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Abstract.  This paper applies singularity theory of mappings of surfaces
to 3-spaceand the generic transitions occurring in their deformations to
develop algorithms for contin uously and robustly tracking the intersec-
tion curvesof two deforming parametric spline surfaces,when the defor-
mation is represerted as a family of generalizedo set surfaces. The set
of intersection curvesof 2 deforming surfacesover all time is formulated
as an implicit 2-manifold | in the augmerted (by time domain) para-
metric spaceR®. Hyp er-planescorresponding to some xed time instants
may touch | at someisolated transition points, which delineate transi-
tion events, i.e., the topological changesto the intersection curves.These
transition points are the 0-dimensional solution to a rational system of 5
constraints in 5 variables, and can be computed e cien tly and robustly
with a rational constraint solver using subdivision and hyper-tangent
bounding cones.The actual transition events are computed by contour-
ing the local osculating paraboloids. Away from any transition points,
the intersection curvesdo not change topology and evolve according to
a simple evolution vector eld that is constructed in the euclidean space
in which the surfacesare embedded.

1 Intro duction and Related Work

In this paper, we considerthe dynamic intersection of two deforming parametric
surfaces.The surfacedeformation is represeried by a family of generalizedo set

surfaces,which is an exampleof a\radial o w"of a generalizedo set vector eld

introducedin [?, ?] (also see[?] for a mathematically lesstechnical discussion).
This extendsthe standard unit normal o set surfaces.Speci cally, let &s), s 2
R?, be a parameterization of a regular initial surface;and let U(s) denote an
o set vector eld (parameterized again by s). Such a U need be neither unit-

length nor orthogonal to the tangent plane, but doesnot lie in the tangent plane.
The generalizedo set surface ow is de ned by,

(s;t) = &s) + tU(s); 1)
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where0 t 1listhe o set time. Each of the two deforming surfacesis assumed
to remain regular and be free of self-intersections throughout the deformation
process.Conditions ensuring such regularity are givenin [?] and [?].

Researt into nding surface-surfacantersectionshas mostly focusedon the
static problem [?, ?, ?, ?, ?], and the caseof the unit normal o set surfaces[?, ?,
?,?,?, 2, ?, ?], We emphasizethe topological robustnessof surfaceintersection,
which hasbeenan important and extensively researded topic for static surface-
surfaceintersection ( [?, ?, ?, ?, 2, ?2, ?]). In [?], Jun et al. worked on surface
slicing, i.e., the intersection of a surfacewith a seriesof parallel planes,exploring
the relation betweenthe transition points and the topology of corntour curves.
The transition points, though, are usedonly to e cien tly and robustly nd the
starting point of the contour curvesfor a marching algorithm [?, ?] to trace out
the whole curve. Ouyang et al. [?] applied a similar approadc to the intersection
of two unit normal vector o set surfaces.

Applied to mappings of surfacesto R3, singularity theory [?] provides a the-
oretical classi cation of both the local stable properties of mappings of surfaces
and of the generictransitions they undergounder deformation. Our assumptions
on the regularity of the surfacescharacterizesthe transition of the intersection
curvesof the deforming surfacesto one of a list of standard generictransitions.
Between transitions, the intersection curves ewolve in a smooth way without
undergoing topological transitions.

This paper is organizedto deal with thesetwo cases.In Sectiond, we con-
struct an ewolution vector eld which allowsusto follow the evolution of intersec-
tion curves (ICs) by discretely solving a di erential equation in the parametric
space.In Sectiond we represen the locus of intersection curves of the two
deforming surfacesas a 2{manifold | in a 5{dimensional augmente parameter
smce. In Sectiond we turn to the secondproblem of computing the transition
everts, and tracking the topological changesof the intersection curvesoccurring
at transition points. In SectionEJ, we enumerate the generictransition points
classi ed by singularity theory and provide an alternativ e characterization as
critical points of a function on the implicit surfacel . This provides the theo-
retical basisto our algorithm that detectstransition points asthe simultaneous
0-setof a rational systemof 5 constraints in 5 variables. Then, in Section=2 we
compute the transitions in the intersection curves using contours on the local
osculating quadric of the surfacel at the critical points. A concluding discussion
of the issuesensuesin SectionB

2 Evolution of Intersection Curv es

Considertwo deforming surfaces, and *, represened as generalizedo set sur-
faces,

(sit) = &) + t U(s);
ASit) = &8) + t 0(8);



where s = (s1;s2) 2 R? and 8 = (41;%) 2 R? are the parameters of &s) and
&), and their corresponding o set vector elds U(s) and (0(8), respectively.
We write the coordinate represeration of the deforming surfacesby

(s;t) = (x(s);1);y(s1y)sz(s;t)) and ~(&t) = (R(S1);9(81);2(8:1)):

Dene Lo to be the set of all points in R® on a local intersection curves
of the two deforming local surfacesover all times t. Consider a point P on an
intersection curve of the two deforming surfacesat sometime t. We rst assume
that the tangent planesto the two o set surfacesat P are di erent; otherwise,
we are in the singular casecorresponding to a transition evert, which we will
discussin section@ We usethe notation ~ = (Ri;¥i;%) to denote the partial
derivative & = (& % &) (i = 1;2), and analogouslyfor ;. De ne

N= 1 o N=72 7

to be the 2 non-unit length normals to ead of the two surfaces,respectively.
Further let
N=(N N) K:

to be the tangent vector of » at P that is perpendicular to the intersection curve.

Becausethe two tangent planesto the two
surfacesat P are dierent, f 1; 2;Ngis a
basisof R3? (Fig. ). Decomposing U= 0 U
in this basisgives,

U=0 U=a;+b,+cN

Becausethe last term cN livesertirely in the
tangent plane to the surface” at P, it hasa
decomposition relative to the basisf ”1; *»g,

Fig. 1. Local Basisf 1; 2;Ng cN = a"1+ﬁ"2;

Thus, we have
U=0 U=a1+b,+( &~ D)

or,
O+ @+by) =U+ai+b,

Consequetly, we have the evolution vector eld with two equivalent repre-
sertations (over two di erent basisof R®),

=U+ai+b, 2)
A= 0+ an + B 3)

This vector eld is de ned on a neighborhood of the point P in R3, rather than
just on the surfaces.



Next, for any point P which lies on a curve of intersection for the deforming
surfaces,we can de ne a scalar eld in a neighborhood of P (in R3®). By
the inverse function theorem, there is a neighborhood of P which is ertirely
coveredby ead deforming family. For a point P%in this neighborhood, we de ne

(P9 = f t, wheref (resp.t) is the time when the surface”(8;t) (resp. (s;t))
reaches P°. Although is not de ned everywhere on R3, it is dened on a
neighborhood of L.

The following propertiesinvolving , , and Lo can be shown to hold:

1. The directional derivative % = O identically wherewer is de ned.
2. The zerolevel setof is exactly L.
3. Hence, istangent to Lo at all points.

Now supposepoint P is on Lo, and lies on an intersection curve at time t. The
condition that is tangert to Lo allows usto follow the evolution of P on future
intersection curvesby solving the di eren tial equation

((jj_)t( = (x) with initial condition x(0) = P

for x(t) 2 R3. The ewlution vector eld is the image of the vector eld
= @+ a2 + b2 under the parametrization map . Thus, the evolution

could likewisebe followed on the parameter spaceusing instead the vector eld
, and analogouslyfor *.

Then, we can use a discrete algorithm for solving the di erential equations
to follow the ewolution of the intersection curves over a time interval void of
transitions. Speci cally, for small time dt P movesto Q= P+ dt(a 1+ b 2) on
the physical surfaceand if p= s 2 R? correspondsto P then q= s+ (a dt; bdt)
will correspond to Q in the parameter space,and analogously for ~. The rst
order marching algorithm accunulates error over time, so point correction can
be usedto increasethe quality. Various point correction algorithms are discussed
in [?] in the context of static surface-surfaceintersection. We have adopted the
middle point algorithm as presened in [?] to relax the points onto the actual
intersection curve.

Also notice that we are not tracing out an ertire intersection loop from
somestarting point; instead, we represen intersection curvesby an ordered list
of sample points. Sample points are adaptively inserted or deleted so that the
spacing of two consecutive sample points is neither too far away nor too close,
and sothat the angle deviation of 3 consecutive sample points stays small.

3 Formulation in the Augmen ted Parametric Space

De ne a vector distance mapping

dis;&t) ="  RPgeq ! R 4)
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where R?s;é;tg is the combined parametric space of the 2 surfacesand the
time domain, and is thus called augmen ted parametric space. The canon-
ical orthonormal basis R?S;g;t is denoted asfes, ;€s,; €s,;€s,; €0 The 0-set of
this mapping, denoted | hereafter in this paper, givesthe set of all intersec-
tion points in R?S;Q;tg. Note that d(s;$;t) conciselyrepreserts related equations
for three separatecoordinate functions. Consideringthe x-componert dy (s; $;1).
dy (s;8;t) = 0 de nes a hyper-surfacein R?S;g;tg, with corresponding normal
Nx=r1de=( X1;  Xz; Ri; Ry Uy) )

The componert functions y and z de ne another two hyper-surfaceswith anal-
ogousexpressiongor their normals Ny and N,. Geometrically, | is the locus of
intersection points of thesethree hyper-surfacesin Rf’ . The Jacobian[?] of

the mapping d(s; 8;t) : RPg.s1q ! RIS,

0

s;8;tg

X1 X2 Ry Ry Uy
J=(NyxNyN)!'=@ y; vy 49 UA=( ; 2 M "2 U): (6)
21 M2 U

Remark 1 If the 2 tangent planesto the two deforming surfacesat the inter-
section point are not the same,then both of the triple scalar products (determi-
nants) [ 1 27i]'s (i = 1;2) can not simultaneously vanish, and soJ hasthe full
rank of 3. Otherwise, the two tangent planes must be the same. Assuming, at
such atouching point, U is not onthe commontangent plane,i.e.,[*1", U]6 0
and[ 1 2 U] 6 0,J againhasthe full rank. Therefore, the 0-setof the distance
mapping d(s; $§;t) = » 'RPserg ! R® isawell de ned implicit 2-manifold
in the augmerted parametric space.

4 Transition of Intersection Loops

In singularity theory, the situation we consideris consideredgeneric. That is,
except for a nite set of times, the two closed surfacesintersect transversely
that is, at eadh intersection point the tangent planesof the surfacesare di erent.
Thus, the method preserted in Section 2 can be applied to track the ewlution
of the curves. Over sudc time intervals topological changesare guaranteed not
to occur.

At the remaining nite number of times, there will be intersection points
at which the tangent planescoincide (non-transversepoints). Again for generic
deformations, singularity theory describesexactly the transitions in intersection
curvesthat can occur asthe ewlution passessuc times. Thesetransitions can
always be given (up to a change of coordinates) by standard model equations,
sothere is essetially a unique way for ead transition to occur. We shall refer
to points (and times) at which transitions occur as transition points. These
transitions are classi ed as,

® RP a4 denotes R® with the v e coordinates being si;s2;%1;%2;t and analogously,
for RY, 4. etc.



1. a creation event when a new intersection loop is created (Fig. ),

2. an annihilation event whenoneof the current loopscollapsesand disappears
(Fig. B in the reversedirection),

3. an exchangeevent when two branches of intersection curves meet and ex-
change branches (Fig. B).

The exchange event can have two di erent global consequencesif the two
branches are part of the same curve, an intersection loop is split into 2 loops
and we refer to this asa splitting event(Fig. B). If the branchesare from distinct
intersection loops, a single loop is formed in a merge event (Fig. @ in reverse

157 (5 B

Fig. 2. Creation of IC Componert Fig. 3. Exchangeof IC Componerts

4.1 Detection of Transition Events

In this sub-section,we formulate the topological transition points as the 0-set
of a rational system of 5 nonlinear constraints in 5 variables. The 0-set has
dimension 0, i.e., it is a discrete collection of points. It can be robustly and
e ciently computed using a rational constraint solver [?, ?]. The robustnessis
achieved by bounding the subdivided implicit surfacel with the corresponding
hyper-tangernt cone[?], an extension of the bounding tangent conesfor explicit
plane curvesand explicit surfaces[?, ?].

Let us recall that the implicit 2-manifold | in R?S:g;tg is the locus of in-
tersection points of the two deforming surfaces, over the whole time period.
Geometrically, the intersection curves, at sometime point, are the correspond-
ing height contour of I when the t is regarded as the vertical axis. Therefore,
it is obvious that there will be one of the three transition events listed earlier,
if the tangent spaceto | at a point (s;$;t) is orthogonal to the t-axis. Since
| and its tangent spacehave the samedimension, namely, 2, the orthogonality
condition is tantamount to satisfying two equations,

T, &=0; T, =0

where T; and T, are any two vectors spanning the tangent space.A simple and
natural way to construct such a pair of tangent vectorsis to let T, be the tangent
to an sy-iso-curve on | with the extra constraint s, = ¢, for someconstart ¢,
and let T, be the tangent to an s;-iso-curve on | with the extra constart s; = ¢



for someconstart c;. Noticing that an s;-iso-curveis the intersection of 4 hyper
surfacesin R?S;g;tg, dened by s, = ¢, dy = 0,dy = 0,and d, = 0,
€, 6, € €, &
0 1 0O
Ti= X1 xaR R U = (TR0 72, T, 71
yi Y2t %2 Uy
2y 222 2 U,

where T ' denotesthe triple scalar product of its 3 corresponding vectors indi-
cated by the superscripts. Superscripts i and { represert ; and ?;, respectively,
while a superscript represerts U (e.g., T 2= [*1 ~2 U]). A similar deriva-
tion existsfor T,, and in general,we have,

Ti=T®R e +T2 &, TH e, +TMe; i=12 (7)

At transition points, the last componert of T; and T, vanishes,i.e.

T, e=T®=[,7nn=0 T, a=TB=[,n"n]=0 (8

Remark 2 By Remark[D T 2 g 0 at any transition point. Therefore, at a
transition point, T; and T, are guaranteed to be independert of ead other. It

is also easily seenthat Eq. [ simply require the two tangents 1 and , to the
rst o set surfaceto be perpendicular to the normal of the secondo set surface,
i.e., the two tangent planesto the two deforming surfacesin the euclideanspace
are coincidert.

Finally, togetherwith ~ = 0, Eq. (@) givesarational systemwith 5 constraints
in 5 variables, whoseO-dimensionalsolution set cortains all the transition points
we are seek.

4.2 Compute the Structural Change at Transition Events

In this section, we perform the shape
computation of the 2-manifold |1 at
a transition point, and subsequetly -
compute the corresponding transition

event by contouring the osculating Nt A

paraboloid [?, ?] to the local shape P
(Fig. B).

The implicit surface | is a 2-
manifold in a 5-space R, Shape  Fig. 4. Contour Osculating Paraboloid
computation is dicult becauseit is
an implicit surface,and also becauseits codimension 6 1.

Most recertly, a comprehensie set of formulas for curvature computation on
implicit curves/surfaceswith further referenceswere preserted in [?]. However,

(a) elliptic (b) hyperbolic



it is limited to curves/surfacesembeddedin 2D or 3D spaces.There exists some
literature from the visualization community, e.g., [?, ?] and referencestherein,

that developssecondorder derivative computation on iso-surfacesextracted from

triv ariate functions. Most of these approachesuse discrete approximations. Re-
cently, [?] developed B-spline represertations for the Gaussiancurvature and
squared mean curvature of the iso-surfacesextracted from volumetric data de-
ned asatriv ariate B-spline function, and subsequetly preseried an exact cur-
vature computation for every possible point of the 3D domain. While we seek
an exact di erential computation, the task here signi cantly diers from that

in [?] and [?, ?] sincethe implicit 2-manifold | hascodimension3. In [?], a set of
formulas for computing Riemannian curvature, meancurvature vector, and prin-

cipal curvatures, speci cally for a 2-manifold, and with arbitrary codimension,
is preserted. The speci ¢ 2nd order problem we seekto solve, namely initializing

the newly createdintersection loop, or switching the two pairs of hyperbolic-like
segmetts, is basedon shape approximation. For a surfacein 3-space,the local
shape approximation is simply the osculating quadric, expressedin the second
fundamenal form [?] asz = || (a;a) wherea is any tangent vector, and z is the
vertical distance from the local surface point to the tangent plane. Observing
that the secondorder shape approximation is best doneif the codimensionis 1,
we do not compute the secondfundamertal form directly on the 2-manifold in 5-
space.Instead, we project the 2-manifold to a 3-spaceof either R?S;tg (our choice
in this paper)or Rf’é:tg. The secondfundamental form is then computed for this

projected 2-manifold, and shape approximation is achieved subsequetly. Notice
that the shape approximation in the projected 3-spacegivesonly a partial answer
to the transition evert; the full solution is achieved by the tangential mapping

betweenthe projected 2-manifold and the original one (cf. Obsenation [ below).
Pro jection of | to R?S;tg Near a critical point, T; and T, (cf. Eq. (@) give
two vectors spanningthe tangent spaceto | . By projecting | onto R?Sl S2:tg and
ignoring the & and &, componerts, we transform 1, a 2-manifold in R?_ 4,
into a surfacein RP,, denotedas | °. Furthermore, the projection, denoted as
hereafter, is a di eomorphism. and the projected tangent plane (the tangent

plane to | 3) is spannedby,
szT_ALQ eS:l+Tl_ALQet’ TZS=T_ALQ eSZ+T2-AL2et1 (9)

where we have used the superscript s to distinguish the tangents from their
courterparts of | in the original augmerted parametric spaceRf’s;é;tg.

Exactly at the transition point where T 112 = T 212 = o (¢f. Eq. @), we
have,

TP=TR e T5=T% e,

Hereafter, a point in the tangent spaceTS,; s is typically specied by its 2 coor-
dinates, say, a; and ay, with respect to the basisf T{; T5g, the canonical frame

fes,;es,0 scaledby T 2



Observ ation 1 At a transition point, the inverse of the tangent map of is
(cf. Egs. (@),

o7t (2012, T.0, @©NEOTR;T2; T2 0),
where (1;0) and (0; 1) are the coordinates of two points in the local tangent space
TS s with basisfT7; T5g.

The Shape Computation The local shape of 15 in R3 is determined

o . fsitg
from the secondfundamertal form |1. At a transition point,

= NSrosT® = 1 TP & (10)

and the local shape is approximated by the osculating quadric [?, ?],

t=ll(aa)= aja Il 2 ; (11)
a

wherea = (a1;az) 2 TS, s. Notice that we wrote the left hand sideas t, because,

at a transition point, the tangent plane TS, s is horizontal, and thus the local

vertical height is exactly the time deviation from the consideredtransition point.
The covariant derivativesare best computed in the original 5-space,i.e.,

rTisTjS e=r1T &:
By Eq. (@,
rTiSTjs e =1r TiTj e =r Ti(Tj et): r TiTj'AL2

:Tié @-j.ALQ-'_Ti2 @-j.“LQ Ti.AL @-jﬁ:
@ @ @2
Intro ducing the following notations (i; j; k 2 f 1; 2g),
. N
TjiiQ: @ AV : TiikQ: : @ N : Tii?k: oA, 2
[@i 1 2] [ i @k 2] [ i 1 @k]
yields,

TS e= T TIRL T2 (TN, Tty T (T2, Tt

Throughout this paper, we make the genericassumption that the transition
point is non-degenerate;i.e., det(11) 6 0.

Heuristically  Uniform  Sampling of Local Height Contours To com-

pute various transition evernts, the height contour curvesof the local osculating
quadric needsto be uniformly sampledin the euclidean space R®.

Supposewe are sampling the height cortour with the time deviation t. By

g. (), the sample point p, 2 TS;s along a direction v 2 TS;s, is py, =

2t
11 (v;v)

algorithm generatesa list of heuristically uniform sample points.

v: Therefore, given an initial list of sample directions, the following
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Algorithm 1 Heuristically Uniform Sampling

1. Turn the givenlist af sampledirections into a list of samplepoints by saling
each elementp by ”%ﬁ

2. In the current list, nd a neightoring samplepair p;q2 TS, s with maximal
distance.

3. Letm = 224, scale m by
and q.

4. If not enoughsamplepoints, or the distancesare not approximately uniform,
goto Step 2.

T and insert it into the list in between p

Compute Transition Events

Compute Creation Events: If det(l1) > 0 (or equivalertly, the Gaussiancurva-
ture of | S is positive), the osculating quadric (Eq. (7)) is an elliptic paraboloid,
and the transition point has elliptic type. SeeFig. ()]

For an upward elliptic type and o set surfacesdeforming forward, or for a
downward elliptic type and o set surfacesdeforming badkward, a creation event
is occurring, i.e., an ertirely new intersection loop is created from nothing. The
following algorithm computesthe intersection loop at the time deviation t from
the transition point.

Algorithm 2 Compute Ellipse Contour for a Creation Event

1. Put directions (1;0);(0;1); ( 1;0) into the ordered list of directions V .
2. Apply Algo.[D to transform V to a ordered list of uniform samplesin TS;s.
3. Except the rst and the last ones, copy and negate in order all elements,in
V, and append to itself.
4. Map V to a ordered list of samplesin R;‘S:g;tg (cf. Observation[l).
Compute Annihilation Events: At an upward elliptic transition point wheno set
surfacesdeform backward (in time), or at a downward elliptic transition point
wheno set surfacesdeforming forward, there is an annihilation eventhappening,
i.e. an intersection loop collapsesand disappears. SeeFig. @ The key issue
here is to choosethe right current intersection loop to annihilate. If there is
currently only oneintersection loop, annihilate it. Otherwise, we usean \evolve-
to-annihilate" strategy asillustrated in Fig. B First, ewlve all intersectionloops
at time t; to the time t°(i.e., the contour position usedfor the pre-computation
of the corresponding creation evernt). Then, using the inclusion test [?], nd the
onethat the critical point p identi es to annihilate.

Compute Switch Events: If det(l 1) < O (or equivalertly, the Gaussiancurvature
of | $ is negative), the osculating quadric (Eq. (7)) is a hyperbolic paraboloid,
and the transition point has hyperbolic type. SeeFig. A(b)}

Deforming acrossa hyperbolic transition point is a quite di erent situation
from an elliptic point inasmuch asthere is a switch of two pairs of hyperbolic-like
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Fig. 5. Evolve to Annihilate Fig. 6. Split/Merge

segmets (cf. Fig. @in the euclideanspace,and Fig. @ of | 3): 2 local segmets
approach ead other, say, from alovethe transition point p, touch at p, and then
swap and depart into another two local segmeits belowp. If the approaching pair
of segmeitts is from oneintersection loop (Fig. B), we have a split evert; and if it
is from 2 intersection loops(Fig. Bin reverseorder), we have a mergeevent. Each
segmen is a height contour of the local shape approximated by the osculating
hyperbolic paraboloid. The following algorithm computesone pair of such height
cortours.

Algorithm 3 Compute Hyperbolic Contours for a Switch Event

1. Put directions u; + (U2  Uj) ; uz+ uz;uz+ (Up  Uup) into the ordered
list of directions V.

2. Invoke Algo.[Mto transform V to an ordered list of uniform samplesin TS; s.

In order, copy and negate all elementsinto another list \V°.

4. Map V to an ordered list of samplesin R{, 4, (cf. Observation[l). Do the
samefor VC.

w

In the algorithm, u; and u, are the two asymptotic directions, which can be
solved (for u) from the equation Il (u;u) = 0 using the secondfundamental
form in Eq. (). The other pair of contours, with the opposite height value, can
be sampledsimilarly, with one of the asymptotic directions reversed.

Basedon the deforming direction we can determine which of the 2 principal
curvature directions is the approaching direction, and which is the departing
direction. Then the approaching pair of segmeits of current intersection curves
is the onethat is closestto the consideredtransition point alongthe approaching
direction. Using Algorithm B3 the switch event can be computed by cutting the
two approach segmetts, ewvolving the rest across,say upward, p, and then pasting
the other pair of contours to the departing pair of segmeits (lllustrated Fig. B).
Finally, Fig. [Agivesan exampleof split event of two deforming torus-lik e surfaces.
For demo videos, seehttp://www.cs.utah.edu/  xchen/papers/more.html


http://www.cs.utah.edu/~xchen/papers/more.html
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Fig. 7. Transition: A split event of 2 deforming torus-lik e surfaces

5 Conclusion

In this paper, we have applied a mathematical framework provided by singu-
larity theory to develop algorithms for continuously and robustly tracking the
intersection curvesof two generically deforming surfaces,on the assumptionthat
both the basesurfacesand the deforming vectors have rational parametrization.
The coreideais to divide the processinto two steps depending on when tran-
sition points occur. Away from any transition points, the intersection curves
ewolve without any structural change. We found a simple and robust method
which constructs an ewolution vector eld directly in the euclideanspaceR?® and
ewlvesthe intersection curvesaccordingly.

We further developed a method for identifying transition points and following
topological changesin the intersection curves through the introduction of an
implicit 2-manifold | , which consistsof the union of intersection curvesin the
augmernted (by time domain t) joint parameter space.The transition points are
identied asthe points on | where the tangent spacesare orthogonal to t-axis,
and the topological change of the intersection curvesis subsequetly computed
by 2nd order di eren tial geometric computations on | .

There are further transitions which can occur for deforming surfaces,includ-
ing the surfacedeveloping singularities, self-intersections,and triple intersection
points.. We are now dewveloping a similar formulation for tracking the intersec-
tion curve end points that correspond to surface boundaries, and for tracking
triple intersection points.
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