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Abstract

Wedescribethe�rst formalspeci�cationof anon-trivial subsetof MPI, thedominantcom-
municationAPI in high performancecomputing. Engineeringa formal speci�cation for
a non-trivial concurrency API requiresthe right combinationof rigor, executability, and
traceability, while alsoservingasa smoothelaborationof a pre-existing informal speci�-
cation.It alsorequiresthemodularizationof reusablespeci�cationcomponentsto keepthe
lengthof thespeci�cationin check.Long-livedAPIssuchasMPI arenotusually`textbook
minimalistic' becausethey supportadiversearrayof applications,adiversecommunityof
users,andhaveef�cient implementationsoverdecadesof computinghardware.Wechoose
theTLA+ notationto write our speci�cations,anddescribehow we organizedthespeci�-
cationof 150of the300MPI 2.0 functions.We detaila handfulof thesefunctionsin this
paper, andassessour speci�cation with respectto the aforesaidrequirements.We close
with a descriptionof possibleapproachesthat may help renderthe act of writing, under-
standing,andvalidatingspeci�cationsmuchmoreproductive.



1 Intr oduction

TheMessagePassingInterface(MPI, [32]) library hasbecomeadefactostandardin HPC,
andis beingactively developedandsupportedthroughseveral implementations[9, 31, 7].
However, it is well known that even experiencedprogrammersmisunderstandMPI APIs
partially becausethey aredescribedin naturallanguages.Thebehavior of APIs observed
throughadhocexperimentson actualplatformsis not a conclusive or comprehensive de-
scriptionof thestandard.A formalizationof theMPI standardwill helpusersavoid misun-
derstandingthesemanticsof MPI functions.However, formal speci�cations,ascurrently
writtenanddistributed,areinaccessibleto mostpractitioners.

In ourpreviouswork [22], wepresentedtheformalspeci�cationof around30%of the128
MPI-1.0 functions(mainly for point-to-pointcommunication)in a speci�cationlanguage
TLA+ [33]. TLA+ enjoys wide usagein industryby engineers(e.g. in Microsoft [34]
and Intel). The TLA+ languageis easyto learn. A new useris able to understandour
speci�cationandstartpracticingit after a half-an-hourtutorial. Additionally, in orderto
helppractitionersaccessour speci�cation,we built a C front-endin theMicrosoft Visual
Studio(VS) paralleldebuggerenvironment,throughwhich userscansubmitandrun short
(perhapstricky) MPI programswith embeddedassertions(called litmus tests). A short
litmustestmayexhibit ahighdegreeof interleaving andits runningwill revealthenuances
of thesemanticsof theMPI functionsinvolved.Suchtestsareturnedinto TLA+ codeand
run throughtheTLC modelchecker [33], which searchesall thereachablestatesto check
propertiessuchasdeadlocksanduser-de�ned invariants.Thispermitspractitionersto play
with (and�nd holesin) thesemanticsin a formalsetting.

While wehavedemonstratedthemeritsof ourpreviouswork ([22]), thispaper, thejournal
versionof ourposterpaper[15], handlesfarmoredetailsincludingthosepertainingto data
transfers.In this work, we havecoveredmuchof MPI-2.0(hasover300API functions,as
opposedto 128for MPI-1.0). In addition,thisnew work providesa rich collectionof tests
thathelpvalidateourspeci�cations.It alsomodularizesthespeci�cation,permittingreuse.

Model Validation. In orderto makeourspeci�cationbefaithful to theEnglishdescription,
we(i) organizethespeci�cationfor easytraceability: many clausesin ourspeci�cationare
cross-linkedwith [32] toparticularpage/linenumbers;(ii) providecomprehensiveunit tests
for MPI functionsanda rich setof litmus testsfor tricky scenarios;(iii) relateaspectsof
MPI to eachotherandverify the self-consistency of the speci�cation(seeSection4.11);
and(iv) provide a programminganddebuggingenvironmentbasedon TLC, Phoenix,and
VisualStudioto helpengageexpertMPI users(who maynot be formal methodsexperts)



into experimentingwith oursemanticde�nitions.

Thestructureof thispaperis asfollows. We �rst discusstherelatedwork on formalspeci-
�cations of largestandardsandsystems;otherwork on applyingformal methodsto verify
MPI programsis alsodiscussed.Thenwe give a motivating exampleand introducethe
speci�cationlanguageTLA+. This exampleillustratesthat vendorMPI implementations
do not capturethenuancesof thesemanticsof anMPI function. As themainpartof this
paper, the formal speci�cation is given in Section4, wherethe operationalsemanticsof
representative MPI functionsare presentedin a mathematicallanguageabstractedfrom
TLA+. In Section5 wedescribeaC MPI front-endthattranslatesMPI programswrittenin
C into TLA+ code,plustheveri�cation framework thathelpsusersexecutethesemantics.
Finally wegive theconcludingremarks.In theappendixwe giveanexampleto show how
the formal semanticsmayhelp the rigid analysisof MPI programs— we prove formally
the de�nition of a precedencerelation is correct,which is the baseof a dynamicpartial
orderreductionalgorithm.

2 RelatedWork

The idea of writing formal speci�cationsof standardsand building executableenviron-
mentsis avastarea.

The IEEE FloatingPoint standard[12] wasinitially conceived asa standardthat helped
minimizethedangerof non-portable�oating point implementations,andnow hasincarna-
tionsin varioushigherorderlogic speci�cations(e.g.,[10]), �nding routineapplicationsin
formal proofsof modernmicroprocessor�oating point hardwarecircuits. Formalspeci�-
cationsusingTLA+ includeLamport'sWin32ThreadsAPI speci�cation[34] andtheRPC
MemoryProblemspeci�ed in TLA+ andformally veri�ed in the Isabelletheoremprover
by Lamport,Abadi,andMerz [1]. In [13], Jacksonpresentsa lightweightobjectmodeling
notationcalledAlloy, which hastool support[14] in termsof formal analysisandtesting
basedonBooleansatis�ability methods.

Bishopetal [3, 4] formalizedin theHOL theoremprover[20] threewidely-deployedimple-
mentationsof theTCPprotocol: FreeBSD4.6-RELEASE,Linux 2.4.20-8,andWindows
XP ProfessionalSP1.Analogousto ourwork, thespeci�cationof theinteractionsbetween
objectsaremodeledastransitionrules.Thefact that implementationsotherthanthestan-
dard itself arespeci�ed requiresrepeatingthe samework for different implementations.



In order to validatethe speci�cation, they performa vastnumberof conformancetests:
testprogramsin a concreteimplementationareinstrumentedandexecutedto generateex-
ecutiontrances,eachof which is thensymbolicallyexecutedwith respectto the formal
operationalsemantics.Constraintsolving is usedto handlenon-determinismin picking
rulesor determiningpossiblevaluesin a rule. Comparedwith their work, we alsorely on
testingfor validationcheck.However, sinceit is thestandardthatwe formalize,we need
to designandwrite all thetestcasesby hand.

Norrish[19] formalizedin HOL [20] astructuraloperationalsemanticsandatypesystemof
themajorityof theC language,coveringthedynamicbehavior of C programs.Semanticsof
expressions,statementsanddeclarationsaremodeledastransitionrelations.Thesoundness
of the semanticsandthe type systemis proved formally. Furthermore,in orderto verify
propertiesof programs,asetof Hoarerulesarederivedfrom theoperationalsemantics.In
contrast,the notionof typesystemdoesnot appearin our speci�cationbecauseTLA+ is
anuntypedlanguage.

Eachof theformalspeci�cationframeworksmentionedabovesolvesmodelingandanalysis
issuesspeci�c to the objectbeingdescribed.In our case,we wereinitially not surehow
to handlethedauntingcomplexity of MPI norhow to handleits modeling,giventhatthere
hasonly beenvery limited effort in termsof formalcharacterizationof MPI.

Georgelin andPierre[8] specifysomeof the MPI functionsin LOTOS [6]. Siegel and
Avrunin [29] describea �nite statemodelof a limited numberof MPI point-to-pointop-
erations.This �nite statemodelis embeddedin theSPINmodelchecker [11]. They [30]
alsosupporta limited partial-orderreductionmethod– onethathandleswild-cardcommu-
nicationsin a restrictedmanner, asdetailedin [24]. Siegel [28] modelsadditional`non-
blocking' MPI primitivesin Promela. Our own pastefforts in this areaaredescribedin
[2, 21, 25, 23]. None of theseefforts: (i) approachthe numberof MPI functionswe
handle,(ii) have thesamestyleof high level speci�cations(TLA+ is muchcloserto math-
ematicallogic than�nite-state Promelaor LOTOS models),(iii) have a modelextraction
framework startingfrom C/MPI programs,and(iv) haveapracticalwayof displayingerror
tracesin theuser's C code.

3 Moti vation

MPI is a standardlizedand portablemessage-passingsystemde�ning a core of library
routinesuseful to a wide rangeof userswriting portablemessage-passingprogramsin
Fortran, C or C++. Versions1.0 and 2.0 were releasedin 1994 and 1997 respectively.



Currentlymorethana dozenimplementationsexist, on a wide variety of platforms. All
segmentsof the parallel computingcommunictyincluding vendors,library writers and
applicationscientistswill bene�t from a formalspeci�cationof thisstandard.

3.1 Moti vating Example

MPI is a portablestandardandhasa varietyof implementations[9, 31, 7]. MPI programs
areoften manuallyor automatically(e.g.,[5]) re-tunedwhenportedto anotherhardware
platform, for exampleby changingits basicfunctions(e.g., MPI_Send ) to specialized
versions(e.g.,MPI_Isend ). In this context, it is crucial that the designersperforming
codetuningareawareof thevery �ne detailsof theMPI semantics.Unfortunately, such
detailsare far from obvious. For illustration, considerthe following MPI pseudo-code
involving threeprocesses:

P0 MPI Irecv (r cvbuf 1; � ; r eq1);
MPI Irecv (r cvbuf 2; from 1; req2);
MPI Wait(r eq1);
MPI Wait(r eq2);
MPI Bcast (r evbuf 3; root = 1);

P1 sendbuf1 = 10;
MPI Bcast (sendbuf1; root = 1);
MPI Isend (sendbuf2; to 0; req);
MPI Wait(r eq);

P2 sendbuf2 = 20;
MPI Isend (sendbuf2; to 0; req);
MPI Bcast (r ecvbuf 2; root = 1);
MPI Wait(r eq);

Process1 and2 aredesignedto issueimmediatemodesendsto process0, while Process
0 is designedto posttwo immediate-modereceives.The�rst receive is a wildcardreceive
that may matchthe sendfrom P1 or P2. Theseprocessesalsoparticipatein a broadcast
communicationwith P1 as the root. Considersomesimple questionspertainingto the
executionof thisprogram:

1. Is therea casewherea deadlockis incurred?If thebroadcastis synchronizingsuch
that the call at eachprocessis blocking, then the answeris `yes', sinceP0 can-
not completethe broadcastbeforeit receivesthe messagesfrom P1 andP2, while
P1 will not isendthe messageuntil the broadcastis complete.On the otherhand,
this deadlockwill not occurif the broadcastis non-synchronizing.As in an actual
MPI implementationMPI Bcast may be implementedas synchronizingor non-
synchronizing,this deadlockmaynot beobservedthroughadhocexperimentson a
vendorMPI library. Ourspeci�cationtakesbothbasesinto considerationandalways
givesreliableanswers.



2. Supposethe broadcastis non-synchronizing,is it possiblethat a deadlockoccurs?
The answeris `yes', sinceP0 may �rst receive a messagefrom P1, thenget stuck
waiting for anothermessagefrom P1. Unfortunately, if we run this programin a
vendorMPI implementation,P1mayreceive messages�rst from P2andthenfrom
P1. In this caseno deadlockoccurs.Thusit is possiblethatwe will not encounter
this deadlockevenwe run theprogramfor 1,000times. In contrast,theTLC model
checker enumeratesall executionpossibilitiesandis guaranteedto detectthis dead-
lock.

3. Supposethere is no deadlock,is it guaranteedthat rcvbuf1 in P0 will eventually
containthemessagesentfrom P2?Theansweris `no', sinceP1'sincomingmessages
mayarriveout of order. However, runningexperimentson a vendorimplementation
mayindicatethattheansweris yes,especiallywhenthemessagedeliverydelayfrom
P1 to P0 is greaterthanthat from P2 to P0. In our framework, we canaddin P0
anassertionrcvbuf1 == 20 right beforethebroadcastcall. If it is possibleunder
thesemanticsfor othervaluesto beassignedto thesetwo variables,thenthemodel
checker will �nd theviolation.

4. Supposethereis no deadlock,whencanthe buffers be accessed?Sinceall sends
andreceivesusethe immediatemode,thehandlesthat thesecalls returnhave to be
testedfor completionusinganexplicit MPI_Test or MPI_Wait beforetheasso-
ciatedbuffers are allowed to be accessed.Vendorimplementationsmay not give
reliableanswerfor this question.In contrast,we canmove theassertionsmentioned
in theresponseto thepreviousquestionto any otherpoint beforethecorresponding
MPI wait s. Themodelcheckerthen�nds violations—meaningthatthedatacannot
beaccessedon thereceiveruntil afterthewait .

5. Will the �rst receive alwayscompletebeforethesecondat P0? No suchguarantee
exists,astheseareimmediatemodereceiveswhichareguaranteedonly to beinitiated
in programorder. Again,theresultobtainedby observingtherunningof thisprogram
in a vendorimplementationmay not be accurate.In orderto answerthis question,
we canreversethe orderof theMPI_Wait commands.If the modelchecker does
not �nd adeadlockthenit is possiblefor theoperationsto completein eitherorder.

TheMPI referencestandard[32] is a nonmachine-readabledocumentthatoffersEnglish
descriptionsof the individual behaviors of MPI functions. It doesnot supportany exe-
cutablefacility thathelpsanswertheabove kindsof simplequestionsin any tractableand
reliableway. Runningtestprograms,usingactualMPI libraries,to revealanswersto the
above kindsof questionsis alsofutile, giventhat(i) variousMPI implementationsexploit
the libertiesof the standardby specializingthe semanticsin variousways,and (ii) it is
possiblethatsomeexecutionsof a testprogramarenotexploredin theseactualimplemen-
tations.



Thuswe aremotivatedto write a formal,high-level, andexecutablestandardspeci�cation
for MPI 2.0. Theavailability of a formal speci�cationallows formal analysisof MPI pro-
grams. For example,we have basedon this formalizationto createan ef�cient dynamic
partialorderreductionalgorithm[26]. Moreover, theTLC modelchecker incorporatedin
our framework enablesusersto executetheformalsemanticde�nitions andverify (simple)
MPI programs.

3.2 TLA+ and TLC

The speci�cationis written in TLA+ [33], a formal speci�cationnotationwidely usedin
industry. It is a formal speci�cationlanguagebasedon (untyped)ZF settheory. Basically
it combinestheexpressivenessof �rst orderlogic with temporallogic operators.TLA+ is
particularlysuitablefor specifyingandreasoningaboutconcurrentandreactivesystems.

TLC, a modelchecker for TLA+, exploresall reachablestatesin themodelde�ned by the
system. TLC looks for a state(i.e. an assignmentof valuesto variables)where(a) an
invariantis notsatis�ed,(b) therearenoexits (deadlocks),(c) thetypeinvariantis violated,
or (d) a user-de�ned TLA+ assertionis violated. WhenTLC detectsanerror, a minimal-
lengthtracethat leadsto thebadstateis reported(in our framework this traceturnsinto a
VisualStudiodebuggerreplayof theC source).

It is possibleto portourTLA+ speci�cationto otherspeci�cationlanguagessuchasAlloy
[13] andSAL [27]. We areworking on a formalizationof a smallsubsetof MPI functions
in SAL, which comeswith state-of-the-artsymbolicmodelcheckersandautomatedtest
generators.

4 Speci�cation

TLA+ providesbasicmodulesfor set,function, record,stringandsequence.We �rst ex-
tendtheTLA+ library by addingthede�nitions of advanceddatastructuresincludingarray,
map,andorderedset(oset ), which areusedto modela variety of MPI objects. For in-
stance,MPI groupsandI/O �les arerepresentedasorderedsets.

The approximatesizes(without including commentsandblank lines) of the major parts
in the currentTLA+ speci�cation are shown in Table 1, where#funcsand #lines give
the numberof MPI functionsand code lines respectively. We do not model functions



Figure1: MPI objectsandtheir interaction

whosebehavior dependson theunderlyingoperatingsystem.For deprecateditems(e.g.,
MPI KEYVAL CREATE),weonlymodeltheirreplacement(MPI COMM CREATE KEYVAL).

Main Module #funcs(#lines)
Pointto PointCommunication 35(800)
Userde�nedDatatype 27(500)
GroupandCommunicatorManagement 34(650)
IntraCollective Communication 16(500)
Topology 18(250)
EnvironmentManagementin MPI 1.1 10(200)
ProcessManagement 10(250)
OnesidedCommunication 15(550)
InterCollective Communication 14(350)
I/O 50(1100)
InterfaceandEnvironmentin MPI 2.0 35(800)

Table1. Sizeof theSpeci�cation(excludingcommentsandblanklines)

4.1 Data Structures

Thedatastructuresmodelingexplicit andopaqueMPI objectsareshown in Figure1. Each
processcontainsa setof local objectssuchasthe local memoryobjectmems. Multiple
processescoordinatewith eachother throughsharedobjectsrendezvous , wins , and
soon. The messagepassingprocedureis simulatedby the MPI systemscheduler(MSS),
whosetaskincludesmatchingrequestsatoriginsanddestinationsandperformingmessage
passing.MPI callsandtheMSSareableto make transitionsnon-deterministically.



Requestobject reqs is usedin point-to-pointcommunicationsto initiate andcomplete
messages.A messagecontainsthesource,destination,tag,datatype,countandcommu-
nicatorhandle. It carriesthe datafrom the origin to the target. Note that noncontiguous
datais representedas(user-de�ned) datatypes.A similar �le requestobjectfreqs is for
parallelI/O communications.

A groupis usedwithin a communicatorto describethe participantsin a communication
“universe”.Communicatorscommsaredividedinto two kinds: intra-communicatorseach
of which hasa singlegroupof processes,andinter-communicatorseachof which hastwo
groupsof processes.A communicatoralsoincludesvirtual topologyandotherattributes.

A rendezvousis a placesharedby theprocessesparticipatingin a collective communica-
tion. A processstoresits datato the rendezvouson the entry of the communicationand
fetchesthedatafrom the rendezvouson theexit. A similar frend objectis for (shared)
�le operations.

For one-sidedcommunications,epochesepos are usedto control remotememoryac-
cesses;eachepochis associatedwith a “window”, modeledby wins , which is made
accessibleto accessesby remoteaccesses.Similarly, a “�le” supportingI/O accessesis
sharedby a groupof processes.

OtherMPI objectsarerepresentedascomponentsin asharedenvironmentshared envs
andlocal environmentsenvs . The underlyingoperatingsystemis abstractedasos in a
limited sense,whichincludesthoseobjects(suchasphysical�les onthedisk)visibleto the
MPI system.Sincethephysicalmemoryateachprocessis animportantobject,weextract
it from os andde�ne a separateobjectmemsfor it.

4.2 Notations

Wepresentourspeci�cationusingnotationsextendedandabstractedfrom TLA+.

4.2.1 TLA+

The basicconceptin TLA+ is functions. A setof functionsis expressedby [domain !
r ange]. Notation f [e] representsthe applicationof function f on e; and [x 2 S 7! e]
de�nes thefunctionf suchthatf [x] = e for x 2 S. For example,thefunctionf double that



doublestheinputnaturalnumberis givenby [x 2 N 7! 2 � x] or [1 7! 2; 2 7! 4; : : : ]; and
f double[4] = 8.

For a n-tuple(or n-array)he1; � � � ; en i , e[i ] returnsits i th component.It is actuallya func-
tion mappingi to e[i ] for 1 � i � n. Thus function f double is equivalent to the tuple
h2; 4; 6; 8; � � �i . An orderedsetconsistingof n distinctelementsis actuallyan-tuple.

Notation[f EXCEPT![e1] = e2] de�nesa functionf 0 suchthatf 0 = f exceptf 0[e1] = e2.
A @appearedin e2 representstheold valueof f [e1]. For example,[f double EXCEPT![3] =
@+ 10] is the sameas f double except that it returns16 when the input is 3. Similarly,
[r EXCEPT!:h = e] representsa recordr 0 suchthat r 0 = r exceptr 0:h = e, wherer:h
returnstheh-�eld of recordr .

Thebasictemporallogic operatorusedto de�ne transitionrelationsis thenext stateoper-
ator, denotedusing' or prime. For example,s0 = [s EXCEPT![x] = e] indicatesthat the
next states0 is equalto theoriginal states exceptthatx's valueis changedto e.

For illustration, considera stopwatchthat displayshour andminute. A typical behavior
of the clock is the sequence(hr = 0; mnt = 0) ! (hr = 0; mnt = 1); ! ; � � � ; ! ; (hr =
0; mnt = 59); (hr = 1; mnt = 0); ! ; � � � , where(hr = 0; mnt = 1) is a statein which the
hourandminutehave thevalue0 and1 respectively.

The next-staterelationis a formula expressingthe relationbetweenthe valuesof hr and
mnt in theold (�rst) statetime andnew (second)statetime 0 of a step.It assertthatmnt
equalsmnt + 1 exceptif mnt equals59,in whichcasemnt is resetto 0 andhr is increased
by 1.

time 0 = let c = time [mnt ] 6= 59 in
[time EXCEPT![mnt ] = if c then@+ 1 else 0;

![hr ] = if : c then @+ 1 else @]

Additionally, we introducesomecommonlyusednotationswhende�ning the semantics
of MPI functions.

� 1 � � 2 theconcatenationof queue� 1 and� 2

� 1 � xk � � 2 thequeuewith x beingthek th element
� null value
� anarbitraryvalue
> and? booleanvaluetur e andf alse
� 1 v � 2 � 1 is a sub-array(sub-queue)of � 2
�!v v is anarray
f ] hx; vi a new function(map)f 1 suchthatf 1[x] = v and8y 6= x: f 1[y] = f [y]
f jx theindex of elementx in functionf ; i:e: f [f jx ] = x
c ? e1 : e2 if c then x else y
size (f ) or jf j thenumberof elementsin functionf
remove(f ; k) removefrom f theitemat index k
unused index (f ) returnani suchthati =2 DOM(f )



TLA+ allowsusto specifyoperationsin adeclarativestyle.For illustrationweshow below
a helperfunctionusedto implementtheMPI COMMSPLIT primitive, whereDOM, RNG,
CARDreturn the domain,rangeandcardinalityof a set respectively. This codedirectly
formalizesthe English description(seepage147 in [32]): “This function partitionsthe
groupinto disjoint subgroups,onefor eachvalueof color . Eachsubgroupcontainsall
processesof thesamecolor. Within eachsubgroup,theprocessesareranked in theorder
de�nedby key , with tiesbrokenaccordingto theirrankin theold group.Whentheprocess
supplythecolor valueMPI UNDEFINED, a null communicatoris returned.” In contrast,
suchdeclarativespeci�cationcannotbedonein theC language.

Commsplit (group;
�� � �!
colors;

� � !
keys; proc) :=

1 : let r ank = groupjpr oc in
2 : if

�� � �!
colors[r ank] = MPI UNDEFINEDthen MPI GROUPNULL

3 : else
4 : let s = f k 2 DOM(group) :

�� � �!
colors[k] =

�� � �!
colors[r ank]g in

5 : let s1 =
6 : choose g 2 [0 :: CARD(s) � 1 ! DOM(group)] :
7 : ^ RNG(g) = s
8 : ^ 8i; j 2 s :
9 : gj i < gj j ) (

� � !
keys[i ] <

� � !
keys[j ] _

� � !
keys[i ] =

� � !
keys[j ] ^ i < j )

12 : in [i 2 DOM(s1) 7! group[s1[i ]]]

After collectingthe color andkey information from all otherprocesses,a processproc
callsthis functionto createthegroupof anew communicator. Line 1 calculatestherankof
thisprocessin thegroup;line 4 obtainsasetof processesof thesamecolorasproc's; lines
5-11sort this setin theascendingorderof keys, with ties brokenaccordingto the ranks.
For example,supposegroup = h2; 5; 1i ,

� � � !
colors = 1; 0; 0 and

� � !
keys = h0; 2; 1i , thenthe

call of this functionatprocess5 createsanew grouph1; 5i .

4.2.2 Operational Semantics

Theformal semanticsof anMPI functionis modeledby a statetransition.A systemstate
consistsof explicit andopaqueobjectsmentionedabove. We write obj p for the object
obj at processp. For example, reqs p refersto the requestobject (for point-to-point
communications)atprocessp.

Weusenotation$ to de�ne thesemanticsof anMPI primitive,and := to introduceanauxil-
iary function.Thepre-conditioncondof aprimitive,if exists,isspeci�esby “requires f condg”.
An error occursif this pre-conditionis violated. In generala transitionis expressedasa
rule of format guar d

action , whereguard speci�estherequirementfor the transistionto betrig-
gered,andaction de�nes how theMPI objectsareupdatedafter thetransition.Whenthe
guardis satis�ed,theactionis enabledandmaybeperformedby thesystem.A null guard
will beomitted,meaningthatthetransitionis alwaysenabled.



For instance,thesemanticsof MPI Buffer detach is shown below. Thepre-condition
saysthatbuffer atprocessp mustexist; theguardindicatesthatthecall will block until all
messagesin thebuffer havebeentransmitted(i.e. thebuffer is empty);theactionis to write
thebuffer addressandthebuffer sizeinto thep's local memory, anddeallocatethespace
takenby thebuffer. Thebuffer locatesin theenvs object. A variablesuchasbuf f is
actuallya referenceto a locationin thememory;in many caseswe simply write buf f for
memsp[buf f ] for brevity.

MPI Buffer detach (buf f ; size;p) $
requires f buffer p 6= � g

buffer p:capacity = buffer :max capacity
mems0p[buf f ] = buffer p:buf f ^ mems0p[size] = buffer p:size ^ buffer 0

p = �

In the following we describebrie�y thespeci�cationof a setof representative MPI func-
tions. The semanticspresentedhereareabstractedfrom the actualTLA+ codefor suc-
cinctnessandreadability, which hasbeentestedthoroughlyusingtheTLC modelchecker.
The entirespeci�cation including testsandexamplesandthe veri�cation framework are
availableonline[17].

4.3 Quick Guide

In thissectionweuseasimpleexampleto illustratehow MPI programsandMPI functions
aremodeled.Considerthefollowing MPI programinvolving two processes:

P0 : MPI Send(buf s; 2; MPI INT; 1; 10; MPI COMM WORLD)
MPI Bcast(buf b; 1; MPI FLOAT; 0; MPI COMM WORLD)

P1 : MPI Bcast(buf b; 1; MPI FLOAT; 0; MPI COMM WORLD)
MPI Recv(buf r ; 2; MPI INT; 0; MPI ANY TAG; MPI COMM WORLD)

This programis convertedby thecompilerinto thefollowing TLA+ code(i.e. themodel
of this program).An extra parameteris addedto anMPI function to indicatetheprocess
thisprimitivebelongsto. In essence,amodelis a transitionsystemconsistingof transition
rules. Whenthe guardof a rule is satis�ed, this rule is enabledandreadyfor execution.
Multiple enabledrules are executedin a non-deterministicmanner, leadingto multiple
executions.Thecontrol�o w of aprogramataprocessis representedby thepcvalues:pc[0]
andpc[1] storethecurrentvaluesof theprogrampointersat process0 and1 respectively.
In our framework, a blocking call is modeledby its non-blockingversionfollowed by a
wait operation,e.g. MPI Send = MPI Isend + MPI Wait . Note thatnew variables
suchas request0 and status0 are introducedduring the compilation,eachof which is
assignedan integer address.For example,supposerequest0 = 5 at process0, thenthis
variable'svalueis givenby mems[0][r equest0] (i.e. mems[0][5]). To modify its valueto v in



a transitionrule,weusemems0[0][r equest0] = v (or r equest00 = v for brevity purpose).

p0's transitionrules
_ ^ pc[0] = L 1 ^ pc0 = [pc EXCEPT![0] = L 2 ]

^ MPI Isend(buf s ; 2; MPI INT; 1; 10; MPI COMM WORLD; r equest0; 0)
_ ^ pc[0] = L 2 ^ pc0 = pc0 = [pc EXCEPT![0] = L 3 ]

^ MPI Wait(r equest0 ; status 0 ; 0)
_ ^ pc[0] = L 3 ^ pc0 = [pc EXCEPT![pid ] = L 4 ]

^ MPI Bcastinit (buf b; 1; MPI FLOAT; 0; MPI COMM WORLD; 0)
_ ^ pc[pid ] = L 4 ^ pc0 = [pc EXCEPT![pid ] = L 5 ]

^ MPI Bcastw ait (buf b; 1; MPI FLOAT; 0; MPI COMM WORLD; 0)
p1's transitionrules
_ ^ pc[1] = L 1 ^ pc0 = [pc EXCEPT![1] = L 2 ]

^ MPI Bcastinit (buf b; 1; MPI FLOAT; 0; MPI COMM WORLD; 1)
_ ^ pc[1] = L 2 ^ pc0 = [pc EXCEPT![1] = L 3 ]

^ MPI Bcastw ait (buf b; 1; MPI FLOAT; 0; MPI COMM WORLD; 1)
_ ^ pc[1] = L 3 ^ pc0 = [pc EXCEPT![1] = L 4 ]

^ MPI Irecv(buf s ; 2; MPI INT; 0; MPI ANY TAG; MPI COMM WORLD; r equest1 ; 0)
_ ^ pc[1] = L 4 ^ pc0 = [pc EXCEPT![1] = L 5 ]

^ MPI Wait(r equest1 ; status 1 ; 0)

A enabledrulemaybeexecutedatany time. Supposetheprogrampointerof processp0 is
L1, thentheMPI Isend rulemaybeexecuted,modifyingtheprogrampointerto L 2. This
rulecreatesanew sendrequestreqof formathdestination; communicator id; tag; valuei r equest id ,
andappendsreqto p0's requestqueuereqs 0. Herefunctionread data readsanarrayof
datafrom thememoryaccordingto thecountanddatatypeinformation.

let v = read data(mems0; buf s; 2; MPI INT) in
reqs 0

0 = reqs 0 � h1; comms0[MPI COMM WORLD]:cid; 10; vi r equest 0

Similarly, when the MPI Irecv rule at processp1 is executed,a new receive request
of formathbuf f er; source;communicator id; tag; i r equest id is appendedto reqs 1, where
indicatesthatthedatais yet to bereceived.

reqs 0
1 = reqs 1 � hbuf r ; 0; comms1[MPI COMM WORLD]:cid; MPI ANY TAG; i r equest 1

As indicatedbelow, theMPI SystemSchedulerwill matchthesendrequestandthereceive
request,and transfersthe datav from processp0 to processp1. Then the sendrequest
request0 becomesh1; cid; 10; i , andthereceive requestrequest1 becomesh1; cid; 10; vi ,
wherecid is thecontext id of communicatorMPI COMMWORLD.

is match(h0; request0i ; h1; request1i )
reqs 0

0[r equest0] = [@EXCEPT!:value = ]
reqs 0

1[r equest1] = [@EXCEPT!:value = v]

Supposethe sendis not bufferedat p0, then the MPI Wait rule shown below will be
blockeduntil thedatain thesendrequestis sent.Whenthevalueis sent,thesendrequest
will be removed from p0's requestqueue. We usenotation� to denoteall the requests
excluding the onepointedby request0 in p0's requestqueue,andreqs 0 = Gamma �
h: : :i r equest0 is apredicatefor patternmatching.

reqs 0 = � � h1; cid; 10; i r equest 0

reqs 0
0 = �



Analogously, the MPI Wait rule at processp1 is blocked until the receive requestre-
ceivesthe incomingvalue.Thenthis requestis removedfrom p1's requestqueue,andthe
incomingvaluev is written into p1's localmemory.

reqs 1 = � � hbuf r ; 0; cid; MPI ANY TAG; vi r equest 1

reqs 0
1 = � ^ mems01[buf r ] = v

In our formalization,eachprocessdivides a collective call into two phases:an “init”
phasethat initializes the call, anda “wait” phasethat synchronizesthe communications
with otherprocesses.In thesetwo phasesprocessessynchronizewith eachotherthrough
the rendezvous (or rend for short) object which recordsthe information including
the statusof the communicationandthe datasentby theprocesses.For a communicator
with context ID cid thereexists a separaterendezvous object rend [cid]. In the “init”
phase,processp is blockedif thestatusof thecurrentcommunicationis not `v` (`vacant');
otherwisep updatesthe statusto be `è (`entered')andstoreits datain the rendezvous.
Recallthatnotation	 ] hp;`v0i representsthefunction	 with theitematp updatedto `v0,
and[i 7! v1; j 7! v2] is a functionthatmapsi andj to v1 andv2 respectively. In thegiven
example,therendezvousobjectpertainingto communicatorMPI COMMWORLDbecomes
h[0 7! `v0; 1 7! `v0]; [0 7! v]i , wherev = read data(mems0; bufb; 1; MPI FLOAT), after
the“init” phasesof thebroadcastatprocess0 and1 areover.

syninit (cid; v; p) := processp joins thecommunicationandstoresdatav in rend
rend [cid] = h	 ] hp; `v0i ; Sv i

rend 0[cid] = h	 ] hp; `e0i ; Sv ] hp;vii

In the“wait” phase,if thecommunicationis synchronizing,thenprocessp hasto wait until
all otherprocessesin thesamecommunicationhave �nished their “init” phases.If p is the
lastprocessthatleaves,thentheentirecollectivecommunicationis overandtheobjectwill
bedeleted;otherwisep justupdatesits statusto bel (`left').

synwait (cid; p) := processp leavesthesynchronizaingcommunication
rend [cid] = h	 ] hp; `e0i ; Sv i ^
8k 2 commsp[cid]:group : 	[ k] 2 f `e0; l̀0g

rend 0[cid] = if 8k 2 commsp[cid]:group : 	[ k] = l̀0 then �
else h	 ] hp; l̀0i ; Sv i

Thesesimpli�ed rulesillustratehow MPI point-to-pointandcollectivecommunicationsare
modeled.Thestandardrulesfor thesecommunicationsaregivenin Section4.4and4.6.

4.4 Point-to-point Communication

In our formalization,a blocking primitive is implementedasan asynchronousoperation
followedimmediatelyby a wait operation,e.g. MPI Ssend = MPI Issend + MPI Wait and
MPI Sendrecv = MPI Isend + MPI Wait + MPI Irecv + MPI Wait . The semanticsof core



point to point communicationfunctionsareshown in �gures 3, 4, 5 and6; andanexample
illstruatinghow a MPI programis “executed”accordingto thesesemanticsis in �gure 2.
Thereaderis supposedto referto thesesemanticswhenreadingthroughthissection.

A processp appendsits sendor receiverequestcontainingthemessageto its requestqueue
reqs p. A sendrequestcontainsinformationaboutthedestinationprocess(dst), thecon-
text ID of thecommunincator(cid), thetagto bematched(tag), thedatavalueto besend
(value), andthestatus(omittedhere)of themessage.This requestalsoincludesboolean
�ags indicating whetherthe requestis persistent,active, live, canceledand deallocated
or not. For brevity we do not show the last three�ags whenpresentingthe contentof a
requestin the queue. In addition, in order to modela readysend,we include in a send
requesta �eld prematchof formathdestination process;r equest indexi which refersto
thereceiverequestthatmatchesthissendrequest.A receiverequesthasthesimilar format,
exceptthatit includesthebuffer addressanda �eld to storetheincomingdata.Initially the
datais missing(representedby the “ ” in the data�eld). Later on an incomingmessage
from a senderwill replacethe “ ” with the datait carries. Notationv indicatesthat the
datamaybemissingor containa value.For example,hbuf ; 0; 10; � ; ; > ; > ; h0; 5ii r ecv

2 is a
receive requestsuchthat: (i) thesourceprocessis process0; (ii) thecontext id andthetag
are10 andMPI ANYTAGrespectively; (iii) the incomingdatais still missing;(iv) it is a
persistentrequestthat is still active; (v) it hasbeenprematchedwith thesendrequestwith
index 5 atprocess0; and(vi) theindex of this receive requestin therequestqueueis 2.

MPI offers four sendmodes.A standardsendmay or may not buffer the outgoingmes-
sage.If buffer spaceis available,thenit behavesthesameasa sendin thebufferedmode;
otherwiseit actsasa sendin the synchronousmode. A bufferedmodesendwill buffer
theoutgoingmessageandmaycompletebeforea matchingreceive is posted;while a syn-
chronoussendwill completesuccessfullyonly if a matchingreceive is posted. A ready
modesendmaybestartedonly if thematchingreceive is alreadyposted.

As an illustration, we show below the speci�cation of MPI IBsend . Sincedtype and
comm arethereferences(pointers)to a datatypeanda communicatorobjectrespectively,
their valuesareobtainedby datatypes p[dtype] andcommsp[comm] respectively. The
valueto besendis readfrom the local memoryof processp throughtheread data func-
tion. It is the auxiliary function ibsend that createsa new sendrequestandappendsit
to p's requestqueue.This functionalsomodi�es the sendbuffer objectat processp (i.e.
buffer p), to accomodatedthe data. Moreover, the requesthandleis setto point to the



p0 p1 p2
Issend (v1 ; dst = 1; cid = 5; Irecv (b;sr c = 0; cid = 5; Irecv (b;sr c = � ; cid = 5;

tag = 0; r eq = 0) tag = � ; r eq = 0) tag = � ; r eq = 0)
Irsend (v2 ; dst = 2; cid = 5; Wait (r eq = 0) Wait (r eq = 0)

tag = 0; r eq = 1)
Wait (r eq = 0)
Wait (r eq = 1)

step event reqs 0 reqs 1 reqs 2
1 issend (v; 1; 5; 0; 0) h1; 5; 0; v; ? ; > ; � i ss

0
2 irecv (b;0; 5; � ; 1) h1; 5; 0; v; ? ; > ; � i ss

0 hb;0; 5; � ; ; ? ; > ; � i
3 irecv (b; � ; 5; � ; 2) h1; 5; 0; v; ? ; > ; � i ss

0 hb;0; 5; � ; ; ? ; > ; � i r c
0 hb;� ; 5; � ; ; ? ; > ; � i r c

0
4 irsend (v; 2; 5; 0; 0) h1; 5; 0; v1 ; ? ; > ; � i ss

0 � hb;0; 5; � ; ; ? ; > ; � i r c
0 hb;� ; 5; � ; ; ? ; > ; h0; 1ii r c

0
h1; 5; 0; v2 ; ? ; > ; h2; 0ii r s

1
5 transfer (0; 1) h1; 5; 0; ; ? ; > ; � i ss

0 � hb;0; 5; � ; v1 ; ? ; > ; � i r c
0 hb;� ; 5; � ; ; ? ; > ; h0; 1ii r c

0
h1; 5; 0; v2 ; ? ; > ; h2; 0ii r s

1
6 wait (0; 0) h1; 5; 0; v2 ; ? ; > ; h2; 0ii r s

1 hb;0; 5; � ; v1 ; ? ; > ; � i r c
0 hb;� ; 5; � ; ; ? ; > ; h0; 1ii r c

0
7 wait (1; 0) h1; 5; 0; v2 ; ? ; > ; h2; 0ii r s

1 hb;0; 5; � ; v1 ; ? ; > ; � i r c
0 hb;� ; 5; � ; ; ? ; > ; h0; 1ii r c

0
8 transfer (0; 2) hb;0; 5; � ; v1 ; ? ; > ; � i r c

0 hb;� ; 5; � ; v2 ; ? ; > ; h0; 1ii r c
0

9 wait (0; 2) hb;0; 5; � ; v1 ; ? ; > ; � i r c
0

10 wait (0; 1)

Figure 2: A point-to-pointcommunicationprogramand one of its possibleexecutions.
Processp0 sendsmessagesto p1 andp2 in synchronoussendmodeandreadysendmode
respectively. The scheduler�rst forwardsthe messageto p1, then to p2. A requestis
deallocatedafterthewait call on it. Superscriptsss, r s andrc representssend, r sendand
recvrespectively. Theexecutionfollows from thesemanticsshown in Figures3, 4 and5.

new request,which is thelastrequestin thequeue.

ibsend (v; dst; cid; tag; p) $ buffer send
requires f size (v) � buffer p:vacancyg

appenda new sendrequest(which is activeandnon-persistent)into thequeue
reqs 0

p = reqsp � hdst; cid; tag; v; ? ; > ; � i bsend ^
reducethecapacityof thesendbuffer by thesizeof v

buffer 0
p:vacancy = buffer p:vacancy� size (v)

MPI IBsend(buf ; count; dtype;dest; tag; comm;request; p) $ top level de�nition

let cm = commsp[comm] in thecommunicator
^ ibsend (read data(memsp; buf ; count; datatypes p[dtype]); cm:group[dest]; cm:cid; tag; p)
^ mems0p[r equest] = len (reqs p) settherequesthandle

TheMPI Recv is modeledin asimilarway. If asendrequestandareceiverequestmatch,
thentheMPI SystemScedulercantransferthevaluefrom thesendrequestto thereceive
request.RelationP de�nes themeaningof “matching”. Therearetwo casesneededto be
considered:

� The sendis in readymode. Recallthat whena sendrequestreqs is addedinto the
queue,it is prematchedto areceiverequestreqr suchthattheprematch�eld (abbre-



viatedas! ) in reqs storesthetuplehdestinationprocess,destinationrequestindex i ,
andin reqr storesthetuplehsourceprocess,sourcerequestindexi . TheMSSknows
thatreqs andreqr matchif thesetwo tuplesmatch.

� Thesendis in othermodes.Thesendrequestandreceiverequestarematchedif their
source,destination,context ID andtaginformationmatch.Notethat thesourceand
tag in the receive requestmay be MPI ANYSOURCEand MPI ANYTAGrespec-
tively.

(hp;dst; tagp; ! p; kp i P hsrc;q; tagq; ! q; kqi ) :=
if ! q = � ^ ! q = � then
thetwo requestscontainnopre-matchedinformation

^ tagq 2 f tagp; ANYTAGg thetagsmatch

^ q = dst q is thedestination

^ src 2 f p;ANYSOURCEg thesourceis p or any process

else thetwo requestsshouldhavebeenpre-matched
! p = hq; kqi ^ ! q = hp;kp i

It is therule transfer thatmodelsthemessagepassingmechanism:if a sendmessage
in processp's queuematchesa receive requestin q's queue,thenthe datais transferred.
Note thatmessagesfrom thesamesourceto thesamedestinationshouldbematchedin a
FIFOorder. Supposein processp'srequestqueuethereexistsanactivesendrequestreqi =
hdst; cid; tagp; v; prp; > ; ! pi send

i , which containsa datavaluev to besent;andprocessq's
requestqueuecontainsanactivereceiverequestreqi = hbuf ; src;cid; tagq; ; prq; > ; ! qi r ecv

j ,
whosedatais yet to bereceived. If r eqp (r eqp) is the�rst requestin its queuethatmatches
reqq (r eqp), then the value in reqp can be transferredto reqq. The following predicate
guaranteesthisFIFO requirement:

@hdst; cid; tag1; v; pr1; > ; ! 1i send
m 2 � p

1 : @hbuf ; src2; cid; tag2; ; pr2; > ; ! 2i r ecv
n 2 � q

1 :
_ hp;dst; tag1; ! 1; mi P hsrc;q; tagq; ! q; j i _ hp;dst; tagp; ! p; i i P hsrc2; q; tag2; ! 2; ni
_ hp;dst; tag1; ! 1; mi P hsrc2; q; tag2; ! 2; ni

As shown in this rule,whenthetransferis done,thevalue�eld in thereceive requestreqj

is �lled with the incomingvaluev, andthevalue�eld in thesendrequestreqi is setto ,
indicatingthatthevaluehasbeensentout. If therequestis not persistentandnot live (i.e.
the correspondingMPI Wait hasbeencalled),thenit will be removed from the request
queue.In addition,if the receive requestat processq is not live, thenthe incomingvalue
will bewritten to q's localmemory.

TheMPI Wait call returnswhentheoperationidenti�ed by therequestrequest is com-
plete. If r equest is a null handle,then an empty status(wherethe tag and sourceare
MPI ANYTAGandMPI ANYSOURCErespectively, andcountequalsto 0) is returned;
otherwisetheassitantfunctionwait oneis invoked,whichpickstheappropriatewait func-



Data Structures
send request : important�elds + lessimportant�elds

hdst : int ; cid : int ; tag : int ; value; pr : bool ; active : bool ; prematchi mode +
hcancelled : bool ; dealloc : bool ; l iv e : bool i

r ecv request : important�elds + lessimportant�elds
hbuf : int ; src : int ; cid : int ; tag : int ; value; pr : bool ; active : bool ; prematchi r ecv +
hcancelled : bool ; dealloc : bool ; l iv e : bool i

ibsend (v; dst; cid; tag; p) $ buffer send
requires f size (v) � buffer p:vacancyg checkbuffer availability

reqs 0
p = reqsp � hdst; cid; tag; v; ? ; > ; � i bsend ^ appendanew sendrequest

buffer 0
p:vacancy = buffer p:vacancy� size (v) allocatebuffer space

issend (v; dst; cid; tag; p) $ synchronoussend
reqs 0

p = reqs p � hdst; cid; tag; v; ? ; > ; � i ssend

(hp;dst; tagp; ! p; kp i P hsrc;q; tagq; ! q; kqi ) := matcha sendrequestanda receiverequest
if ! q = � ^ ! q = � then

tagq 2 f tagp; ANYTAGg ^ q = dst ^ src 2 f p;ANYSOURCEg
else ! p = hq; kqi ^ ! q = hp;kp i prematchedrequests

irsend (v; dst; cid; tag; p) $ readysend

requires f
9q : 9hsrc;cid; tag1; ; pr1; > ; � i r ecv

k 2 reqs q :
hp;dst; tag; �; len (reqs p)i P hsrc;q; tag1; �; ki

g amatchingreceiveexists?

reqs 0
p = reqs p � hdst; cid; tag; v; ? ; > ; hq; kii r send ^ reqs 0

q:! = hp; len (reqs p)i

isend $ if use buf f er then ibsend else issend standardmodesend

irecv (buf ; src;cid; tag; p) $ receive
reqs 0

p = reqs p � hbuf ; src;cid; tag; ; ? ; > ; � i r ecv

MPI Isend (buf ; count; dtype;dest; tag; comm;request; p) $ standardimmediatesend
let cm = commsp[comm] in thecommunicator
^ isend (read data(memsp; buf ; count; dtype); cm:group[dest]; cm:cid; tag; p)
^ mems0p[r equest] = len (reqs p) settherequesthandle

MPI Irecv (buf ; count; dtype;source;tag; comm;request; p) $ immediatereceive
let cm = commsp[comm] in thecommunicator
^ irecv (buf ; cm:group[dest]; cm:cid; tag; p)
^ mems0p[r equest] = len (reqs p)

wait one(request; status; p) := wait for onerequestto complete
if reqs p[memsp[r equest]]:mode= recv
then recv wait (r equest) for receiverequest

else send wait (r equest) for sendrequest

MPI Wait(r equest; status; p) $ thetop level wait function
if memsp[r equest] = REQUESTNULLthen

mems0p[status] = empty status thehandleis null, returnanemptystatus
else wait one(request; status; p)

Figure3: Modelingpoint-to-pointcommunications(I)



transfer (p;q) $ messagetransferringfrom processp to processq
^ reqs p = � p

1 � hdst; cid; tagp; v; prp; > ; ! pi send
i � � p

2
^ reqs q = � q

1 � hbuf ; src;cid; tagq; ; prq; > ; ! qi r ecv
j � � q

2 ^
^ matchtherequestsin aFIFO manner

hp;dst; tagp; ! p; i i P hsrc;q; tagq; ! q; j i ^
@hdst; cid; tag1; v; pr1; > ; ! 1i send

m 2 � p
1 :

@hbuf ; src2; cid; tag2; ; pr2; > ; ! 2i r ecv
n 2 � q

1 :
_ hp;dst; tag1; ! 1; mi P hsrc;q; tagq; ! q; j i
_ hp;dst; tagp; ! p; i i P hsrc2; q; tag2; ! 2; ni
_ hp;dst; tag1; ! 1; mi P hsrc2; q; tag2; ! 2; ni

^ reqs 0
p = sendthedata

let b = reqs p[i ]:l iv e in
if : b ^ : reqs p[i ]:pr then � p

1 � � p
2

else � p
1 � hdst; cid; tagp; ; prp; b;! p i send � � p

2

^ reqs 0
q = receive thedata

let b = reqs q[j ]:l iv e in
if : b ^ : reqs q[j ]:pr then � q

1 � � q
2

else � q
1 � hbuf ; p;cid; tagq; v; prq; b;! qi r ecv � � q

2

^ : reqs q[j ]:l iv e ) mems0q[buf ] = v write thedatainto memory

recv wait (r equest; status; p) $ wait for a receive requestto complete
let r eq index = memsp[r equest] in
^ reqs 0

p[r eq index]:l iv e = ? indicatethewait hasbeencalled
^

_ : reqs p[r eq index]:active ) memsp[status] = empty status
_ therequestis still active

let � 1 � hbuf ; src;cid; tag; v ; pr; > ; ! i r ecv
r eq index � � 2 = reqs q in

let b = pr ^ : reqs p[r eq index]:dealloc in
let new reqs =

if b then
� 1 � hbuf ; src;cid; tag; v ; pr; ? ; ! i r ecv � � 2 settherequestto beinactive

else � 1 � � 2 removetherequest
in
let new req index = updatetherequesthandle

if b then req index else REQUESTNULLin
if reqs q[r eq index]:cancelled then

mems0p[status] = get status(reqs p[r eq index]) ^
reqs 0

p = new reqs ^ mems0p[r equest] = new req index
else if src = PROCNULLthen

mems0p[status] = nul l status ^
reqs 0

p = new reqs ^ mems0p[r equest] = new req index
else

wait until thedataarrive,thenwrite it to thememory
v 6=

mems0p[status] = get status(reqs p[r eq index]) ^
mems0p[buf ] = v ^
reqs 0

p = new reqs ^ mems0p[r equest] = new req index

Figure4: Modelingpoint-to-pointcommunications(II)



send wait (r equest; status; p) $ wait for a receiverequestto complete
let r eq index = memsp[r equest] in
^ reqs 0

p[r eq index]:l iv e = ? indicatethewait hasbeencalled
^

_ : reqs p[r eq index]:active ) memsp[status] = empty status
_ therequestis still active
let � 1 � hdst; cid; tag; v ; pr; > ; ! i mode

r eq index � � 2 = reqs q in
let b = pr ^ : reqs p[r eq index]:dealloc _ v 6= in
let new reqs =

if b then
� 1 � hbuf ; src;cid; tag; v ; pr; ? ; ! i r ecv � � 2 settherequestto beinactive

else � 1 � � 2 removetherequest
in
let new req index = updatetherequesthandle

if b then req index else REQUESTNULL in
let action =

updatetherequestqueue,thestatusandtherequesthandle
^ mems0p[status] = get status(reqs p[r eq index])
^ reqs 0

p = new reqs ^ mems0p[r equest] = new req index
in

if reqs q[r eq index]:cancelledthen action
else if dst = PROCNULLthen

mems0p[status] = nul l status
reqs 0

p = new reqs ^ mems0p[r equest] = new req index
else if mode= ssend then synchronoussend

cancompleteonly a matchingreceivehasbeenstarted
9q : 9hsrc1; cid; tag1; ; pr1; > ; ! 1i r ecv

k 2 � 1 :
hdst; p; tag; ! ; r eqi P hsrc1; q; tag1; ! 1; ki

action
else if mode= bsendthen

action ^ buffer 0:capaticy = buffer :capaticy � size (v )
else if nobuffer is usedthenwait until thevalueis sent

: use buf f er ) (v = )
action

issend init (v; dst ; cid ; tag ; p) $ persistent(inactive)requestfor synchronoussend
reqs 0

p = reqs p � hdst; cid; tag; v; > ; ? ; � i ssend

irecv init (buf ; src;cid; tag; p) $ persistent(inactive)receiverequest
reqs 0

p = reqs p � hbuf ; src;cid; tag; ; > ; ? ; � i r ecv

start (r eq index; p) $ start(activate)apersistentrequest
requires f reqs p[r eq index]:pr ^ : reqs p[r eq index]:activeg

reqs 0
p[r eq index] = [reqs p[r eq index] EXCEPT!:active = > ]

Figure5: Modelingpoint-to-pointcommunications(III)



cancel (r eq index; p) $ cancela request

if reqs p[r eq index]:active then reqs 0
p[r eq index]:cancelled= > markfor cancellation

else reqs 0
p = remove(reqs p; r eq index)

free request (r equest; p) $ freea request
let r eq index = memsp[r equest] in
let � 1 � hdst; tag; v ; pr; act; � i mode

r eq index � � 2 = reqs q in
if act then reqs 0

p[r eq index]:dealloc= > markfor deallocation
else reqs 0

p = � 1 � � 2 ^ mems0p[r equest] = REQUESTNULL removetherequest

has completed(req index; p) := whethera requesthascompleted

_ 9hbuf ; src;cid; tag; v; pr; > ; ! i r ecv = reqs q[r eq index] thedatav havearrived
_ 9hdst; cid; tag; v ; pr; > ; ! i mode = reqs q[r eq index] :

_ mode= bsend thedataarebuffered
_ mode= rsend ^ (use buf f er _ (v = )) thedatahavebeensentor buffered
_ mode= ssend ^ theremustexist a matchingreceive

9q : 9hbuf 1; src1; cid; tag1; ; pr1; > ; ! 1i r ecv
k 2 reqs q :

hdst; p; tag; ! ; r eqi P hsrc1; q; tag1; ! 1; ki

wait any(count; � � � � � !r eqar r ay ; index; status; p) $ wait for any requestin � � � � � !r eqar r ay to complete
if 8i 2 0::count � 1 : � � � � � !r eqar r ay [i ] = REQUESTNULL _ : reqs p[� � � � � !r eqar r ay [i ]]:active
then mems0p[index] = UNDEFINED^ memsp[status] = empty status

else
choose i : has completed(� � � � � !r eqar r ay [i ]; q)

mems0p[index] = i ^
mems0p[status] = get status(reqs p[� � � � � !r eqar r ay [i ]])

wait all (count; � � � � � � !r eq array;
� � � � � � � � � !
status array; p) $ wait for all requestsin � � � � � !r eqar r ay to complete

8i 2 0:: count � 1 : wait one(� � � � � !r eqar r ay [i ];
� � � � � � � � � !
status array[i ]; p)

wait for all enabledrequestsin � � � � � !r eqar r ay to complete,abstractingaway thestatuses

wait some(incount; � � � � � !r eqar r ay ; outcount;
� � � � � � � !
indicear r ay ; p) $

if 8i 2 0 :: count � 1 : � � � � � !r eqar r ay [i ] = REQUESTNULL _ : reqs p[� � � � � !r eqar r ay [i ]]:active
then mems0p[index] = UNDEFINED
else

let (
� � � !
index; count) = pick all thecompletedrequests

choose (
�!
A v � � � � � !r eqar r ay ; maxk 2 1:: incount � 1) : 8l 2 0 :: k � 1 : has completed(

�!
A [l ]; p)

in
wait all (count;

� � � !
index; p)

outcount0 = count ^
� � � � � � � !
indicear r ay

0 =
� � � !
index

Figure6: Modelingpoint-to-pointcommunications(IV)



tion accordingto thetypeof therequest.

wait one(req; status; p) := wait for onerequestto complete
if reqs p[r eq]:mode= recv

then recv wait (r eq) for receive request

else send wait (r eq) for sendrequest

MPI Wait (r equest; status; p) $
let r eq index = memsp[r equest] in
if r eq index = REQUESTNULLthen

mems0p[status] = empty status thehandleis null, returnanemptystatus
else wait one(req index; status; p)

Let uslook closerat thede�nition of recv wait (see�gure 4). First of all, afterthiswait
call the requestis not “li ve” any more,thusthe l ive �ag is setto false. Whenthe call is
madewith aninactive request,it returnsimmediatelywith anemptystatus.If therequest
is persistentandis notmarkedfor deallocation,thentherequestbecomesinactiveafterthe
call; otherwiseit is removedfrom therequestqueueandthecorrespondingrequesthandle
is setto MPI REQUESTNULL.

Then, if the requesthasbeenmarked for cancellation,then the call completeswithout
writing thedatainto thememory. If thesourceprocessis anull process,thenthecall returns
immediatelywith anull statuswith source= MPI PROCNULL, tag= MPI ANYTAG, and
count= 0. Finally, if thevaluehasbeenreceived(i.e. v 6= ), thenthevaluev is written to
processp's local memoryandthestatusobjectis updatedaccordingly.

The semanticsof a wait call on a sendrequestis de�ned similarly, especiallywhen the
call is madewith a null or inactive or cancelledrequest,or the targetprocessis null. The
maindifferenceis that thewait on a receive requestcancompleteonly after the incoming
datahave arrived,while thewait on a sendrequestmaycompletebeforethedataaresent
out. Thuswe cannotdeletethesendrequestwhenits datahaven't beensent,this requires
the conditionb to be pr ^ : reqs p[r eq index]:dealloc _ v 6= . After the call, the
statusobject,requestqueueandrequesthandleareupdated.In particular, if therequesthas
sentthedata,andit is not persistentor hasbeenmarkedfor deallocation,thentherequest
handleis setto MPI REQUESTNULL. On the otherhand,if the datahave not beensent
(i.e. v 6= ), thentherequesthandlewill beintact.

mems0p[status] = get status(reqs p[r eq index])
reqs 0

p = new reqs ^ mems0p[r equest] = new req index

Dependingon thesendmode,thewait call mayor maynot completebeforethedataare
sent. A sendin a synchronousmodewill completeonly if a matchingreceive is already
posted.

9q : 9hsrc1; cid1; tag1; ; pr1; > ; ! 1i r ecv
k 2 � 1 :

hdst; p;cid; tag; ! ; r eqi P hsrc1; q; cid1; tag1; ! 1; ki

A bufferedmodesendwill completeimmediatelysincethedatais buffered. If no buffer



is used,a readymodesendwill beblockeduntil thedatais transferred;otherwiseit returns
intermediately.

Whenapersistentcommunicationrequestis created,wesetits presistent �ag. A commu-
nicationusingapersistentrequestis initiatedby thestart function.Whenthisfunctionis
called,therequestshouldbeinactive.Therequestbecomesactiveafterthecall. A pending,
nonblockingcommunicationcanbecanceledby a cancel call, which markstherequest
for cancellation.A free request call markstherequestobjectfor deallocationandset
therequesthandleto MPI REQUESTNULL. An ongoingcommunicationwill beallowed
to completeandtherequestwill bedeallocatedonly afterits completion.

In our implementation,the requirementfor a requestto be completeis modeledby the
has completedfunction.A receive requestis completewhenthedatahavebeenreceived.
A sendrequestin thebuffer modeis completewhenthedatahave beenbufferedor trans-
ferred.This functionis usedto implementcommunicationoperationsof multiple comple-
tions.For example,MPI Waitany blocksuntil oneof thecommunicationassociatedwith
requestsin thearrayhascompleted.It returnsin index thearraylocationof thecompleted
request.MPI Waitall blocksuntil all communicationscomplete,andreturnsthestatuses
of all requests.MPI Waitsome waitsuntil at leastoneof thecommunicationscompletes
andreturnsthecompletedrequests.

4.5 Datatype

A generaldatatypeis anopagueobjectthatspeci�esasequenceof basicdatatypesandinte-
gerdisplacements.Theextend of adatatypeis thespanfromthe�rst byteto thelastbytein
thisdatatype.A datatypecanbederivedfrom simplerdatatypesthroughdatatypeconstruc-
tors.Thesimplestdatatypeconstructor, modeledby contiguous copy , allows replica-
tion of adatatypeinto contiguouslocations.For example,contiguous copy(2; hhdouble ; 0i ;
hchar ; 8ii ) resultsin hhdouble ; 0i ; hchar ; 8i ; hdouble ; 16i ; hchar ; 24ii .

Constructortype vector constructsa type consistingof the replicationof a datatype
into locationsthatconsistof equallyspacedblocks;eachblock is obtainedby concatenat-
ing thesamenumberof copiesof theold datatype.type indexed allows oneto spec-
ify a noncontiguousdatalayout wheredisplacementsbetweenblocksneednot be equal.
type struct is themostgeneraltypeconstructor;it allowseachblocktoconsistof repli-
cationsof differentdatatypes.Theseconstructorsarede�nedwith thecontiguous copy
constructorandtheset offset function(whichincreasesthedisplacementsof theitems



in thetypeby acertainoffset).Otherconstructorsarede�ned similarly. For instance,

type vector (2; 2; 3; hhdouble ; 0i ; hchar ; 8ii ) =
hhdouble ; 0i ; hchar ; 8i ; hdouble ; 16i ; hchar ; 24i ;
hdouble ; 48i ; hchar ; 56i ; hdouble ; 64i ; hchar ; 72ii

type indexed (2; h3; 1i ; h4; 0i ; hhdouble ; 0i ; hchar ; 8ii ) =
hhdouble ; 64i ; hchar ; 72i ; hdouble ; 80i ; hchar ; 88i ;
hdouble ; 96i ; hchar ; 104i ; hdouble ; 0i ; hchar ; 8ii

type struct (3; h2; 1; 3i ; h0; 16; 26i ; hfloat ; hhdouble ; 0i ; hchar ; 8ii ; char i ) =
hhfloat ; 0i ; hfloat ; 4i ; hdouble ; 16i ; hchar ; 24i ; hchar ; 26i ; hchar ; 27i ; hchar ; 28ii

When creatinga new type at processp, we store the type in an unusedplace in the
datatypes p object,andhave the outputreferencedatatype point to this place. When
deletingadatatypeatprocessp, weremoveit from thedatatypes p objectandsettheref-
erenceto MPI DATATYPENULL. Deriveddatatypessupportthespeci�cationof noncon-
tiguouscommunicationbuffers. We show in Figure7 how to readdatafrom suchbuffers:
noncontiguousdataare“packed” into contiguousdatawhich maybe“unpacked” later in
accordanceto otherdatatypes.

Datatypeoperationsarelocal function— no interprocesscommunicationis neededwhen
suchanoperationis executed.In thetransitionrelations,only thedatatypes objectatthe
calling processis modi�ed. For example,thetransitionimplementingMPI Type index
is asfollows. Note thatarguementblocklengths is actuallythestartaddressof theblock
lengtharrayin thememory;augumentsoldtypeandnewtypestorethereferencestodatatypes
in thedatatypes objects.

MPI Type index (count; blocklengths; displacements;oldtype;newtype;p) $
let

�� � � �!
lengths = [i 2 0 :: count 7! memsp[blocklengths + i ]] in lengtharray

let
� � � � � � � � � � !
displacements= [i 2 0 :: count 7! memsp[displacements+ i ]] in

let type index = unused index (datatypesp) in new datatypeindex
let dtype= datatypes p[oldtype] in
^ datatypesp[type index] = type indexed (count;

�� � � � � � � �!
blocklengths;

� � � � � � � � � � !
displacements; dtype)

^ memsp[newtype]0 = type index updatethereferenceto thenew datatype

4.6 CollectiveCommunication

All processesparticipatingin acollectivecommunicationcoordinatewith eachotherthrough
thesharedrend object.Thereis arend objectcorrespondingto eachcommunicator;and
rend [cid] refersto therendezvoususedby thecommunicatorwith context id cid. A rend
objectconsistsof asequenceof communicationslots.In eachslot, thestatus �eld records
the statusof eachprocess:`è (`entered'), l̀ ` (`left') or `v` (`vacant',which is the initial
value);theshared data �eld storesthedatasharedamongall processes;anddata stores



Data Structures
typemap: htype;disp : int i array

contiguous copy(count; dtype) := replicatea datatypeinto contiguouslocations
let F (i ) =

if i = 1 then dtype
else F (i � 1) � [k 2 DOM(dtype) 7!

hdtype[k]:type;dtype[k]:disp + (i � 1) � extend (dtype)i ]
in F (count)

set of f set(dtype;of f set) := adjustdisplacements
[k 2 DOM(dtype) 7! hdtype[k]:type;dtype[k] + of f seti ]

replicatea datatypeinto equallyspacedblocks
type vector (count; blocklength; str ide; dtype) $
let F (i ) =

if i = count then hi
else let of f set = set of f set(dtype;extend(dtype) � str ide � i ) in

contiguous copy(blocklength; of f set) � F (i + 1)
in F (0)

replicatea datatypeinto asequenceof blocks

type indexed (count;
�� � � � � � � �!
blocklengths;

� � � � � � � � � � !
displacements; dtype) $

let F (i ) =
if i = 0 then hi
else F (i � 1) �

contiguous copy(
�� � � � � � � �!
blocklengths[i � 1];
set of f set(dtype;

� � � � � � � � � � !
displacements[i � 1] � extend (dtype)))

in F (count)

replicatea datatypeto blocksthatmayconsistof differentdatatypes

type struct (count;
�� � � � � � � �!
blocklengths;

� � � � � � � � � � !
displacements;

� � � � !
dtypes) $

let F (i ) =
if i = 0 then hi
else F (i � 1) � contiguous copy(

�� � � � � � � �!
blocklengths[i � 1];
set of f set(

� � � � !
dtypes[i � 1];

� � � � � � � � � � !
displacements[i � 1])

in F (count)

create datatype(datatype;dtype;p) := createanew datatype
let index = unused index (datatypes p) in

datatypes 0
p[index] = dtype ^ mems0p[datatype] = index

type free (datatype;p) := freea datatype
datatypes 0

p = datatypes p n f datatypes p[datatype]g ^ datatype0 = DATATYPENULL

read data(mem; buf ; count; dtype) := read(non-contiguous)datafrom thememory
let r ead one(buf ) =

let F1(i ) = if i = 0 then hi else F1(i � 1) � mem[buf + dtype[i � 1]:disp]
in F1(size (dtype))

in let F2(i 2 0 :: count) =
if i = 0 then hi else F2(i � 1) � r ead one(buf + (i � 1) � extend (dtype))

in F2(count)

Figure7: Modelingdatatypeoperations



the datasentby eachprocessto the rendezvous. We usethe notation	 to representthe
contentin thestatus.

Most collective communicationsaresynchronizing,while therest(like MPI Bcast ) can
eitherbe synchronizingor non-synchronizing.A collective primitive is implementedby
a loosesynchronizationprotocol: in the �rst “init” phase,processp checkswhetherthere
existsaslotsuchthatp hasnotparticipantin. A negativeanswermeansthatp is initializing
anew collectivecommunication,thusp createsanew slot,setsits statusto be`entered'and
storesits valuev in thisslot. If thereareslotsindicatingthatp hasnot joinedtheassociated
communications(i.e. p's statusis `v'), thenp registersitself in the �rst of suchslotsby
updatingits statusandvaluein theslot. Thisphaseis thesamefor bothsynchronizingand
non-synchronizingcommunications.Rulesyn init andsyn wr ite arethesimpli�ed casesof
syn put .

After the“init” phase,processp proceedsto its next “wait” phase.Amongall theslotsp
locatesthe�rst oneindicatingthatit hasenteredbut not left theassociatedcommunication.
If thecommunicationis synchronizing,thenit hasto wait until all otherprocessesin the
samecommunicationhave �nished their “init” phases;otherwiseit doesnot have to wait.
If p is thelastprocessthatleaves,thentheentirecollectivecommunicationis overandthe
communicationslot canberemovedfrom thequeue;otherwisep just updatesits statusto
be`left'.

Theseprotocolsare usedto specifycollective communicationprimitives. For example,
MPI Bcast is implementedastwo transitions:MPI Bcast init andMPI Bcast wait . The
root �rst sendsits datato the rendezvousin MPI Bcast init , thenby usingtheasyn wait

rule it canreturnimmediatelywithout waiting for thecompletionof otherprocesses.On
theotherhand,if thecall is synchronizingthenit will usethesyn wait rule. In contrast,a
non-rootprocessp needsto call thesyn wait becauseit mustwait for thedatafrom theroot
to “reach” therendezvous.

In the MPI Gather call, eachprocessincluding the root sendsdatato the root; andthe
root storesall datain rankorder. Expression[i 2 DOM(gr ) ! rend p[comm:cid]:data[gr [i ]]]
returnsthe concatenationof thedataof all processesin rank order. Functionwr ite data
writesanarrayof datainto thememory. MPI Scatter is theinverseoperationtoMPI Gather .
In MPI Alltoall , eachprocesssendsdistinctdatato eachof thereceivers.Thej th block
sentfrom processi is received by processj andis placedin the i th block of the receive
buffer. Additionally, datafrom all processesin a groupcanbecombinedusinga reduction
operationop. Thecall of MPI Scan at a processwith ranki returnsin thereceive buffer
thereductionof thevaluesfrom processeswith ranks0; � � � ; i (inclusive).



Data Structures
rendezvous f or a communication :

hstatus : [p : int ! f l̀0; `e0; `v0g]; sdata; data : [p : int ! value]i array

processp joins thecommunicationandstorestheshareddatavs and

its own datav in therendevous
synput (cid; vs ; v; p) :=
if cid =2 DOM(rend ) then rend 0[cid] = h[p 7! `è ]; vs; [p 7! v]i
else if 8slot 2 rend [cid] : slot:status[p] 2 f `e0; l̀0g then

rend 0[cid] = rend [cid] � h[p 7! `è ]; vs ; [p 7! v]i
else

rend [cid] = � 1 � h	 ] hp; `v0i ; vs ; Sv i � � 2 ^
8slot 2 � 1 : slot:status[p] 6= `v0

rend 0[cid] = � 1 � h	 ] hp; `e0i ; vs ; Sv ] hp;vii � � 2

syninit (cid; p) := syn write (cid; �; �; p) nodataarestored

synwrite (cid; v; p) :
= syn write (cid; �; v; p) noshareddataarestored

synwait (cid; p)
:
= processp leavesthesynchronizaingcommunication

rend [cid] = � 1 � h	 ] hp; `e0i ; vs ; Sv i � � 2 ^
8k 2 commsp[cid]:group : 	[ k] 2 f `e0; l̀0g ^
8slot 2 � 1 : slot:status[p] 6= `e0

rend 0[cid] = if 8k 2 commsp[cid]:group : 	[ k] = l̀0 then � 1 � � 2

else � 1 � h	 ] hp; l̀0i ; vs ; Sv i � � 2

asynwait (cid; p) := processp leavesthenon-synchronizaingcommunication
rend [cid] = � 1 � h	 ] hp; `e0i ; vs ; Sv i � � 2 ^
8slot 2 � 1 : slot:status[p] 6= `e0

rend 0[cid] = if 8k 2 commsp[cid]:group : 	[ k] = l̀0 then � 1 � � 2

else � 1 � h	 ] hp; l̀0i ; vs ; Sv i � � 2

Figure8: Thebasicprotocolfor collectivecommunications



p0 p1 p2

synput (cid = 0; sdata = vs ; data = v0) syninit (cid = 0) synwrite (cid = 0; data = v2)
asynwait (cid = 0) synwait (cid = 0) synwait (cid = 0)
syninit (cid = 0)

step event rend [0]
1 synput (0; vs; v0; 0) h[0 7! `e0]; vs ; [0 7! v0]i
2 syninit (0; 1) h[0 7! `e0; 1 7! `e0]; vs ; [0 7! v0]i
3 synwait (0; 0) h[0 7! l̀0; 1 7! `e0]; vs; [0 7! v0]i
4 syninit (0; 0) h[0 7! l̀0; 1 7! `e0]; vs; [0 7! v0]i � h[0 7! `e0]; �; � i
5 synwrite (0; v2; 2) h[0 7! l̀0; 1 7! `e0; 2 7! `e0]; vs ; [0 7! v0; 2 7! v2]i � h[0 7! `e0]; �; � i
6 synwait (0; 2) h[0 7! l̀0; 1 7! `e0; 2 7! l̀0]; vs ; [0 7! v0; 2 7! v2]i � h[0 7! `e0]; �; � i
7 synwait (0; 1) h[0 7! `e0]; �; � i

Figure9: An exampleusingthecollectiveprotocol.Threeprocessesparticipatein collec-
tive communicationsvia a communicatorwith context ID = 0. Processp0's asynchronous
wait returnsevenbeforep2 joins thesynchronization;it alsoinitializesanew synchroniza-
tion after it returns. Processp2, the last onejoining the synchronization,deallocatesthe
slot. Theexecutionfollowsfrom thesemanticsshown in �gure 8.

MPI-2 introducesextensionsof many of MPI-1 collectiveroutinesto intercommunicators,
eachof which containa local group and a remotegroup. In this case,we just needto
replacecommsp[cid]:groupwith commsp[cid]:group[ commsp[cid]:remote groupin the
rulesshown in �gure 8. In our TLA+ speci�cationwe take bothcasesinto accountwhen
designingthecollectiveprotocol.

For example,if thecomm in MPI Bcast is anintercommunicator, thenthecall involves
all processesin the intercommunicator, broadcastingfrom the root in onegroup(group
A) to all processesin the othergroup(groupB). All processesin groupB passthesame
valuein argumentroot, which is therankof theroot in groupA. Theroot passesthevalue
MPI ROOTin root, andotherprocessesin groupA passthe valueMPI PROCNULL in
root.

4.7 Communicator

Messagepassingin MPI is via communicators,eachof whichspeci�esaset(group)of pro-
cessesthatparticipatein thecommunication.Communicatorscanbecreatedanddestroyed
dynamicallyby coordinatingprocesses.Informationabouttopologyandotherattributes
of a communicatorcanbeupdatedtoo. An intercommunicatoris usedfor communication
betweentwo disjoint groupsof processes.No topologyis associatedwith anintercommu-



therootbroadcastsdatato prococess
bcast init (buf ; v; r oot;comm;p) $

(comm:group[root] = p) ? synput (comm:cid; v; �; p) : syninit (comm:cid;p)
bcast wait (buf ; v; r oot;comm;p) $

if comm:group[root] = p then
need syn ? synwait (comm:cid;p) : asynwait (comm:cid;p)

else synwait (comm:cid;p) ^ mems0p[buf ] = rend p[comm:cid]:sdata

therootgatherdatafrom prococess
gather init (buf ; v; r oot;comm;p) $ synwrite (comm:cid; v; p)
gather wait (buf ; v; r oot;comm;p) $

if comm:group[root] 6= p then
need syn ? synwait (comm:cid;p) : asynwait (comm:cid;p)

else
^ synwait (comm:cid;p)
^ let data = [i 2 DOM(comm:group) ! rend p[comm:cid]:data[comm:group[i ]]]

in mems0p = wr ite data(memsp; buf ; data)

theroot scattersdatato prococess
scatter init (buf ; �!v ; r oot;comm;p) $

(comm:group[root] = p) ? synput (comm:cid; �!v ; �; p) : syninit (comm:cid;p)
scatter wait (buf ; �!v ; r oot;comm;p) $

if comm:group[root] = p ^ : need syn then asynwait (comm:cid;p)
else synwait (comm:cid;p) ^ mems0p[buf ] = rend p:sdata[comm:groupjp]

all prococesssendandreceivedata
alltoall init (buf ; �!v ; comm;p) $ syn write (comm:cid; �!v ; p)
alltoall wait (buf ; �!v ; comm;p) $

^ synwait (comm:cid;p)
^ let gr = comm:group in

let data = [i 2 DOMgr ! rend [comm:cid]:data[gr [i ]][gr jp]] in
mems0p = wr ite data(memsp; buf ; data)

reducerange(op;
� � !
data; star t; end) := reducethedataaccordingto therange

let F (i ) = if i = star t then
� � !
data[i ] else op(F (i � 1);

� � !
data[i ]) in F (end)

reduce(op;
� � !
data) := reducerange(op;

� � !
data; 0; size (

� � !
data)) reduceanarrayof values

pre�x reductionon thedatadistributedacrossthegroup
scaninit (buf ; v; op;comm;p) $ synwrite (comm:cid; v; p)
scanwait (buf ; v; op;comm;p) $

^ synwait (comm:cid;p)
^ let gr = comm:group in

let data = [i 2 0 :: gr jp 7! rend p[comm:cid]:data[gr [i ]]]
in mems0p[buf ] = reducerange(op; data; 0; gr jp)

inter bcast init (buf ; v; r oot;comm;p) $ broadcastin aninter-communicator
(comm:group[root] = ROOT) ? syn put (comm:cid; v; �; p) : syn init (comm:cid;p)

inter bcast wait (buf ; v; r oot;comm;p) $
if r oot 2 f PROCNULL,ROOTg ^ : need syn then asynwait (comm:cid;p)
else synwait (comm:cid;p) ^ mems0p[buf ] = rend p[comm:cid]:sdata

Figure10: Modelingcollectivecommunications



nicator.

4.7.1 Group

A groupde�nestheparticipantsin thecommunicationof acommunicator. It is actuallyan
orderedcollectionof processes,eachwith a rank. An orderedsetcontainingn elements
rangingfrom 0 to N canbemodeledasa function:

[i 2 0 :: n � 1 ! 0 :: N ]

Givena groupgr modeledasanorderedset,therankof a processp in this groupis given
by gr jp, andtheprocesswith ranki is by gr [i ].

The distinct concatenationof two orderedsetss1 and s2 is obtainedby appendingthe
elementsin s2 n s1 to s1:

s1 � s2
:= [i 2 0 :: (js1j + js2j � 1) 7! i < js1j ? s1[i ] : s2[i � size (s1)]]:

Thedifference,intersectionandunionof two orderedsetsaregivenby

s1 	 s2
:= orderedsetdifference

let F (i 2 0::js1j) =
(i = 0) ? hi : (s1[i � 1] =2 s2) ? F (i � 1) � hs1[i � 1]i : F (i � 1)

in F [js1 j]

s1 � s2
:= orderedsetintersection

let F (i 2 0::js1j) =
(i = 0) ? hi : (s1[i � 1] 2 s2) ? F (i � 1) � hs1[i � 1]i : F (i � 1)

in F [js1 j]

s1 � s2
:= s1 � (s2 	 s1) orderedsetunion

Functionincl (s;n; r anks) createsanorderedsetthatconsistsof then elementsin s with
ranksr anks[0]; : : : ; r anks[n � 1]; excl createsanorderedsetthat is obtainedby deleting
froms thoseelementswith ranksr anks[0]; : : : ; r anks[n� 1]; range incl (range excl )
acceptsa ranges argumentof form (�r st rank,lastrank,stride)indicating ranksin s to be



included(excluded)in thenew orderedset.

incl (s; n; r anks) := [i 2 0 :: n � 1 7! s[r anks[i ]]]

excl(s; n; r anks) := s 	 (incl (s; n; r anks))

range incl (s; n; r anges) :=
let f latten(f ir st; last; str ide) = processonerange

if last < f ir st then hi
else f ir st � f latten(f ir st + str ide; last; str ide)

in
let F (i ) = processall theranges

if i = 0 then hi
else let r anks = f latten(ranges[i � 1])

in F (i � 1) � incl (s; size (ranks); r anks)
in F (n)

range excl(s; n; r anges)
:
= s 	 (r ange incl (s; n; r anges))

For example,supposes1 = ha;b;c;di ands2 = hd;a;ei , thens1 � s2 = ha;b;c;d;ei ,
s1 � s2 = ha;di , ands1 	 s2 = hb;ci . Supposes = ha;b;c;d;e;f ; g; h; i; j i andranges=
hh6; 7; 1i ; h1; 6; 2i ; h0; 9; 4ii , thenrange incl (s;3; r anges) = hg; h; b;d; f ; a;e;i i andrange excl(
s;3; r anges) = hc;j i .

Sincemostgroupoperationsarelocalandtheirexecutiondonot requireinterprocesscom-
munication,in thetransitionrelationscorrespondingto suchoperations,only thegroups
object at the calling processis modi�ed. For example,the transitionimplementingthe
unionof two groupsis asfollows.

MPI Group union (group1; group2; groupnew ; p) $
let gid = unused item (groups p) in
groups 0

p = groups p ] hgid; groups p[group1] � groups p[group2]i ^
mems0p[groupnew ] = gid

4.7.2 Communicator Operations

Communicatorconstructorsanddestructorsarecollective functionsthatareinvokedby all
processesin theinvolvedgroup.Whenanew communicatoris created,eachparticipanting
process�rst invokesthe “synchronizationinitialization” primitive (mentionedin theSec-
tion 4.6) to expressits willing to join thecreation;thenit calls the“synchronizationwait”
primitiveto wait for thejoining of all otherprocesses;�nally it createsthelocalversionof
thenew communicatorandstoreit in its commsobject.



Communicatorsmay be attachedwith arbitrarypiecesof information(calledattributes).
Whena attributekey is allocated(e.g. by calling theMPI Commcreate keyval ) and
storedin thekeyvals object,it is attachedwith acopy callbackfunction,adeletecallback
functionandanextra statefor callbackfunctions.Whena communicatoris createdusing
functionslike MPI Commdup , all callbackcopy functionsfor attributesareinvoked (in
arbitraryorder).Whenthecopy functionreturnsf lag = ? , thentheattributeis deletedin
thecreatedcommunicator;otherwisethenew attributevalueis setto thevaluereturnedin
attr ibute val out.

TheMPI Commdup codeshown in Figure11 createsa new intracommunicatorwith the
samegroupandtopologyasthe input intracommunicator. The associationof cachedat-
tributesis controlledby thecopy callbackfunctions.As thenew communicatormusthave
a uniquecontext id, thetheprocesswith rank0 picksanunusedcontext id, write it to the
sharedareaof therendezvous,andregistersit in thesystem.In the“synchronizationwait”
phaseeachprocessfetchestheuniquecontext id, �nds a placefor thenew communicator
in its commsobject,andupdatesthereferenceto thisplace.

Intercommunicatoroperationsarealittle morecomplicated.Forexample,Intercomm merge
createsanintracommunicatorfromtheunionof thetwo groupsof aintercommunicator. All
processesshouldprovide thesamehigh valuewithin eachof the two groups.The group
providing thevaluehigh = > shouldbeorderedbeforetheoneproviding high = ? ; and
theorderis arbitraryif all processesprovide thesamehigh argument.

TheTLA+ speci�cationof communicatoroperationsis moredetailed,whereweneedto: (i)
checkwhetherall processesproposethesamegroup andthegroupis asubsetof thegroup
associatedwith theold communicator;(ii) have thefunctionreturnsMPI COMMNULLto
processesthat are not in the group ; (iii) call the error callbackfunctionswhen errors
occur.

4.7.3 Topology

A topologycanprovide a convenientnamingmechanismfor theprocesseswithin a com-
municator, andadditionally, mayassisttheruntimesystemin mappingtheprocessesonto
hardware. A topologycanbe representedby a graph,with nodesandedgesstandingfor
processesandcommunicationlinks respectively. In somecasesit is desirableto useCarte-
siantopologies(of arbitrarydimensions).

The primitive Cart create builds a new communicatorwith Cartesiantopology in-
formation. Argumentsndims and dims give the numberof dimensionsand an inte-



Data Structures
communicator : cid : int ; group : oset ; r emote group : oset ; topology; attr ibutes : map

create comm(comm;keyvals)
:
= createa new communicator

let copy attr (comm;attr ; keyvals) = call thecopy function
let keyval = keyvals[attr :key] in
let y = keyval:copy attr f n(comm;attr :key; keyval:extr a state; attr :value) in
[comm EXCEPT!:attr ibutes =

if y:f lag = ? then remove(@; attr :key) else @] hattr :key; y:attr ibute val outi
] in

let tr averse(T) = call thecopy functionsof all attributes
if T = fg then comm
else choose attr 2 T : copy attr (tr averse(T n f attr g); attr ; keyvals) in

if attr ibutes =2 DOMcomm then comm else tr averse(comm:attr ibutes)

commdupinit (comm;newcomm;p) $ duplicatea communicator

let cid = next commcid in obtainanunusedcontext id
if comm:gr jp = 0 then syn put (comm;cid; �; p) ^ register cid (cid)
else syn init (comm; p)

commdupwait (comm;newcomm;p) $
syn wait (comm;p) ^
let slot � � = rend [comm:cid] in
let cid = slot:sdata in let new index = unused index (commsp) in
comms0p = commsp ] hnew index; [create comm(comm;keyvalsp) EXCEPT!:cid = cid]i ^
newcomm0 = new index

createanew intracommunicatorby merging thetwo groupsof theinter-communicator
intercomm mergeinit (inter comm;high; intr acommnew ; p) $
let cid = next commcid in
if comm:gr jp = 0 then syn put (inter comm;cid; high; p) ^ register cid (cid)
else syn write (intercomm; hi gh; p)

intercomm mergewait (inter comm;high; intr acommnew ; p) $
syn wait (inter comm;p) ^
let slot � � = rend [inter comm:cid] in
let cid = slot:sdata in let new index = unused index (commsp) in
let l r = inter comm:group� inter comm:remote group in
let r l = inter comm:remote group � inter comm:group in
let group =

if 8i; j 2 inter comm:group[ inter comm:remote group :
rend [inter comm:cid]:data[i ] = rend [inter comm:cid]:data[j ]

then choose gr 2 f l r; r lg processesproposethesamehigh value

else high ? lr : r l in orderthetwo groupsaccordingto thehigh value
comms0p = commsp ] (new index;

[create comm(@; keyvalsp) EXCEPT
!:cid = cid; !:group = group; !:r emote group = � ]

) ^
inter comm0

new = new index

Figure11: Modelingcommunicatoroperations



ger array specifyingthe numberof processesin eachdimensionrespectively. periods
speci�es whetherthe grid is periodic or not in eachdimension;and reorder speci�es
whetherranksmay be reorderedor not. If the total sizeof the grid is smallerthan the
size of the group of comm, then thoseprocessesnot �tting into the grid are returned
MPI COMMNULL. Herethehelperfunction range product(ndims; dims; i; j ) computes
thevalueof dims[i ] � � � � � dims[j ].

Functioncoord 2 rank translatesthe logical processcoordinatesto processranks;func-
tion rank 2 coord is therank-to-coordinatestranslator. They areusedto implementedthe
MPI Cart rank andMPI Cart coords primitives.

For furtherillustrationwe give thecodeof MPI Cart shift . Whena MPI Sendrecv
operationis calledalonga coordinatedirection to performa shift of data,the rank of a
sourceprocessfor the receive and the rank of a destinationprocessfor the sendcanbe
calculatedby thisMPI Cart shift function.Thedir argumentindicatesthedimension
of theshift. In thecaseof anend-off shift, out-of-rangeprocesseswill bereturnedthevalue
MPI PROCNULL. ClearlyMPI Cart shift is notacollective function.

4.8 ProcessManagement

TheMPI-2 processmodelallowsfor thecreationandcooperative terminationof processes
after an MPI applicationhasstarted. Sincethe runtime environment involving process
creationand terminationis not modeled,we do not specify MPI Commspawn, which
startsmultiple copiesof an MPI programspeci�cation,MPI Commspawn multiple ,
which startsmultiple executablespeci�cations,andMPI Commget parent , which is
relatedto the“spawn” primitives.

Somefunctionsareprovidedto establishcommunicationbetweentwo groupsof MPI pro-
cessesthat do not sharea communicator. Onegroupof processes(the server) indicates
its willingnessto acceptconnectionsfrom othergroupsof processes;theothergroup(the
client) connectsto theserver. In orderto theclient to locatetheserver, theserverprovides
a port namethatencodesa low-level network address.In our speci�cationit consistsof a
processid andaportnumber. A servercanpublishaport namewith MPI Publish name
andclientscanretrieve theportnamefrom theservicename.

A server �rst callsMPI Open port to establishaportatwhich it maybecontacted;then
it calls MPI Commaccept to acceptconnectionsfrom clients. This port namemay be
reusedafterit is freedwith MPI Close port . All publishednamesmustbeunpublished



Data Structures
Cartesian topology :

ndims : int ; dims : int array ; periods : bool array ; coordinate : int array

range product(ndims; dims; i; j ) := computedims[i ] � � � � � dims[j ]
let F (k) = k > j ? 1 : dims[k] � F (k + 1) in F (i )

createa communicatorwith Cartesiantopology
cart create init (comm;ndims; dims; periods; reorder; comm cart; p) $
let cid = next commcid in
if comm:gr jp = 0 then syn put (comm;cid; �; p) ^ register cid (cid)
else syn init (comm; p)

cart create wait (comm;ndims; dims; periods; reorder; comm cart; p) $
syn wait (comm;p) ^
let slot � � = rend [comm:cid] in
let cid = slot:sdata in let new index = unused item (commsp) in
let commnew =

if proc � r ange product(ndims; dims; 0; ndims � 1) then COMMNULL
else

[create comm(commold ; keyvalsp) EXCEPT
!:cid = cid;
!:group = reorder ? permute(@) : @

] ] htopology; [ndims 7! ndims; dims 7! dims; periods 7! periods]i
in comms0p = commsp ] hnew index; commnew i ^

comm cart0 = new index

coord 2 rank(coord;ndims; dims) := converta coordinateto therank
let F (n) = if n = size(coord) then 0

else range product(ndims; dims; n + 1; ndims � 1) � coord[n] + F (n + 1)
in F (0)

rank 2 coord(rank; ndims; dims) := converta rankto thecoordinate
let F (x; n) = if n = 0 then hxi else F (x � dims[n]; n � 1) � (x % dims[n])
in F (rank; ndims � 1)

cart shift (comm;dir ; disp; p) := Cartesianshift coordinates
let tp = comm:topology in
let hdims; ndims i = htp:dims; tp:ndims i in
let r ank = comm:groupjp in let coord = rank 2 coord(rank; ndims; dims) in
let f (i ) = computetherankof a nodein a direction

if : tp:periods[rank] ^ (i � dims[dir ] _ i < 0) then PROCNULL
else coord 2 rank([coord EXCEPT![dir ] = i ]; ndims; dims)

in [r anksour ce 7! f ((@� disp) % dims[dir ]);
r ankdest 7! f ((@+ disp) % dims[dir ])]

Figure12: Modelingtopologyoperations



beforethecorrespondingport is closed.

Call MPI Commaccept is collective over the calling communicator. It returnsan in-
tercommunicatorthatallows communicationwith the client. In the “init” phase,the root
processsetstheport'sclientgroupto beits group.In the“wait” phase,eachprocesscreates
a new intercommunicatorwith the local (remote)groupbeingtheserver (client) groupof
the port. Furthermore,the root processsetsthe port's statusto be `waiting' so that new
connectionrequestsfrom clientscanbeaccepted.

Call MPI Commconnect establishescommunicationwith a server speci�ed by a port
name. It is collective over the calling communicatorand returnsan intercommunicator
in which theremotegroupparticipatedin anMPI Commaccept . We do not modelthe
time-outmechanism;instead,we assumethe time out periodis in�nitely long (thuswill
leadto deadlockif thereis no matchingMPI Commaccept ). As shown in thecode,the
root processpicksa new context id in its “init” phase.In the “wait” phase,eachprocess
createsa new intercommunicator;andthe root processupdatestheport so that theserver
canproceedto createintercommunicators.

4.9 One-sidedCommunication

RemoteMemoryAccess(RMA) allows oneprocessto specifyall communicationparam-
eters,both for thesendingsideandfor the receiving side. This mechanismseparatesthe
communicationof datafrom thesynchronizations.

A processexposesa“window” of its memoryaccessibleby remoteprocesses.Thewinsob-
ject representsthegroupof processesthatown andaccessthesetof windowsthey expose.
Themanagementof this object,e.g. thecreationanddestroying of a window, is similar to
thatof thecommunicatorobjectcommsexceptthatwindow operationsaresynchronizing.

RMA communicationcalls associatedwith a window occurat a processonly within an
epochfor this window. Suchan epochstartswith a RMA synchronizationcall, proceeds
with someRMA communicationcalls(MPI Put , MPI Get andMPI Accumulate ), and
completeswith anothersynchronizationcall. RMA communicationsfall in two categories:
active target communication,whereboth the origin and target processesinvolve in the
communication,andpassivetargetcommunication,whereonly theorigin processinvolves
in the communication. We model active (passive) target communicationwith the eps
(locks ) object.



Data Structures
port : hname : hproc : int ; port : int i ; cid : int ; status : f `connected0; `waiting 0g;

server group : oset ; client group : oset i

open port (port name; p) := establisha network address
let new port id = unused item (ports p) in
let new port = [name 7! hp;new port idi ; status 7! `waiting 0] in
ports 0

p = ports p ] [new port id 7! new port] ^
port name0 = new port:name

close port (port name; p) := releaseanetwork address
requires f port name =2 service namesg
ports 0

p = remove(ports p; port name:port)

theserverattemptsto establishcommunicationwith a client
commaccept init (port name; root;comm;newcomm;p) $
let port no = port name:port in
if comm:gr jp = root then

ports p[port no]:status = `waiting 0 ^ synput (comm:cid;port no; �; p)
ports 0

p[port no] = [ports p[port no] EXCEPT!:server group = comm:group]
else syninit (comm:cid ; p)

commaccept wait (port name; root;comm;newcomm;p) $
let port no = rend p[cid]:sdata in
let port = ports comm:g r oup [r oot ][port no] in

synwait (comm;p) ^ port[port no]:status = `connected0

comms0p[newcomm] = [ cid 7! port:cid; group 7! port:server group;
remote group 7! port:cl ient group] ^

(p = comm:group[root]) ) ports 0
p[port no]:status = `waiting 0

theclientattemptsto establishcommunicationwith a server
commconnect init (port name; root;comm;newcomm;p) $
let port = ports por t name:pr oc[port name:port] in
let cid = next commcid in
if comm:gr jp = root then

port:status = `waiting 0 ^ synput (comm:cid; cid; �; p)
register cid (cid)

else syninit (comm:cid ; p)

commconnect wait (port name; root;comm;newcomm;p) $
synwait (comm:cid;p)

let cid = rend p[comm:cid]:sdata in
let port = ports comm:g r oup [r oot ][port no] in
let hhost; port noi = hport name:proc;port name:porti in
comms0p[newcomm] =

[cid 7! cid; group 7! comm:group;
remote group 7! ports host [port no]:server group] ^

(p = comm:group[root]) )
ports 0

p[port no]:status = `connected0 ^
ports 0

p[port no]:client group = comm:group ^
ports 0

p[port no]:cid = cid

Figure13: Modelingclient-servercommunications



MPI Win start and MPI Win complete start and completean accessepoch(with
mode= ac) respectively; while MPI Win post andMPI Win wait startandcomplete
anexposureepoch(with mode= ex) respectively. Thereis one-to-onematchingbetween
accessepochesat origin processesand exposureepocheson target processes.Distinct
accessepochesfor a window at thesameprocessmustbedisjoint; somustdistinctexpo-
sureepoches.In a typical communication,the target process�rst calls MPI Win post
to start an exposureepoch,then the origin processcalls MPI Win start to startsan
accessepoch,andthenafter someRMA communicationsit calls MPI Win complete
to completethis accessepoch,�nally the target processcalls MPI Win wait to com-
plete the exposureepoch. This MPI Win post call will block until all matchingclass
to MPI Win complete haveoccured.BothMPI Win complete andMPI Win wait
enforcecompletionof all precedingRMA calls. If MPI Win start is blocking,thenthe
correspondingMPI Win post must have executed. However, thesecalls may be non-
blockingandcompleteaheadof thecompletionof others.

A processp maintainsin eps p a queueof epoches.Eachepochcontainsa sequenceof
RMA communicationsyettobecompleted.Itsmatch �eld containsasetof hmatching process;
matching epochi tuples,eachof whichpointsto amatchingepochatanotherprocess.An
epochbecomesinactive whenit is completed.Whena new epochep is createdandap-
pendedto theendof theepochqueue,this matchinginformationis updatedby calling the
helperfunctionf ind match, which locatesat a processthe�rst active epochthathasnot
bematchedwith ep. Additionally, sinceMPI Win start canbenon-blockingsuchthat
it may completebeforeMPI Win post is issued,MPI Win post needsto updatethe
matchinginformationeachtimeit is called.Wedonot removecompletedepochesbecause
their statusmaybeneededby otherprocessesto performsynchronization.

Designedfor passivetargetcommunication,MPI Win lock andMPI Win unlock start
and completean accessepochrepsectively. They are similar to thosefor active target
communication,exceptthatnocorrespondingexposureepochesareneeded.Accessesthat
areprotectedby anexclusive lock will not beconcurrentwith otheraccessesto thesame
window. We maintaintheseepochesin a differentobject locks , which residesin the
envs objectin ourspeci�cation.

RMA communicationcall MPI Put transfersdata from the caller memory to the tar-
get memory;MPI Put transfersdatafrom the target memoryto the caller memory;and
MPI Accumulate updateslocationsin thetargetmemory. Wheneachof thesecallsis is-
sued,it is appendedto thecurrentactiveaccessepochwhichmaybein theeps or locks
object. Note that thereis at mostoneactive accessepochfor a window at eachprocess.
Thecallsin anepochis performedin aFIFOmanner. Whenacall completes,it is removed
from thequeue.



Theactive transfer rule performsdatatransferring:whenthecorrespondingexpo-
sureepochexists,the�rst RMA communicationcall in thecurrentactive epochis carried
out andthevaluev will bewritten (or reduced)to thememoryof thedestination.Therule
for passive targetcommunicationis analogous.

p0 p1 p2
win start (gr oup = h1; 2i ; win 0) win post (gr oup = h0i ; win 0) win post (gr oup = h0i ; win 0)
put (or ig in = 0; tar get = 1; win 0) win wait (win 0 ) win wait (win 0)
get (or ig in = 0; tar get = 2; win 0)
win complete (win 0)

step eps 0 eps 1 eps 2
1 h0; h0i ; hi; > ; fgi ex

0
2 h0; h0i ; hi; > ; fgi ex

0 h0; h0i ; hi; > ; fgi ex
0

3 h0; h1; 2i ; hi; > ; fh1; 0i ; h2; 0igi ac
0 h0; h0i ; hi; > ; fh0; 0igi ex

0 h0; h0i ; hi; > ; fh0; 0igi ex
0

4 h0; h1; 2i ; hh0; 1i put i ; > ; fh1; 0i ; h2; 0igi ac
0 h0; h0i ; hi; > ; fh0; 0igi ex

0 h0; h0i ; hi; > ; fh0; 0igi ex
0

5 h0; h1; 2i ; hh0; 1i put � h0; 1i get i ; h0; h0i ; hi; > ; fh0; 0igi ex
0 h0; h0i ; hi; > ; fh0; 0igi ex

0
> ; fh1; 0i ; h2; 0igi ac

0
6 h0; h1; 2i ; hh0; 2i get i ; > ; fh1; 0i ; h2; 0igi ac

0 h0; h0i ; hi; > ; fh0; 0igi ex
0 h0; h0i ; hi; > ; fh0; 0igi ex

0
7 h0; h1; 2i ; hi; ? ; fh1; 0i ; h2; 0igi ac

0 h0; h0i ; hi; > ; fh0; 0igi ex
0 h0; h0i ; hi; > ; fh0; 0igi ex

0
8 h0; h1; 2i ; hi; ? ; fh1; 0i ; h2; 0igi ac

0 h0; h0i ; hi; ? ; fh0; 0igi ex
0 h0; h0i ; hi; > ; fh0; 0igi ex

0
9 h0; h1; 2i ; hi; ? ; fh1; 0i ; h2; 0igi ac

0 h0; h0i ; hi; ? ; fh0; 0igi ex
0 h0; h0i ; hi; ? ; fh0; 0igi ex

0

theexecution(format:event step ) :
win post (h0i ; win 0 ; 1)1 ; win post (h0i ; win 0 ; 2)2 ; win start (h1; 2i ; win 0 ; 0)3 ; put (0; 1; win 0 ; 0)4 ;
get (0; 2; win 0 ; 0)5 ; active transfer (0) 6 ; win complete (win 0 ; 0)7 ; win wait (win 0 ; 2)8 ; win wait (win 0 ; 1)9

Figure14: An activetargetcommunicationexample.Theexecutionshowsacaseof strong
synchronizationin thewindow win 0's with wid 0. Processp0 createsanaccessepoch,p1

andp2 createsan exposureepochrespectively. An epochbecomesinactive after it com-
pletes.For brevity we omit thevaluein aRMA operation.Theexecutionfollowsfrom the
semanticsshown in Figure15and16.

4.10 I/O

MPI providesroutinesfor transferringdatato or from �les on anexternalstoragedevice.
An MPI �le is an orderedcollectionof typeddataitems. It is openedcollectively by a
groupof processes.All subsequentcollective I/O operationson the�le arecollectiveover
thisgroup.

MPI supportsblockingandnonblockingI/O routines.As usual,we modela blockingcall
by a nonblockingonefollowed by a wait call suchasMPI Wait . In additionto normal
collectiveroutines(e.g. MPI File read all ), MPI providessplit collectivedataaccess
routineseachof which is split into a begin routineandan endroutine. Thustwo rounds
of synchronizationsareneededfor a collective I/O communicationto complete. This is
analogousto our splitting thecollectivecommunicationsinto an“init” phaseanda “wait”



Data Structures
epoch:

hwid : int ; group : oset ; rma : (RM A communication ) array ; active : bool ;
match : hint ; int i set i mode :f ac;ex;f eg

lock : hwid : int ; RM A : (RM A communication ) array ; active : bool i ty pe:f EXCLUSIVE;SHAREDg

RM A communication :hsrc : int ; dst : int ; valuei op:f put;g et;accumulate g

f ind match(mode;group;p) := matchaccessepochesandexposureepoches
fhq; first ki j q 2 group ^ eps q[k]:mode= mode^

p 2 eps q[k]:group ^ @hp; � i 2 eps q[k]:matchg

win post (group;win; p) $ startanexposureepoch

requires f @hwin:w id; �; �; > ; � i ex 2 eps pg non-overlappingrequirement
let mt = f ind match(ac;group;p) in

eps 0
p = epsp � hwin:w id; group;hi; > ; mt i ex ^

8q 2 group : 9hq; ki 2 mt ) eps 0
q[k]:mt = eps q[k]:mt [ hp; len (eps 0

p)i

win start (group;win; p) $ startanaccessepoch

requires f @hwin:w id; �; �; >i ac 2 eps pg non-overlappingrequirement
let mt = f ind match(ex; group;p) in
let action =

eps 0
p = epsp � hwin:w id; group;hi; > ; mt i ac ^

8q 2 group : 9hq; ki 2 mt ) eps 0
q[k]:mt = eps q[k]:mt [ hp; len (eps 0

p)i
in if : is block then action

else
8q 2 group : 9epex 2 eps q : p 2 ep:group

action

win complete (win; p) $ completeanaccessepoch
let k = first i : eps p[i ]:wid = win:w id ^ eps p[i ]:mode= ac ^ eps p[i ]:active
in

8eps p[k]:rma = hi
if : is block then eps 0

p[k]:active = ?

else
size (eps p[k]:match) = size (eps p[k]:group)

eps 0
p[k]:active = ?

win wait (win; p) $ completeanexposureepoch
let k = first i : eps p[i ]:wid = win:w id ^ eps p[i ]:mode= ex ^ eps p[i ]:active
in

8call 2 eps p[k] : : call :active ^
8hq; i i 2 eps p[k]:match : : eps q[i ]:active

eps 0
p[k]:active = ?

Figure15: Modelingone-sidedcommunications(I)



postaRMA operationby addingit into theactiveepoch
RMAop(type;origin; tar get; disp; v; op;win; p) $
if 9k : locks p[i ]:wid = win:w id ^ locks p[i ]:active then

let k = first i : locks p[i ]:wid = win:w id ^ locks p[i ]:active
in locks 0

p[k]:rma = locks p[k]:rma � horigin; tar get; disp; v; opi ty pe

else
let k = first i :

eps p[i ]:wid = win:w id ^ eps p[i ]:mode= ac ^ eps p[i ]:active
in eps 0

p[k]:rma = eps p[k]:rma � horigin; tar get; disp; v; opi ty pe

put (origin; tar get; addror ig in ; disptar get ; win; p) $ the“put” operation
RMAop(put; origin; tar get; disptar get ; r ead data(memsp; addraddr ); win; p)

performactivemessagepassingorigining atprocessp
active transfer (p) $
let k = first i : eps p[i ]:mode= ac ^ eps p[i ]:rma 6= hi in
let hsrc;dst; disp; v; opi ty pe � � = eps p[k] in

eps 0
p[k]:rma = � ^

if type= get then mems0p = wr ite data(memsp; win:base+ disp; v)
else if type = put then

let hq; � i = eps p[k]:match in
mems0q = wr ite data(memsq; win:base+ disp; v)

else
let hq; � i = eps p[k]:match in
mems0p = reducedata(memsp; win:base+ disp; v; op)

startanaccessepochfor passive targetcommunication
win lock (lock type;dst; win; p) $
requires f @hwin:w id; �; �; >i ex 2 eps pg non-overlappingrequirement
if lock type= SHAREDthen

locks 0
p = locksp � hwin:w id; dst; hi; >i lock ty pe

else
8q 2 win:g roup : @k : locks q[k]:wid = win:w id ^ locks q[k]:active

locks 0
p = locksp � hwin:w id; dst; hi; >i lock ty pe

completeanaccessepochfor passive targetcommunication
win unlock (dst; win; p) $
let k = first i : locks p[i ]:wid = win:w id ^ eps p[i ]:active
in

locks p[k]:rma = hi
locks 0

p[k]:active = ?

Figure16: Modelingone-sidedcommunications(II)



phase.

Sinceat eachprocesseach�le handlemayhave at mostoneactive split collective opera-
tion, thefrend object,which representstheplacewhereprocessesrendezvous,storesthe
informationof oneoperationratherthanaqueueof operationsfor each�le.

With respectto this fact, we designa protocolshown below to implementcollective I/O
communications:in the�rst “begin” phase,processp will proceedto its “end” phasepro-
videdthatit hasnotparticipatedin thecurrentsynchronization(saysyn ) andsyn 'sstatus
is `entering0(or `e0). Notethatif all expectedprocesseshaveparticipatedthensyn 'sstatus
will advanceto l̀eaving0 (or l). In the“end” phase,p is blocked if syn is not in leaving
statusor p hasleft. Thelastleaving processwill deletethesyn . Herenotation	 represents
theparticipantsof asynchronization.

Data Structures
frend for each�le :
hstatus : f `e0; l̀0g; participants ( ) : int set ;
[shared data]; [data : hproc : int ; datai set ]i

file put (fid ; vs; v; p) $ processp joins thesynchronization
if f id =2 DOMfrend then frend 0[f id] = h̀ è ; f pg; vs; fhp;vigi
else

frend [f id] = h̀e0; 	 ; vs1 ; Sv i ^ p =2 	
frend 0[f id] = h (	 [ f pg = files p[f id]:group) ? l̀ ` : `è ;

	 [ f pg; vs ; Sv [ fhp;vigi

file begin (fid ; p) $ file put (fid ; �; �; p)
file write (fid ; v; p) $ file put (fid ; �; v; p)

file end(fid ; p) $ processp leavesthesynchronization
frend [f id] = h̀ l0; 	 [ f pg; vs; Sv i

frend 0[f id] = if 	 = fg then � else h̀ l 0; 	 ; vs ; Sv i

We usethe files objectto storethe �le information,which includesan individual �le
pointer, which is local to a process,anda shared�le pointer, which is sharedby thegroup
of processesthat openedthe �le. Thesepointersareusedto locatethe positionsin the
�le relative to the currentview. A �le is openedby the MPI File open call, which is
collectiveoverall participantingprocesses.

Whena processp wantsto accessthe�le in theoperatingsystemos.file , it appendsa
reador write requestto its requestqueuefreqs p. A requestcontainsinformationabout
the offset in the �le, the buffer addressin the memory, the numberof items to be read,
anda �ag indicatingwhetherthis requestis active or not. TheMPI systemschedulesthe
requestsin thequeueasynchronously, allowing the�rst active accessto take effect at any



time. After theaccessis �nished, therequestbecomesinactive,anda subsequentwait call
will returnwithout beingblocked. Note that we needto move the �le pointersafter the
accessto the�le.

Analogousto usualcollective communications,a split collective dataaccesscall is split
into a begin phaseand a end phase. For example,in the begin phasea collective read
accessreadsthedatafrom the�le andstoresthedatain thefrend object;thenin theend
phaseit fetchesthedataandupdatesits own memory.

4.11 Evaluation

How to ensurethatour formalizationis faithful with theEnglishdescription?To attackthis
problemwe rely heavily on testingin our formal framework. We provide comprehensive
unit testsandarich setof shortlitmus testsof thespeci�cation.Generallyit suf�ces to test
local,collective,andasynchronousMPI primitivesonone,two andthreeprocessesrespec-
tively. Thesetestcases,which includemany simpleexamplesin the MPI reference,are
hand-writtendirectly in TLA+ andmodeledcheckedusingTLC. As wehavementionedin
Section3, thanksto thepowerof theTLC modelcheckerourframework supportsthorough
testingof MPI programs,thusgiving morepreciseanswersthanvendorMPI implementa-
tionscan.

Anothersetof testcasesarebuilt to verify the self-consistencyof the speci�cation. For
a communication(pattern),theremay be many waysto expressit. Thusit is possibleto
relateaspectsof MPI to eachother. Actually, in theMPI de�nition certainMPI functions
areexplainedin termsof otherMPI functions.

We introducethenotationMPIA ' MPIB to indicatethatA andB have thesamefunc-
tionality with respectto their semantics.

Ourspeci�cationde�nesablockingpoint-to-pointoperationby acorrespondingnonblock-
ing operationfollowedimmediatelyby aMPI Wait operation.Thuswehave

MPI Send(n) ' MPI Isend (n) + MPI Wait
MPI Recv(n) ' MPI Irecv (n) + MPI Wait

MPI Sendrecv(n1; n2) ' MPI Isend (n1) + MPI Irecv (n2) + MPI Wait + MPI Wait

Typical relationshipsbetweentheMPI communicationroutines,togetherwith someexam-
ples,include:



Data Structures
�le informationat a process:

f id : int ; group : oset ; f name : string ; amode: modeset ; size : int ; view;
pts : hpshar ed; int ; pind : int i

�le accessrequest:
hf h; of f set : int ; buf : int ; count : int ; active : bool i

iread (f h; of f set;buf ; count; r equest; p) $ nonblocking�le access
freqs 0

p = freqs p � hf h; of f set;buf ; count; >i r ead ^
mems0p[r equest] = size (freqs p)

iwrite (f h; of f set;buf ; count; r equest; p) $
freqs 0

p = freqs p � hf h; of f set;buf ; count; >i wr ite ^
mems0p[r equest] = size (freqs p)

file access(p) $ perform�le accessasynchronously
let hf h; of f set;buf ; count; >i mode � � = freqs p in
^ freqs 0

p = hf h; of f set;buf ; count; ?i mode � �
^ if mode= wr ite then

let v = read mem(memsp; buf ; count) in
files 0

p[f h:f id]:pts = move pointer s(f h; v) ^
os:file 0

p = wr ite f il e(f h; os.file ; v)
else

let v = read f il e(f h; os:file p; of f set; count) in
files 0

p[f h:f id]:pts = move pointer s(f h; v) ^
mems0p = wr ite mem(memsp; buf ; v)

file wait (r eq; p) $
let � 1 � hf h; of f set;buf ; count; ?i mode

r eq � � 2 = freqs p

in freqs 0
p = � 1 � � 2 removetherequest

thebegin call of asplit collective �le readoperation
file read all begin (f h; of f set;buf ; count; p) $

file write (f h:f id; r ead f il e(f h; os.file p; of f set; count); p)

file read all end(f h; buf ; p) $ theendcall of a split collective �le readoperation
file end(f h:f id; p)

let v = frend [f h:f id]:data[p] in
files 0

p[f h:f id]:pts = move pointer s(f h; v) ^
mems0p = wr ite mem(memsp; buf ; v)

thebegin call of asplit collective �le write operation
file write all begin (f h; buf ; count; p) $

file write (f h:f id; r ead mem(memsp; buf ; count); p)

file write all end(f h; buf ; p) $ thebegin call of asplit collective �le write operation
file end(f h:f id; p)

let v = frend [f h:f id]:data[p] in
files 0

p[f h:f id]:pts = move pointer s(f h; v) ^
os.file 0

p = wr ite f il e(f h; os.file p; v)

Figure17: ModelingI/O operations



� A messagecanbedividedinto multiplesub-messagessentseparately.

MPI A(k � n) ' MPI A(n)1 + � � � + MPI A(n)k
MPI A(k � n) ' MPI A(k)1 + � � � + MPI A(k)n

� A collectiveroutinecanbereplacedby severalpoint-to-pointor one-sidedroutines.

MPI Bcast (n) ' MPI Send(n) + � � � + MPI Send(n)
MPI Gather(n) ' MPI Recv(n=p)1 + � � � + MPI Recv(n=p)p

� CommunicationsusingMPI Send, MPI Recv canbe implementedby one-sided
communications.

MPI Win fence + MPI Get(n) + MPI Win fence '
MPI Barrier + MPI Recv(d) + MPI Recv(n) + MPI Barrier ;
whered is theaddressanddatatypeinformation

� Processtopologiesdo not affect the resultsof messagepassing.Communications
usinga communicatorthat implementsa randomtopologyshouldhasthesamese-
manticsasthecommunicationwith aprocesstopology(likeaCartesiantopology).

Our speci�cation is shown to meetthe correctnessrequirementsby modelcheckingtest
cases.

4.12 Discussion

It is importantto point out that we have not modeledall the detailsof the MPI standard.
We list below thedetailsthatareomittedandthereasonswhy wedonot modelthem:

� Implementationdetails. To the greatestextent possiblewe have avoidedasserting
implementation-speci�cdetailsin our formal semantics.One obvious exampleis
thattheinfo object,which is oneargumentsof someMPI 2.0functions,is ignored.

� PhysicalHardware. The underlying,physicalhardware is invisible in our model.
Thuswe do not model low-level topology functionssuchasMPI Cart map and
MPI Graph map.

� Pro�ling Interface. The MPI pro�ling interfaceis to permit the implementationof
pro�ling tools. It is irrelevantto thesemanticsof MPI functions.



� RuntimeEnvironment.Sincewe do not modeltheoperationsystemto allow for the
dynamicprocessmanagement(e.g. processcreationandcooperative processtermi-
nation),MPI routinesaccessingtheruntimeenvironmentsuchasMPI Commspawn
arenot modeled.Functionsassociatedwith thethreadenvironmentarenot speci�ed
either.

Oftenour formal speci�cationsmimic programswritten usingdetaileddatastructures,i.e.
they arenot as“declarative” aspossible.We believe that this is in somesenseinevitable
whenattemptingto obtainexecutablesemanticsof realworld APIs. Evenso,TLA+ based
“programs”canbeconsideredsuperiorto executablemodelscreatedin C: (i) thenotation
hasa precisesemantics,asopposedto C, (ii) anotherspeci�cationin a programminglan-
guagecanprovide complementarydetails,(iii) in our experience,therearestill plenty of
shortbut tricky MPI programsthatcanbeexecutedfastin our framework.

5 Veri�cation Framework

Our modelingframework usesthe Microsoft Phoenix[16] Compilerasa front-endfor C
programs.Of courseother front-endtools suchasGCC canalsobe used. The Phoenix
framework allows developersto insert a compilation phasebetweenexisting compiler
phasesin theprocessof loweringa programfrom languageindependentMSIL (Microsoft
IntermediateLanguage)to devicespeci�c assembly. Weplaceourphaseat thepointwhere
theinput programhas(i) beensimpli�ed into a singlestaticassignment(SSA)form, with
(ii) ahomogenizedpointerreferencingstylethatis (iii) still device independent.

FromPhoenixintermediaterepresentation(IR) we build a state-transitionsystemby con-
verting the control �o w graphinto TLA+ relationsandmappingMPI primitivesto their
namesin TLA+. Speci�cally, control locationsin the programarerepresentedby states,
andprogramstatementsare representedusing transitions. Assignmentsaremodeledby
their effect on thememory. Jumpshave standardtransitionrulesmodifying thevaluesof
theprogramcounters.This transitionsystemwill completelycapturethecontrolskeleton
of theinputMPI program.

Thearchitectureof theveri�cation framework is shown in Figure18. Theusermayinput
a programin any languagethat canbecompiledusingthePhoenixback-end— we have
experimentedonly with C. The programis compiledinto an intermediaterepresentation,
the PhoenixIR. We readthe PhoenixIR to createa separateintermediaterepresentation,
whichis usedto produceTLA+ code.TheTLC modelchecker integratedin ourframework



Figure18: Architectureof the veri�cation framework. The upper(bottom)oneindicates
the�o w (hierarchical)relationof thecomponents.

enablesusto performveri�cation on the input C programs.If anerror is found,theerror
trail is thenmadeavailableto the veri�cation environment,andcanbe usedby our tool
to drive theVisual Studiodebuggerto replaythe traceto the error. In the following we
describethesimpli�cation, codegenerationandreplaycapabilitiesof our framework.

Simpli�cation . In order to reducethe complexity of modelchecking,we performa se-
quenceof transformations:(i) inline all userde�ned functions(currentlyfunctionpointers
and recursionare not supported);(ii) remove operationsforeign to the model checking
framework, e.g. printf ; (iii) slice the modelwith respectto communicationsanduser
assertions:theconeof in�uence of variablesis computedusingachaoticiterationover the
programgraph,similar to whatis describedin [18]; and(iv) eliminateredundantcounting
loops.

Code Generation. During the translationfrom PhoenixIR to TLA+, we build a record
map to storeall the variablesin the intermediatelanguage. The addressof a variable
x is given by the TLA+ expressionmap:x; and its valueat the memoryis returnedby
mems[map:x]. BeforerunningtheTLC, theinitial valuesof all constantsandvariablesare
speci�ed(e.g. in a con�guration �le). Theformatof themaintransitionrelationis shown
below, whereN is thenumberof processes,andpredefined nxt is the“system”transition
which performsmessagepassingfor point-to-pointcommunications,one-sidedcommuni-
cations,andso on. In addition, “program” transitionstr ansition 1; tr ansition 2; � � � are
producedby translatingMPI functioncallsandIR statements.In theexamplesshown later
weonly show theprogramtransitionpart.



Figure19: Two screenshotsof theveri�cation framework.



_ ^ predef ined nxt transitionsperformedby theMSS
^ UNCHANGEDhhmapii

_ 9pid 2 0::(N � 1) : executeanenabledtransitionat aprocess
_ tr ansition 1

_ tr ansition 2

_ � � �
_ 8pid 2 0::(N � 1) : eliminatespuriousdeadlocks

^ pc[pid] = last label
^ UNCHANGEDall varaibles

Err or Trail Generation. In the event that the modelcontainsan error, an error trail is
producedby themodelchecker andreturnedto theveri�cation environment. To mapthe
error trail backonto the actualprogramwe observe MPI function calls andthe changes
in theerror trail to variablevaluesthatappearin theprogramtext. For eachchangeon a
variable,we steptheVisualStudiodebuggeruntil thecorrespondingvalueof thevariable
in thedebuggermatches.We alsoobserve which processmovesat every stepin theerror
trail andcontext switchbetweenprocessesin thedebuggerat correspondingpoints.When
the error trail ends,the debuggeris within a few stepsof the error with the processthat
causestheerrorscheduled.Thescreenshotsin �gure 19 show thedebuggerinterfaceand
thereportof anerrortrace.

Examples. A simpleC programcontainingonly onestatement“ if (rank == 0) MPI Bcast
(&b, 1, MPI INT, 0, comm1)” is translatedto:

_ ^ pc[pid] = L 1 ^ pc0 = [pc EXCEPT![pid] = L 2]
^ mems0 = [mems EXCEPT![pid] = [@EXCEPT![map:t1] = (mems[pid][map: rank] = 0)]]

_ ^ pc[pid] = L 2 ^ mems[pid][map:t1]
^ pc0 = [pc EXCEPT![pid] = L 3]

_ ^ pc[pid] = L 2 ^ : (mems[pid][map:t1])
^ pc0 = [pc EXCEPT![pid] = L 5]

_ ^ pc[pid] = L 3 ^ pc0 = [pc EXCEPT![pid] = L 4]
^ MPI Bcastinit(map: b;1; MPI INT; 0; map: comm1; pid)

_ ^ pc[pid] = L 4 ^ pc0 = [pc EXCEPT![pid] = L 5]
^ MPI Bcastwait(map: b;1; MPI INT; 0; map: comm1; pid)

At label L1, the valueof rank == 0 is assignedto a temporaryvariablet1, andthe pc
advancesto L 2. In the next step,if the valueof t1 is true, then the pc advancesto L 3;
otherwiseto the exit label L 5. The broadcastis divided into an “init” phase(wherepc
advancesfrom L 3 to L � 4) anda “wait” phase(wherepcadvancesfrom L 4 to L � 5). In
Figure20 weshow amorecomplicatedexample.



ThesourceC program:

int main(int argc, char* argv[])
{

int rank;
int data;
MPI_Status status;

MPI_Init(&argc, &argv);
MPI_Comm_rank(MPI_COMM_WORLD,&rank);
if (rank == 0) {

data = 10;
MPI_Send(&data,1,MPI_INT,1,0,MPI_COMM _WORLD);

}
else {

MPI_Recv(&data,1,MPI_INT,0,0,MPI_COMM _WORLD, &status);
}
MPI_Finalize();
return 0;

}

TheTLA+ codegeneratedby thecompiler:

_ ^ pc[pid] = main ^ pc0 = [pc EXCEPT![pid] = L 1]
^ MPI Init(map: argc;map: argv; pid)

_ ^ pc[pid] = L 7 ^ pc0 = [pc EXCEPT![pid] = L 9]
^ mems0 = [mems EXCEPT![pid] = Update(@; map: data; 10)]
^ changed(mems)

_ ^ pc[pid] = L 6 ^ pc0 = [pc EXCEPT![pid] = L 14]
^ MPI Irecv(map: data; 1; MPI INT; 0; 0; MPI COMM WORLD; map:tmpr equest1; pid)

_ ^ pc[pid] = L 1 ^ pc0 = [pc EXCEPT![pid] = L 2]
^ MPI Commrank(MPI COMM WORLD; map: rank; pid)

_ ^ pc[pid] = L 2 ^ pc0 = [pc EXCEPT![pid] = L 5]
^ mems0 = [mems EXCEPT![pid] =

Update(@; map:t277; mems[pid][map: rank] = 0)]
^ changed(mems)

_ ^ pc[pid] = L 5 ^ pc0 = [pc EXCEPT![pid] = L 7]
^ mems[pid][map:t277]

_ ^ pc[pid] = L 5 ^ pc0 = [pc EXCEPT![pid] = L 6]
^ : (mems[pid][map:t277])

_ ^ pc[pid] = L 9 ^ pc0 = [pc EXCEPT![pid] = L 13]
^ MPI Isend(map:data; 1; MPI INT; 1; 0; MPI COMM WORLD; map:tmpr equest0; pid)

_ ^ pc[pid] = L 11 ^ pc0 = [pc EXCEPT![pid] = L 12]
^ MPI Finalize(pid)

_ ^ pc[pid] = L 13 ^ pc0 = [pc EXCEPT![pid] = L 11]
^ MPI Wait(map:tmpr equest0; map:tmpstatus 0; pid)

_ ^ pc[pid] = L 14 ^ pc0 = [pc EXCEPT![pid] = L 11]
^ MPI Wait(map:tmpr equest1; map: status; pid)

Figure20: An exampleC programandits correspondingTLA+ code.



Whenwerun theTLC to demonstratetheabsenceof deadlocksfor 2 processes,51distinct
statesarevisited,andthedepthof thecompletestategraphsearchis 17. Theveri�cation
timeis lessthan0.1secondona3GHzprocessorwith 1GBof memory. However, although
it suf�ces in generalto performthe teston a small numberof processes,increasingthe
numberof processeswill increasetheveri�cation time exponentially. Thuswe areimple-
mentingef�cient methodssuchaspartialorderreductionalgorithms[26][36] to reducethe
statespace.

6 Conclusion

To help reasonaboutprogramsthat useMPI for communication,we have developeda
formal TLA+ semanticde�nition of MPI 2.0 operationsto augmentthe existing stan-
dard. We describedthis formal speci�cation,aswell asour framework to extractmodels
from SPMD-styleC programs.Wediscusshow theframework incorporateshigh level for-
mal speci�cations,andyet allows designersto experimentwith thesespeci�cations,using
modelchecking,in a familiardebuggingenvironment.Oureffort hashelpedidentify a few
omissionsandambiguitiesin the original MPI referencestandarddocument.The expe-
riencegainedso far suggeststhat a formal semanticde�nition andexplorationapproach
asdescribedheremustaccompany every future effort in creatingparallelanddistributed
programminglibraries.

In future,we hopeto write generaltheorems(inspiredby our litmus tests),andestablish
themusingtheIsabelletheoremprover thathasa tight TLA+ integration.
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A SoundnessProof with Formal Semantics

The main problemof model checkingMPI programsis the statespaceexplosionprob-
lem. This problemmaybemitigatedby usingpartialorderreductiontechniques.A sound
partial-orderreductionguaranteesthatif thereis apropertyviolation in thefull statespace,
that violation will bediscoveredby themodelchecker while enumeratinga subsetof the
statespace.

Wehavedevelopedseveralpartialorderreduction(DPOR)algorithms[24,26,35] to model
checkMPI programs.For instance,the ISP checker [35] exploits the out of ordercom-
pletion semanticsof MPI by issuingMPI calls accordingto match-setswhich areample



`big-step'moves. Thecoreof a DPORalgorithmis to baseon andependenceanalysisto
determinewhenit is safeto executeonly a subsetof theenabledcalls. Suchdependence
informationis computedbasedonthesemanticsof MPI calls. In thissectionweshow how
to justify the de�nition of dependencein our DPORalgorithmsaccordingto the formal
semanticsof MPI calls.

Our goal is to prove thesoundnessof thecomplete-before relation� de�ned in [35]. Re-
lation � speci�estheorderenforcedon thecompletionof MPI calls. An MPI immediate
sendSi;j (k; hi; j i ; : : :), wherek is the processtargeted,i; j is the requesthandleusedto
track the processesof this send,completeswhen it matchesa receive (e.g. by the MPI
SystemScheduler).An MPI immediatereceive Si;j (k; hi; j i ; : : :), wherek is the process
from which themessageis sourced(k = � meansa `wildcard receive'), completeswhen
it receivesthe message.A barrieroperationB i;j completeswhenall participantsexit the
synchronization.A wait operationWi;j hi; j i completeswhenthecorrespondingsend(re-
ceive) operationcompletesandthedatahasbeensentout (copiedinto thetargetprocess's
memory).

Theformalde�nition of thecompletes-beforerelationis givenbelow aseightrules.

(Css-kk)8i; j 1; j 2; k : j 1 < j 2 ) Si;j 1 (k; : : :) � Si;j 2 (k; : : :)
(Crr-kk) 8i; j 1; j 2; k : j 1 < j 2 ) Ri;j 1 (k; : : :) � Ri;j 2 (k; : : :)
(Crr-*k) 8i; j 1; j 2; k : j 1 < j 2 ) Ri;j 1 (� ; : : :) � Ri;j 2 (k; : : :)
(Crr-**) 8i; j 1; j 2; k : j 1 < j 2 ) Ri;j 1 (� ; : : :) � Ri;j 2 (� ; : : :)
(Csw)8i; j 1; j 2; k : j 1 < j 2 ) Si;j 1(k; hi; j 1i ) � Wi;j 2 (hi; j 1i )
(Crw) 8i; j 1; j 2; k : j 1 < j 2 ) Ri;j 1 (k; hi; j 1i ) � Wi;j 2 (hi; j 1i )
(Cb)8i; j 1; j 2; k : j 1 < j 2 ) B i;j 1 � anyi;j 2 (: : :)
(Cw) 8i; j 1; j 2; k : j 1 < j 2 ) Wi;j 1 (: : :) � anyi;j 2 (: : :)

Now we proceedto prove thecorrectnessof theseruleswith respectto our formal seman-
tics. As in [35], We abstractaway such�elds ascommunicatorID, tag,prematch,value
and�ags. First of all, rule Cswandrule Crw arevalid becausea blockingsendor receive
operationis modeledby a non-blockingoperationfollowedby a wait operation.As indi-
catedin thesemantics,anon-blockingoperationsetstheactive �ag of therequest,andthe
correspondingwait operationcanreturnonly if this �ag is set.Hencethesetwo operations
cannotexecuteoutof order.



A.0.1 Sendand Receive.

Now considerthe Css-kk rule, which speci�es the orderof two immediatesendsfrom
processi to processk. Assumethattherequestqueueatprocessi containstwo activesend
requestsSi;j 1 (k; : : :) andSi;j 2 (k; : : :):

hk; : : :i send
j 1

� hk; : : :i send
j 2

Supposefor contradictionthatrequestj 2 maycompletebeforerequestj 1. In orderfor j 2 to
complete,theremustexist a receive requesthbuf ; i; : : :i r ecv

n at processk thatmatchesthis
sendrequest,andthefollowing conditionspeci�edin thetransfer rulemusthold (note
thatthe�rst requesthk; : : :i send

j 1
is in � i

1):

@hk; : : :i send
m 2 � i

1 : hi; k; : : : ; mi P hi; k; : : : ; ni

However, if m equalsto j 1, thenthis condition is falseimmediatelybecauserequestj 1

matchesthe receive request.This contradictionimplies the correctnessof rule Css-kk .
RuleCrr-kk canbeprovedin asimilar way.

Let uslook at ruleCrr-*k andruleCrr-** , wherethe�rst receiveis awildcardreceive.
Assumethattherequestqueueatprocessi containstwo activereceiverequestsR i;j 1 (� ; : : :)
andRi;j 2 (k� ; : : :). In thesecondreceiveeitherk� = k (i.e. thesourceis processk) or k� = �
(i.e. it is awildcardreceive):

hbuf1; � ; : : :i r ecv
j 1

� hbuf 2; k� ; : : :i r ecv
j 2

If requestj 2 completesbeforerequestj 1, thentheremustexist a sendrequesthi; : : :i send
n

at a processp (which maybek) thatmatchesthis receive request,andtheFIFO condition
speci�edin thetransfer rulemusthold. In otherwords,wehave

hp; i; : : : ; ni P hk� ; i; : : : ; j 2 i ^
@hbuf ; q; : : :i r ecv

m 2 � i
1 : hp; i; : : : ; ni P hq; i; : : : ; mi

Let m equal to j 1, then the secondcondition requiresus to prove that hp; i; : : : ; ni P
h�; i; : : : ; j 1i is false.Usingthede�nition of P (wheretheprematch�elds areempty),

(hp;dst; : : : ; kp i P hsrc;q; : : : ; kqi ) :=
q = dst ^ src 2 f p; �g thesourceandtargetmustmatch

aftersimpli�cation wehave

k� 2 f p; �g ^ : (� 2 f p; �g );

which is obviously false. Thusrequestj 2 cannotcompletebeforej 1, which implies the
correctnessof thesetwo rules.

On theotherhand,the rule 8i; j 1; j 2; k : j 1 < j 2 ) Ri;j 1 (k; : : :) � Ri;j 2 (� ; : : :) is invalid.
If we perform the samecontradictionproof as shown above, then �nally we will get a
predicatenot leadingto a contradiction:� 2 f p; �g ^ : (k 2 f p; �g ). This predicateis true
whenk 6= p, i.e. aprocessotherthank sendsthemessage.



A.0.2 Barrier .

RuleCb speci�esthatany MPI call startingafterabarrieroperationwill completeafterthe
barrier. This rule is valid becausethebarrierfunctionhasblockingsemantics:the“wait”
phaseof abarrieroperationB i;j 1 atprocessi will beblockeduntil i leavesthesynchronizing
communication.Thusonly afterB i;j 1 returnswill a subsequentMPI call anyi;j 2 startand
thencomplete.Similarly, ruleCwis valid becauseWait alsohasblockingsemantics.

On theotherhand,the rule f8 i; j 1; j 2; k : j 1 < j 2 ) anyi;j 1 (: : :) � B i;j 2 g is invalid. This
can be explainedeasily with the formal semantics.Recall that B i;j 2 is implementedas
B i;j 2 init followedby B i;j 2 wait . Supposeanyi;j 1 is a sendoperation,asthebarrierand
sendoperateon differentMPI objects(i.e. rend andreqs respectively), theB i;j 2 wait
needsnot to wait for thecompletionof thesend.Hencethefollowing sequenceis possible,
implying thatsendi;j 1 (: : :) � B i;j 2 is false.

sendi;j 1 starts< B i;j 2 init < B i;j 2 wait < sendi;j 1 completes


