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ABSTRACT

Thestudyandunderstandingof molecules,oncethedomain
of blackboardsandstick-and-ballmodels,hasbecomemoreand
moreexclusively linked to theuseof computer-aidedvisualiza-
tions.Ourprojectseeksto returnthephysicalfacsimileto thebi-
ologists,allowing theuseof tactilesenseswhile interactingwith
andmanipulatinga physicalmodel,thusaidingeducationaland
researchendeavors. To increasetheeffectivenessof sucha tool,
themodelis constructedsuchthatmultiple levelsof information
areviewablewithin thesinglephysicalform, stressingtheinter-
actionbetweentheassortedcomponentswithin themolecule.We
usetheterm3-D physicalvisualizationsto referto thefabricated
model,to avoid confusionwith thecommonusageof modelasa
virtual representationon thecomputer.

To effectively combinemultiple componentsinto a smooth
manufacturablephysical visualization, all componentsof the
modelmustbein ahomogeneousformat.Ourresearchsetsforth
a methodfor convertingtriangulatedmeshdata,asprovidedby
the molecularmodelingpackages,into spline models. Spline
modelshave theattractivequalitiesthatthey aresmoothwithout
triangularfacets,canbecombinedusingtraditionalbooleanop-
erations(and,or, not),andcanbedirectly fabricatedusingmod-
ern CAD/CAM techniques.Our methoddividesthe polyhedral
representationinto multiple rectangulargrids, then�ts interpo-
latory splinesurfacesto thedatain eachregion, while focusing

Figure 1. A physical representation of a protein subunit of a hemoglobin.

The model, fabricated using the developed system, shows a peptide chain

colored based amino acids snaking through a clear plastic representing

the associated molecular surface.

on smoothlystitching the boundariesandcornersof the spline
surfacesin orderto createa nearG1 continuousmodel.
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Figure 2. Illustration of the conversion pipeline of a molecular triangular mesh into a spline model. The system consists of the following steps: (a) the

input triangular mesh has connectivity equivalent to the nth subdivision level of an icosahedron, (b) the data is segmented into 10 rectangular data grids,

(c) tangents are �t across adjacent boundaries of each grid, (d) tangents and twists are computed to smoothly stitch each corner region, and (e) complete

spline interpolation creates spline surfaces from the collected data. (f) Boolean operations combine two spline models to form a solid model during the

fabrication process.

INTRODUCTION
The historic stick-and-ballmolecularmodel was advanta-

geousbecauseit enabledscientiststo usemultiple sensesto un-
derstandandreasonabouttheir data.Unfortunately, thesephys-
ical modelshave becomeinadequategiven the complexity of
modernstructuralbiology, wheremultiple layersof information
areembeddedwithin the molecularstructure. Our work seeks
to addresstheseconcernsby combiningmultipleelementsinto a
singlerealizablephysicalmodel.Wewill henceforthtermsucha
modela 3-D physicalvisualization, reservingthetermmodelto
referto avirtual computermodel.

Computergraphicsand immersive environmentshave be-
come the standardmethod for investigatingand visualizing
molecules.Recentlystructuralmolecularbiologistshavecollab-
oratedwith computerscientiststo manufactureinterestingphys-
ical visualizations. Unlike virtual models,theseconcretecon-
structionsallow the addedunderstandinggiven by sensoryand
tactilefeedback,aswell asabetterunderstandingof the3D rela-
tionshipsbetweenmolecules.

The conceptof the 3D physicalvisualizationis shown in
Figure1. Here, two elementsare incorporatedwithin the con-
structedmolecule;the molecule's backboneandthe associated
molecularsurface. The protein backboneprotrudesfrom the
molecularsurfacein multiple locations(basedon thedegreeof
the sphericalharmonicusedto approximatethe molecularsur-
face),thusbecomingpartof thede�ning surfaceof themolecule.
Both the backboneand the surfacegeometryare necessaryto
theunderstandingof themolecules'function. Consequently, we
seektocombinethesetwo elementsin thefabricationin amanner
that facilitatesscientists'understandingof the molecularfunc-
tion.

Thebackboneandmolecularsurfacearerepresentedin het-
erogeneousformats. Themolecularsurfaceis storedasa trian-

gularmesh,producedby thesamplingmethodsof themolecular
visualizationsystem[1] [2] [3]. Theproteinstrandis represented
asa splinemodel,formedby a circular tubesweptthroughthe
centerof thekey de�ning atoms.While computervisualizations
cancombinedisparatedatasets,manufacturabilityis improved
by higherlevel representationssuchassplinesurfaces.

In this paper, we de�ne a systemthat convertsa triangu-
lar molecularmeshinto a splinemodel. The methodsmaintain
an accuraterepresentationof the original databy constraining
the spline model to interpolatethe verticesof the input trian-
gular mesh. The new modelhastwo main advantagesover the
meshrepresentation.First, the continuity of the splinesmore
accuratelycapturesthesmooth�o w of themolecularsurface,re-
moving theplanarartifactsinherentin triangularrepresentations.
Second,splinesareconducive to performingthe booleanoper-
ationswhich are neededto combinethe surfaceandbackbone
elementsin modernCAD systems.Theseoperationsform solid
modelsfrom two components,from which a split away mold is
createdby dividing themodelinto two halves.

For example, the StratasysFused Deposition Modeling
RapidPrototypingMachineis usedto constructa physicalform
from a solid modelof a molecularsurfacecombinedwith its as-
sociatedprotrudingproteinstrand.A �e xible split away mold is
createdfrom thephysicalvisualization.Meanwhile,theprotein
backboneis separatelyproducedin opaqueplasticsusingtheZ-
corp 3D color printer. By placingthe realizedbackbonein the
mold and injecting a clear plastic, a 3D physicalvisualization
of thehemoglobin,theconstructedproteinstrandandmolecular
surfaceshown in Figure1, is achieved.

Our algorithmcreatesa nearG1 continuousmodelby de-
composingthe input meshinto ten spline surfaces,as seenin
Figure2. Thesplinesarede�ned to maintainC2 continuityover
the interior pointsof eachspline surface. The boundariesand
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cornersrequirespecialconsiderationsto ensuresmoothness.The
key to our algorithmis its ability to minimize the ridgesalong
theseboundaries,thusgeneratingsmoothsplinemodels,while
utilizing conventionalcompletespline interpolationtechniques
to �t thesurfacedata.

System Overview
Figure 2 illustratesthe pipeline developedfor the conver-

sionprocess.Thepipelineinput is a triangularmeshthatis topo-
logically equivalent to an icosahedron.The mesh's connectiv-
ity is thebyproductof samplingtechniquesusedto obtainsome
moleculardata, including the modelsthat motivate this work.
The trianglesof the input mesharemappedto the 20 facesof
anicosahedron.

The systemunrolls and pairs the 20 facesof the icosahe-
dron,forming10 rectanglesthatde�ne thedatagrid for eachbi-
cubic surface. Eachrectangulardatagrid is extractedby walk-
ing the verticesof the triangleswithin the pairedfaces. Next,
cross-boundarytangentsareestimatedacrossall edgesof adja-
centgrids. The systemthencomputesa con�guration of cross-
boundarytangentsandtwists for eachcorner, whereeither3 or
5 surfacesmeet,to minimize G1 discontinuities.Conventional
completesplineinterpolationmethodscreatethe�nal splinesur-
facesfrom thecollecteddatagridsandtangentialboundaryvec-
tors.

The remainderof the paperis organizedas follows. The
previouswork sectionsummarizessimilarefforts in surfacesub-
division,spline�tting, andcornerstitching.Theimplementation
sectionfurther describesthe details,methods,and motivations
of thepipelinehighlightedby this section.Analysisof thecon-
versionprocessresultsand the mathematicalpropertiesof the
cornercon�gurationis presentedin thecasestudiessection.The
lastsectionprovidesconcludingremarks,reportingtheresultsof
theconversionprocess,aswell asstressingtheimportanceof the
issuesaddressedby this work.

PREVIOUS WORK
Many researchtopicsexert efforts in solvingmeshsmooth-

ing to betterde�ne a model. The mostpopulartechniquesuti-
lize subdivisionsurfaces.Catmull-Clark[4], Doo-Sabin[5], and
Loop [6] schemeseachdevelop re�nement methodsto recur-
sively de�ne new smoothermeshes. Stencilsweight existing
information in order to computethe locationsof new vertices,
edgesandfaces.Subdivisionschemesproducesmoothsurfaces,
which, in their limit areequivalentto a splinesurfaceof a given
degree. Thesere�ned meshesadd smoothdetail betweenthe
known data; however, they fail to interpolatethe original ver-
tices as eachrecursive stepshrinksthe model. Thus, suchan
implementationwill not maintainan accuraterepresentationof
theinput moleculardata.

Algorithmsdesignedto �t surfacesto point clouddatasets
addresssimilar smoothinganddatainterpolationconsiderations.
Xie et al. [7] createC1 modelsby growing a surfaceover the
dataset.Theprioritizedexpansion�ts quadricsto thelocal data
pointsalongthefrontierof thegrowingsurface,furtheraddingto
theknown surface.Therecentefforts of Chenget al. [8] present
an iterative methodto �t a Loop subdivision surfaceto an un-
organizedpoint cloud. The de�ned surfaceconvergestoward
the original databy optimizing a de�ned squaredistancemini-
mizationmethod. Similarly Hoppeet al. [9] �t Loop subdivi-
sionsurfacesto scattereddata,focusingon constructingsmooth
piecewisesurfaces.Hoppealsopresentsmodi�cationsto Loop's
subdivision rulesin orderto modelsharpfeatures.Thequadric
surfacesand triangular meshesclosely approximatethe input
datawithoutthemodelvolumereductionof subdivisionsurfaces.
However, thesemethodsdo not provide the meansto combine,
within themodel,distinctsetsof moleculardata.

Alternatively, multiple non-uniform B-spline surfaces
(NURBS)maybeusedto de�ne complex models.Thesurfaces
are stitchedtogetherin order to match the tangentialproper-
ties acrosssharedboundaries.Geometricmodelingtexts, such
as[10], describeinterpolationtechniquesthat leveragetangen-
tial informationwhile de�ning splinesurfaces.NURBSmaybe
computedsuchthatthey exactly interpolateasetof dataandpro-
duceseamlessmodels.

Someeffortsrecognizetheseadvantagesandfocusonde�n-
ing splinesto modelinput data.KrishnamurthyandLevoy [11]
describean interactive algorithm, allowing a user to paint the
boundariesfor splinesurfaceson the input mesh. They �t the
splinesto the user-partitioneddatawith a leastsquareapprox-
imation to a grid of re-sampleddata. While this methodrep-
resentsa modelwith splinesurfaces,exact interpolationis not
guaranteed,andinter-surfacecontinuityis notconsidered.Addi-
tionally, leveragingtheinherentnatureof our input data,we are
ableto removethetime intensive requirementof userinteractiv-
ity by automatingdatasegmentation.

Other techniquesalso createspline models. Grimm et al.
[12] producemanifoldsurfacesof medicaldataby leveraginga
userproducedgeneratorpolyhedron.Theuserinput aidsin the
calculationof multiple splinesurfacesthatare�t to theoriginal
data.This work handlesinter-surfacecontinuityby overlapping
boundaries.Loop[13] �ts aG1 continuoussurfaceof anirregular
meshby utilizing quad-netsto generatesmoothsplinesurfaces.
Thesemethodsproducenumeroussplinesurfacesto model the
originaldata.In orderto avoid heavy computationswith boolean
operationsto form thesolidmodels,ourapproachlimits thenum-
berof splinesurfacesusedto describethemodel.

In a relatedwork, Livingston [14] explores inter-surface
continuitywhenstitchingtheregionswherethreesplinesurfaces
meet.His work modi�es thelocationof thecornerpoint to pro-
ducesmootherresults. Our problemprohibits the freedomto
move thecornerpoint, requiringthat theendmodelinterpolates
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theoriginaldataset.

We de�ne a methodto best approximatethe information
neededto computecompletespline interpolation [10]. The
systemcreatesinterpolatoryspline surfaces,thus maintaining
theoriginal datawhile creatinghomogeneousworking environ-
ments. Additionally, the algorithm describedfocuseson pro-
ducingnearG1 inter-surfacecontinuity, smoothlystitching the
boundaryacrossadjacentsplinesurfaces.

IMPLEMENTATION

Molecularmodelsaresmoothby naturewithout ridgelines
or creaseson their surface. Whenconvertinga triangularmesh
into aparametricsplinemodel,obtainingthis smoothnessacross
adjacentspline surfacesmay becomea major challenge. It is
impossibleto specifyequivalentcross-boundarytangents,with-
out introducinga singularityon oneof thesurfaces,at a corner
formedby anoddnumberof splinesurfaces.Thefollowing sec-
tion describesthe pipeline in Figure2, explaining our method
to stitchadjacentsurfaceswherethis challengeis an issue.The
systemlimits potentialG1 discontinuitiesto cornerregionsand
employsa novel techniqueto minimizesuchridges.

The systemrequiresthe input triangular meshto have a
known connectivity. This assumptionallows our methodsto fo-
cuson achieving inter-surfacecontinuity insteadof the tangen-
tial challengeof datasegmentation.Theconnectivity of theinput
datais dictatedby thesamplingtechniquesof themolecularvi-
sualizationsystemusedto generatethe molecularmeshesthat
motivateour work.

In particular, themoleculardatais sampledandrepresented
as a meshwith connectivity equivalent to the nth subdivision
level of an icosahedron[15]. The mesh's trianglesare recur-
sively groupedforming parenttriangles,until all the triangles
aremappedto theoriginal 20 facesof anicosahedron.These20
trianglesarepairedforming 10 rectangles,asshown in Figure
2, suchthat no T-junctionsoccuron theon theboundaryedges
andevery triangleis pairedonceandonly once.After thedatais
segmented,themesh'sverticesaremarched,extractingtherows
andcolumnsfor eachof the10 rectangulardatagrids.

Non-uniformopencubicB-splinesurfacescanbecomputed
to interpolatethesedatagrids usingcompletespline interpola-
tion [10]. Interpolationtechniquesrequirethat eachdatapoint
is assigneda parametervalue

�����

ui �

v j ���

pi j �

� , and that cross-
boundarytangentsareprovidedspecifyingtheboundarycondi-
tions. In our molecularmodel, eachdatapoint is sampledat
a regular interval, makingthe parameterassignmentsimply the
datapoints' row andcolumnwithin thegrid. Theremainderof
this sectiondetailsa methodto computetangents,assigningthe
boundaryconditionsfor the datagrids, to ensureinter-surface
smoothnessbetweenadjacentsplinesurfaces.

Figure 3. The points used to �t quadratic polynomials and evaluate

cross-boundary tangents along shared boundaries.

Cross-Boundar y Tangents
Frequently, completespline interpolationis performedto

createisolatedsplinesurfaces. In this case,the boundarycon-
ditionsarede�ned by �tting a quadraticcurvesto the�rst three
datapointsof eachcolumnandrow, computingincoming tan-
gents.Similarly, the �nal threedatapointsare�t to obtainout-
going tangents.Completespline interpolationreturnsa spline
surfacewith thecomputedtangentvectorsasits boundarycon-
ditions.

In orderfor two adjacentsurfaceto be continuous,equiva-
lentcross-boundarytangentsmustbeassignedalongtheirshared
edge,matchingcorrespondingincomingandoutgoingtangents.
Thesystemextendsthe isolatedsurfaceapproach,for the com-
putationof thecross-boundarytangents.Quadraticpolynomials
are�t acrosstheboundary,utilizing informationequallyfrom the
two surfaces.As shown in Figure3, the tangentis evaluatedat
thesharedpoint, thenthis vectoris assignedto bothsurfacesfor
their correspondingrow or column.

The �t considersthreepoints,
�

p � 1
�

p0
�

p1 � . Point p � 1 is
an interior point of the �rst datagrid, displacedby onelocation
from thesharedpoint. Point p0 is thesharedboundarypoint at
which the tangentis evaluated.Point p1 belongsto the second
datagrid andis an interior point alsodisplacedby onelocation
from the p0. Parametervalues,

�

u � 1 �

u0 �

u1 � , areassignedto the
3 points in the samemanneras they hadbeenassignedto the
datagrids, explainedpreviously. The curve's tangent,c�

�

t
�	�

2a2t 
 a1t, is evaluatedat t
�

u1, where,a2 �

p2 �

p0
u1 �

u
�

1
�

p1 �

p0
u0 �

u
�

1
u1 � u0

,

anda1 �

p1 � p0
u0 � u

�

1 �

a2
�

u0 
 u� 1 �

.

It is importantto allow eachsurfaceequalin�uence on the
cross-boundarytangent,asarbitrary tangents,or tangentseval-
uatedbasedonly on one side of the datagrid, may inject un-
dulationson the two surfaces. By �tting the curve acrossthe
boundary, theneighborhoodof thepoint, p0, is consideredfrom
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Figure 4. Illustration of the corner tangent and twist computation pipeline. (a) The neighborhood is extracted, (b) weighted least squares �ts a cubic

surface to the points and tangent vectors are computed on the surface along each boundary, (c) twists are computed by enforcing constraints that create

the illustrated regularity about the corner.

eitherside.Quadraticpolynomialsrequirea minimumof 3 data
points,thuseachinvolveddatagrid is givenequalin�uence over
thedirectionof thetangent.Consequentlythemethodproduces
tangentsthatminimizesundulationswithin theresultantsurfaces.

Corner Tangents and Twists
De�ning cross-boundarytangentsin this manneris capa-

ble of handlingall pointsalongtheboundaries,save the corner
points. It is impossibleto specify the cross-boundarytangents
at cornersformedby anoddnumberof splinesurfacessuchthat
theboundariesareC1 without producinga singularityon oneof
thesurfaces[14]. As a result,analgorithmis, atbest,capableof
achieving anearG1 continuousstitchingaroundsuchcorners.

Thedatasegmentationtechniquedescribedearlierproduces
two cornerscenariosvictim of this condition. The rectangular
grids form cornerswhereeither3 or 5 splinesurfaceswill meet
atacommonpoint. Thissubsectionoutlinesatechniqueto com-
putea con�guration of tangentsandtwists for eachsplinesur-
facesurroundingthecornerthatminimizesresultingcreases,or

G1 discontinuities.Thetwist is de�nedas ¶2s
¶u¶v whereu andv are

de�nedalongtheboundariesfor thesurface.While thefollowing
discussionappliesthealgorithmonly in thecontext of the3 sur-
facecorner, the techniqueis scalableto any numberof meeting
surfaces.In fact,it mustbescaledto the5 surfacecornercasein
orderto completetheconversionprocess.

Thesystemanalyzesthepropertiesof a cubicsurface,�t to
the cornerregion, in orderto estimatetangentandtwist values
thatwill smoothlystitchtheboundaries.First theneighborhood
of thecorneris extracted,asshown in Figure4a. After assign-
ing parametervaluesandweightsto thisdoublering of neighbor
points,a weightedleastsquarecubicsurfaceis �t to theregion.
The surface's equationis de�ned within

�

u
�

v
�

parameterspace
as,

s
�

a00 
 a10u 
 a01v 
 a20u2

 a11uv 
 a02v2


 a30u3

 a21u2v 
 a12uv2


 a03v3 �

(1)
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Thepartialderivatives, ¶s
¶u and ¶s

¶v evaluatedat s
�

0
�

0
�

, span
the tangentplanelocatedat theorigin. The tangentvectorsare
computedin thedirectionof eachboundaryedgeby multiplying
theparametervaluesfor thecorrespondingboundarypoint with
thecomputedpartialderivatives.

tangenti
�

ui �

vi � �

¶s
¶u

ui 


¶s
¶v

vi (2)

The systemevaluatesthe control points along eachboundary
equalto one-thirdthelengthof thecorrespondingtangentvalue.
Thevariables,a,b,c,d, ande, arecomputedcorrespondingto the
controlpointslocationson thetangentplane,asshown in Figure
4. The diagramin Figure4 illustratesthe

�

u
�

v
�

coordinatesof
eachcontrolpoint on thetangentplane,aswell asthevariables,
j,k, andl , whicharescalarvaluesthatcontrolthedistancealong
theboundarytangentof thecorrespondingtangentcontrolpoint.

After the control points for the tangentvalueshave been
computed,thecontrolpointsresponsiblefor thecorner's twists,
¶2s
¶u¶v , are evaluatedfor eachspline surface. Figure 4d depicts
the regularity conditionsenforcedon the twists' locations.The
midpointbetweeneachpair of twist controlpointsis thetangent
controlpoint for theboundarybetweenthem.Additionally, each
twist controlpoint lies on the line de�ned by the tangentvector
oppositeit. Furtherexplanationof themathematicalbene�ts of
this con�guration is explainedlater. The constraintsallow the
variablesillustratedin Figure4d to be de�ned in termsof j as
follows:

k
�

jad
be

�

cd �

(3)

l
�

jab
cd

�

be �

(4)

�

x1
�

y1
� �

� 2jabd
be

�

cd �

2jabe
be

�

cd � �

(5)

�

x2 �

y2 � �

�

0
�

�

2ja
� �

(6)

�

x3
�

y3
� �

� 2jabd
cd

�

be �

2jacd
cd

�

be� �

(7)

Figure 5. A comparison of the input triangular mesh with the converted

smooth spline model. The highlighted regions indicate boundaries with

potential non-smooth features.

where,j is setsuchthat j
�

k
�

l �

�

1 � 0, andmax
�

j
�

k
�

l
� �

1 � 0.
After computingthedesiredlocationsof theco-planartan-

gentandtwist controlpointsaroundacorner, thesystemconverts
thesevaluesto tangentandtwist vectorsfor eachsurface.Refer-
ring to Figure4d, tangentandtwist valuesfor eachsurfaceare
computedasfollows:

tangenti �

3
�

cpi
�

cp0 � �

(8)

twisti �

9
�

cpi � 1 
 cpi � 1
�

cpi
�

cp0 �

� (9)

This �nal portion of the algorithmproducesthe remaining
componentsrequiredfor completesplineinterpolation.By com-
positingeachcomputedsurface,theoriginal moleculeis recon-
structedas a smoothermodel, as illustrated in Figure 5. The
following sectionquanti�esthesmoothnessresults,analyzesthe
end surface,and provides further understandingof the mathe-
maticaldetailsof our cornersmoothingtechnique.

CASE STUDY
Thefollowing sectionanalyzesthecontinuityresultsof two

convertedmodels.The �rst modelis a low curvaturemolecule,
while thesecondis dominatedby areasof highcurvature,partic-
ularly at thecornerregions.Thecon�gurationof cross-boundary
tangents,by ouralgorithm,ensuresthatamajorityof thebound-
ariesare G1 continuous. Only the regionsof the �rst and last
knot interval for eachboundaryarenotguaranteedto besmooth.

The graphsof Figure6 plot the angledifferencesbetween
normalsof sharedpointsalongeachboundaryon their respected
models. Two splinesurfacesstitch togetherwith G1 continuity
wheretheir boundaryplot is equalto 0. The immediateimpres-
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Figure 6. The angles between normals at shared points along each

boundary on (a) the lower curvature model and (b) the high curvature

model.

sionof thegraphsis thattheonly regionof differences,asstated
earlier, is within the �rst andlastknot intervals,thehighlighted
regions from Figure 5. The graphsalso indicatethat the �rst
modelexperiencesbetterresultsthanthesecondmodel.

Thelower curvaturemolecule,Figure6(a),enduresa worst
caseangledifferenceof 1 � 74� . This sameboundaryon theorig-
inal meshhasa 7 � 6� anglebetweenthe trianglenormals. The
conversionsystemproducesa smoothermodel,that,in its worst
case,hassmallerG1 discontinuitiesthantheoriginal representa-
tion. Additionally, approximately92%of themodel's boundary
regionsareG1 continuous,and99% arewithin 1� of G1 conti-
nuity. Therefore,the ridgescreatedby thestitchingprocessare
con�ned to a very small portion of the overall boundaryspace,
andof thosediscontinuities,an even smallerportion hasa no-
ticeableimpact.

Thesecondmodelwith highercurvatureexperiencessimilar
success,however, with a higher worst case. The 4 � 48� angle
differencecorrespondsto a 12� 4� angledifferencebetweenthe
triangleson the original mesh. The convertedspline model is
91%G1 continuousand98%within 1� of G1 continuityalongits
boundaries.While the worst caseis larger thanthe �rst model,
the conversionrecordssimilar percentagesof smoothness.The
secondmodelconvertswell aroundmostcorners,andonly a few
boundaries,14 of 50, asindicatedby Figure6, have differences
greaterthan1� .

Figure 7. The naming scheme of L
�

u
�

, R
�

u
�

, and g�

�

u
�

, used to further

explain the mathematical underpinnings of the corner stitching con�gur a-

tion.

Corner Anal ysis

Thestitchingalgorithmenforcesadegreeof regularityabout
a cornerregion, minimizing G1 discontinuities.However, in re-
gionsof highercurvature,practiceshows thatthesizeof a ridge
will grow. Thefollowing sectionexaminesthemathematicalun-
derpinningsthat explain this phenomenon,aswell asmotivate
thechosencon�guration.

In orderto maintainG1 continuityalongaboundarybetween
two surfaces,theng�

�

u
�

� L
�

u
� �

a
�

g�

�

u
�

� R
�

u
���

. Betterwritten
as,

g�

�

u
�

�

�

L
�

u
�

�

R
�

u
� � �

0 � (10)

As illustratedin Figure7, g�

�

u
�

is the curve of �rst derivatives
alongtheboundary;L

�

u
�

is thecurveof cross-boundarytangents
for the left surfacesharingthe boundary;andsimilarly, R

�

u
�

is
thecurveof cross-boundarytangentsfor theright surface.Figure
7 alsodepictsthevariablenamesusedfor theassociatedpoints.
Furtherde�ning g�

�

u
�

, L
�

u
�

, andR
�

u
�

, for the �rst knot interval
of theboundary, gives:

g�

�

u
� �

�

c1
�

c0 �

b0
�

u
�




�

c2
�

c1 �

b1
�

u
�




�

c3
�

c2 �

b2
�

u
���

(11)
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L
�

u
�

�

R
�

u
� �

� �

l3
�

c3 �

�

�

c3
�

r3 ���

Q3
�

u
�




� �

l2
�

c2 �

�

�

c2
�

r2 ���

Q2
�

u
�




� �

l1
�

c1 �

�

�

c1
�

r1 ���

Q1
�

u
�




� �

l0
�

c0 �

�

�

c0
�

r0 ���

Q0
�

u
�

�

2
� l0 � r0

2
�

c0 �

Q0
�

u
�

�

2
�

M
�

c0 �

Q0
�

u
�

�

(12)

By substitutingbackinto theoriginalequation,

Q0
�

u
�

� �

M
�

c0 �

�

�

c1
�

c0 �

b0
�

u
�




�

M
�

c0 �

�

�

c2
�

c1 �

b1
�

u
�




�

M
�

c0 �

�

�

c3
�

c2 �

b2
�

u
�����

0 �

(13)

In short,this functionindicatesthatin orderto produceaG1

continuousstitchingof the boundary, the vector
�

M
�

c0 �

must
align with

�

c1
�

c0 �

,
�

c2
�

c1 �

, and
�

c3
�

c2 �

. When the vec-
torsof g�

�

u
�

arenot co-linear, asin areasof high curvature,it is
impossible,without modifying thedatapoints,to producea G1

continuoussurfaceacrosstheboundary.
Our approach,instead,minimizestheerrorby guaranteeing

that
�

M
�

c0 �

alignswith
�

c1
�

c0 �

. The basisfunction, b0
�

u
�

,
is the largestcontributor to the error in G1 continuity over the
�rst knot interval; therefore,eliminatingthistermwill yield good
results. Becauseb1

�

u
�

alsohasa strongin�uence over the re-
gion,notall errorwill beremoved,consequentlyproducingsmall
ridgesasseenin theresults.

Different tangentcon�gurationsarounda corneryield dif-
ferentlocationsfor theM point. While theM point is guaranteed
to eliminatethe�rst errortermfor all boundariesemanatingfrom
thecorner, somelocationswill producesmallererrorsfrom the
secondandthird terms. Multiple methodsto computedifferent
tangentcon�gurationswereimplemented,andanalyzed.In prac-
ticenoonesolutionguaranteedbetterperformanceoveranother;
however, usingthetangentplaneof acubicsurface�t to thecor-
nerwith a staticparameterizationmostoftenexperiencedbetter
resultsthanotherapproaches.Usingthis approach,we recorded
theaforementionedresults.

CONCLUSION
The systemaccuratelyconverts a molecularmesh into a

smoothspline model. Leveragingthe newly realizedhomo-
geneousenvironment,modelingsoftware toolkits cancombine
the protein strand's spline model with its associatedconverted
molecularsplinesurfacevia booleanoperations,Figure8. After
obtaininga solid modelof themolecule,our fabricationprocess
is ableto producethedesiredphysicalvisualizations,asshown
in Figure1.

Two main advantagesof our algorithm are accuracy and
smoothness.The convertedspline modelsmaintainthe origi-

Figure 8. Within the homogeneous environment, the protein spline

model is combined with the converted molecular spline model to produce

the solid model needed for fabrication.

nal datausing point interpolation,thus producingthe level of
accuracy we desire.Additionally, our stitchingmethodsenforce
inter-surfacecontinuitybetweenthe10 bi-cubic splinesurfaces
usedto encompassthe input mesh.99% of theboundaryspace
is within 1� of G1 continuity, andregionsof potentialridgesare
con�ned to thecornersof thesurfaces,asshown in Figure5. In
the worst case,the anglebetweenthe normalsof two surfaces
at a commonpoint is smalleron thenew splinemodelthanthe
correspondingboundarypoint on the original mesh. Thus, the
new spline model is an accuraterepresentationof the original
molecularmeshwith addedsmoothness.

FUTURE WORK
Our conversionsystemignoresthedatasegmentationprob-

lemin orderto tacklethechallengesof smoothlystitchingmulti-
ple splinesurfaces.Becauseour work is motivatedby a speci�c
input datastructure,we areableto make assumptionsconcern-
ing the connectivity of the triangularmesh. Datasegmentation
of arbitrarymeshesremainsan interestingproblem,that, when
solved,may be coupledwith our algorithmsto the convert any
triangularmeshinto a smoothsplinemodel.
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