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Abstract
Simulatingthetransportof light in volumessuch ascloudsor objectswithsubsurfacescatteringis computationally
expensive. Wedescribeanapproximationto such transportusingpathintegration.Unlikethemorecommonlyused
diffusionapproximation,thepathintegrationapproach doesnotexplicitly relyontheassumptionthat thematerial
within the volumeis dense. Instead,it assumesthe phasefunctionof the volumematerial is strongly forward
scatteringanduniformthroughoutthemedium,an assumptionthat is oftenthecasein nature. We showthat this
approach is usefulfor simulatingsubsurfacescatteringandscatteringin clouds.

1. Intr oduction

The appearanceof many materials(e.g.,skin, fruits, snow,
clouds) cannotbe describedby a simple BRDF-style re-
�ectancemodel.Themainreasonfor this is volumetricscat-
teringwhichmanifestsitself in importantlighting effectsfor
materials4; 5; 19 andscenes36. Theradiative transferequation
andpropagationof light in a scatteringmediumhave been
bothanalyticallyandnumericallystudiedin astrophysics,at-
mosphericoptics,and more recentlymedicalapplications.
For most problemswith non-trivial boundaryconditions,
phasefunctionsandinitial conditionsthereareno analytic
solutions.Most solutionsarebasedon thediffusionapprox-
imation which assumesthat enoughscatteringeventshave
occurredfor light to beuniformly scatteredin all directions.
Thisapproximationhasprovenusefulfor generatingimages
with subsurfacescattering18. MonteCarlomethodsarealso
oftenusedto computeradiative transportwithin a medium.
Although simple andpowerful, thesemethodssuffer from
slow convergence.Finiteelementmethodsarealsoused,but
they requirelargeamountsof storageto capturediscontinu-
itiesandstrongdirectionallight distributions.

Becausethe diffusion approximationis only appropriate
for denseuniform media19, thereis a gap in the computer
graphicsliteraturewhenaccurateapproximationsaredesired
for sparseor non-uniformmedia.This paperattemptsto �ll
that gap using an alternative to the diffusion approxima-
tion basedon Feynman's pathintegral approachto solving
quantummechanicsproblems10. Path integral formulations
of physicalprocesseshave beenusedin physicsto solve a

wide variety of problemsincluding energy propagationin
randommedia38 andtransferequation39.

The radiative transferequationdescribinglight propaga-
tion canbe viewed asa collectionof pathstaken by radia-
tion asit travels throughspace.A path integral is an inte-
gral over all suchpossiblepathstraveledby a photon.Ra-
diative transferis decomposedinto a seriesof smallerprob-
lemsformulatedby theGreenfunctionpropagator. Scattered
optical �elds aredescribedusingthe conceptof an ensem-
ble of effective optical pathsof partial contributions.This
physicalpicturefor treatinglight transportin multiple scat-
tering media as a collection of most probablepathspro-
videsinsightinto thelight propagationin a medium.Unlike
therandomizedapproachto usingpathsof MetropolisLight
Transport45, pathintegralmethodsanalytically�nd themost
importantpathsanddevelop analyticalestimatesbasedon
them.Oncethe most importantpath is found, the multiple
scatteringcontributions areonly computedalong the most
probablepathsandtherestof thepathsaredealtwith implic-
itly via analyticintegrationof multiplescatteringusingwell-
known approximations.We thereforeavoid computationally
expensive directnumericalsimulationof multiple scattering
in the medium.We provide someintuition behindpath in-
tegralsanddemonstratethat someusefulresultsof the the-
ory canbeobtainedwithout any heavy mathematicaltools.
We discusssolutionsto light propagationasa pathintegral
(a formalsum)andhow they canbeusedfor renderingarbi-
traryscatteringmaterialsandmedia.Becausemany common
phenomenacannotbedescribedusingonly singlescattering,
we discusssomeobservableconsequencesof multiple scat-
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teringandhow they canbeexploited for renderingapplica-
tions.

We show resultsfor inhomogeneousmedia that cannot
beachieved usingthediffusionapproximation.The restric-
tions on our methodare different; while sparseand inho-
mogeneousmedia are allowed, we assumethat the den-
sity andthereforescatteringcoef�cients vary smoothly, the
phasefunction is arbitrarybut constantwithin themedium.
This expandstheclassof problemsthatcanbeattackedef-
�ciently . We notethat this paperservesmainly asan intro-
ductionto pathintegralmethodsandmany improvementsin
ef�ciency havenotyetbeenexploredin ourimplementation.

2. Background and Previous Work

Light Transport Approximations

Therehasbeenmuchwork in approximatingradiativetrans-
fer in arbitrary media in many �elds including computer
graphics.Perezet al.30 survey andclassifyglobal illumina-
tion algorithmsin participatingmediain detail. Pharrand
Hanrahan31 andPremo�e35 alsoprovide anextensive list of
existing methodsand background.Here we brie�y review
recentmethodsprovenpracticalandrobust.

Jensenand Christensen16 presenteda two passphoton
densityestimationmethod.This methodis simple, robust
andef�cient but suffersfrom largememoryrequirementsto
storephotonsif theextentof thesceneis largeor thelighting
con�guration is very complex. Themethodis very practical
andit hasbeenusedfor many phenomenaincludingsmoke9,
�re 26, stone8, andwet materials17 proving its generality. On
theotherhand,thephotonmapbecomesratherinef�cient in
highly scatteringmedia18.

VeachandGuibas45 presenteda globalillumination algo-
rithm thatfoundimportantpaths,andthenexploredthepath
spacelocally becauseit waslikely thatotherimportantpaths
wouldbenearby. Paulyetal.27 extendedthemethodfor par-
ticipating mediaandproposedsuitablemutationstrategies
for paths.Althoughextremelygeneralandrobust,asit could
handleany lighting conditionandcon�guration, it still suf-
fers from the classicalMonte Carlo problemsof noiseand
slow convergence.

Stam37 presenteda solutionto multiple scatteringin non-
homogeneousmaterialsbysolvingthediffusionequationus-
ing a multigrid method.Jensenet al.18 introducedan ana-
lytical solution to the diffusion approximationto multiple
scattering,whichis especiallyapplicablefor translucentma-
terials that exhibit considerablesubsurface light transport.
Their methodrelies on the assumptionthat the multiply-
scatteredlight is nearly isotropic andcannotbe easily ex-
tendedto inhomogeneousmaterials.Lenschet al.22 imple-
mentedthis methodin graphicshardware and Jensenand
Buhler15 extendedthis diffusion approximationto be com-
putationallymoreef�cient by precomputingandstoringillu-

minationin ahierarchicalgrid. NarasimhanandNayar25 de-
scribeda physicall-basedmultiple scatteringmodelfor sim-
ulatingweathereffectssuchasfog, haze,mistandrain.

An alternative descriptionof light propagationwasdone
by Pharr and Hanrahan31 who describeda mathematical
framework for solving the scatteringequationin the con-
text of a variety of renderingproblemsand a numerical
solution in termsof Monte Carlo sampling.The scattering
equationdescribesall scatteringeventsinsidetheobjectand
it doesnot dependon the incoming illumination. Unfortu-
nately, therehasbeenno other work exploiting this inter-
estingparadigmof scatteringobjectsand interactionsbe-
tweenobjectson larger scales.Lafortune20 also described
the global re�ectancedistribution function (GRDF) which
correspondsto thescatteringequationidea.

Path Integral Methods

Path integral techniquesand functional integration have
beenwidely usedin statisticaland quantummechanicsto
solve propagatorsfor Fokker-PlanckandSchrödingerequa-
tions. The conceptof photon pathshas beenwell-known
in the theory of energy propagationin random media38.
Tessendorf39; 40 usedthepathintegral approachto studythe
propagationof light in weaklyscatteringmediasuchaswa-
ter. Perelmanet al.28; 29 describedenergy transportin a tur-
bid mediumusinga quasi-particleLagrangian,from which
themostprobablepathscouldbefound.WilsonandWang46

constructeda Lagrangianthrough a turbid medium using
local path descriptors.Miller 24 alsoconstructeda stochas-
tic Lagrangianpathintegral representationfor Green's evo-
lution operator. ConstantinouandDemetrescu7 showed the
equivalenceof thepathintegral formulationandvirtual rays.
Gross12 studiedmultiple scatteringof a wave in a systemof
randomanduncorrelatedscatteringparticles.Thepathinte-
gral methodshave alsobeenstudiedin optical tomography
andmedicalimaging.Near-diffusive scatteringregimesare
very important for obtainingdiagnosticinformation about
multilayer biological tissueswherestandarddiffusion ap-
proximationfails32; 33. JacquesandWang14 presenteda ba-
sic introductionto the path integral descriptionof photon
transportanddiscussedclassicalpathfor describingthemost
probablepathof a photon.

3. Mathematical Preliminaries

M EDI UM PROPERTI ES AND L I GHT PATHS. In anarbitrary
medium,the underlyingoptical propertiesdependon bulk
materialpropertiessuchasdensityr (x), temperatureT(x),
andtheparticleabsorptionandscatteringcross-sections,sa
andss. Opticalpropertiesof themediumarethendescribed
in termsof thescatteringcoef�cient b(x) = ssr (x), theab-
sorptioncoef�cient a(x) = sar (x), theextinctioncoef�cient
c(x) = a(x) + b(x), andthephasefunctionP(x;~w;~w0). The
phasefunction P describesthe probability densityof light
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spatial spreading

angular spreading

temporal spreading

Figure1: Scatteringin ahighly scatteringmedium.Original
radianceundergoesaseriesof scatteringeventsthatresultin
angular, spatialandtemporalspreadingof theoriginal radi-
ancedistribution.

x Genericlocationin
� 3

~w Genericdirection
a(x) Absorptioncoef�cient at apoint
b(x) Scatteringcoef�cient ata point
c(x) Extinctioncoef�cient at a point
g Meancosineof thescatteringangle
Q Volumesourcedistribution
P(x;~w;~w0) Phasefunction
G Propagator(Greenfunction)
~gP(s) Light point path
~b(s) Light propagationdirectionon thepath
d(s) Displacementalongthepath
s Distancealongthepath(arclength)
S Arclengthof thepath~g
` Spatialvariability
hq2i Meansquarescatteringangle

Table1: Notationsfor importanttermsusedin thepaper.

coming from incidentdirection~w scatteringinto direction
~w0 upon scatteringevent at point x. The phasefunction is
normalizedso that � 4p P(~w;~w0)dw0= 1 andin mostpracti-
cal settingsonly dependson thephaseanglecosq = ~w�~w0.
Themeancosineg of thescatteringangleis de�ned:

g =
�

4p
P(~w;~w0)(~w�~w0)dw0:

Theseoptical propertiesareinherent, becausethey depend
solely on the mediumand not on the structureof the in-
coming light �eld. Upon enteringthe medium, incoming
light undergoesa seriesof scatteringandabsorptionevents
that modify both the directionalstructureof the incoming
light �eld andits intensity. As a resultof multiple scattering
events,theoriginal radiancedistribution undergoesangular,
spatialandtemporalspreadingwhich result in differentra-
diancedistribution. Figure1 shows spreadingeffects in an
arbitraryhighly scatteringmedium.Table1 summarizesim-
portanttermsandquantitiesusedin thepaper.

Consideraphotonthatoriginatesatpointx0with direction
~w0 andtraveling in a mediumalonga curved arclengthpa-

w

¬


w'

¬


x'

x

gP

¬


path
s'

b(s' )

¬


incident light

viewing direction

Figure 2: Transfer geometry in an enclosedscattering
medium.A photonoriginatingat point x0 with direction~w0

travels alongcurved path~gP of lengths until it reachesthe

�nal point x with direction~w.~b(s0) is thedirectionof prop-
agationatarclengthparameters0on thecurvedpath.

rameterizedpath~gP(s) until it reachesthe�nal point x with
direction~w, (seeFigure2). This pathresultsfrom anaccu-
mulatedrandomwalk of propagationdirectionsgovernedby
scatteringandabsorptioneventsalongthepath.Becausethe
path~gP is in generalcurved,its total lengthSis greaterthan
thedistancebetweenstartingandendingpoints:jx0� xj � S.
The direction of propagationalong the path is de�ned by
~b(s) = d~gP(s)

ds . The path thereforesatis�es the “two-sided”
boundaryconditions:

~gP(0) = x0 ~b(0) = ~w0 (1)

~gP(S) = x ~b(S) = ~w:

The displacementrelative to the point x0 at distances is
obtainedby integrating~b:

d(s) =
� s

0
~b(s0)ds0:

Light undergoesa seriesof scatteringandabsorptionevents
alongthe path.Note that if we ignoreexact backscattering
which returnsphotonsbackinto thesamepath,theintensity
of “original” light will beonly diminishingbecauseof these
eventssincein-scatteringwill bedueto photonstraveling a
differentpathin themedium.Therefore,if we introducethe
effective attenuationt which determineshow muchwill the
light intensitybe reducedalong the lengthof the path,the
radianceL in themediumwill beproportionalto

L � å
all paths

e� t ( path) :

Thepathintegral formulationof light transportis essentially
amathematicallyrigorousexpressionof thissimpleidea.

RADI ATI VE TRANSFER. Light transportin arbitraryme-
dia is describedby theradiative transportequation2; 13:

(~w� Ñ+ c(x))L(x;~w) =

b(x) �

4p
P(~w;~w0)L(x;~w0)dw0+ Q(x;~w); (2)

whereQ(x;~w) is thesourceterm.In computergraphics,the
sourcetermsQ(x;~w) is often due to light emittedby the
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mediumitself (Le(x;~w)). It is often convenientto split the
total radiancewithin themediuminto componentsandwrite
it asthesumof unscattered (direct) radianceLun, theemis-
sionLe andthescatteredradianceLsc:

L(x;~w) = Lun(x;~w) + Lsc(x;~w) + Le(x;~w):

HereLun is the radiancewhich intensityhasbeenreduced
dueto absorptionandoutscatteringalongthelengthS. Lsc is
theradiancethathasundergonea seriesof scatteringevents
and�nally scatteredinto asmallconearoundtheobservation
direction~w.

PROPAGATOR FOR RADI ATI VE TRANSFER. The solu-
tion of equation2 is the limit of thecorrespondingsolution
for thetime-dependentproblemwhereradianceL variesover
timet. It is convenientto expresstime in unitsof lengths as
t = s=v wherev is the speedof light in the medium.With
this notation,the time-dependentradiative transfer(TDRT)
equationis

�
¶
¶s

+ ~w� Ñ+ c(x)
�

L(s;x;~w) =

b(x) �

4p
P(~w;~w0)L(s;x;~w0)dw0+ Q(s;x;~w): (3)

The solution of the TDRT equationcan be formulatedin
termsof theGreenevolutionoperatorG which is alsocalled
thepropagator, theGreenfunction,or thepointspreadfunc-
tion (PSF). It is de�ned as the solution of homogeneous
equation

�
¶
¶s

+ ~w� Ñ+ c(x)
�

G(s;x;~w;x0;~w0) =

b(x) �

4p
P(~w;~w00)G(s;x;~w00;x0;~w0)dw00; (4)

with theinitial condition

G(s= 0;x;~w;x0;~w0) = d(x � x0)d(~w� ~w0):

Physically, theGreenpropagatorG(s;x;~w;x0;~w0) represents
the radianceat point x in direction~w at time s dueto light
emittedat time zeroby a point directionallight sourcelo-
catedat x0 shining in direction~w0. For example,in the ab-
senceof scattering(b = 0), thesolutionfor thepropagatorG
is

G(s;x;~w;x0;~w0) =

d(x � ~ws� x0)d(~w� ~w0) exp
�

� �

s

0
a(x � ~w(s� s0))ds0

�
:

Herethe light travels in a straightline andis attenuatedby
theabsorptioncoef�cient a(x). Onecanseethatin thiscase,
theformulationusingthepropagatoris generallyequivalent
to simpleraytracing.TheGreenpropagatorG(s;x;~w;x0;~w0)
representsthe angulardistribution and density of rays at
point x in direction~w generatedby point x0 in direction~w0

andis thereforeequivalentto raytracing.

Theconceptof theGreenfunctionhasbeenusedin neu-
tron transporttheory3 providing an approachto solving ra-
diative transferproblemswith arbitraryboundaryconditions

by �rst �nding solutionG of the elementarytransferprob-
lemsstatedaboveandthenforming thecompletesolutionof
equation3 by usingthesuperpositionprinciple,i.e. integrat-
ing G with theinitial radiancedistribution:

L(s;x;~w) =
�

G(s;x � x0;~w;~w0)L0(x0;~w0)dx0dw0;

where G(s;x � x0;~w;~w0) is the evolution operator and
L0(x0;~w0) is theinitial distribution.Conceptually, thenotion
of theevolutionoperatoris equivalentto theideaof radiative
processintroducedby Preisendorfer34. Notethatthebound-
ary value problem for the Greenfunction is actually ad-
joint to theradiative transferproblem,but dueto reciprocity
(time-reversal invariance)we can solve the light transport
problemby reversingthedirectionof light propagation1.

PATH I NTEGRAL S. Considerthe problemof �nding the
probability thata point particleat the initial positionxi and
time ti will reacha �nal position x f and time t f , i.e. will
“propagate”(in the quantummechanicalsense)from xi to
x f . This quantitycanbeexpressedusingquantummechan-
ical propagatorG(t f � ti ;x f ;xi ) which for this problemis
thesolutionof theSchrödingerequationsubjectto appropri-
ateinitial conditions.If the problemis broken down into a
seriesof shortertime stepswith propagatorsG(t;x;x0), the
full propagatoris expressedasa superpositionof “smaller”
Greenfunction:

G(t;xi ;x f ) =

lim
N! ¥

� � � � � G(t=N;xi ;x1) � � � G(t=N;xN� 1;x f )dx1 � � � dxN� 1:

The object on the right-handside is called a path inte-
gral. Feynmanformulatedquantummechanicsusing path
integrals10 and showed that with an appropriatede�nition
of differentialmeasure� x in the in�nite-dimensionalpath
spaceonecanwrite for thequantummechanicalamplitude
of a propagatingpointparticle

hxf ;t f jxi ;ti i =
�

� x(t)eiA[x(t)]=h̄

where the weight factor contains the classical action
A(xi ;x f ;t f � ti) for eachpath. The classicalaction is the
integral of the Lagrangianover the time the trajectorytra-
verses.Thepathtakenby aclassicaltrajectorycouldbenone
otherthantheonethatminimizestheclassicalaction.

RADI ATI VE TRANSFER AS A SUM OVER PATHS. The
pathintegral (PI) approachprovidesa particularway to ex-
pressthepropagatorG(s;x;~w;x0;~w0). It is basedon thesim-
ple observation that thefull processof energy transferfrom
onepoint to anothercanbethoughtof asasumover transfer
eventstaking placealongmany differentpathsconnecting
pointsx andx0, eachsubjectedto boundaryconditionsre-
strictingpathdirectionsat thesepointsto ~w and~w0, respec-
tively. Thefull propagatoris thenjust anintegral of individ-
ual pathcontribution over all suchpaths.This objectis the
pathintegral de�ned above. Note that this is different than
theterminologyusedin VeachandGuibas45.
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Becausethe integration is performedover the in�nite-
dimensionalpath spaceusing the not very intuitive differ-
ential measurede�ned for it, the mathematicsof pathinte-
gralsis quitecomplex10; 21. Tessendorf41 derivedapathinte-
gral expressionfor thepropagatorG in homogeneousmate-
rials. Interestedreadersarereferredto his furtherwork42; 43

for detailedderivationsof thepathintegral formulation.We
presenthereamoreintuitiveapproachsuf�cient for ourpur-
posesand stateresultsfrom the literaturewithout deriva-
tions.

4. Practical Path Integrals

4.1. The Most ProbablePath

We �rst attemptto formulateconditionsto �nd the most
probablepath (MPP) amongall possibleoneswhich sat-
isfy the necessaryboundaryconditions.We will then as-
sumethat the full propagatorcan be suf�ciently approx-
imated by accountingonly for contributions from paths
“close to” this specialone.Formally, this approachcorre-
spondsto evaluatingthepathintegral usingWKB (Wentzel-
Kramers-Brillouin) expansion6, which is a well-established
methodfrom perturbationtheory. In practice,thismeansthat
oncetheMPP(or its approximation)is identi�ed, wesimply
considerits blurredcontribution whichapproximatestheef-
fect of surroundingpaths.The detailsof how this is done
are presentedin Section5 below, but one can alreadysee
somepotentialadvantagesof this approachover more tra-
ditional methods.Comparedwith Monte-Carlotechniques
whichperformstatisticalsamplingof randompaths,thepath
integral approachattemptsto �nd the most importantones
directly and can thereforebe consideredan extremeform
of variancereduction.ThePI formulationalsodoesnot ex-
plicitly rely on further assumptionsaboutthe characterof
radiancedistribution which areneeded,for example,in dif-
fusionapproximation11. However, if warranted,we cantake
directcomputationaladvantageof the fact that theradiance
distribution becomesmoreandmoreblurredasonetravels
alongtheMPP.

Consider an inhomogeneousmedium with position-
dependentscatteringand absorptioncoef�cients b(x) and
a(x). Let~gP(s) be somearclengthparameterizedpathfrom
x0to x. Theprobabilitydensityfor aphotonto reachx while
traveling exactly alongthis pathandnot by any otherpossi-
ble onecanbewritten asa productof two terms:theprob-
ability densityof experiencinga seriesof scatteringevents
whichresultsin thisparticularpathtakenandtheprobability
thatthephotonwill “stayalive” at theendof its journey (i.e.
not beabsorbedalongthepath).We implicitly assumehere
that all absorptionand scatteringevents are independent.
Thisallowsthesecondtermto beexpresseddirectlyfrom the
radiative transferequationwith no scatteringwhich is writ-
ten along the path in a trivial form dL(s)=ds = � a(x)L(s)
with initial conditionsL(0) = 1 wherewe useloosenota-
tions L(s) for the radiancealongthe path.In this case,the

fractionof initial radiancewhich reachestheendof thepath
is exactly the probability of a photonnot being absorbed.
Therefore,usingthesolutionof theequationabove we can
write

p(notabsorbed) = exp
�

�
� S

0
a(~gP(s0))ds0

�
;

wherethe argumentto the integral is the absorptioncoef�-
cientalongthepathandSis total lengthof thepath.

To deal with the scatteringterm, we adoptan approach
similar to Wilson andWang46 which is inspiredby physics,
rather than attemptingto follow the more mathematically
rigorous treatmentof Tessendorf42. Homogeneousmedia
have beenconsideredso far in the literatureand in many
casestherigorousmathematicalprocedureswill breakdown
if scattering/absorptioncoef�cients are allowed to vary
acrossthe medium.† A notableexceptionis the path con-
structionusingrandomwalksby Paulyetal.27. We �rst split
the path into a numberof straight line segmentsconnect-
ing positionsof scatteringeventsthat changephotonprop-
agationdirection.Thentheprobabilitydensityof a particu-
lar pathis a productof probabilitydensitiesthat individual
scatteringeventswill changethepropagationdirection“just
right” to steerthephotonall theway alongthepath.Using
thephasefunctionP(Dq) whereDq is thechangeof propa-
gationdirection,we get for the total probabilitydensityby
writing :

p(pathshape) � x = Õ
i2~gP(s)

P(Dqi)dwi ; (5)

where individual factorscorrespondto the different (ith)
scatteringeventalongthepath.Differentialsolidangleswill
eventuallybecomea partof thefull differentialmeasure� x
in thepathspaceandarenot of interestfor �nding theMPP
since they do not affect relative probabilitiesof different
paths.Wenow makefurtherassumptionthatthephasefunc-
tion is stronglypeakedin theforwarddirectionwhich is true
for many importantmedia5. In thiscase,P(q) canbeapprox-
imatedwith the�rst termsof its Taylorexpansionas1� aq2

(we drop irrelevant constantshere).It canbe shown that if
we want to maintainthe meancosineof the scatteringan-
gle g, a hasto besetto a = 1=4(1� g) = 1=(2hq2i ) where
hq2i is themeansquarescatteringangle.Notethatalthough
thephasefunction is stronglyforwardpeaked,this doesnot
meanthatthepathitself hasto deviateby only asmallangle
from its original propagationdirection,which is anassump-
tion often usedto simplify derivations.We would alsolike
to treatpath~gP(s) asa continuousobjectby taking a limit
in equation5 asscatteringeventsoccuroftenenoughalong
thepath.Eachscatteringevent changesthepropagationdi-
rectionby a smallamountdq. In thecaseof forwardpeaked
phasefunctions,only suchscatteringeventsgenerallyhave

† For example,the Fourier transformedRT equationwill have a
muchmorecomplex form in this case,containingconvolution over
frequencies.
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signi�cant probability. Theexpressionof interestis

Õ
i2~gP(s)

P(Dqi) � Õ
i2~gP(s)

�
1� a(dqi)

2�
=

Õ
i2~gP(s)

 

1� adsi

" �
dqi

dsi

� 2

dsi

#!

; (6)

wherewe introducedthe lengthsof pathelementsbetween
scatteringeventsdsi . Note that by constructiontheseseg-
mentsarephysicallyconstrainedto beof �nite lengthof the
order of 1=b(~gP(si)) and can not be simply treatedas in-
�nitely short in the limit sinceno scatteringcanphysically
occuronanin�nitesimal pathinterval. Wealsointentionally
re-arrangedthelastexpressionto highlight its partin square
bracketswhich indeedcanbetreatedasa full differentialof
somefunction in our approximation.Takinga logarithmof
equation6, usingTaylor series,andreplacingoneof thedsi
with its physicalvaluewe obtain

å
i2~gP(s)

ln

 

1� adsi

" �
dqi

dsi

� 2

dsi

#!

�

å
i2~gP(s)

� a
b(~gP(si ))

" �
dqi

dsi

� 2

dsi

#

:

If the scatteringscaleds = 1=b is much smallerthan the
macroscopicscale of the path, the expressionin square
bracketscanbetakento give jdq=dsj2ds in this limit andthe
discretesumwill becomeanintegral alongthepath.Taking
theexponent,we get:

p(pathshape) � exp

 

�
� s

0

a
b(~gP(s0))

�
�
�
�
dq
ds0

�
�
�
�

2

ds0

!

:

We canwrite this becauseof a generalpropertyof function
limits: if the limit exists, its valuedoesnot dependon the
speci�c way to take the limit and thereforethe particular
subdivision of the pathwe usedoesnot affect the �nal re-
sult.It is comfortingto notethisexpressiongivesexactly the
resultof rigoroustreatmentof Tessendorf39 whenappliedto
a homogeneousmedium.Thefull expressionfor pathprob-
ability densityis now

p(path) � exp

 

� �

s

0

"

a(~gP(s0)) +
a

b(~gP(s0))

�
�
�
�

dq
ds0

�
�
�
�

2
#

ds0

!

=

exp(� A(path)) ; (7)

whereA is analogousto classicalactionalongthepath.

To �nd the MPP, we needto determinethe path which
minimizesthe effective attenuationin equation7. It is not
possibleto write an analyticexpressionfor arbitrary func-
tionsa(x) andb(x), but someimportantgeneraltrendscan
neverthelessbe established.Sincethe expressionunderthe
integral is non-negative, equation7 favors shortestpaths
with low curvaturedq=ds. For example,if we areinterested
in theMPPconnectingtwo pointswithoutspecifyingany ex-
tra conditions,this will bethestraightline connectingthese
points.If apathhasto turn to satisfyboundaryconditions,it

will tendto curve morein regionswith highscatteringcoef-
�cient b(x). Finally, for a homogeneousmedium,the MPP
will becompletelydeterminedby theappliedboundarycon-
ditions.Explicit expressionscanbe obtainedin somecases
usingthe standardEuler-Lagrangeminimizationprocedure
appliedto the integral in equation742 andwe will usesuch
resultsbelow.

4.2. Spatial Variability

Opticalpropertiesin ascatteringmediumcanvaryarbitrarily
spatially. A spatialvariability in a mediumcanbemeasured
by thenumberof scatteringeventsthatoccuralongthepath
~gP:

`(s) =
� s

0
b

�
~gP(s0)

�
ds0:

In uniform media,the spatialvariability is just a constant
multiple of thedistances: ` = bs. Giventhespatialvariabil-
ity ` of apathin inhomogeneousmedia,wecan“invert” this
equationandwrite displacementof theray from its origin x0

with respectto ` as:

d(`) =
� `

0

1
b(x0+ d(`0))

~b(`0)d`0: (8)

Thisexpressionsuggestsa practicalway of constructingac-
tual path in inhomogeneousmediumby stitching together
straightline segmentswith lengthsgivenby thelocalscatter-
ing coef�cient. Theonly extra informationwe needis local
propagationdirectionwhich is discussedin thenext subsec-
tion.

4.3. Finding the MPP

Tessendorf43 describedthe propagationdirection~b(`) with
Euler rotation anglesand satisfying boundaryconditions
(equation2) using the Fourier seriesexpansionof the an-
gles.We follow a simpli�ed versionof his formulation to
constructthestationarypath~b0 which is thepaththatmini-
mizesattenuationalongits length.Wementionedbeforethat
dueto reciprocitywecanconstructthepathby reversingthe
directionof light propagation1. Throughtherestof thepaper
we take advantageof this propertyandconstructthe MPP
startingfrom theinitial (viewing) direction~w andendingin
the �nal (light) direction~w0, althoughthe light is actually
moving in theoppositedirection.

Let R be a rotationmatrix that rotatesinitial direction~w
to thez-axisvector~z= (0 0 1)T . If the �nal direction~w0 is
written in sphericalcoordinatesas

~w0=

0

@
sin(q) cos(f )
sin(q) sin(f )

cos(q)

1

A ;

thenthestationarypath~b0(s;~z;~w0) thatuniformly rotates~w0
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Figure 3: Constructionof the Most ProbablePath in a ho-
mogeneousmedium.The path is constructedby stitching
togetherpiecewise linearpathsegmentsandintegratingthe
propagationdirection~b. The propagationdirectionof path
segmentsbetweenstartingpoint x andendingpoint x0 uni-
formly rotatesfrom theinitial direction~w to the�nal direc-
tion~w0, thereforematchingtheboundaryconditions.

into~z over thephysicalpathlengthSis

~b0(s;~z;~w0) =

0

@
sin(q(s)) cos(f )
sin(q(s)) sin(f )

cos(q(s))

1

A ; (9)

where

q(s) = q�
� s

S

�
q:

Note that we still needto apply rotationR� 1 that rotates~z
backto~w suchthat:

~b0(s;~w;~w0) = R� 1~b0(s;~z;R~w0): (10)

Onecanshow thatsucha“uniformly turning” pathis exactly
the MPP amongall pathsof �x ed length for the homoge-
neousmedium,i.e. it minimizeseffective attenuationgiven
by equation7.

If thestationarypath~b0 needsto beconstructedin inho-
mogeneousmediumwith respectto pathspatialvariability
` then we will simply replaceq(s) in equation9 by q(`0)
wherethe light path~gP is now parameterizedaccordingto
the numberof scatteringeventsand not the physicalpath
distance:

q(`0) = q�
�

`0

`

�
q: (11)

Given the startingpoint x, initial direction~w, and �nal

direction~w0, the MPP is constructedby integratingthe ve-
locity function~b0. The locationson the MPP are found in
termsof displacementsd(`) (equation8) from the starting
pointx. Thedisplacementsd(`) arede�ned implicitly andat
�rst it appearsthat the spatialvariability ` alongthe entire
pathis needed.Note,however, thateachdisplacementd(`)
alongthepathonly dependsonthevalueof ` upto thispoint
andnoton thespatialvariability of theentirepath,allowing
an“incremental”constructionof thepath.

The path is constructedby stitching togetherpiecewise
linear pathsegments.We marchalong the path in stepsof
sized` (stepsizein spatialvariability not in distance).This
stepsized` is arbitraryandis analogousto selectinga step
sizedsfor directlighting computationwhenmarchingalong
straightline. A sensiblevaluefor d` canalsobe estimated
from theopticalpropertiesanddensityof thevolume.At ev-
ery stepwe �rst obtainthepropagationdirection~b(`) along
the existing portion of the pathusingequations11 and10
with theaccumulatedtotalspatialvariability `acc onthepath
so far substitutedfor `. We thenuseequation8 to compute
the displacementpoint d(`acc) along the path.Findingthe
next point on the path involves increasingthe spatialvari-
ability of thepathsofar by d` (`acc = `acc+ d`) and�nding
correspondingdisplacementd(`acc) from theinitial point x.
Notethat the full pathis reconstructedfrom scratchat each
step.So, for every samplingpoint on the curved path, the
MPP is reconstructedfrom the initial point x and not just
from theprevioussamplingpoint on thepath.

Notethatat thestartingpoint x thespatialvariability ` is
zero(no scatteringeventsencounteredso far) which there-
fore causesthe �rst pathsegmentto be in the initial direc-
tion ~w. Similarly, the very last segmentof the pathwill by
constructionbe in the direction~w0, matchingthe boundary
conditions.Thepropagationdirectionof pathsegmentsbe-
tweenstartingpoint x andendingpoint x0 uniformly (in `)
rotatesfrom the initial direction~w to the �nal direction~w0.
The segmentlengthin physicalspacedependson the scat-
teringcoef�cient b atpreviousdisplacementpointd(`).

The total spatialvariability ` along the path is just the
sum of spatialvariabilities d` along eachsegmenton the
path. This is again analogousto computing the physical
length s by summingsegmentsds along the straight line.
As expected,the stationarypath~b0 is relatively �at in re-
gionswherescatteringcoef�cient b(x) is small andhighly
curved wheredensityis high. Figure3 illustratesconstruc-
tion of themostimportantpathusingthedescribedmethod.
Quaternionscouldprovide analternative andmorerigorous
approachto uniformrotations.

4.4. Multiple ScatteringPhaseFunction

TessendorfandWasson44 observe thatthewidth of thephase
functiongrowswith thenumberof scatteringevents`. When
thenumberof scatteringevents` grows large,theprobabil-
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ity of scatteringin any directionis equalandthephasefunc-
tion essentiallybecomesisotropic.It follows from theWKB
approximationthat theaveragescatteringangleQMS after`
scatteringeventsis:

hQMSi =
`

1� exp(� `)
:

Tessendorfand Wasson44 also introduce the idea of the
multiply-scatteredphasefunction which is de�ned as the
probabilityof light scatteringthroughanangleq after` scat-
teringevents:

PMS(q; `) =
1
N

P

 

q

s
`

1� exp(� `)

!

; (12)

where N is the normalization constant such that
� 4p PMS(q; `)dw = 1. Intuitively, equation 12 says that
theprobabilityof scatteringinto anarbitraryangleincreases
with the numberof scatteringevents.Whenthe numberof
scatteringeventsis large, the phasefunction PMS becomes
isotropic. Note that equation12 holds for arbitrary phase
function.

4.5. WKB Approximation For Multiple Scattering

Tessendorf41 derivedapathintegralexpressionfor theprop-
agatorG in homogeneousmaterials:

G(s;x;~w;x0;~w0) = � [d~b][dp]d(~b(0) � ~w0)d(~b(s) � ~w)

d
�

x � �

s

0
ds0~b(s0)

�
exp(� cs)

exp
�

b �

s

0
ds0Z(~p(s))

�
exp

 

i �

s

0
ds0~p(s0) �

d~b(s0)
ds0

!

; (13)

where Z(~p) is the Fourier transform of the normalized
Gaussianphasefunction PG and~p is the Fourier transform
variable.Interestedreadersare referredto Tessendorf42; 43

for detailedderivationsof the path integral formulation.If
the phasefunction P is not spatially varying and the sin-
gle scatteringalbedow0 = b

c is smoothlyvarying in space
then the propagatorG can be extendedto inhomogeneous
materials44, but no detailsareprovided.TheWKB approx-
imation doneby Tessendorf42; 43 consistsof approximating
thepathintegral in equation13by �nding themostprobable
(stationary)pathandintegratingall paths�uctuating around
theMPP. Thepathintegrationapproximationthey obtained
canbeexpressedin termsof theGreenpropagatorG:

G(s;x;~w;x0;~w0) � exp
�

� �

s

0
ds0c(~gP(s0))

� �
è � 1

�
PMS(q;`)

(14)
Thepropagatorin equation14 is valid for spatiallyvarying
materialsaslong asthedensityof thematerialis smoothly
varying and the phasefunction is uniform within the vol-
ume. While the WKB approximationwas obtainedusing
theassumptionof stronglyforwardpeakedphasefunctions,
thereis no other restrictionon the speci�c phasefunction

form. In practice,the direct and indirect radiancecompo-
nentsarecomputedseparatelyandif thephasefunctional-
lowsbackscattering,it will becomputedexplicitly in thedi-
rectradiancecomponentcomputation.

5. Algorithm

As discussedin section3, the radianceL received from di-
rection~w at the observation point x is composedof three
components:

L(x;~w) = Lun(x;~w) + Lsc(x;~w) + Le(x;~w):

TheunscatteredcomponentLi
un(x;~w) representstheamount

of unscatteredlight dueto theith light source:

Li
un(x;~w) = Li

l ight (x;~w) exp
�

�
� ¥

0
c(x � ~ws)ds

�
; (15)

whereLi
l ight (x;~w) is theradiantexitancein direction~w from

theith light source.In practice,theunscatteredradianceLun
andtheemittedradianceLe arealsothesourcefor thescat-
teredradiance13:

QS(x;~w) = a(x)Le(x;~w) + b(x)
allNl ights

å
i

P(~w;~wi )L
i
un(x;~wi ): (16)

To computethe total radianceL in the medium,all exter-
nal andinternalsourcesof radiationneedto be propagated
throughthe volume to the point x on the volume that the
camerais looking at. The evolution operatorG from equa-
tion 4 propagatesall energy to agivenobservationpointand
direction. We use the propagatorG from equation14 for
therenderingalgorithmdescribedin thenext subsection.We
alsouseresultsfrom TessendorfandWasson44 to developa
renderingalgorithmusingthepathintegrationformulation.

Monte Carlo Ray Tracing

MonteCarloray tracingis anaccuratealgorithmfor solving
theradiative transferequationin arbitrarymedia.We useit
for comparisonto evaluateour approximations.We march
throughthe mediumin direction~w samplingpoints along
the ray. The light from previous stepis attenuatedandthe
light that is inscatteredinto theviewing direction~w is gath-
ered.The inscatteredlight is collectedrecursively for each
inscatteredray:

Ln+ 1(x;~w) =
allNl ights

å
l

Lun(x;~w0
l )P(x;~w0

l ;~w)b(x)Dx+

4p
N

M

å
i= 1

Lsc(x;~wi)P(x;~wi ;~w)b(x)Dx+

exp(� c(x)Dx)Ln(x+ ~wDx;~w)

whereM is thenumberof directionalsamplestaken.While
Monte Carlo ray tracing is robust and powerful, it is also
slow becauseof thelargenumberof raysneeded.
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5.1. Path Integration Approximation

Our algorithmexploits the WKB approximationfrom pre-
vious section. The WKB approximation computes the
multiply-scatteredlight by �nding the most probablepath
andthenanalyticallyintegratesscatteredradiancealongthis
path and some neighborhoodaround this path including
quadratic�uctuationsaroundthis path(equation14).

The approximateradianceis then the sum of the singly
scattered(“direct”) andmultiply scatteredcomponents44:

Lssc(x;~w) =

�

¥

0
QS(x � s~w;~w)) exp

�
� �

s

0
ds0c(x � (s� s0)~w)

�
ds; (17)

and

Lmsc(x;~w) =
nw

å
i= 1

�

4p
dw00

�

¥

0
dsi f QS(x00;~w00) � w[x00] � PMS(q;`)g; (18)

where

w[x00] = exp(� c(x00)`=b(x00)) � (exp(`) � 1); (19)

and x00is an intermediatepoint on the curved path: x00=
x + d(`). The�rst termin equation19 is theintensityof the
rayatasamplingpointalongthepathwhile thesecondterm
is the numberof rays that propagatealong this path.Note
that the numberof rays grows exponentiallywith the dis-
tance.BruteforceMonteCarloraytracingalgorithmswould
have trouble with this due to enormousnumberof poten-
tially spawnedrays.The path integrationformulationdoes
nothaveproblemswith thisexponentialgrowth, becausethe
raysaredealtwith via analyticintegration.

As we saw earlier, theMPPwe constructis not uniquely
de�ned by the boundaryconditions.The total lengthof the
path(eitherarclengthSor totalspatialvariability ` ) remains
afreeparametersinceit is notpossibleto �nd thisparameter
without preprocessingor involvedanalysis.To �nd the true
MPPonewould needto performa searchamongpathswith
differentlengthsandchoosetheonewith minimal effective
attenuation.Thisprocesscanbeveryexpensive for inhomo-
geneousmedia.Fortunately, in practiceit is suf�cient to con-
structasmallnumbernw of “quasi-MPPs”with differentto-
tal lengths(spatialvariabilities)usingtheprocessdescribed
aboveandsumtheircontributions,asshown by equation18.
Basedon the densityandoptical propertiesof the volume,
spatialvariability of the path is estimated.For example,a
raymarchingcanbe performedalongthreeaxesanddiago-
nalsto estimatethetotal lengthof thepathparameter. These
estimatesarethenusedasa freeparameterfor theMPPgen-
eration.Furtherinvestigationis neededto estimatethetotal
pathlengthmorerobustly andsystematically. However, we
found that naïve approachworked well in practicewithout
spendingextra time probingthevolume.

The contributions of diffuse (or indirect) outside light

Algorithm 1 RenderingAlgorithm Using WKB Approxi-
mation

// Preprocessingfor ef�ciency purposes
for eachlight sourceS

Computea light attenuationthroughthemediaby ray march-
ing
Storelight attenuationin a spatialdatastructure(e.g.octree,
deepshadow map)

end for

// Unscattered(direct)radianceLssccomputation
Givenstartingpoint x andviewing direction~w
for eachsamplepoint alongtheray in direction~w

Computethe unscatteredradiancecontribution from equa-
tion 17

end for
// Scattered(indirect)radianceLmsccomputation
// usingWKB approximation
Choosenumberof importantpathsnw

Choosethesamplinglengthd`
for eachimportantpath~bnw

for eachsamplepointalongthepath~bnw
Findds andapoint x0on thepathfrom equation8
for eachsetof samplingdirectionsW

Computethe scatteredradiancecontribution from equa-
tion 18

end for
end for
Add diffuselight sourcecontributions(equation20)

end for

sourcesareincludedasa radiancesourceat theboundary:

L(x;~w) = expf� �

sboundary

0
ds0c(x � ~w(s� s0))gLd(~w)+

+ å
nw

�

4p
dw00wb[x0]PMS(q;`b)Ld(~w00); (20)

whereLd is thediffuseradiancein a given direction.Sim-
ilarly to the weight w in equation19 for the collimated
beam13, theweight for thediffuselight sourcecontribution
is:

wb[x0] = exp(� c`b=b) � (exp(`b) � 1); (21)

and `b is the numberof scatteringevents when the path
reachedtheboundaryx0of thevolume.

Therenderingalgorithmcanbeimplementedusinganex-
isting ray marchingroutine with little dif�culty . For every
viewing ray~w, we �rst �nd anintersectionwith thevolume.
This is startingpoint x. Thedirectcomponent(equation17)
is computedusingstandardray marching.At every sample
point, the sourceterm (direct radianceandemission)QS is
computedandtheintensityis thenexponentiallyattenuated.
To speedupcomputationweprecomputelight attenuationin
thevolumeandstoreit atall possibledepths.For thisweuse
asimpli�ed versionof adeepshadow map23. Fromeachlight
sourcewe computeattenuationalongthe ray andstoreit at
everysamplingpoint.Thisspeedsup rendering,becausewe
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only paythepriceonceandtherestis a tablelookup.There-
fore, thesourceterm QS is just a lookup in the spatialdata
structurestoringtheprecomputedattenuationfor every light
source.The indirect component(equation18) is computed
by constructingthe most probablepath (or somenumber
of them)usingthe procedurepresentedin Section4.3. We
marchalongthecurvedpathin stepssuchthatthenumberof
scatteringeventsis uniform. At every samplingpoint along
thecurvedpath,wecomputethecontribution from many di-
rectionsover theentiresphere.Samplingdirectionsarecho-
senbasedon viewing and lighting directions(i.e. sample
moredenselyin directionscloseto theviewing andlighting
directions).Wehavea�x ednumberof directionswesample
at every point. Onecanusea moresophisticatedmetric to
determinehow many directionsto sample.In our implemen-
tation, the numberof samplingdirectionsis a parameterto
therenderingalgorithm.Althoughmany directionsaresam-
pledateverysamplingpointalongthepath,thisconsistsjust
of a few operationssinceno raysareactuallyspawned.This
is unlike in a traditionalMonteCarloalgorithmwhereaddi-
tional raysarecreatedat every samplingpoint whichcauses
exponentialgrowth in numberof rays.Similarly to comput-
ing the direct component,the sourceterm QS can be just
looked up in the spatialdatastructure.Oncethe boundary
x0 of the volume is reached,the diffuse light contributions
areexplicitly added(equation20). Therenderingalgorithm
is summarizedin Algorithm 1.

6. Resultsand Discussion

The algorithmfrom the previous sectionwas implemented
in C++ (compiledwith g++ compiler)asanextensionto the
traditional Monte Carlo raytracer. All exampleswere ren-
deredon a PentiumIV 1.7 Ghz with 512 Mb of memory
running Linux. The resultsof the algorithm for a uniform
densityvolumeis shown in Figure4. Theseimagesusedthe
scatteringparametersfor skim milk from Jensenet al.18 and
Henyey-Greensteinphasefunctionwith g = 0:9.Theimages
are512by 384andused9 samplesperpixel. Theruntimes
were25 minutesfor theMonteCarlomethodand8 minutes
for the PI method.Note that the path integration solution
is slightly darker thanthebrute-forceMonteCarlosolution.
This is becausepathintegrationassumesthatpathsnearthe
MPP arewhereall of the light comesfrom, ignoring con-
tributions that are far from the MPP. However, the degree
of darkening is small, showing that the contributions from
thosepathsis smallaswell.

Figure5 shows theresultsfor a non-uniformdensity. The
imagesare512 by 384 andused9 samplesper pixel. The
runtimeswere 55 minutesfor the PI methodandand 580
minutesfor the Monte Carlo solution.The cloud densities
were generatedusing a Perlin-stylenoise function, and a
Gaussianphasefunctionwasusedwith µ = 0:11.Again,no-
tice someslight darkening.

Figure6 showstheresultsfor anon-uniformdensitycloud

Figure4: Upper:MC raytracing.Lower:PI Approximation.

with different illumination that includesindirect illumina-
tion andskylight contribution.Theimageis 640by 480pix-
elsandused9 samplesperpixel. Theruntimewas95 min-
utes.

Most of the theoryin this paperis known to otherscien-
ti�c communities.Wehavedescribedamoreintuitivewayof
constructingpathintegralsavoiding theheavy mathematics
of functional integrationthat would ordinarily be required.
We have shown that this theorycanbe appliedto produce
reasonablyaccurateimages.Thiswasaccomplishedby �nd-
ing the MPP andexplicitly computingcontributions along
that path. All other pathsare dealt with via analytic inte-
grationaroundthe MPP. The MPP canbe alsousedin tra-
ditional Monte Carlo simulationsasa form of variancere-
duction. Our formulation can be usedas a starting point
for a sophisticatedmethodsuchasMetropolisLight Trans-
port, which effectively attemptsto �nd the MPP by ran-
dom walk. We have not pursueda highly ef�cient imple-
mentation;thereis muchroomfor thedevelopmentof algo-
rithms basedon pathintegration.For example,a hierarchi-
cal implementationanalogousto 15 would surely be bene-
�cial. Our imagesshouldbe viewed asa proof-of-concept
thatpathintegrationis avaluabletool for dealingwith volu-
metric lighting. We have not shown that it hasadvantages
over the dipole approximation18 to the diffusion approxi-
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Figure5: Upper:MC raytracing.Lower:PI Approximation.

Figure 6: A cloud renderedusing the Path Integrationap-
proximation.Diffuselight sourcecontributionswereadded
at theboundaryof thevolume.

mation for denseuniform media,and in fact there is rea-
sonto preferdiffusionasdensityincreasesbecausepathin-
tegration ignoresbackscattering.However, we have shown
thatpathintegrationcanbeappliedto sparseandspatially-
varying volumeswherethe diffusion approximationis not
appropriate19. Thuspathintegrationshouldbeviewed asa

complementto diffusion,andshouldbecomepartof thetool-
boxof dealingwith volume-basedscatterers.Many classical
renderingproblemscouldbereformulatedandsolvedfaster
usingthepathintegral formulation.Understandingtheparal-
lels with theclassicalformulationandthinking of problems
in thisframework opensmany directionsfor futureresearch.
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