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Abstract

TheCramerRaoerrorboundprovidesafundamentalimit onthe expectedoerformancef

astatisticalestimator Theerrorbounddepend®nthegenerapropertieof thesystemput

notonthespecificpropertieof the estimatoror thesolution. The CramefRaoerrorbound
hasbeenappliedto scalar andvectorvaluedestimatorsandrecentlyto parametricshape
estimators. However, nonparametriclow-level surfacerepresentationare an important
importanttool in 3D reconstructionandare particularly usefulfor representinggomplex

sceneswith arbitrary shapesandtopologies. This paperpresentsa generalizatiorof the
CramerRao error boundto nonparametricshapeestimators. Specifically we derive the
errorboundfor thefull 3D reconstructiorof scenegrom multiple rangeimages.



Chapter 1

Intr oduction

A confluenceof severaltechnologiedascreatednen opportunitiesfor reconstructingdD
modelsof complex objectsand scenes.More preciseand lessexpensye rangemeasure-
mentsystemscombinedwith bettercomputingcapabilitiesenableus to build, visualize,
andanalyze3D modelsof the world. The difficulty of reconstructingurfacesfrom range
imagesstemsfrom inadequacies the data.Rangemeasurementsresentseveral signifi-
cantproblems suchasmeasuremenioise,variationsin measuremerdensity occlusions,
anderrorsin theregistrationof multiple rangeimages.Hence,thereconstructesdurfaces
are not perfect,they are merely estimatesof the true surfaces. As the useof measured
3D modelsbecomesnorecommonplacetherewill be a greatemeedfor quantifyingthe
errorsassociatedvith thesemodels. For instance the useof 3D modelsin forensics,to
modelcrime scenegl], will invariablyraisethe question,"How muchcanwe trustthese
models??

Signal processingand estimationtheoryin particular provides a tool, the CramefrRao
errorbound(CRB), for quantifyingthe performancef statisticalestimatorsHowever, the

CRB hastraditionally beenappliedto parameterestimationproblems. Thatis, problems
in which the numberof parameteraindtheir relationshipto the physicalmeasurements

fixedandknown. In orderapplythesetoolsto surfacereconstructionywe mustfirst define
anotionof errorfor surfacesandthenadaptthesetoolsto a 3D geometricsetting.

Theanalysisof reconstructiorerrorsdepend®nthesurfacerepresentatiorf-or thisdiscus-
sionwe divide thespaceof surfacemodelsinto two classesparametri@andnonparametric.
Parametrianodelsarethosethatrepresenshapesndirectly via afinite setof variableghat
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controlthelocal or global position of the surface. Parametricmodelsrangefrom simple
primitivesthathave a few parameterso more complicatedalgebraicpolynomialsurfaces
andpiecavise smoothmodels suchassplines.Parametricapproacheareparticularlywell

suitedto higherlevel taskssuchasobjectrecognition. In the contect of estimation,the
numberof parameterandtheir relationshipto the shapds not usuallyconsideredisaran-
domvariable.Therefore parametrianodelsrestrictthe solutionto the spaceof shapeghat
arespannedy theassociategarameters.

The alternatve is a nonpamametricmodel,which, for the purposef this paper refersto
thoserepresentationis which the positionof any pointonthesurfaceis controlleddirectly
andis independen(to within afinite resolution)from the positionsof otherpointson the
surface.Accordingto this definition, surfacemeshesyolumes,andlevel setsareexamples
of nonparametrishaperepresentationgNonparametrienodelstypically have mary more
free parameterge.g. eachsurfacepoint, their number andtheir configuration)andthey
represent muchbroaderclassof shapes.However, nonparametrienodelsimposeother
limitations suchasfinite resolutionand,in the caseof implicit models,closedboundaries.
Neverthelessthe literaturehasshavn that nonparametrienodelsare preferredwhenre-
constructingsurfacesof comple< objectsor sceneswith arbitrarily topologyandvery little
a-priori knowledgeaboutshapg2, 3, 4, 5]. This paperintroducesa novel formulationfor
computingexpectederrorsof nonparametrisurfaceestimateaising point-wise Cramer
Raobounds.

Therestof this reportis organizedasfollows. Chapter2 discusseselatedwork, Chapter3
summarizeshe maximumlik elihoodnonparametrisurfaceestimationprocessandChap-
ter 4 derivesa CRB for nonparametrisurface estimatorsand givesresultsfor synthetic
data. Chapter5 presentsesultsfor real data. Chapter6 summarizeshe contritutionsof
this paperanddiscussegpossibilitiesfor futureresearcldirections.



Chapter 2

Related Work

The CRB statesthe minimum achiezable error for an estimatoy and therefore,provides
fundamentalimits on the performanceof ary estimationprocess.The expressiorfor the

CRB s independenof the specificform of the estimator;it dependonly on the statistics
of the input measurementand the bias of the estimator Moreover, for asymptotically
efficient estimatorssuchasthe maximumlik elihoodestimator(MLE), the CRB is atight

lowerbound,i.e. for MLEs the CRB is achiezable. Thus,the CRB quantifiesthe expected
error of the outputof anestimationprocessn the absencef groundtruth. In the context

of surfacereconstructionit providesawell-founded systematieanechanisnior computing
theerrorof areconstructedurface.

Researcherbave extensvely usedCRBsfor problemswherethe estimatoris relatively
simple, suchas scalaror vector quantities. For instance parametelestimationto deter
minethelocation,sizeandorientationof atargethasbeenstudiedusingCRB analysig6].
More recently severalauthorshave derived CRB expressiongor parametricshapeestima-
tors. Hero etal. [7] computethe CRB for B-spline parameter®sf starshapesestimated
from magneticresonancemagery Ye etal. [8] computethe CRB for more general
parametricshapeestimators.Confidencentervals for shapeestimatorscanbe computed
usingCRBs[9], which providesanimportantcomputationaddvantageoverusinga Monte-
Carlo simulation[10]. However, theseresultsapply only to parametricshapeestimators.
Thegoalof this paperis to fill angapin 3D surfacereconstructiorby deriving the CRB for
nonparametricshapeestimatorsandexpressinghe errorin termsof a statisticalmodel of
ascannindaserrangefinder.



Chapter 3

Maximum Lik elihood Surface
Reconstruction

Thischapterdescribes particularfformulationfor anonparametrid/ILE surfaceestimator
Theresultsin this paperestablisraboundthatappliesto any nonparametrisurfaceestima-
tor. However, theseresultsprovide atight boundfor MLE estimatorsandthe formulation
for the MLE estimatorintroducessomebasicconceptghatareimportantfor the CRB.

We beagin by describinga mathematicamodelof arangeimage.A rangefinderis adevice
thatmeasureslistancego the closestpoint on anobjectalonga particularline of sight A
range scannemproducesa 2D array(image)of rangemeasurements ;, throughascanning
mechanisnthataimstheline of sightaccordingly seeFigure3.1. Thereforeeachelement
or pixel of arangeimageconsistsof two things: aline of sightanda rangemeasurement,
which togetherdescribea 3D point. We denotea singlerangeimageRY) anda collection
of rangeimagestakenfrom differentscannetocationsas{ R, ..., R},

The objector scenealsorequiresa precisespecification.We definethe surfaceS asthe
closureof acompactsubsebf 3D, 2. Thus,S is the“skin” thatcoversthe solid (2.

Therangemeasurementarerandomvariables but if we know the sensormodel,we can
computethe probability of a particular set of rangeimage conditionalon the sceneas
P (RW, ..., RM)|S). Thisis thelikelihood An MLE estimatoris definedas

S = argsup P (R(l), veny R(M)\S). (3.1)
s

Any estimatorthat minimizesthe likelihoodis asymtoticallyefficient andunbiased.That
4
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Figure3.1: A rangefinder producesa denserangemapof ascene.

is, asthe numberof measurementgoesto infinity, the estimatoris correcton the average
andis asgoodasary otherunbiasecdestimator

Whitaker [5] shows thatthe maximumlik elihoodestimatorof sucha collectionof range
imagescanbe computedasthe setof zerocrossingof scalarfunctionG(x). Thatis

S={xeR?| G(x) =0}, (3.2)

Curlesq3] usesa similarimplicit formulationto reconstrucsurfacesfrom multiple range
scans.

For the MLE formulationG(z) is
G(x) =) h(D;(x)), (3.3)

whereD;(x) is thedistancefrom the j’th scannetocationto thepointx € IR?, andh is the
derivative of the logarithmof the pdf for the rangemeasuremergrror model. The model
assumeghat the rangemeasurementwithin a single scanare sufficiently closeandare
suitablefor interpolation. Notice thatif the sensomodelis Gaussiarh is linear. Certain
classe®f rangemeasurementspuchasladar have beenshonvn to have noisecharacteristics
thatcanbedescribecasGaussiamwith outliers[11].



Chapter 4

Cramer-Rao Err or Bounds

Theonly descriptionof the surfaceofferedby nonparametriestimators(3.2),is the setof
pointsx in 3D thatlie onthesurface.Thereforewe formulatetheerrorasa separatéound
for eachsurfacepoint. Errorson pointsaredirectional,but without any correspondence
betweerthe estimateandthetrue surface,the only importantaspecof theerroris how far
eachpointis from thenearespointontheactualsurface.Givenapoint %, we cancompute
theCRBasFE [||x — S||?/S], where||x — S|| denoteshe shortestEuclideandistancebe-
tweenx andS, theactualsurface,and E denoteghe expectedvaluefor all possiblex. The
local errorboundgivesus a mapof errorsover the entiresurfaceestimate.Thisis amore
usefulandgenerakesultthanaglobalerrorbound.

Let n bethe numberof scannergrangeimages)to which the point x is visible. Eachof
the n scannershiasoneline of sight, L, associateavith %. This is the vectorfrom the
scannefocationto %. Let r() denotetherangemeasuremerfor thei’th scannetakenfor
the line of sight L. In principle, % is a function only of the setr("), ..., #™, Usingthe
CramerRaoerrorboundformulafor unbiasedestimatorg12], we find

B> L . (4.1)

N dP(r®)|s) 2
E:’L:I fo < ds ) P(r(li)|s) dr®

In therestof this paperwe useE to denoteF [||x — S||?/S]. Equation(4.1)is afunctionof

thederiative of the pdf with respecto S. To computethis derivative, we usealocal first-

orderapproximatiorto thesurface,i.e. thetangenplane.Let N denotethe surfacenormal

vector whichis perpendiculato thetangentplane. Then,perturbationf the surfacecan

belocally approximatedy moving thetangenplanealongthe normaldirectiondS = eN,

seeFigure4.1(a). Let 6% denotethe anglebetweenN and —L®. Also, let r{"’ denote
6
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Figure4.1: (a) The relationshipbetweerperturbation®of the surfaceandits true distance
from thescanner(b) The 2D geometryof line of sighterror.

the true distancefrom the scannetto the surfacealongL®). The geometricrelationship
betweerthe surfaceperturbatiore andthe changen the true distancefrom the scanneto
thesurface,seeFigure4.1(a),dictates

€

Arl) = — 4.2
"t cos 0 (4.2)
Usingthisrelationshipwe obtain
dP(r8)  P(r®|S+eN)—-P(r?]S)
————~ =lim
dS €e—0 €
P(r® |7“ +ArP)—p r(i)|r(i)
I Gl el Gl
e—=0 €
) (z)‘r(z)_,_Ar(z) (¢)|T(z)
llmAT(i)ﬁo ( (3 ( )
B cos 6 Z)
()
S . 4.3)
cos H() dr?
Substitutingthis resultinto (4.1)yields
1
E> — : (4.4)

n . dP r(i)|'r(l) .
D i1 S€C 90)1‘000( (dv‘gi)t )> P(mﬁ\ré“) o

The next stepis to formulatethe conditionalpdf for rangemeasurementsTherearetwo
possiblesourceof errorin eachrangemeasurement:



e theangularerrorin aimingtheline of sight,and

e theerrorin thedistancemeasuremerdlongtheactualline of sight.

Theuncertaintyin the line-of-sightcanbe usedto describeseveral sourcesof error. First,

the scannemeasuresangealonga discretegrid of line-of-sights,andtherefore,it intro-

ducesa samplingerror. Moreover, given an intendedline-of-sight on the discretegrid,

thereis anerrorin aimingtherangefinder We will referto this discrepang betweenthe

intendedandthe actualline of sightsaspointing error. Finally, whenestimatingsurfaces
from multiple rangeimageserroris introducedby imperfectionan theregistrationof the

differentrangeimagesto eachothet

For mostrangescannerssuchasLadar, the pointingerroris small comparedo the error
in the distancemeasurementHence, it is commonto assumea perfectly aimedline of
sight, to simplify the formulationof the conditionalpdf. In this case,P (r()|S) depends
only onthetruedistancefrom thei’th scanneto S alongthevectorL(®). We canassumea
Gaussiardistribution for the noisein the distancemeasuremerid], andtherefore

P(r9Is) = P (r(i)‘rt(i)) ~ N (D, 52). (4.5)

Usingresultsfor Gaussiarpdf's from [12], we find that

dP(r®O OV 1
/ r .‘)” ) ——dr) = o (4.6)
(@) dr;’ P(r®|r,")

Substitutingthis resultinto (4.4),we get

1 o2
B> S = T 4.7
— 3 1/oZcos0® 3 sec @) (4.7)

This resultstatesthatif ary of the n scannerdave a line of sight thatis perpendicular
to the normalvectorat x (¥ = 0), the error boundfor that point is zero. Figure4.2
demonstratethis resultwith a sphere We computethe CRB for estimatinga surfacefrom
six noisyrangeimagesof a spherewith unit radiustakenalongthesix cardinaldirections.
Figure 4.2 showns the CRB asa colormapon the surface; the units are the radiusof the
sphere. The scannersare locatedon the axis alongthe purple regions on the estimator
As predictedby (4.7) theseare the regions of highestexpectederror The red regions,
wherethe CRB s 0, form six circleson the sphere.Thesecirclesarethe silhouettesf the
sphereasseenfrom the scanneillocations. Therefore,accordingto this incompleteCRB
derwation, it shouldbe possibleto determinethe locationof arny desiredpoint exactly by



Figure4.2: [Color]The incompleteCRB shavn asa colormapon the sphere and (b) the
color mapfor the CRB. Theradiusof the spheres 1 unit.

repositioningthe scanner This countefintuitive resultis dueto ignoringthe angularerror
in theline of sight. In practice this erroris non-zeroandwe cannot determineary point
on anobjecterrorfree. We derive a completeconditionalpdf andCRB in the restof this
section.

4.1 Error boundin 2D

We canderiveanaccurateonditionalpdf for therangemeasurement wetake thepointing
errorin the line of sightinto account. Let us first examinethe simpler 2D case,where
Q c IR? andS is acurve. Thevectorfrom thei’th scanneto x on the surfaceestimatoy
L®, is now theintendedine of sight. Figure4.1(b)illustratesL (o)) anda which represent
theactualline of sight(randomvariableA) andtheangleit makeswith theintendedine of
sight,respectrely. We assumehatthe pdf for o is a Gaussiawith zeromean(thereis no
constanbffseterrorin aimingthescannerpndo, standardleviation

P(a) ~ N(0,02). (4.8)

Giventhis actualline of sight,we assume Gaussiaristribution for thedistancemeasure-
ment(randomvariableB)

P (rL(a),8) = P (rr(a)) ~ N(r(a),0?), (4.9)

wherer(«) is theactualdistanceto the surfaceS alongL(«). RandomvariablesA andB
areindependentthereforetheirjoint probabilityis the productof (4.8)and(4.9). Integrat-



ing this joint probability over the domainof o, we computethe marginal distribution

P (r?(8) = / p (r?|L(),S) P(a)da. (4.10)

-

To evaluatethis probability, we still needto determinethe expressiorfor r(«) in (4.9).

Without loss of generality definethe scannerocation and L® to be the origin of the

coordinateframeandthe y-axis respectiely. Then,we have L(«) = (:23) andN =

inf@
((S:;I;Z(i)> , seeFigure4.1(b). Usingthe equationfor thetangentine

(r(@)1(@) - rLO) -N =0, (4.12)

thedistancer(«) canbefoundas

5 LO.N
r(a) = r,g)iL(a).N

@) cos O

-7 cos a cos 8 — sin asin A

) cos A
cos 0 — o sin A1)
(1 + atang?) (4.13)

~
~

(4.12)

7
i
7
~

Equation(4.12) follows from the factthat o is very small, andthereforesin o ~ « and
cosa ~ 1. Equation(4.13)is obtainedusinga first order Taylor seriesapproximatiornto
(4.12)aroundo = 0.

Let usputtogetherequationg4.8-4.10)and(4.13)to evaluateP (r()|S)

(9= (140 1an0®))*

* 1 : 1 e
e 207 e 22ada. 4.14
/oo V2o, V2mo, ( )

We canchangeherangeof integrationfrom (—x, 7) in (4.10)to (—oo, oo) above because
o, < m, andhenceP(a) ~ 0 for |a| > =. Then,usingthe changeof variablesy =

ri? tan 0®) a, theabove integral canbe rewritten as

o 1 (9P w2
e 27 e 267 dy, 4.15
/_oo V2mo, V2maol, Y ( )



where . .
ol = ry) tan 0% g,. (4.16)

Equation(4.15)is in theform of convolution of two GaussiansConsequentlyprobability
theorystateghattheresultis the Gaussiampdf

P (1918) = P (rOr?,09) ~ N (7,02 + (0,)?) . (4.17)

For the purposesof differentiatingthis pdf with respecto rt(i), we ignorethe dependence
of g/ on rt(”. Hencethederivation(4.3)alsoapplieshere.Usingresultsfor Gaussiampdf’'s

from [12], we find that

. i i 2
/ aPeOr 00N 1 (o)2. (4.18)
() dr? / P(rO|r{?, g0) ' ’

Finally, usingtheseresultin (4.1)
1

: 2
o secf®)/ (o,? + (ng) tan H(i)GZL) )

1
_ 4.19
ST 1 (4.19)

E >

) ) i 2
cos (1) g2 +sin §() (r?) a{,)

Note that, provided o? # 0 ando? # 0, which is alwaysthe casefor a real rangefinder,
(4.19)is neverO.

4.2 Error boundin 3D

The3D casdliffersfrom the2D becaus¢herearetwo anglesof deviationin theline of sight
thatwe needto consider;however, we showv thatonly one of theseanglesmatterandthe
3D casecanbereducedo the 2D case.Considerthe geometryillustratedin Figure4.3(a).
Without lossof generality definethe scannetocationandL(® (theintendedine of sight)
to be the origin of the coordinateframe andthe z-axis respectiely. The surfacecanbe
locally approximatedy its tangentplanedefinedby the surfacenormalvectorN. Using
N, definethefollowing unit vectors:

v=Nxz andu=v X z, (4.20)

wherez is the unit vectorin the directionof the z-axis and“ x” denoteghe vectorcross
product. Theunit vectorsu, v andz defineanorthonormalkoordinatdrame.
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Figure4.3: (a) The3D geometryof line of sighterror, (b) theu-v-zcoordinaterame.

Thetwo anglesof deviation for theline of sightcanbe definedasrotationsof theintended
line of sightaroundary pair of orthogonalair of vectorsin the planeperpendiculato the
z-axis Withoutlossof generalitywe chooseheanglesof deviation o and to berotations
aroundthe v andu axes,respectrely, asshovn in Figure4.3(b). Therandomvariablesx
andg areindependenandidenticallydistributedwith the pdf A/ (0, 02). Theintendedine

of sightisL® = (0 0 1)T in the u-v-zcoordinateframe. The actuallines of sightcan
beexpressedn theu-v-zcoordinatdrameas

1 sin o
L(a,8) = sin 8
(@5) Vsinfa+sin?f+1 | 4
1 o}
r ———— | 8], (4.21)
/a2+ﬂ2+1 1

wherewe have usedthe smallangleapproximatiorsin o ~ a andsin g =~ 5. We canalso
expressthe surfacenormalin thesamecoordinatdrame. By definition, N - L) = N .z =
—cosf®, N -v =N- (N x z) = 0and||N|| = 1, therefore,

sin A
N = 0

cos A1)

We canusethe equationfor thetangentplane,whichis the sameasequation(4.11)for the



tangentin 2D, to find thedistancer(a, 3)

_ @ LO-N
T'(O[,,B) = T L(Ck,ﬁ)N

yeos 0Dy /a? + B2 + 1

~

cos 0 — ovsin %)
' (1 + artan 8 (4.22)

(]
~ ?
~

|
|
Equation(4.22),whichis exactly thesameresultas(4.13)for 2D, followsfrom afirst order
Taylor seriesapproximatiorarounda. = 3 = 0. Hence the CramerRaobound(4.19)also

appliesto the3D case.



Chapter 5

Resultsand Discussion

Figure 5.1 shows the resultsof the experimentfrom Figure 4.2 with the completeCRB
formulation(4.19),whichincludesangularerror. As expectedhe CRB doesnotgoto zero
alongocclusionboundariesThisis in contrasto theincompleteCRB formulation,which
predictsa zeroerrorboundfor the silhouetteof asphere.

As analternatve to the CRB resultsin this paper considerthe methodof computingerror
measure®n simple scalarestimatorswhich averagesall measurements-or suchan es-
timatorto betheerror E > ¢?/n, wheren is the numberof measurementando? is the
varianceof any onemeasurementAn naive applicationof this schemeto surfacerecon-
structionwould producean error measurdahat dependeanly on the numberof scanners
thatarevisible from ary particularsurfacepoint. Unlike the CRB derived in this paper
this trivial resultdoesnot take the sensoimodelgeometryinto accountandis not correct.
In Figure 5.1, the CRB is highest(purple-blue)in regions seenby a single scannerand
lowest(yellow) in regionsseenby threescannersHowever, the CRB variessignificantly
within theseregionswhich cannot be predictedby the trivial approachthatdiscountshe
sensommodelgeometry

Next, we computean actualestimatorusing a level-setsurfacerepresentatiofs]. Fig-

ure 5.1(b) shaws a close-upview of the CRB colormappedn to this actualestimator If

we considettheroughnessf theestimatedurfaceasa subjectveindicatorof error, we ob-

senethattheactualestimatiorerrorsareapproximatelyproportionalto theerrorpredicted
by the CRB. In otherwords,the estimators indeedmorenoisyin blue-purpleregionsof

the CRB comparedo theyellow regions.

Finally, we demonstratehe importanceof error boundsin a real surfacereconstruction
14
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Figure5.1: [Color](a) The CRB colormappedn the sphere,(b) a close-upview of the
CRB shawvn on aninstanceof the estimatoyand(c) the color mapfor the CRB. Theradius
of thespherds 1 unit.
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Figure5.2: [Color] MLE reconstructiorirom (a) 4 rangeimages(b) 12 rangeimagesand
(c) CRBcolorbar Theunitsof the CRB is in millimeters(mm). Thediameterof the barrel
in the scends approximately500 mm. Theblackregionshave infinite CRB; thesearethe
pointsnot seerby ary scanner



problem. Figure5.2 illustratesthe CRBscomputedor reconstruction®f an office scene.
Twelve rangeimagesweretaken andregisteredwith the methodsdescribedn [14]. Then
usinga level setrepresentationye reconstruce surfacemodel[5]. In thefirst reconstruc-
tion, we useonly 4 out of the12 rangeimages.Theocclusionshadevs of thebarrelandthe
chairareobsenedasthe blackregionson thereconstructedurfacein Figure5.2(a).Very
high CRB values(purple) are also obsened at variouslocationsincluding the top of the
desk,andon the bookshelesdueto the occlusionsof objectsplacedonit. Unlike the oc-
clusionshadavs of the chairandthe barrel,theseartifactsarenotimmediatelyobsenable
from thereconstructedurface. Hence the CRB imagebringsout usefulinformationthat
canbe usedto choosefurther scanningocations.In the secondreconstructionye useall
12 rangeimages.Overall, the averageCRB is lower asexpectedandtherearemuchfewer
occludedregions.However, noticethatcertainpartsof the deskandbookshelesstill have
infinite CRB values(black),indicatingthatthesepartsareoccludedn all 12 rangeimages.
This resultcanbe usedto add anotherrangeimagefrom a scanneilocationthat cansee
theseparts. Or alternatvely, it caninform users(or somesubsequenprocessinghot to
trustthe surfaceestimaten theseocations.



Chapter 6

Conclusion

This papershaws the derivation of a systematicerror measurgor nonparametrisurface
reconstructiorthatusesthe CramerRaobound. The CRB is atight lower error boundfor

unbiasecdestimatorsuchasthe maximumlik elihood.However, therearesomelimitations
in this formulation. We have assumecaho knowledgeof surfaceshapeotherthanthatgiven
by the measurementsHowever, in practiceshapereconstructioroften includessomea-
priori knowledgeaboutsurfaceshape suchassmoothnessThe inclusionof suchpriors
correspondgo a maximumposterioriestimationprocess. The currentformulation still

givesmeaningfulresults—ittells usto whatextenta particularestimatas warrantedy the
data. Thatis, it givesus someideaof the relatve weighting of the dataandthe prior at
ead point on the surface. Futurework will include a study of how to incorporatepriors
andestimatoibiasinto theseerrorbounds.
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