoint componerts - seeFigure 5.5.) Our strategy is to rst build
a maximal path network without separating cycles, before adding any paths

forming separatingcycles.

For a surfaceof gerus g with k feature vertices, the maximal non-separating
graph is the union of a tree spanningall feature points and 2g non-separating
cycles,and thus hasexactly k-1+2g paths. This maximal non-separatinggraph

topologically cuts the surfaceinto a disc Gu et al. [GGHO02], with all the sectors
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Figure 5.5. Non-separating(left) and separatingcycles(right)

around feature vertices as vertices on the boundary of the disc. The neighbor
ordering constrairt ensureshat the ordering of the disc verticesis the samefor
both M, and M,. In sud a con guration, there always exists a unique way to
link any two vertices(sectorsadjacert to a feature). Oncesud a path is added,
eat of the two topological discsrepreseting M; and M, is further split into

two discs,which can be then consistertly decomppsed.

The new path that needsto be addedto split the discsmay sometimes link two
featuresthat are already connected(by a path in di erent sectors,goingacross
a handle of the objects). In sud caseswe automatically introduce additional
feature points to support the new path. As an example,for the pair of gerus 2
surfacesn Figure 6.3, 8 featuresare speci ed by the user,and 7 additional ones

are automatically introduced (blue dots in the close-upsshow in Figure 5.4).

There aretwo issueselatedto building the maximal non-separatinggraph: avoid-
ing separatingcycles,and avoiding swirls.

Av oiding separating cycles: If anewlyintroducedpath betweenverticesA and
B forms a cycle, we test whether it is separating,and if so, we replacethe path with
one forming a non-separatingcycle using an algorithm similar to that of Lazarus
et al. [LPVAO1]. Specically, we perform two simultaneous breadth- rst seartes
starting from the verticesincident to the path AB, on its two sides. The seartes
are constrained by the existing path network and by the candidate path AB. Each

visited vertex is taggedwith its parert (the vertex visited previouslyto getto it) and
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Figure 5.6. Automatic addition of feature points

with the left/righ t sideof AB it connectsto. If we ever reach a \left" vertex from a

\right" taggedone,then the cycle is non-separating.

Figure 5.7. Testfor non-separatingcycle

Figure 5.7 illustrates the test. To chedk whether path AB completesa non-
separating cycle, two simultaneous seardes are started from the path AB on its
two sides. The left front is shavn in yellow and the right in green. Sincethe two

fronts meetit is a non-separatingcycle.
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Sometimesthe shortest path obtained by doing a Dijkstra seart completesa
non-separatingcycle on one of the meshesbut a separatingcycle on the other. In
sudh a casewe form a non-separtingcycle on the secondmeshalso as follows. We
trace a temporary path betweenthe two feature verticescompletinga cycle. We then
initialize a front to cortain all vertices adjacen to the temporary path and grow it
in a breadth rst manner. The boundary of the region visited in the seart at a
certain time is in generalcomposedof se\eral corntours that can subsequetly split,
merge, or corntract to a point. When corntours merge (say at a point O), we trace
badk two paths to the previous split evert P, using the \parent” elds. From this
non-separatingcycle betweenP and O we selectthe vertex X closestto A and B. We
measuredistance by tracing paths XA, XB that (1) do not crossthe cycle at points
other than X, (2) meetthe cycle from opposite sides,and (3) endat A and B on the

sameside of the temporary AB path. The path AX-XB formsthe nal path.

Figure 5.8. Tracing a non-separatingcycle

Figure 5.4 shavs an exampleof tracing a non-separatingcycle. The top left image

shows the result of tracing the shortest path betweenfeature verticesA and C. This
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completesa separating cycle as showv in the image on the top right. To trace a
non-separatingcycle, a cortour is grown. The contour wraps around the torus and
meetsitself at point O (bottom left). The non-separatingcycle is now obtained by
tracing bad the paths from O to A and C (bottom right).

The non separatingcycle so obtained is not always the shortest. We obtain the
shortest non-separatingcycle from the path AC obtained above asfollows. We trace
shortestpaths from sourceand destination verticesto all points on both sidesof AC.
The paths shouldstart in the samesectorat both the sourceand destination vertices.
Now the shortest path is the onethat links a point on AC to sourceand destination
from di erent sidesand whosesum is least.

If there are not enoughuser-provided featuresto resole the gerus of the object,
we trace non-separatingcyclesconnectingto one of the existing featuresusing a pro-
ceduresimilar to the one above (with A=B), and createtwo new feature constrairts
to support the cycle. This is donerepeatedly until all the 2g non separatingcycles
have beenadded.

Av oiding swirls: As descrilkedin Section3.3.3,a swirl is an awkward geometric
con guration in which paths betweenfeature verticestake unnecessarilylong routes
around other existing paths. We provide a set of heuristicsthat work well in practice
and produce good swirl-free patches.

In the caseof consisten partitioning of two mesheswe have found two heuristics
to be e ective at avoiding swirls. The rst heuristic is to prefer early connectionof
feature points at meshextremities. To identify meshextremities, we computefor eah
feature vertex an averagedistanceto the closestset of neighboring features(8 in our
implemertation). Vertices with a high distance (top 25%) are consideredextrema.
This test is similar to the test descrilked in Section3.3.3 exceptthat now we have to
considerextremeverticeson both the meshes.

The secondheuristicis to delay pathsthat passon the \wrong side" of neighboring
featuresPraun et al. [PSS01],and when forcedto choosesud a path, to re-route it
on the correct side. For ead candidate path, we gather a set of neighboring feature
vertices(the k-closestneighbors of the two endpoints on the two meshes).For ead of

theseneighbors we determine on which side of the path it lies by computing the side



52

on which the shortestroute from the neighbor to the path meetsthe path. If the side
is di erent betweenthe two meshesthen the path is likely to causea swirl, soit is
penalizedin the pool of candidate paths. If only penalizedpaths are left, we attempt
to re-route the lowest-costpath on the correct side of the o ending neighbor vertex
as follows. Shortest paths betweenthe o ending neighbor and the candidate path
endpoints are computed (under normal constrairts) and temporarily addedto the
path network. The new path is thus forcedto go on the correct side of the connected
componert of the o ending neighbor (seeFigure 3.4). We re-route the path on eath
meshconsideringthe path layout on the other meshasreferenceand then selectthe
path with lower summedcost on the two meshes.

Handling surface boundaries: Our map initialization algorithm is easily ex-
tended to mesheswith boundaries(Figure 5.9). Each boundary contour is triangu-
lated using a singlecertral point. The point is treated as a feature vertex, and must
be asseiated with a correspnding boundary-certer vertex on the other mesh. Once
the two path networks are computed, these boundary-certer vertices are removed
along with the facesusedto triangulate the boundaries. The paths connectingto
the boundary certers are clipped to the boundary, and these clip points become
new feature vertices. We then consistenly triangulate the resulting non-triangular

patches,and the remaining stepsproceedas before.



Figure 5.9. Mesheswith Boundaries
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CHAPTER 6

INTER SURFACE MAPPING - RESULTS

Figures 6.1, 6.2 and 6.3 shov examplesof the meshpartitioning for 2 gerus 0, 1
and 2 objects respectively. Figure 6.3 shavs the robustnessof the algorithm. The
dragon was made gerus 2 by punching a hole through its tail. The user speci ed
only 7 feature points, 1 ead on ead foot and the remaining around the tail. The

remaining 8 were automatically addedby the algorithm.

Figure 6.1. Consistert meshpartitioning of gerus O objects

Our path layout procedure introduces between 0.6% and 2.1% new \Steiner"
verticesin our examples.This is very similar to the number of Steinerverticesadded
when consistertly partioning a meshand the unit sphere(Chapter 4).

Oncethe mesheshave beenconsisten partitioned, we construct progressie mesh
represemations of both the meshesisingthe path networksto constrainsimpli cation,
resulting in two basemesheswith idertical connectivities. We now de ne atrivial 1-1

map on the basemeshverticesand re ne them iterativ ely to full resolutions. We can
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Figure 6.2. Consistert meshpartitioning of gerus 1 objects

Figure 6.3. Consistert meshpartitioning of gerus 2 objects

then usethe map for a number of applicationsincluding morphing, attribute transfer,

deformation transfer, geometryremeshingand the like (see[SAPHO04]for details).

6.1 Timing
Table 6.1 shaws time take to consisterly partition two meshes.All thesetimings
experimens were doneon a 2.4GHz Pertium 4 PC with 512MB RAM. The dragon
and the feline exampletakesa long time becausehe userhasspeci ed only 7 feature
constrains. Hencemore time was neededto completenon-separatingcyclesstarting

at a singlefeature point and add more feature verticesto support the cycle.



Table 6.1. Timing results

Models | Complexity (# faces)| Time (in secs)| # features

cow and horse 23k and 97k 98 17
bunny and gargolye 70k and 200k 207 32
mug and teapot 3450and 5056 10 20
dragon and feline 80k and 150k 233 7
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CHAPTER 7

CONCLUSION AND FUTURE WORK

We have presened a new robust algorithm for consistetlly parameterizinga set
of gerus-zeromodels onto a spherein the presenceof feature constraints. This has
many applications including morphing, principal componert analysis, deformation
and attribute transfer transfer. The regularly sampledconsistelht geometry images
obtained using our parameterizationsallow digital geometryprocessingapplicableto
many real-world applications. As demonstratedby the examples,our algorithm can
handle any number of modelsand any number of cortraints producing low distortion
maps.

The certral part of the algorithm, constrainedsphericalparameterizationis guar-
anteed to produce topologically equivalert sphericaltriangulations and mesh patch
partitions, and avoids awkward swirl con gurations through a collection of novel
heuristics. The heuristics described in Section3.3.3su ce to produce good results
in all the exampleswe tried. For simpler cases(not showvn here) involving a small
number of geometrically similar models a subsetof the heuristics su ce.

We have also presened a method to robustly partition two meshesof arbitrary
topology into a set of consistert patches. This is usedas the rst stepin forming
high quality inter-surface maps betweentwo meshesof arbitrary topology. To our
knowledge, this is the rst method that is guararteed to work for arbitrary gerus.
The certral ideais to build a maximal path network without any separatingcycles
beforeadding any paths forming separatingcycles.

As future work, we ervision a multiresolution versionof our path tracing algorithm
that speedsup the Dijkstra searties. We could apply our treatment of meshbound-
ariesto internal feature path constrairts. Howewer, mapping thesefeature paths to

straight arcson the spheremight be limiting in someapplications. For remeshing,it



58

would be usefulto give the usersomecortrol over the discretization of thesefeature
paths.

A major limitation of the current apporad is the time takento producethe maps
becauseof the non-linear stretch minimizing optimization. This can prevert it from
beingusedby artists in the animation industry who want to interactively view results
and changethe location/number of feature vertices. Yoshizava et al. [YBS04]propose
a method for computing fast stretch minimizing parameterizations. They computean
initial parametrization using Floater's shape preservingmethod [Flo97]. They then
repeatedly improve the parameterization obtained in the previous step by solving a
linear system correspnding to a corvex combination map using weights chosento
minimize the stretch. It is not clear how this could be adaptedto work on the sphere
and would be interesting future work.

Two methods [SAPHO04] and [KS04] have sincebeenproposedto construct inter-
surfacemaps robustly between surfacesof arbitrary (but same)topology. We have
descrilked the extensionof our matching algorithm to higer gerusin this thesis. How-
ewver, both thesemethods cannot create maps betweensurfacesof di erent topology.
This would be an interesting averue for future work. Also, it would be useful to
dewelop algorithms that handle databasesof models.

Another interesting idea is to create inter surface maps between surfacesrep-
resenied as point cloud or volumetric data. This would greatly simplify topology

changesin the inter-surfacemaps.
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