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Abstract

This paperintroducesthe rational forward difference
operator for differential computationon a rational Bézier
patch basedon its control mesh. With this rational ver-
sion of the forward differenceoperator, and by ignoring
the appropriate dependent(on lower order derivatives)
terms of various derivatives, the derivativesthemselves
have the sameexpressionsas their polynomial counter-
parts; the curvature and torsion,and the �r st andsecond
fundamentalforms, all havevery similar expressionsas
thoseequationsfrom classicaldifferential geometry. This
new approach also allows straightforward generalization
to higherdimensionalrational Bézierpatches,thespecial
co-dimension1 caseof which is treatedwith the resultof
the�r st andsecondfundamentalforms.

Keywords: forward difference, rational forward difference,
rational Bézierpatches,curvature, torsion,higherdimen-
sionrationalBézierpatches.

1 Intr oduction

Let x(t) bea polynomialBézierspacecurve in R3 of
degreen, andb[t1; � � � ; tn ] its blossom.Fromthetheoryof
blossoming[7], wehave thefollowing equationfor its r -th
orderderivative,

xr =
dr x(t)

dtr =
n!

(n � r )!
b[~1r ; tn � r ]; r = 0; � � � ; n;

(1.1)

wherethe superscriptsr andn � r in the blossommean
thatthecorrespondingargumentsarerepeatedr andn � r
times,respectively.
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Since~1 = 1 � 0, evaluationswith respectto vector~1
aremanifestedasdifferences.Using this, theabove equa-
tion simplybecomes,

xr =
n!

(n � r )!
� r ; r = 0; � � � ; n: (1.2)

whentheLHS is evaluatedat t = 0, which correspondsto
evaluatingthe RHS at the 0-th control point. The � s are
de�ned in theusualrecursivemanner,

� 0[i ] = Pi ; i = 0; 1; � � � ; n:

� r [i ] = � r � 1[i + 1] � � r � 1[i ]; i = 0; � � � ; n � r:
(1.3)

Below is the analogousequationfor a polynomial
Béziersurface,x(u; v), of degreem in u andn in v. The
mixedpartialderivativeof orderr + s is,

xr s =
@r + sx(u; v)

@ur @vs

=
m!

(m � r )!
n!

(n � s)!
b[~1r um � r j~1s vn � s]:

By analogouslyde�ning the forward differencefor 2 di-
mensionalcase,

� 00[i ][j ] = Pij ; i = 0; � � � ; m; j = 0; � � � ; n:

� r s[i ][j ] = � r � 1;s [i + 1][j ] � � r � 1;s [i ][j ]; or,

� r s[i ][j ] = � r ;s � 1[i ][j + 1] � � r ;s � 1[i ][j ];

i = 0; � � � ; m � r; j = 0; � � � ; n � s:

(1.4)

we have,

xr s =
m!

(m � r )!
n!

(n � s)!
� r s; (1.5)

whereall expressionsareevaluatedat (u; v) = (0; 0) or at
the(0; 0)-th controlpoint.

Equations(1.2) and (1.5) canbeeasilygeneralizedto
arbitrarydimensionm, with degreen i in thei direction.

xr 0 ;��� ;r m � 1 =
0Y

i =0

ni !
(n i � r i )!

� r 0 ;��� ;r m � 1 ; (1.6)



where� r 0 ;��� ;r m � 1 , them dimensionalforwarddifference,
is de�ned analogouslyasEq.(1.3) andEq.(1.4).

In this paper, we usesubscriptsas a multi-index to
meanthe(partial)derivativewith respectto thecorrespond-
ing parameter. For example, in the above equation,x r s

meansa mixedpartialderivativeof orderr with respectto
parametert0 (or u) andof orders with respectto parameter
t1 (or v). However, we maintainthecommonusagethata
parametersubscriptjust meansorder1 derivative with re-
spectto thatparameter. So,xuu or x t 0 t 0 is thesameasx20.
If thetotalderivativehasahighorder, themulti-index nota-
tion is moresuccinct,while theparameternotationis more
commonfor low orderderivatives. This remarkappliesto
forwarddifferencesaswell.

We have very simple derivative equations
(Eq. (1.2) (1.5) and(1.6)) for polynomialBézierpatches.
For the rational case, however, things become more
involved and the derivative equationsmore complicated
becausethe quotient rule for derivatives generatesa
denominatorof increasingdegree. In what follows, we
offer analternativeapproachthatavoidsthisproblem.

First we make thesimplebut critical observationthat
any dependent(i.e., spannedby all derivatives of lower
orders)term of a derivative actuallyhasno effect on the
torsion(for co-dimension2 manifolds)andvariouscurva-
tures(including curve curvature,normalcurvature,Gaus-
siancurvature,meancurvature,etc.)calculation.Therefore
we canomit it (or for that matter, addin someadditional
arbitrarydependentterm,althoughwe have not yet hadto
do that in this paper).For example,any dependent(on x0)
termof x00 in thecurvatureequation kx 0� x 00k

kx 0k3 makesno
contribution, andnor doesany termof x000 in the torsion
equation [x 0x 00x 000]

kx 0� x 00k2 that is dependenton f x0; x00g (See
Section3). Here, [x0x00x000] = (x0 � x00) � x000, is thetriple
scalarproductof x0; x00 and x000. Similar observations
apply to any termsof xuv which arespannedby xu

and xv (i.e., in the tangentplane)in the computationof
M = N̂ � xuv ; etc.(seeSection4).

Throughoutthis paper, we use [E1] = [E2] notation
if derivative vectorsE1 andE2 yield equivalentresultsin
calculatingaforementionedcurvatureor torsion.Basically
it is just theequivalentclassof all vectorshaving thesame
orthogonal(to the subspacespannedby all the lower or-
derderivatives)components,andwecanchooseany oneof
themastherepresentative,whichusuallyis not theoriginal
derivative, but not necessarilythe original derivative with
all thedependentcomponenteliminatedeither.

For our development,we will needto de�ne arational
versionof the(polynomial)forwarddifferenceoperator.

De�nition 1 (Rational Forward Differ ences)
Supposea rationalBézierpatch of dimensionm,
of degreen i in the i -th direction, embeddedin

Euclideanspaceof dimensionq > m, is de�ned
byanm-dimensionalcontrol meshwith homoge-
neouscontrol pointsof (Ps ; Ws), where s is the
multi-index s0s1 � � � sm � 1; si = 0; 1; � � � ; n i ;
andPs 2 Rq, Ws 2 R.

The rational forward differenceoperator of or-
der r i in thei -th direction,is de�nedat thes-th
control point, for si = 0; 1; � � � ; n i � r i and
i = 0; 1; � � � ; m � 1; as

�� r (P; W )[s] =
� r (P)[s]Ws � � r (W )[s]Ps

W 2
s

;

where r standsfor r 0r1 � � � rm � 1; � r (P)[s]
and � r (W )[s] denote the usual (polynomial)
forward differenceoperators evaluatedat thes-
th control point.

Combiningthis rationalforwarddifferenceoperatorin
De�nition 1 andtheobservationprecedingit, thispaperde-
rivesconsistent,virtually equivalentrationalformsfor the
derivativesasthoseknown in the Bézierpolynomialcase
andalsosimilar forms for curvatureand torsion, the �rst
andsecondfundamentalforms,asthosefrom classicaldif-
ferentialgeometry. This is not only gratifying in termsof
mathematicalelegance;but more importantly it provides
a straightforward generalizationto higher dimensionand
translatesinto very simple and uni�ed codefor differen-
tial geometrycomputationon NURBS manifoldsof arbi-
trary dimension. This bene�t distinguishesthe approach
describedherein.

Without lossof generality, in thispaper, all derivatives
(forward differences)areevaluatedat the lower cornerof
the domain(the control mesh),and thereforewe develop
differential computationon only one point of the patch.
Employing subdivision techniques,however, thesamedif-
ferential featuresclearly canbe extractedfrom any point
on a NURBS manifold. Further, we note that curvature
andtorsionareintrinsic geometricpropertiesinheritedby
eachsubdivided curve part, during a subdivision process,
soit is not necessaryto recomputethis valuesubsequently
at any time in the recursion. That is to say, if we subdi-
vide a Béziercurve into two smallerpieces,thegeometric
propertiesat theleft handpoint areinheritedby thatof the
�rst piece,soonly thesecondpiecerequiresevaluationat
its left handpoint. In other words, this leadsdirectly to
anincrementalalgorithmthatarisesasa by-productof the
subdivision processtypically usedfor the visualizationof
themanifold.

Therestof thepaperis organizedasfollows. First we
giveacomparativediscussionof relatedworksin Section2,
derive differential computationon rational Bézier curves
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andsurfacesin Section3 andSection4 respectively. Then
wegivetwo examplesin Section5. After that,in Section6,
we generalizeto rational Bézier hyper-surfaces. Finally,
looking backwardandforward,we make someconcluding
remarksin Section7.

2 RelatedWorks

Curvature computation for rational Bézier curves
basedoncontrolmeshesis well known[5, 4, 1]. This,how-
ever, is not thecasefor rationalBéziersurfaces.J. Zheng
andT. Sederberg [8] publishedsomeearlierresulton this
with goodgeometricintuition. Inspiredby their paper, our
work is in a similar vein. However, we introducethe ra-
tional forwarddifferenceoperation,andusethatasa sim-
plifying approachto achieve succinctexpressionsthat are
uni�able over manifold dimension. The rational forward
differenceapproachallowsusstraightforwardlyto general-
ize to higherdimensionalsituation,anextensionwhichwe
touchon in Section6. Moreover, from animplementation
viewpoint, anotheradvantageis that the simpler formula-
tion translatesdirectly to clean,compactcode.

3 Rational BézierCurves

In thissection,wederiveformulasfor derivatives,cur-
vatureandtorsionof a rationalBéziercurve,all expressed
in rational forward differenceoperators.Throughoutthis
section,we assumethe degreen rationalBéziercurve is
de�ned by a control polygon with homogeneouspoints
(P0; W0); (P1; W1); � � � ; (Pn ; Wn ).

Notice in all the work that follows, the degreeof the
denominatorof any higherorderderivative staysthesame
as that of the �rst order derivative; a higher degreede-
nominatorcomesonly with termsthatarein thesubspace
spannedby all thelowerorderderivativeandcantherefore
be eliminated. This remarkappliesto the surfacecasein
Section4 andthehyper-surfacecasein Section6 aswell.

3.1 First Order Derivatives

Apply thequotientruleto agivenrationalparametriza-
tion,

x(t) =
p(t)
w(t)

;

x0(t) =
(p0w � w0p)

w2 ; (3.1)

at t = 0, i.e.,thestartingpointof theBéziercurve,wehave
(cf. Eq (1.2)),

p0 = n(P1 � P0) = n� 1(P);

w0 = n(W1 � W0) = n� 1(W );

x0 = n
� 1(P)W0 � � 1(W )P0

W 2
0

Then,by De�nition 1,

x0 = n �� 1: (3.2)

3.2 SecondOrder Derivatives

DifferentiatingEq.(3.1) onemoretime,

[x00] =
(p00w � w00p)

w2 ; (3.3)

wherethe term due to the derivative of the denominator
(andthereforeis parallelto x0) hasalreadybeendiscarded.

Againwith De�nition 1,

[x00] = n(n � 1) �� 2: (3.4)

Note that we shouldalso have put a pair of brackets [ ]
around the right side expression,meaningthat x00 and
n(n � 1) �� 2 are in the sameequivalentclassde�ned by
having the sameorthogonalcomponent. For the sake of
simplermathexpressions,however, we acceptthis incon-
sistency for this equationandall similar equationsin the
restof thepaper.

3.3 Third Order Derivatives

It turnsout thattheequationfor thethird orderderiva-
tive, [x000], alsoprovidesa simpleformulation.

DifferentiatingEq.(3.3) onemoretime,weget,

[x000] =
p000w � w000p

w2 +
p00w0 � w00p0

w2 ; (3.5)

where,again,thetermdueto thederivativeof thedenomi-
nator(parallelto x00) hasalreadybeendiscarded.

If wecanprovethatthesecondtermof theaboveequa-
tion is spannedby (x0; x00) , or (p0w � w0p; p00w � w00p)
(cf. Eq.(3.1) andEq.(3.3)), thenwewould have

[x000] = n(n � 1)(n � 2) �� 3; (3.6)

where, �� 3 is thethird orderrationalforwarddifference.
Now, to provethat p00w0� w00p0 is spannedby p0w�

w0p and p00w � w00p , we take thetriple scalarproduct
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of these3 vectors,andshow it vanishes.Speci�cally 1

(p0w � w0p) � (p00w � w00p) � (p00w0 � w00p0) =

((p0 � p00)w2 � (p � p00)ww0 � (p0 � p)ww00) � (p00w0 � w00p0)

= (p � p00)ww0 � w00p0 � (p0 � p)ww00� p00w0

= 0

3.4 The Curvature and Torsion of Rational
BézierCurves

For rationalBéziercurves,rationalforwarddifference
operatorsreally allow a direct translationof curvatureand
torsion equationsfrom classicaldifferential geometry[6,
2].

� =
kx0 � x00k

kx0k3 =
kx0 � [x00]k

kx0k3

=
n � 1

n
k �� 1 � �� 2k

k �� 1k3
(3.7)

� =
[x0x00x000]

kx0 � x00k2 =
[x0[x00][x000]]
kx0 � [x00]k2

=
n � 2

n
[ �� 1 �� 2 �� 3]

k �� 1 � �� 2k2
(3.8)

Comparingto the commonformulationof the curva-
ture and torsion of polynomialBézier curves [5, 4], the
above equationshave no explicit referenceto the weights
of thecontrolpoints,andassumeexactly thesameforms,
replacingtheforwarddifferenceswith therational forward
differences.

4 Rational BézierTensorSurfaces

In this section we work on differential computa-
tion on a rational Bézier tensor surface. Throughout
this section, we assumethe degree m (in u-direction)
by n (in v-direction) rational Bézier tensor surface is
de�ned by a control mesh with homogeneouspoints
(Pij ; Wij ); where i = 0; � � � ; m and j = 0; � � � ; n:

4.1 First Order Derivatives

Let therationalparametrizationbe,

x(u; v) =
p(u; v)
w(u; v)

:

1In these3 expressions,w; w0 andw00arescalarvalues,p0 andp00are
vectors;andw0p andw00p arealsovectors,becausethey areactuallydif-
ferenceof two points. Therefore,thesubsequentderivation makessense
mathematically.

Then,the�rst orderpartialderivativesare,

xu =
(pu w � wu p)

w2 ; (4.1)

xv =
(pv w � wv p)

w2 :

At (u; v) = (0; 0), i.e., the lower left cornerpoint of the
rationalBéziersurface,we have(cf. Eq (1.5)),

pu = m(P10 � P00) = m� 10(P);

pv = n(P01 � P00) = n� 01(P);

wu = m(W10 � W00) = m� 10(W );

wv = n(W01 � W00) = n� 01(W );

andconsequently,

xu = m
� 10(P)W00 � � 10(W )P00

W 2
00

= m �� 10;

xv = n
� 01(P)W00 � � 01(W )P00

W 2
00

= n �� 01:
(4.2)

4.2 SecondOrder Derivatives

For thenon-mixedsecondorderderivatives,thingsare
almostthesameasthecurvecase,

[xuu ] = m(m � 1) �� 20;

[xvv ] = n(n � 1) �� 02:
(4.3)

Now, to dealwith themixedpartialderivative by tak-
ing onemorepartialderivativeof Eq. (4.1) with respectto
v, wehave,

[xuv ] =
(puv w � wuv p)

w2 +
(pu wv � wu pv )

w2 :

Verifying thatthetriple scalarproductof pu wv � wu pv

with pu w � wu p and pv w � wv p vanishes,

((pu w � wu p) � (pv w � wv p)) � (pu wv � wu pv ) =

(w2pu � pv � wu wp � pv � wwv pu � p) � (pu wv � wu pv )

= � wu wwv [ppv pu ] + wwv wu [pu ppv ]

= 0;

we caneliminatethe secondterm in the above equation,
andagaingettheappealinglyexpression,

[xuv ] = mn �� 11: (4.4)
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4.3 The First and SecondFundamentalForms of
BézierSurfaces

Interpretingthe classical�rst fundamentalform for a
surface,it becomes,

I =
�

E F
F G

�
=

�
xu � xu xu � xv

xv � xu xv � xv

�

=
�

mm �� 10 � �� 10 mn �� 10 � �� 01

nm �� 01 � �� 10 nn �� 01 � �� 01

�
: (4.5)

Also denotedasI , thedeterminantis

I = m2n2k �� 10 � �� 01k2

= m2n2A2; (4.6)

where,A = k �� 01 � �� 10k.

In preparationfor the secondfundamentalform, we
normalizethesurfacenormalN = xu � xv to,

N̂ =
xu � xv

kxu � xv k
=

�� 10 � �� 01

k �� 10 � �� 01k
:

And thesecondfundamentalform becomes,

I I =
�

L M
M N

�
=

0

@
xuu � N̂ xuv � N̂

xvu � N̂ xvv � N̂

1

A

=

0

B
@

m(m � 1) [ �� 10 �� 01 �� 20 ]
k �� 10 � �� 01 k mn [ �� 10 �� 01 �� 11 ]

k �� 10 � �� 01 k

nm [ �� 10 �� 01 �� 11 ]
k �� 10 � �� 01 k n(n � 1) [ �� 10 �� 01 �� 02 ]

k �� 10 � �� 01 k

1

C
A

=

0

@
m(m � 1) V20

A mn V11
A

mn V11
A n(n � 1) V02

A

1

A ; (4.7)

where,

V02 = [ �� 10 �� 01 �� 02];

V11 = [ �� 10 �� 01 �� 11];

V20 = [ �� 10 �� 01 �� 20]:

The determinantof the secondfundamentalform matrix,
alsodenotedasI I , is,

I I = LN � M

=
mn(m � 1)(n � 1)V20V02 � m2n2V 2

11

A2 : (4.8)

And �nally , theGaussiancurvatureis,

K =
I I
I

=
(m � 1)( n � 1)

mn V20V02 � V 2
11

A4 : (4.9)

We omit thederivationsof othersecondordersurface
features,suchasmeancurvature,principalcurvatures,and
asymptoticdirections,sincethey are easily derived from
the�rst andsecondfundamentalforms.

5 Examples

To illustratethemainideaof thispaper, wechoosethe
simplecurvecaseto give two examplesin this section.

The�rst examplecomputesthecurvatureof a rational
conicsection.Thesecondexampledoesthesamework on
thesamecurve,but within thecontext of NURBS.

Example1 (Curvaturesof an ellipsevia the rational forward operator)
Considerthe�r st quadrantof theellipse

x2
1

a2 +
x2

2

b2 = 1;

with parametrizationof

x1(t) =
a � (1 � t2)

1 + t2 ;

x2(t) =
b� 2t
1 + t2 ;

at theinterval [0; 1].
Rewriting theparametrizationin homogenouscoordi-

nateform,wehave,

x(t) = [a(1 � t2); 2bt; 1 + t2]:

Using blossoming, we can easily �nd the rational Bézier
control pointsof this conicsectionin homogenouscoordi-
nates,

[P0; W 0] = [a; 0; 1];

[P1; W 1] = [a; b;1];

[P2; W 2] = [0; 2b;2]:

The�r st order forward differencesat the�r st control point
are,

� 1(P)[0] = P1 � P0 = [a; b] � [a; 0] = [0; b];

� 1(W )[0] = W 1 � W 0 = 0:

By De�nition 1, the �r st order rational forward difference
at the�r st control point is,

�� 1[0] =
� 1(P)[0]W 0 � � 1(W )[0]P0

W 02 =
[0; b] + 0[a; 0]

1
= [0; b]
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The �r st order forward differencesat the second(middle)
control pointare,

� 1(P)[1] = P2 � P1 = [0; 2b] � [a; b] = [� a; b];

� 1(W )[1] = W 2 � W 1 = 1:

Therefore, thesecondorder forward differencesat the�r st
control pointare,

� 2(P)[0] = � 1(P)[1] � � 1(P)[0] = [� a; b] � [0; b] = [� a; 0];

� 2(W )[0] = � 1(W )[1] � � 1(W )[0] = 1;

Now again by De�nition 1, thesecondorder rational for-
ward differenceat the�r st control point is,

�� 2[0] =
� 2(P)[0]W 0 � � 2(W )[0]P0

W 02 =
[� a; 0] � [a; 0]

1
= [� 2a; 0]

Basedon the�r st andsecondorder rationaldifferences,

[x0(0)] = 2 � �� 1[0] = [0; 2b];

[x00(0)] = 2 � (2 � 1) �� 2[0] = [� 4a; 0]:

And,byEq.(3.7), thecurvatureof theellipseat t = 0, i.e.,
themajorend,is,

� =
n � 1

n
k �� 1 � �� 2k

k �� 1k3

=
2ab
2b3 = a=b2

Althoughwede�ne therationalforwarddifferenceop-
eratorandits applicationin thecontext of Bézierpatches,
themain ideaactuallyextendsto NURBSasshown in the
following example.

Example2 (Rational forward differ encesin the contextof NURBS)
Consider the sameellipse as the above example, blos-
soming, however, the explicit parametrizationusing the
knot vector of � 1; 0; 1; 2 (insteadof 0; 0; 1; 1, which
essentiallyresultsin a Béziercurve)so that the de Boor
control pointsare,

[P0; W 0] = [a; � b;1];

[P1; W 1] = [a; b;1];

[P2; W 2] = [� a; 3b;3]:

The�r storderforward differencesat the�r stcontrol points
are,

� 1(P)[0] =
P1 � P0
1 � (� 1)

=
[a; b] � [a; � b]

2
= [0; b];

� 1(W )[0] =
W 1 � W 0

1 � 1
= 0:

Notethat the polynomialforward differencehasto be di-
videdby 1 � (� 1) , which normalizes ~1 � ~(� 1) = ~2
back to ~1 (cf. Eq. (1.1)). Nonetheless,wecanuseDef-
inition 1 as usual to get the �r st order rational forward
differenceat the�r st control point,

�� 1[0] =
� 1(P)[0]W 0 � � 1(W )[0]P0

W 02

=
[0; b] � 0[a; � b]

12 = [0; b]

The �r st order forward differencesat the second(middle)
control pointare,

� 1(P)[1] =
P2 � P1

2 � 0
=

[� a; 3b] � [a; b]
2

= [� a; b];

� 1(W )[1] =
W 2 � W 1

2 � 0
= 1:

Therefore, thesecondorder forward differencesat the�r st
control pointare,

� 2(P)[0] =
� 1(P)[1] � � 1(P)[0]

1 � 0
= [� a; b] � [0; b] = [� a; 0];

� 2(W )[0] =
� 1(W )[1] � � 1(W )[0]

1 � 0
= 1:

Now again by De�nition 1, thesecondorder rational for-
ward differenceat the�r st control point is,

�� 2[0] =
� 2(P)[0]W 0 � � 2(W )[0]P0

W 02

=
[� a; 0] � [a; � b]

12 = [� 2a; b]

Basedon the�r st andsecondorder rationaldifference,

[x0(0)] = 2 � �� 1[0] = [0; 2b];

[x00(0)] = 2 � (2 � 1) � [� 2a; b] = [� 4a; � 2b]:

And,byEq.(3.7), thecurvatureof theellipseat t = 0, i.e.,
themajorend,is,

� =
n � 1

n
k �� 1 � �� 2k

k �� 1k3

=
2ab
2b3 = a=b2

Notethat, comparedto Example1, wehavethesame
result for [x0(0)] ( �� 1[0]), but different one for [x00(0)]
( �� 2[0]). However, there is actuallyno inconsistencyhere,
asweare talkingaboutthethesecondderivativeup to any
term parallel to the �r st derivative. Both [x00(0)] ( �� 2[0])
canbeusedto computethecurvature.
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6 Rational BézierHyper-Surfaces

Differential computationon a rational Bézier man-
ifold, with arbitrary dimensionand co-dimension,is a
formidableproblem. With the rationalforward difference
operationintroducedin thispaper, wetry to makeamodest
steptowardthis goal- theco-dimension1 case.

Consideringan m dimensionalrationalBézier patch
embeddingin Rm +1 space,the �rst fundamentalform is
anm � m matrix, the(i; j )-th elementof which is merely
thedot productof thetwo partialderivativesalongi andj
directions,

I (ij ) = x t i � x t j = n i nj �� t i � �� t j : (6.1)

By analogousreasoning,the m partial derivatives
f x t i ; i = 0; � � � ; m � 1g spanthe tangenthyper-plane,
and their cross product, de�ned as ( in the equation,
f e0; � � � ; em g is the orthonormalbaseof the embedding
space,and(x t i ) j is thej -th componentof x t i ),

x t 0 � � � � � x t m � 1 =

�
�
�
�
�
�
�
�
�

e0 � � � em

(x t 0 )0 � � � (x t 0 )m
...

...
...

(x t m )0 � � � (x t m )m

�
�
�
�
�
�
�
�
�

;

gives the normal direction of the hyper-surface. For the
non-mixedsecondorderderivatives,it is obviouswe have
thesameresultasthesurfacecaseor asthe(iso-parametric)
curvecase.For themixedsecondorderpartialderivatives,
althoughthe notationsaremorecomplicated,we areable
to make a similar argumentbelow aswe did in thesurface
casefor xuv .

x t i =
@

@t i

�
p(t0; � � � ; tm � 1)
w(t0; � � � ; tm � 1)

�

=
pt i w � wt i p

w2 ;

[x t i t j ] =
(pt i t j w � wt i t j p)

w2 +
(pt i wt j � wt i pt j )

w2 :

Onceagain,the secondterm on the above equationis ac-
tually in the tangenthyper-plane and can be discarded.
This is true becausethe (m + 1)-th scalarproductof the
m partial derivativesf x t i ; i = 0; � � � ; m � 1g, andv =
(pt i wt j � wt i pt j ) de�ned as,

[x t 0 � � � x t m � 1 v] =

�
�
�
�
�
�
�
�
�

v0 � � � vm

(x t 0 )0 � � � (x t 0 )m
...

...
...

(x t m )0 � � � (x t m )m

�
�
�
�
�
�
�
�
�

;

vanishes.Speci�cally, by observingthat any multiple ap-
pearanceof any vector in an (m + 1)-th scalarproduct
makestheproduct0,

[(pt 0 w � wt 0 p) � � � (pt m � 1 w � wt m � 1 p) (pt i wt j � wt i pt j )]

= [(� wm � 1wt i ) pt 0 � � � pt i � 1 p pt i +1 � � � pt m � 1 (pt i wt j )]�

[(� wm � 1wt j ) pt 0 � � � pt j � 1 p pt j +1 � � � pt m � 1 (pt j wt i )]

= 0:

Hence,we have thefamiliarexpressionsfor thesecondor-
derpartialderivatives,

[x t i t i ] = n i (n i � 1) �� t i t i ; i = 0; � � � ; m � 1;

[x t i t j ] = n i nj �� t i t j ; i; j = 0; � � � ; m � 1; i 6= j:
(6.2)

andthesecondfundamentalform,

I I (ii ) = n i (n i � 1)
Vt i t i

A
; i = 0; � � � ; m � 1;

I I (ij ) = n i nj
Vt i t j

A
; i; j = 0; � � � ; m � 1; i 6= j;

(6.3)

where

Vt i t j = [ �� t 0 � � � �� t m � 1
�� t i t j ];

A = k �� t 0 � �� t 1 � � � � � �� t m � 1 k:

7 Conclusion

In this paper, a rationalversionof the forwarddiffer-
enceoperatoron control meshesis introduced. With the
rational forward differenceoperation,it turnsout that the
basicdifferentialgeometrycomputationon rationalBézier
patchesresultsin very compact,simpleformulasthatspe-
cialize to previously known forms for their polynomial
counterpartsand resemblethosefrom classicaldifferen-
tial geometry. A generalizationto co-dimension1 hyper-
surfacesis alsodiscussed,andwebelievethatthis formula-
tion is moreamenableif theBéziermanifoldhasarbitrary
co-dimensions.This new approachalso leadsdirectly to
simple,uni�ed implementationsthathandleall dimensions
within singlealgorithm.

Currently, we areconsideringthe third andhigheror-
der differential computationon Bézier patches. The ex-
tensionto higher (> 2) order derivatives is not straight-
forward,sincethelower orderderivativesalreadyspanthe
embeddingEuclidean3D space. For example,whende-
riving xuv v by xuv v = @xuv =@v , the term dueto the
derivative of thedenominatorof xuv canno longerbe ig-
noredin xuv v � N , which is usedto compute�ecnodal
curves.

Anotherdirectionfor extensionis symboliccomputa-
tion on NURBS (SeeG. Elber [3]). Speci�cally, we have

7



successfullymanagedto eliminatethehigherdegreeterms
of thesecondandthird orderderivativesof arationalcurve,
aswell asthesecondorderderivativesof arationalsurface,
andwewould like to exploreits extensionto sometypesof
symboliccomputation.
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