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Abstract

Simulatingthetransportof light in volumessud ascloudsor objectswith subsurfacescatterings computationally
expensiveWe describean appoximationto sud transportusingpathintegration. Unlike themore commonlyused
diffusionapproximation,the pathintegration approach doesnotexplicitly rely ontheassumptiothatthematerial
within the volumeis dense Instead,it assumeghe phasefunction of the volumematerial is strongly forward
scatteringand uniform throughoutthe mediuman assumptiorthat is oftenthe casein nature. We showthat this
apprad is usefulfor simulatingsubsurfacescatteringandscatteringin clouds.

1. Intr oduction

The appearancef mary materials(e.g.,skin, fruits, snaw,
clouds) cannotbe describedby a simple BRDF-style re-
ectancemodel. Themainreasorfor thisis volumetricscat-
teringwhich manifeststself in importantlighting effectsfor
material$ 5 19 andscene®. Theradiatve transferequation
and propagatiorof light in a scatteringmediumhave been
bothanalyticallyandnumericallystudiedn astrophysicsat-
mosphericoptics, and more recently medical applications.
For most problemswith non-trivial boundaryconditions,
phasefunctionsandinitial conditionsthereare no analytic
solutions Most solutionsarebasedon the diffusion approx-
imation which assumeshat enoughscatteringeventshave
occurredfor light to beuniformly scatteredn all directions.
This approximatiorhasprovenusefulfor generatingmages
with subsurdcescattering®. Monte Carlo methodsarealso
oftenusedto computeradiative transportwithin a medium.
Although simple and powerful, thesemethodssuffer from
slow corvergence Finite elemenimethodsarealsoused but
they requirelarge amountsof storageto capturediscontinu-
ities andstrongdirectionallight distributions.

Becausehe diffusion approximationis only appropriate
for denseuniform medid®, thereis a gapin the computer
graphicditeraturewhenaccuratepproximationgredesired
for sparseor non-uniformmedia.This paperattemptso |l
that gap using an alternatve to the diffusion approxima-
tion basedon Feynmans pathintegral approactto solving
guantummechanicgproblems0. Path integral formulations
of physicalprocessefave beenusedin physicsto solve a
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wide variety of problemsincluding enegy propagationin
randommedi&8 andtransferequatiof®.

The radiative transferequationdescribinglight propaga-
tion canbe viewed asa collection of pathstaken by radia-
tion asit travelsthroughspace A pathintegral is aninte-
gral over all suchpossiblepathstraveledby a photon.Ra-
diative transferis decomposethto a seriesof smallerprob-
lemsformulatedby the GreenfunctionpropagatarScattered
optical elds aredescribedusingthe conceptof an ensem-
ble of effective optical pathsof partial contributions. This
physicalpicturefor treatinglight transportin multiple scat-
tering media as a collection of most probablepaths pro-
videsinsightinto thelight propagatiorin amedium.Unlike
therandomizedapproactto usingpathsof MetropolisLight
Transports, pathintegralmethodsanalytically nd themost
importantpathsand develop analytical estimateshasedon
them. Oncethe mostimportantpathis found, the multiple
scatteringcontrilkutions are only computedalong the most
probablepathsandtherestof thepathsaredealtwith implic-
itly via analyticintegrationof multiple scatteringusingwell-
known approximationsWe thereforeavoid computationally
expensve directnumericalsimulationof multiple scattering
in the medium.We provide someintuition behindpathin-
tegralsand demonstratéhat someuseful resultsof the the-
ory canbe obtainedwithout ary heary mathematicatools.
We discusssolutionsto light propagatiorasa pathintegral
(aformalsum)andhow they canbeusedfor renderingarbi-
traryscatteringnaterialsandmedia.Becausenary common
phenomenaannotbedescribedisingonly singlescattering,
we discusssomeobsenable consequencesf multiple scat-
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teringandhow they canbe exploited for renderingapplica-
tions.

We shaw resultsfor inhomogeneousnediathat cannot
be achieved usingthe diffusion approximation.The restric-
tions on our methodare different; while sparseand inho-
mogeneousmedia are allowed, we assumethat the den-
sity andthereforescatteringcoefcients vary smoothly the
phasefunctionis arbitrarybut constantithin the medium.
This expandsthe classof problemsthat canbe attacled ef-

ciently. We notethatthis papersenesmainly asanintro-
ductionto pathintegral methodsandmary improvementsn
ef ciency have notyetbeenexploredin ourimplementation.

2. Background and Previous Work
Light Transport Approximations

Therehasbeenmuchwork in approximatingadiative trans-
fer in arbitrary mediain mary elds including computer
graphics.Perezet al.30 suney andclassifyglobalillumina-
tion algorithmsin participatingmediain detail. Pharrand
Hanrahaft andPremo &5 alsoprovide an extensve list of
existing methodsand backgroundHere we brie y review
recentmethodsproven practicalandrobust.

Jensenand Christensetf presenteda two passphoton
density estimationmethod. This methodis simple, robust
andef cient but suffersfrom large memoryrequirementso
storephotondf theextentof thescends largeor thelighting
con gurationis very comple. The methodis very practical
andit hasbeenusedfor mary phenomenéncludingsmole?,
re 26, stoné, andwet material$” proving its generality On
theotherhand the photonmapbecomesatherinef cient in
highly scatteringnedids.

VeachandGuibag® presented globalillumination algo-
rithm thatfoundimportantpaths andthenexploredthe path
spacdocally becausét waslik ely thatotherimportantpaths
would benearbyPauly etal.2” extendedhe methodfor par
ticipating mediaand proposedsuitablemutation stratgjies
for paths Althoughextremelygenerabndrohust,asit could
handleary lighting conditionandcon guration, it still suf-
fers from the classicalMonte Carlo problemsof noiseand
slow convergence.

Stan$7 presented solutionto multiple scatteringn non-
homogeneoumaterialsdhy solvingthediffusionequatiorus-
ing a multigrid method.Jenseret al.18 introducedan ana-
lytical solutionto the diffusion approximationto multiple
scatteringwhichis especiallyapplicablefor translucenma-
terials that exhibit considerablesubsuréce light transport.
Their methodrelies on the assumptionthat the multiply-
scatteredight is nearly isotropic and cannotbe easily ex-
tendedto inhomogeneousaterials.Lenschet al.22 imple-
mentedthis methodin graphicshardware and Jenserand
BuhletS extendedthis diffusion approximationto be com-
putationallymoreef cient by precomputingandstoringillu-

minationin a hierarchicalrid. NarasimharmndNaya#> de-
scribeda physicall-basednultiple scatteringnodelfor sim-
ulatingweathereffectssuchasfog, haze mistandrain.

An alternatve descriptionof light propagatiorwasdone
by Pharr and Hanraha® who describeda mathematical
frameawork for solving the scatteringequationin the con-
text of a variety of renderingproblemsand a numerical
solutionin termsof Monte Carlo sampling.The scattering
equationdescribesll scatteringeventsinsidethe objectand
it doesnot dependon the incomingillumination. Unfortu-
nately therehasbeenno otherwork exploiting this inter-
esting paradigmof scatteringobjectsand interactionsbe-
tweenobjectson larger scales.Lafortune® also described
the global re ectancedistribution function (GRDF) which
correspondso the scatteringequationidea.

Path Integral Methods

Path integral techniquesand functional integration have
beenwidely usedin statisticaland quantummechanicgo
solve propagatordor Fokker-Planckand Schrédingeequa-
tions. The conceptof photon pathshas beenwell-knowvn
in the theory of enegy propagationin random mediz8.
Tessendoff 40 usedthe pathintegral approacto studythe
propagatiorof light in weakly scatteringmediasuchaswa-
ter. Perelmaret al.28 29 describecenegy transportin a tur-
bid mediumusinga quasi-particle_agrangianfrom which
themostprobablepathscouldbefound. Wilson andWang®
constructeda Lagrangianthrough a turbid medium using
local path descriptors Miller24 also constructeda stochas-
tic Lagrangiarpathintegral representatiofor Greens evo-
lution operator Constantinouand Demetresct shaved the
equivalenceof thepathintegral formulationandvirtual rays.
Gros$2? studiedmultiple scatteringof awave in a systemof
randomanduncorrelatedcatteringoarticles.The pathinte-
gral methodshave alsobeenstudiedin optical tomography
andmedicalimaging. Neardiffusive scatteringregimesare
very importantfor obtainingdiagnosticinformation about
multilayer biological tissueswhere standarddiffusion ap-
proximationfails32 33, Jacquesaind Wand4 presented ba-
sic introductionto the path integral descriptionof photon
transporeinddiscussedlassicapathfor describinghemost
probablepathof a photon.

3. Mathematical Preliminaries

MEDIUM PROPERTIESAND LIGHT PATHS. In anarbitrary
medium,the underlyingoptical propertiesdependon bulk
materialpropertiessuchasdensityr (x), temperaturel (x),
andthe particleabsorptiorandscatteringcross-sectionss 5
andss. Optical propertiesof the mediumarethendescribed
in termsof the scatteringcoefcient b(x) = sgr (x), theab-
sorptioncoefcient a(x) = sar (X), theextinction coefcient
c(x) = a(x) + b(x), andthe phasefunction P(x;w; w‘ﬂ. The
phasefunction P describeshe probability density of light
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temporal spreading

angular spreading

spatial spreading

Figure 1: Scatteringn ahighly scatteringnedium.Original
radianceundegoesa seriesof scatteringeventsthatresultin
angulay spatialandtemporalspreadingf the original radi-
ancedistribution.

X Generidocationin 3

W Genericdirection

a(x) Absorptioncoefcient atapoint
b(x) Scatteringcoefcient atapoint
c(x) Extinctioncoefcient atapoint

g Meancosineof thescatteringangle
Q Volumesourcedistribution
P(x;w;w(ﬁ Phasdunction

G Propagato(Greenfunction)

%(9) Light point path

B(9) Light propagatiordirectionon the path
d(s) Displacemenalongthe path

s Distancealongthe path(arclength)
S Arclengthof the pathg

: Spatialvariability

hgi Meansquarescatteringangle

Table 1: Notationsfor importanttermsusedin the paper

coming from incidentdirectionw scatteringinto direction
w’ upon scatteringevent at point x. The phasefunction is
normalizedso that 4 P(w;w%dwoz 1 andin mostpracti-
cal settingsonly dependsn the phaseanglecosq = w wP,
Themeancosineg of thescatteringangleis de ned:

9= Pew;wI(w wOdw
p

Theseoptical propertiesareinherent, becausehey depend
solely on the medium and not on the structureof the in-

coming light eld. Upon enteringthe medium,incoming
light undegoesa seriesof scatteringandabsorptionevents
that modify both the directional structureof the incoming
light eld andits intensity As aresultof multiple scattering
events,the original radiancedistribution undegoesangular
spatialandtemporalspreadingwhich resultin differentra-

diancedistribution. Figure 1 shavs spreadingeffectsin an
arbitraryhighly scatteringnedium.Tablel summarizesm-

portanttermsandquantitiesusedin the paper

Considerphotonthatoriginatesat pointx°with direction
w’ andtraveling in a mediumalonga curved arclengthpa-
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incident Iightl

X

viewing direction

Figure 2: Transfer geometryin an enclosedscattering
medium.A photonoriginatingat point x° with directionw®
travels alongcurved pathg, of lengths until it reacheghe

nal pointx with directionw. B(s9 is the directionof prop-
agationatarclengthparameteg®on the curved path.

rameterizegathg,(s) until it reacheghe nal pointx with
directionw, (seeFigure?2). This pathresultsfrom anaccu-
mulatedrandomwalk of propagatiordirectionsgovernedby
scatteringandabsorptioreventsalongthe path.Becausehe
pathg, is in generalcurved, its total lengthSis greaterthan
thedistancebetweerstartingandendingpoints:jx° xj S
The direction of propagationalong the pathis de ned by

B(s) = d_g.':g The path thereforesatis es the “two-sided”
boundaryconditions:

%(0) = x° B(0) = w’ @)
B(9H=x DO =w

The displacementelative to the point x° at distances is
obtainedby integratingb:

d(s) = Osb(s%sﬂ.

Light undegoesa seriesof scatteringandabsorptiorevents
alongthe path.Note thatif we ignore exact backscattering
which returnsphotonsbackinto the samepath,theintensity
of “original” light will be only diminishingbecausef these
eventssincein-scatteringwill be dueto photonstraveling a
differentpathin the medium.Therefore jf we introducethe
effective attenuatiort which determinedionv muchwill the
light intensity be reducedalongthe length of the path,the
radiancel in themediumwill be proportionalto

L § e tpah,

all paths
Thepathintegral formulationof light transporis essentially
amathematicallyigorousexpressiorof this simpleidea.

RADIATIVE TRANSFER. Light transporin arbitraryme-
diais describedy theradiative transportequatios 13;

(w R+ c(x))L(x;w) =
bx) Piw,wIL(w)dwd+ Qow);  (2)
p

whereQ(x;w) is thesourceterm.In computemgraphicsthe
sourceterms Q(x;w) is often due to light emitted by the
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mediumitself (Le(x;w)). It is often convenientto split the
total radiancewithin the mediuminto componentandwrite
it asthe sumof unscatteed (direct) radiancel, the emis-
sionLe andthescatteed radiance. s

L(x;w) = Lun(X;w) + Lsc(X;w) + Le(X;w):

Here Lyn is the radiancewhich intensity hasbeenreduced
dueto absorptiorandoutscatterin@longthelengthS. Lgcis

theradiancethathasundegonea seriesof scatteringevents
and nally scatterednto asmallconearoundtheobsenration

directionw.

PROPAGATOR FOR RADIATIVE TRANSFER. The solu-
tion of equation2 is thelimit of the correspondingolution
for thetime-dependergroblemwhereradiance. variesover
timet. It is convenientto expresgime in unitsof lengths as
t = s=v wherev is the speedof light in the medium.With
this notation,the time-dependentadiative transfer(TDRT)
equationis

ﬂ—ﬂs+ w N+ c(x) L(sx;w) =

b(x) » P(w;w(ﬁ L(s; x;w()dwo+ Q(sx;w):  (3)

The solution of the TDRT equationcan be formulatedin
termsof the Greenevolution operatorG whichis alsocalled
thepropagatarthe Greenfunction, or thepointspreadfunc-
tion (PSF).It is de ned as the solution of homogeneous
equation

‘nls+ w N+ c(x) G(s;x;w;x%w) =

b(x) © Pw;w I G(sxwOOCwIdw®?  (4)

with theinitial condition
G(s= Ox;w;x%w) = d(x x9dw wH:

Physicallythe Greenpropagatofs(s; X; w; xo,w(ﬁ represents
the radianceat point x in directionw at time s dueto light
emittedat time zero by a point directionallight sourcelo-
catedat x% shiningin directionw® For example,in the ab-
senceof scatteringb = 0), thesolutionfor the propagatoG
is

G(s:x;w;x%w9 =

dx ws x9dw wdexp Osa(x w(s 9)ds :
Herethe light travelsin a straightline andis attenuatedy
theabsorptiorcoefcient a(x). Onecanseethatin thiscase,
the formulationusingthe propagatois generallyequivalent
to simpleraytracing The GreenpropagatoiG(s; x; w; x% w(ﬁ
representghe angular distribution and density of rays at
pointx in directionw generatedy point x%in directionw®
andis thereforeequivalentto raytracing.

The conceptof the Greenfunction hasbeenusedin neu-
tron transporttheon? providing an approachto solving ra-
diative transfemproblemswith arbitraryboundaryconditions

by rst nding solutionG of the elementarytransferprob-
lemsstatedabore andthenforming thecompletesolutionof
equation3 by usingthe superpositiorprinciple,i.e. integrat-
ing G with theinitial radiancedistribution:

Lisxw) = Gsx  xqwwdL,(Cn)dxn?
where G(s;x xo,w;w(ﬁ is the evolution operator and
Lo(xo, w‘ﬁ is theinitial distribution. Conceptuallythe notion
of theevolution operatoiis equivalentto theideaof radiative
procesdntroducedby Preisendorfét. Note thatthe bound-
ary value problemfor the Greenfunction is actually ad-
joint to theradiative transferproblem,but dueto reciprocity
(time-reversalinvariance)we can solve the light transport
problemby reversingthe directionof light propagatiok.

PATH INTEGRALS. Considerthe problemof nding the
probability thata point particleat the initial positionx; and
time t; will reacha nal positionx; andtime t;, i.e. will
“propagate”(in the quantummechanicalense)rom x; to
X;. This quantitycanbe expressedisinggquantummechan-
ical propagatorG(t; t;X;;x;) which for this problemis
thesolutionof the Schrédingeequationsubjectto appropri-
ateinitial conditions.If the problemis broken down into a
seriesof shortertime stepswith propagators(t; x; x9, the
full propagatoiis expressedisa superpositiorof “smaller”
Greenfunction:

G(t;x;; %) =

hIli'm¥ G(t=N;x;;x;)  G(t=N;xy 1:X;)dx;  dXy 4

The object on the right-handside is called a path inte-
gral. Feynmanformulatedquantummechanicsusing path
integrals® and shaved that with an appropriatede nition
of differentialmeasure x in thein nite-dimensionalpath
spaceone canwrite for the quantummechanicabmplitude
of apropagatingpoint particle

hxeiteixiti = x(t) @A
where the weight factor contains the classical action
A(x;;x¢;t;  t;) for eachpath. The classicalaction is the
integral of the Lagrangianover the time the trajectorytra-
versesThepathtakenby aclassicatrajectorycouldbenone
otherthanthe onethatminimizesthe classicakction.

RADIATIVE TRANSFER AS A SUM OVER PATHS. The
pathintegral (P1) approactprovidesa particularway to ex-
pressthe propagatoiG(s; x; w; xo,w(ﬁ. It is basedon thesim-
ple obserationthatthe full procesof enegy transferfrom
onepointto anothercanbethoughtof asasumover transfer
eventstaking placealong mary differentpathsconnecting
pointsx andx% eachsubjectedto boundaryconditionsre-
stricting pathdirectionsat thesepointsto w andw® respec-
tively. Thefull propagatois thenjustanintegral of individ-
ual pathcontritution over all suchpaths.This objectis the
pathintegral de ned above. Note thatthis is differentthan
theterminologyusedin VeachandGuibag5.
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Becausethe integration is performedover the in nite-
dimensionalpath spaceusing the not very intuitive differ-
ential measurede ned for it, the mathematicof pathinte-
gralsis quitecomplex0 21, Tessendoft deriveda pathinte-
gral expressiorfor the propagato/G in homogeneoumate-
rials. Interestedeadersarereferredto his further work4z 43
for detailedderivationsof the pathintegral formulation.We
presenhereamoreintuitive approactsufcient for ourpur
posesand stateresultsfrom the literature without deriva-
tions.

4. Practical Path Integrals
4.1. The Most Probable Path

We rst attemptto formulate conditionsto nd the most
probablepath (MPP) amongall possibleoneswhich sat-
isfy the necessanpoundaryconditions.We will then as-
sumethat the full propagatorcan be sufciently approx-
imated by accountingonly for contrikutions from paths
“close to” this specialone. Formally, this approachcorre-
sponddo evaluatingthe pathintegral usingWKB (Wentzel-
Krames-Brillouin) expansiofi, which is a well-established
methodfrom perturbatiortheory In practice thismeanghat
oncethe MPP (or its approximation)s identi ed, we simply
considerits blurredcontritution which approximateshe ef-
fect of surroundingpaths.The detailsof how this is done
are presentedn Section5 below, but one canalreadysee
somepotentialadvantagesof this approachover moretra-
ditional methods.Comparedwith Monte-Carlotechniques
which performstatisticalsamplingof randompaths thepath
integral approachattemptsto nd the mostimportantones
directly and can thereforebe consideredan extreme form
of variancereduction.The PI formulationalsodoesnot ex-
plicitly rely on further assumption@boutthe characterof
radiancedistribution which areneededfor example,in dif-
fusionapproximatioft. However, if warrantedwe cantake
directcomputationabdvantageof the factthatthe radiance
distribution becomesmore and moreblurred asonetravels
alongthe MPP.

Consider an inhomogeneousmedium with position-
dependenscatteringand absorptioncoefcients b(x) and
a(x). Letgp(s) be somearclengthparameterizegathfrom
x%to x. Theprobabilitydensityfor a photonto reachx while
traveling exactly alongthis pathandnot by ary otherpossi-
ble onecanbe written asa productof two terms:the prob-
ability densityof experiencinga seriesof scatteringevents
whichresultsin this particularpathtakenandtheprobability
thatthe photonwill “stay alive” attheendof its journey (i.e.
not be absorbedlongthe path).We implicitly assuméhere
that all absorptionand scatteringevents are independent.
Thisallowsthesecondermto beexpressediirectlyfrom the
radiative transferequationwith no scatteringwhich is writ-
ten alongthe pathin atrivial form dL(s)=ds= a(x)L(9)
with initial conditionsL(0) = 1 wherewe useloosenota-
tions L(s) for the radiancealongthe path. In this casethe
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fractionof initial radiancewhich reacheshe endof the path
is exactly the probability of a photonnot being absorbed.
Therefore usingthe solutionof the equationabove we can
write
s

p(notabsorbel= exp . algp(D)ds ;
wherethe argumentto the integral is the absorptioncoef-
cientalongthe pathandSis total lengthof the path.

To dealwith the scatteringterm, we adoptan approach
similar to Wilson andWang¢ which is inspiredby physics,
ratherthan attemptingto follow the more mathematically
rigorous treatmentof Tessendoff. Homogeneousnedia
have beenconsideredso far in the literatureand in mary
casegherigorousmathematicaproceduresvill breakdown
if scattering/absorptiortoefcients are allowed to vary
acrossthe medium! A notableexceptionis the path con-
structionusingrandomwalks by Pauly etal.2?. We rst split
the pathinto a numberof straightline sggmentsconnect-
ing positionsof scatteringeventsthat changephotonprop-
agationdirection. Thenthe probability densityof a particu-
lar pathis a productof probability densitiesthatindividual
scatteringeventswill changehe propagatiordirection“just
right” to steerthe photonall the way alongthe path.Using
the phasefunction P(Dq) whereDqis the changeof propa-
gationdirection,we getfor the total probability densityby
writing :

p(pathshapg x= O P(Dg)dw;; (5)
i264(9

where individual factors correspondto the different (ith)
scatteringeventalongthe path.Differentialsolid angleswill
eventuallybecomea partof thefull differentialmeasure x
in the pathspaceandarenot of interestfor nding the MPP
sincethey do not affect relative probabilitiesof different
paths We nov male furtherassumptiornthatthe phaseunc-
tionis stronglypealedin theforwarddirectionwhichis true
for mary importantmedi&. In thiscaseP(q) canbeapprox-
imatedwith the rst termsof its Taylorexpansiorasl ag?
(we dropirrelevant constantshere).It canbe shawvn thatif
we want to maintainthe meancosineof the scatteringan-
gleg, a hasto besettoa = 1=4(1 @) = 1=(2hg%i) where
hg?i is the meansquarescatteringangle.Note thatalthough
thephaségunctionis stronglyforward pealed, this doesnot
meanthatthe pathitself hasto deviate by only a smallangle
from its original propagatiordirection,whichis anassump-
tion often usedto simplify derivations.We would alsolike
to treatpathrg,(s) asa continuousobjectby taking a limit
in equation5 asscatteringeventsoccuroften enoughalong
the path. Eachscatteringevent changeshe propagatiordi-
rectionby a smallamountdq. In the caseof forward pealed
phasefunctions,only suchscatteringeventsgenerallyhave

T For example, the Fourier transformedRT equationwill have a
muchmorecomple form in this case containingcorvolution over
frequencies.
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signi cant probability The expressiorof interestis

O pPogy O 1 a@g)?-=
i26h(s) i26h(9)
) #!
O 1 ads ? ds ; (6
i26h(9) S

wherewe introducedthe lengthsof pathelementdbetween
scatteringeventsds,. Note that by constructionthesesey-
mentsarephysicallyconstrainedo be of nite lengthof the
orderof 1=b(gs(s)) and can not be simply treatedas in-
nitely shortin thelimit sinceno scatteringcanphysically
occuronanin nitesimal pathinterval. We alsointentionally
re-arrangedhelastexpressiorto highlightits partin square
bracletswhichindeedcanbetreatedasafull differentialof
somefunctionin our approximationTaking a logarithmof
equation6, using Taylor series andreplacingoneof theds,
with its physicalvaluewe obtain

#!
o dg 2
a In 1 ads & ds;
i28h(9) 5 M
° a dg 2
a —— — G0s:
g9 XPE) A5

If the scatteringscaleds = 1=bh is much smallerthanthe
macroscopicscale of the path, the expressionin square
bracletscanbetakento givejdgq=dsj2dsin thislimit andthe
discretesumwill becomeanintegral alongthe path. Taking
theexponentwe get:

!

s_a dg’io.

0 btgp(s)) ds°

We canwrite this becaus®f a generalpropertyof function
limits: if the limit exists, its value doesnot dependon the
speci ¢ way to take the limit and thereforethe particular
subdvision of the pathwe usedoesnot affect the nal re-
sult. It is comfortingto notethis expressiorgivesexactly the
resultof rigoroustreatmenbf Tessendo?P whenappliedto
ahomogeneoumedium.Thefull expressiorfor pathprob-
ability densityis now

p(pathshapg exp

# |

a Olqzds0 =

exp( A(path)); (7)
whereA is analogougo classicaklctionalongthe path.

p(path  exp

To nd the MPP, we needto determinethe path which
minimizesthe effective attenuationin equation?. It is not
possibleto write an analytic expressionfor arbitrary func-
tionsa(x) andb(x), but someimportantgeneralrendscan
neverthelesse establishedSincethe expressionunderthe
integral is non-n@ative, equation7 favors shortestpaths
with low curvaturedg=ds. For example,if we areinterested
in theMPPconnectingwo pointswithoutspecifyingary ex-
traconditions thiswill bethestraightline connectinghese
points.If apathhasto turnto satisfyboundaryconditions,it

will tendto curve morein regionswith high scatteringcoef-

cient b(x). Finally, for a homogeneousmedium,the MPP
will becompletelydeterminedy the appliedboundarycon-
ditions. Explicit expressionsanbe obtainedin somecases
usingthe standarcEulerLagrangeminimization procedure
appliedto the integral in equation742 andwe will usesuch
resultsbelow.

4.2. Spatial Variability

Opticalpropertiesn ascatteringnediumcanvary arbitrarily
spatially A spatialvariability in a mediumcanbe measured
by the numberof scatteringeventsthatoccuralongthe path

Y-
() = Osb () ds?

In uniform media, the spatial variability is just a constant
multiple of thedistances: * = bs Giventhespatialvariabil-
ity * of apathin inhomogeneoumedia,we can“invert” this
equatiorandwrite displacemenof theray from its origin x°
with respecto * as:

1
o b(x%+ d(*9)

This expressionsuggests practicalway of constructingac-
tual pathin inhomogeneousnediumby stitching together
straightline sgmentswith lengthsgivenby thelocal scatter
ing coefcient. Theonly extra informationwe needis local
propagatiordirectionwhichis discussedn the next subsec-
tion.

d(’) = B(9d 8)

4.3. Finding the MPP

Tessendof® describedhe propagationdirection®(*) with

Euler rotation anglesand satisfying boundary conditions
(equation2) using the Fourier seriesexpansionof the an-
gles. We follow a simpli ed versionof his formulationto

constructhe stationarypathb, whichis the paththatmini-

mizesattenuatioralongits length.We mentionedbeforethat
dueto reciprocitywe canconstructhe pathby reversingthe
directionof light propagatioh. Throughtherestof the paper
we take adwantageof this propertyand constructthe MPP
startingfrom theinitial (viewing) directionw andendingin

the nal (light) directionw® althoughthe light is actually
moving in the oppositedirection.

Let R be a rotationmatrix that rotatesinitial directionw
to the z-axisvectorz= (00 1)T. If the nal directionw®is
writtenin sphericakoordinatess

sin(q) cos(f) !
w’= @ sin(g)sin(f) A
cos(q)

thenthe stationarypathb,(s;z, w% thatuniformly rotatesn’®
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I

Figure 3: Constructionof the Most ProbablePathin a ho-
mogeneousnedium. The pathis constructedby stitching
togethermieceavise linear pathsegmentsandintegratingthe
propagationdirection®. The propagationdirectionof path
segmentshetweenstartingpoint x and endingpoint x° uni-
formly rotatesfrom theinitial directionw to the nal direc-
tion w® thereforematchingthe boundaryconditions.

intoz over the physicalpathlengthSis
1
sin(q(s)) cos(f)

Bo(szw) = @ sin(q(s) sin(f) A; 9)
cos(q(s))
where
S
a® =4 3 g

Note that we still needto apply rotationR ! thatrotatesz
backtow suchthat:

Bo(sw;w) = R (s Re): (10)
Onecanshaw thatsucha“uniformly turning” pathis exactly
the MPP amongall pathsof x ed lengthfor the homoge-

neousmedium,i.e. it minimizeseffective attenuatiorgiven
by equationy.

If the stationarypath, needsto be constructedn inho-
mogeneousnediumwith respecto path spatialvariability
* thenwe will simply replaceq(s) in equation9 by g(*9
wherethe light pathg, is now parameterizecccordingto
the numberof scatteringevents and not the physical path
distance:

0
a%=a < a (11)

Given the starting point x, initial directionw, and nal
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directionw® the MPP is constructedy integratingthe ve-
locity functionB,. The locationson the MPP are foundin
termsof displacementsi(*) (equation8) from the starting
pointx. Thedisplacementd(") arede nedimplicitly andat
rst it appearghat the spatialvariability * alongthe entire
pathis neededNote, however, thateachdisplacemend(")
alongthepathonly depend®nthevalueof * upto thispoint
andnoton the spatialvariability of the entirepath,allowing
an‘“incremental”’constructiorof the path.

The pathis constructedby stitching togetherpiecavise
linear path segments.We marchalongthe pathin stepsof
sized” (stepsizein spatialvariability notin distance)This
stepsized’ is arbitraryandis analogougo selectinga step
sizedsfor directlighting computatiorwhenmarchingalong
straightline. A sensiblevaluefor d° canalsobe estimated
from the optical propertiesanddensityof thevolume.At ev-
ery stepwe rst obtainthe propagatiordirectiond(") along
the existing portion of the path usingequationsl1 and 10
with theaccumulatedotal spatialvariability ~ 5cc onthepath
sofar substitutedor *. We thenuseequation8 to compute
the displacemenpoint d(" acc) along the path.Findingthe
next point on the pathinvolvesincreasingthe spatial vari-
ability of thepathsofarbyd™ ("acc= "acct+ d*) and nding
correspondinglisplacemend (" ac¢) from theinitial pointx.
Notethatthefull pathis reconstructedrom scratchat each
step.So, for every samplingpoint on the curved path, the
MPP is reconstructedrom the initial point x and not just
from the previous samplingpoint onthe path.

Notethatat the startingpoint x the spatialvariability " is
zero(no scatteringeventsencounteredo far) which there-
fore causeghe rst pathsegmentto bein theinitial direc-
tion w. Similarly, the very last sggmentof the pathwill by
constructionbe in the directionw® matchingthe boundary
conditions.The propagatiordirectionof pathsegmentsbe-
tweenstartingpoint x andendingpoint x9 uniformly (in 8
rotatesfrom theinitial directionw to the nal directionw".
The sggmentlengthin physicalspacedependsn the scat-
teringcoefcient b at previousdisplacemenpointd(’).

The total spatialvariability = along the pathis just the
sum of spatialvariabilitiesd” along eachsegmenton the
path. This is again analogousto computingthe physical
length s by summingsegmentsds along the straightline.
As expected the stationarypathB, is relatvely at in re-
gionswherescatteringcoefcient b(x) is small and highly
cuned wheredensityis high. Figure 3 illustratesconstruc-
tion of the mostimportantpathusingthe describednethod.
Quaterniongould provide analternatve andmorerigorous
approacho uniformrotations.

4.4. Multiple Scattering PhaseFunction

TessendorandWassof obsere thatthewidth of thephase
functiongrows with thenumberof scatteringavents’™. When
the numberof scatteringevents™ grows large, the probabil-
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ity of scatteringn ary directionis equalandthe phaseunc-
tion essentialljpbecomessotropic.lt follows from the WKB
approximatiorthatthe averagescatteringangleQ, s after’
scatteringeventsis:

us' = T o )’
Tessendorfand Wassoi# also introduce the idea of the
multiply-scatteredphasefunction which is de ned as the
probabilityof light scatteringhroughanangleq after” scat-
teringevents:

s

Pus@) = (P @ SR

1 exp( )
where N is the normalization constant such that

4 PMS(q;‘_)_dw = 1. In_tui_tively, eqL_Jation 12 says that
theprobability of scatteringnto anarbitraryangleincreases
with the numberof scatteringevents.Whenthe numberof
scatteringeventsis large, the phasefunction P, becomes
isotropic. Note that equation12 holds for arbitrary phase
function.

4.5. WKB Approximation For Multiple Scattering
Tessendoft deriveda pathintegral expressiorfor the prop-
agatorG in homogeneoumaterials:

G(sx;w;x%w) = [db][dpld(B(0) wId(B(s9) w)

d x osdseb(s% exp( c9

IO

49 (13)

ep b dSZp(9) ep i ddh(s)

where Z(p) is the Fourier transform of the normalized
Gaussiarphasefunction P; andp is the Fourier transform
variable.Interestedreadersare referredto Tessendorftz 43
for detailedderivationsof the pathintegral formulation. If
the phasefunction P is not spatially varying and the sin-
gle scatteringalbedow, = 'g is smoothlyvaryingin space
thenthe propagatorG can be extendedto inhomogeneous
materialé4, but no detailsare provided. The WKB approx-
imation doneby Tessendof? 43 consistsof approximating
thepathintegralin equationl3by nding themostprobable
(stationary)pathandintegratingall paths uctuating around
the MPP. The pathintegrationapproximatiorthey obtained
canbe expressedn termsof the GreenpropagatolG:

G(sxw;x%nd)  exp

s .
o dsTe(s) e 1 Rys(a)
(14)
The propagatoin equationl4 is valid for spatiallyvarying
materialsaslong asthe densityof the materialis smoothly
varying and the phasefunction is uniform within the vol-
ume. While the WKB approximationwas obtainedusing
theassumptiorof stronglyforward pealed phaseunctions,
thereis no otherrestrictionon the speci ¢ phasefunction

form. In practice,the direct and indirect radiancecompo-
nentsarecomputedseparatelyandif the phasefunctional-
lows backscatteringt will becomputedexplicitly in thedi-
rectradiancecomponentomputation.

5. Algorithm

As discussedn section3, the radiancel receved from di-
rectionw at the obseration point x is composedf three
components:

L(x;w) = Lun(X;w) + Lsc(X;w) + Le(X;w):
The unscatteredomponent{m(x;w) representtheamount
of unscatteretight dueto theit" light source:

Lun(GW) = Liigr (W) exp o¥ o(x we)ds ; (15)

whereL}ight(x;w) is theradiantexitancein directionw from

theith light sourceln practice the unscatteredadiance.yn
andthe emittedradiance.¢ arealsothe sourcefor the scat-
teredradiancés:

allNlights
Qs(xw) = a(¥)Le(x;w) + b(x) é’}g P(W;w,)Lin(x;w): (16)

To computethe total radiancel in the medium,all exter
nal andinternal sourcesof radiationneedto be propagated
throughthe volume to the point x on the volume that the
camerais looking at. The evolution operatorG from equa-
tion 4 propagatesll enegy to agivenobsenationpointand
direction. We use the propagatorG from equation14 for
therenderingalgorithmdescribedn the next subsectionWe
alsouseresultsfrom TessendorbndWasso® to develop a
renderingalgorithmusingthe pathintegrationformulation.

Monte Carlo Ray Tracing

Monte Carloraytracingis anaccuratelgorithmfor solving
theradiative transferequationin arbitrarymedia.We useit
for comparisornto evaluateour approximationsWe march
throughthe mediumin directionw samplingpoints along
theray. The light from previous stepis attenuatedand the
light thatis inscatterednto the viewing directionw is gath-
ered.Theinscatteredight is collectedrecursvely for each
inscattereday:

allNlights

Ly 1O W) = & Lun(wW)POx;w?: w)b(x) Dx+

Lsc(X; ;) P(X; w;; w) b(x) Dx +

Qoz —

4
N

i=1
exp( c(X)Dx)Ln(x+ wDx;w)
whereM is the numberof directionalsamplegaken. While

Monte Carlo ray tracing is robust and powerful, it is also
slow becausef thelargenumberof raysneeded.
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5.1. Path Integration Approximation

Our algorithm exploits the WKB approximationfrom pre-
vious section. The WKB approximation computes the
multiply-scatteredight by nding the most probablepath
andthenanalyticallyintegratesscatteredadiancealongthis
path and some neighborhoodaroundthis path including
quadratic uctuations aroundthis path(equationl4).

The approximateradianceis thenthe sum of the singly
scattered“direct”) andmultiply scatteredcomponents:

Lssdx;w) =
0¥ Qg(x  sw;w)) exp osdsoc(x (s Hw) ds; (17)
and

LmsdX;w) =
Ny ¥
3 dw dsfQs(x*W% wix? Pyg(ai)g:  (18)
i=1 P

where

wix’P= exp( c(x%=b(x%) (exp() 1);  (19)

and x%is an intermediatepoint on the curved path: x%%=
x+ d(*). The rst termin equationl9is theintensityof the
ray atasamplingpointalongthe pathwhile theseconderm
is the numberof raysthat propagatealongthis path. Note
that the numberof rays grows exponentiallywith the dis-
tance BruteforceMonteCarloraytracingalgorithmswould
have trouble with this dueto enormousnumberof poten-
tially spavnedrays. The pathintegrationformulationdoes
nothave problemswith this exponentialgronth, becaus¢he
raysaredealtwith via analyticintegration.

As we saw earlier the MPP we constructis not uniquely
de ned by the boundaryconditions.The total lengthof the
path(eitherarclengthS or total spatialvariability * ) remains
afreeparametesinceit is notpossibleio nd this parameter
without preprocessingr involved analysisTo nd thetrue
MPP onewould needto performa searchramongpathswith
differentlengthsandchoosethe onewith minimal effective
attenuationThis processanbevery expensve for inhomo-
geneousnedia.Fortunatelyin practiceit is sufcient to con-
structasmallnumbemy, of “quasi-MPPs'with differentto-
tal lengths(spatialvariabilities) usingthe processescribed
abore andsumtheir contritutions,asshawvn by equationl8.
Basedon the densityand optical propertiesof the volume,
spatialvariability of the pathis estimated For example,a
raymarchingcanbe performedalongthreeaxesanddiago-
nalsto estimatethetotal lengthof the pathparameterThese
estimatesrethenusedasa freeparametefor theMPPgen-
eration.Furtherinvestigationis neededo estimatethe total
pathlengthmorerobustly andsystematicallyHowever, we
found that naive approachworked well in practicewithout
spendingextratime probingthevolume.

The contritutions of diffuse (or indirect) outside light
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Algorithm 1 RenderingAlgorithm Using WKB Approxi-
mation
Il Preprocessingpr ef ciency purposes
for eachlight sourceS
Computea light attenuatiorthroughthe mediaby ray march-
ing
Storelight attenuationin a spatialdatastructure(e.g. octree,
deepshadav map)
end for

I/l Unscattereddirect) radiancd_ssc computation

Givenstartingpoint x andviewing directionw

for eachsamplepointalongtheray in directionw
Computethe unscatteredradiancecontritution from equa-
tion 17

endfor

/I Scatteredindirect)radiance_msc computation

// usingWKB approximation

Choosenumberof importantpathsn,,

Choosehe samplinglengthd®

for eachimportantpathby,

for eachsamplepointalongthe pathby,,
Find ds anda pointx®on the pathfrom equation8
for eachsetof samplingdirectionsw
Computethe scatteredadiancecontritution from equa-
tion 18
endfor
endfor
Add diffuselight sourcecontributions (equation20)
endfor

sourcesreincludedasaradiancesourceat the boundary:

Sooundary

L(x;w) = expf dso(x  w(s 9)gly(w)+

+8 Wl bRys(a )L (20)
Ny

whereL , is the diffuseradiancein a given direction.Sim-
ilarly to the weight w in equation19 for the collimated
beams3, the weightfor the diffuselight sourcecontrikution
is:

wxd= exp( Cp=b) (exp(Cy) 1);  (21)

and ", is the numberof scatteringevents when the path
reachedheboundaryx®of thevolume.

Therenderingalgorithmcanbeimplementedisinganex-
isting ray marchingroutine with little dif culty . For every
viewing rayw, we rst nd anintersectiorwith thevolume.
This s startingpoint x. Thedirectcomponentequationl7)
is computedusingstandard-ay marching.At every sample
point, the sourceterm (direct radianceand emission)Qg is
computedandtheintensityis thenexponentiallyattenuated.
To speedip computationve precomputdight attenuatiorin
thevolumeandstoreit atall possibledepthsFor thiswe use
asimpli ed versionof adeepshadav mag3. Fromeachight
sourcewe computeattenuatioralongthe ray andstoreit at
every samplingpoint. This speedsip rendering becauseve
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only paythepriceonceandtherestis atablelookup.There-
fore, the sourceterm Qg is just a lookupin the spatialdata
structurestoringthe precomputedttenuatiorfor every light
source.The indirect componeniequation18) is computed
by constructingthe most probablepath (or somenumber
of them) usingthe procedurepresentedn Section4.3. We
marchalongthe curvedpathin stepssuchthatthenumberof
scatteringeventsis uniform. At every samplingpoint along
the curved path,we computethe contribution from mary di-
rectionsover theentiresphere Samplingdirectionsarecho-
senbasedon viewing and lighting directions(i.e. sample
moredenselyin directionscloseto the viewing andlighting
directions) We have a x ednumberof directionswe sample
at every point. One canusea more sophisticatednetric to
determinehow mary directionsto sampleln ourimplemen-
tation, the numberof samplingdirectionsis a parameteto
therenderingalgorithm.Althoughmary directionsaresam-
pledatevery samplingpointalongthepath,this consistgust
of afew operationsinceno raysareactuallyspavned.This
is unlike in atraditionalMonte Carloalgorithmwhereaddi-
tional raysarecreatedat every samplingpoint which causes
exponentialgrowth in numberof rays.Similarly to comput-
ing the direct componentthe sourceterm Qg can be just
looked up in the spatialdatastructure.Oncethe boundary
x0 of the volumeis reachedthe diffuse light contritutions
areexplicitly added(equation20). The renderingalgorithm
is summarizedn Algorithm 1.

6. Resultsand Discussion

The algorithmfrom the previous sectionwas implemented
in C++ (compiledwith g++ compiler)asanextensionto the

traditional Monte Carlo raytracer All exampleswere ren-

deredon a PentiumlV 1.7 Ghz with 512 Mb of memory
running Linux. The resultsof the algorithmfor a uniform

densityvolumeis shavn in Figure4. Thesemagesusedthe

scatteringparametergor skim milk from Jenseretal.18 and
Heryey-Greensteiphasédunctionwith g= 0:9. Theimages
are512 by 384 andused9 sampleger pixel. Theruntimes
were25 minutesfor the Monte Carlomethodand8 minutes
for the PI method.Note that the path integration solution
is slightly darler thanthe brute-forceMonte Carlo solution.
This is becausgathintegrationassumeshatpathsnearthe

MPP are whereall of the light comesfrom, ignoring con-

tributions that are far from the MPRP. However, the degree
of darkeningis small, shaving that the contrikutions from

thosepathsis smallaswell.

Figure5 shavs theresultsfor a non-uniformdensity The
imagesare 512 by 384 and used9 samplesper pixel. The
runtimeswere 55 minutesfor the Pl methodand and 580
minutesfor the Monte Carlo solution. The cloud densities
were generatediusing a Perlin-style noise function, and a
Gaussiamphasdunctionwasusedwith p= 0:11. Again, no-
tice someslight darkening.

Figure6 shawvstheresultsfor anon-uniformdensitycloud

Figure4: Upper:MC raytracing Lower: Pl Approximation.

with differentillumination that includesindirect illumina-
tion andskylight contritution. Theimageis 640by 480 pix-
elsandused9 sampleger pixel. The runtimewas 95 min-
utes.

Most of the theoryin this paperis known to otherscien-
ti c communitiesWehave describedamoreintuitiveway of
constructingpathintegralsavoiding the heary mathematics
of functionalintegrationthat would ordinarily be required.
We have shavn that this theory can be appliedto produce
reasonablyccuratémagesThiswasaccomplishedby nd-
ing the MPP and explicitly computingcontributions along
that path. All other pathsare dealtwith via analyticinte-
grationaroundthe MPP. The MPP canbe alsousedin tra-
ditional Monte Carlo simulationsas a form of variancere-
duction. Our formulation can be usedas a starting point
for a sophisticateanethodsuchasMetropolisLight Trans-
port, which effectively attemptsto nd the MPP by ran-
dom walk. We have not pursueda highly efcient imple-
mentationthereis muchroomfor thedevelopmentof algo-
rithms basedon pathintegration.For example,a hierarchi-
cal implementationanalogousto 15 would surely be bene-
cial. Our imagesshouldbe viewed as a proof-of-concept
thatpathintegrationis a valuabletool for dealingwith volu-
metric lighting. We have not shavn that it hasadwantages
over the dipole approximatio® to the diffusion approxi-
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Figure5: Upper:MC raytracing Lower: Pl Approximation.

Figure 6: A cloud renderedusing the Path Integration ap-
proximation.Diffuselight sourcecontritutionswere added
attheboundaryof thevolume.

mation for denseuniform media,andin fact thereis rea-
sonto preferdiffusionasdensityincreasebecausgathin-
tegrationignoresbackscatteringHowever, we have shavn
that pathintegrationcanbe appliedto sparseandspatially-
varying volumeswherethe diffusion approximationis not
appropriate!®. Thuspathintegrationshouldbe viewed asa

¢ TheEurographicsAssociation2003.

complemento diffusion,andshouldbecomepartof thetool-

box of dealingwith volume-basedcatterersMany classical
renderingproblemscould be reformulatedandsolved faster
usingthepathintegralformulation.Understandingheparal-
lels with the classicaformulationandthinking of problems
in thisframework openamary directionsfor futureresearch.
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