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Abstract

This paperintroducesthe rational forward difference
opefator for differential computationon a rational Bézier
patch basedon its contiol mesh. With this rational ver
sion of the forward differenceopeator, and by ignoring
the appmopriate dependent(on lower order derivatives)
terms of various derivatives, the derivativesthemselves
have the sameexpressionsas their polynomial counter
parts; the curvatuie and torsion, and the r st and second
fundamentalforms, all have very similar expressionsas
thoseequationsfrom classicaldifferential geometry This
new apprad also allows straightforwad generlization
to higher dimensionakational Bézierpatdces,the special
co-dimensiorl caseof which is treatedwith the result of
the r standsecondundamentaforms.

Keywords forward difference rationalforward difference
rational Bézierpatches,curvature, torsion, higherdimen-
sionrational Bézierpatdes.

1 Intr oduction

Let x(t) be apolynomialBézierspacecurvein R® of
degreen, andbjt;;  ;tn]its blossom Fromthetheoryof
blossomind[7], we have the following equatiorfor its r-th
orderderivative,

_d'x(t) . nl
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pix; t" ', r=0 ;nm
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wherethe superscripts andn  r in the blossommean
thatthe correspondin@rgumentsarerepeated andn  r
times,respectrely.
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Sincel = 1 0, evaluationswith respecto vectort
aremanifestechsdifferences.Using this, the above equa-
tion simply becomes,

_n 0 1.2

;r=0 ;nm .
CEOIE (1.2)
whenthe LHS is evaluatedatt = 0, which correspond$o
evaluatingthe RHS at the O-th control point. The sare
de nedin theusualrecursve manney

olil=Pi; =01, ;n
flil= ¢ ali+ 1] ro1lilii =0, n
Below is the analogousequationfor a polynomial

Béziersurface,x(u; v), of degreem in u andn in v. The
mixedpartialderivative of orderr + siis,

_ @ °x(u;v)
Xrs = 7@1r@3
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By analogouslyde ning the forward differencefor 2 di-
mensionatase,

- (1.3)
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we have,
Xrs m! n (1.5)

= m .r)! (n 9! s

whereall expressionsreevaluatedat (u; v) = (0;0) or at
the (0; 0)-th controlpoint.

Equations[I.d) and 9 canbeeasilygeneralizedo
arbitrarydimensiorm, with degreen; in thei direction.
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where ;. .. ,,them dimensionaforwarddifference,
is de ned analogoushasEq. (I3 andEq. (L3).

In this paper we use subscriptsas a multi-index to
mearthe(partial)derivative with respecto thecorrespond-
ing parameter For example,in the above equation,x; ¢
meansa mixed partial derivative of orderr with respecto
parametety (or u) andof orders with respecto parameter
t; (orv). However, we maintainthe commonusagethata
parametesubscripfust meansorder1 derivative with re-
spectio thatparameterSo,Xyy Or Xt,t, iSthesameasxyg.
If thetotal derivative hasa high order, themulti-index nota-
tion is moresuccinctwhile the parametenotationis more
commonfor low orderderivatives. This remarkappliesto
forwarddifferencesaswell.

We have very simple dervative equations
(Eq. @2 @5 and [CH) for polynomial Bézier patches.
For the rational case, however, things become more
involved and the derivative equationsmore complicated
becausethe quotient rule for derivatives generatesa
denominatorof increasingdegree. In what follows, we
offer analternatve approachhatavoidsthis problem.

First we make the simplebut critical obsenationthat
ary dependen{i.e., spannedby all derivatives of lower
orders)term of a derivative actually hasno effect on the
torsion(for co-dimensior2 manifolds)andvariouscurva-
tures(including curve curvature,normal curvature,Gaus-
siancurvature meancurvature etc.) calculation.Therefore
we canomit it (or for that matter addin someadditional
arbitrarydependenterm, althoughwe have not yet hadto
dothatin this paper).For example,any q)epéenden(on x9)

termof x°0 in the curvatureequation % makesno

contritution, andnor doesary termof x°in thetorsion

equation %Z% thatis dependenon fx%x%Q (See

Sectiord). Here, [x%%%%P= (x® x% x99 s thetriple
scalarproductof x%x% and x%°, Similar obsenations
apply to ary termsof x,, which arespannedy x,
and x, (i.e.,in thetangentplane)in the computationof
M =N xu; etc.(seSectiord).

Throughouthis paperwe use [E;1] = [E2] notation
if derivative vectorsE; andE; yield equivalentresultsin
calculatingaforementionedurvatureor torsion. Basically
it is justthe equivalentclassof all vectorshaving the same
orthogonal(to the subspacespannedy all the lower or-
derderivatives)componentsandwe canchooseary oneof
themastherepresentatie, which usuallyis nottheoriginal
derivative, but not necessarilythe original derivative with
all thedependentomponentliminatedeithet

For our developmentwe will needto de ne arational
versionof the (polynomial)forwarddifferenceoperator

De nition 1 (Rational Forward Differ ences)
Suppose rational Bézierpatch of dimensiorm,
of degreen; in the i-th direction, embeddedn

Euclideanspaceof dimensiong > m, is de ned
by an m-dimensionatontrol meshwith homae-
neouscontmol pointsof (Ps; Ws), wheee s is the
multi-index spS1 Sm 1; S = 0;1; ni;
andPs 2 RY9, W5 2 R.

The rational forward differenceoperator of or-
der r; in thei-th direction,is de ned at the s-th

contml point, for s; = 0;1; ;ni ri and
i=0;1, ;m 1, as
P)[s]W. W)[s]P
Py = P (WISP:,

S

whee r standsfor rori  rm 1] r(P)Is]
and | (W)[s] denotethe usual (polynomial)
forward differenceoperators evaluatedat the s-
th control point.

Combiningthis rationalforwarddifferenceoperatoiin
De nition [ andtheobsenationprecedingt, this paperde-
rivesconsistentyirtually equivalentrationalformsfor the
derivativesasthoseknown in the Bézier polynomial case
andalso similar forms for curvatureandtorsion,the rst
andsecondundamentaforms,asthosefrom classicaldif-
ferentialgeometry This is not only gratifying in termsof
mathematicaklegance;but more importantly it provides
a straightforvard generalizatiorto higher dimensionand
translatesnto very simple and uni ed codefor differen-
tial geometrycomputationon NURBS manifoldsof arbi-
trary dimension. This bene t distinguishegshe approach
describedherein.

Withoutlossof generalityin this paperall derivatives
(forward differences)re evaluatedat the lower cornerof
the domain(the control mesh),and thereforewe develop
differential computationon only one point of the patch.
Employing subdvision techniqueshowever, the samedif-
ferential featuresclearly can be extractedfrom ary point
on a NURBS manifold. Further we note that curvature
andtorsionareintrinsic geometricpropertiesinheritedby
eachsubdvided curve part, during a subdvision process,
soit is not necessaryo recomputehis valuesubsequently
at ary time in the recursion. Thatis to say if we subdi-
vide a Béziercurve into two smallerpieces the geometric
propertiesattheleft handpoint areinheritedby thatof the

rst piece,soonly the secondpiecerequiresevaluationat
its left handpoint. In otherwords, this leadsdirectly to
anincrementahlgorithmthatarisesasa by-productof the
subdiision procesgypically usedfor the visualizationof
themanifold.

Therestof the paperis organizedasfollows. Firstwe
giveacomparatiediscussiorof relatedworksin SectioriZ,
derive differential computationon rational Bézier curves



andsurfacesin Sectiorfd andSectior respectiely. Then
we givetwo examplesin Sectiorld After that,in Sectiorlg,
we generalizeto rational Bézier hypersurfaces. Finally,
looking backward andforward,we make someconcluding
remarksin Sectiorid

2 RelatedWorks

Cunvature computation for rational Bézier curves
basedncontrolmeshess well known [5,14,]. This, how-
ever, is not the casefor rationalBéziersurfaces.J. Zheng
andT. Sederbgy [8] publishedsomeearlierresulton this
with goodgeometridntuition. Inspiredby their paperour
work is in a similar vein. However, we introducethe ra-
tional forward differenceoperation,andusethatasa sim-
plifying approacho achiese succinctexpressionghatare
uni able over manifold dimension. The rational forward
differenceapproactallows usstraightforvardlyto general-
ize to higherdimensionakituation,anextensionwhich we
touchonin Sectiorfd Moreover, from animplementation
viewpoint, anotheradvantageis that the simplerformula-
tion translateglirectly to clean,compactcode.

3 Rational Bézier Curves

In this sectionwe derive formulasfor derivatives,cur-
vatureandtorsionof arationalBéziercurve, all expressed
in rational forward differenceoperators. Throughoutthis
section,we assumethe degreen rational Bézier cune is
de ned by a control polygon with homogeneoupoints
(Po; Wo); (P1;W1); 5 (Pn;Wh).

Noticein all the work that follows, the degreeof the
denominatoiof any higherorderderivative staysthe same
asthat of the rst order derivative; a higher degree de-
nominatorcomesonly with termsthatarein the subspace
spannedy all thelower orderderivative andcantherefore
be eliminated. This remarkappliesto the surfacecasein
Sectiord andthe hypersurfacecasein Sectiorfd aswell.

3.1 First Order Derivatives

Apply thequotientruleto agivenrationalparametriza-
tion,

()= b
xqt) = (FMTW%); (3.1)

att = 0, i.e.,thestartingpointof theBéziercurve,we have

(cf. Eq (L),

pP°=n(P1 Po)=n 1(P);
wl=n(Wi Wo)=n (W),
B 1(P)Wo 1(W)Po
x%=n W2
Then,by De nition [
x°=n i (3.2)

3.2 SecondOrder Derivatives

Differentiatingeq. ) onemoretime,

[x% = (W W)

" ; (3.3)

wherethe term due to the derivative of the denominator
(andthereforeis parallelto x°) hasalreadybeendiscarded.
Againwith De nition [,

x%=n(n 1) 5 (3.4)

Note that we shouldalso have put a pair of braclets[ ]
around the right side expression, meaningthat x° and
n(n 1) , arein the sameequialentclassde ned by
having the sameorthogonalcomponent. For the sale of
simpler math expressionshowever, we acceptthis incon-
sisteng for this equationand all similar equationsn the
restof thepaper

3.3 Third Order Derivatives

It turnsoutthatthe equatiorfor thethird orderderiva-
tive, [x°°p, alsoprovidesa simpleformulation.
DifferentiatingEq. 3.3 onemoretime, we get,

[XOOP: pOOW WOOB . DOQNO WO(bO_

> " ; (3.5)
where,again,thetermdueto the derivative of the denomi-
nator(paralleto x° hasalreadybeendiscarded.

If we canprovethatthesecondermof theaboreequa-
tionis spannedy (x%x° ,or (pWw  w9h; pPW  wo)
(cf. Eq. @) andEqg. (3), thenwe would have

x°%=n(n 1)(n

where, 3 isthethird orderrationalforwarddifference.
Now, to provethat p°W°® wOoh° isspannedy piw
w% and p% w% , we take thetriple scalarproduct

2) 3 (3.6)



of these3 vectors,andshaow it vanishesSpeci callyﬂ

W wh W w'h) (PN woP) =

@ Pw? (p pPhww® (° pww®y (P*W° wopd
=(p p%ww® W’ (p° p)ww® p*W°

=0

3.4 The Curvature and Torsion of Rational
Bézier Curves

For rationalBéziercurves,rationalforwarddifference
operatorgeally allow a directtranslationof curvatureand
torsion equationsfrom classicaldifferential geometry[lg,
2].

_kx® x%  kx® [x99k

kx&3  ~ kx%3
_n 1k 1 2|(
= K 11 3.7)
I S N S S (S
T kx9 x%%2 T kx0 [x0Qk2
_nh 21 2 4 (3.8)

n k 1 2k2

Comparingto the commonformulation of the curva-
ture and torsion of polynomial Bézier curves [, 4], the
above equationshave no explicit referenceo the weights
of the control points,andassumeexactly the sameforms,
replacingtheforwarddifferenceswith therationalforward
differences.

4 Rational Bézier TensorSurfaces

In this section we work on differential computa-
tion on a rational Bézier tensor surface. Throughout
this section, we assumethe degree m (in u-direction)
by n (in v-direction) rational Bézier tensor surface is
de ned by a control mesh with homogeneouspoints
(Pj ;W ); wherei=0 ;mandj=0 ;n

4.1 First Order Derivatives

Let therationalparametrizatiore,

p(u;v) .

x(u;v) = W)

1In these3 expressionsw; w0 andw®arescalarvalues p® andp®are
vectors;andw% andw% arealsovectors becausehey areactuallydif-
ferenceof two points. Therefore the subsequenderivation makessense
mathematically

Then,the rst orderpartialderivativesare,

(PuW  Wyp) .
w2 '
(pyw  wyp) .
w2 '

Xy = (4.2)
Xy =

At (u;v) = (0;0), i.e., the lower left cornerpoint of the
rationalBéziersurface we have (cf. Eq([L.5),

Ppu = M(Pwo Poo) = m 10(P);
pv = N(Pox  Poo) = n o01(P);
Wy = m(Wipo  Woo) = m  10(W);
wy = N(Wor  Woo) = n 01(W);
andconsequently
P)W W)P
xu=m10()00210()00=m10;
Wao (4.2)
_ 01(P)Woo 01(W)Poo _ i
Xy = > = o1-
Wio

4.2 SecondOrder Derivatives

For thenon-mixedsecondrderderivatives,thingsare
almostthe sameasthe curve case,

Xuw]= m(m
[Xvw] = n(n

1) 20;
1) o 4.3)

Now, to dealwith the mixed partial derivative by tak-
ing onemorepartial derivative of Eq. (1) with respecto
Vv, we have,

(Puv W Wuvp)+ (Puwy  Wypy) |
w2 w2 '

Xuw]=

Verifying thatthetriple scalarproductof pyw,  wypy
with p,w wyp and p,w w,p vanishes,

Wupy) =
P) (Puwy

((puw  wyp) (PeW  WypP)) (PuWy
W?py Py Wywp Py Wwypy

= wywwy [ppypul + wwy Wy [puppy]
:O;

Wy pv)

we can eliminatethe secondterm in the above equation,
andagaingettheappealinglyexpression,

Xw]=mn q3: (4.4)



4.3 The First and SecondFundamental Forms of
Bézier Surfaces

Interpretingthe classical rst fundamentaform for a
surface,it becomes,

E F Xu Xu Xu Xy
F G Xy Xu Xy Xy

mm 10 10 MN 10 01

(4.5)
nm oz 10 NN o1 01
Also denotedasl , thedeterminants
| = m2n2k 10 01k2
= m?n2AZ; (4.6)

where A = k o1 10k.

In preparationfor the secondfundamentalform, we
normalizethesurfacenormalN = x, X, to,

K = Xu Xy 10 01 .
qu Xvk k 10 01k.

And thesecondundamentaform becomes,

0 1
LM X N xo N
I = M N =@ A
Xvu Kr Xyv M
m(m 1)M mnl o o ul
k 10 ok K 10 oK E
mw n(n 1)L o cl
10 o1k k 10 ook
v v 1
m(m 1) mn Y&
=@ A (4.7)
mn¥ on(n 1%

where,

Voo=1[ 10 o1 o2];
Vit =[ 10 o1 1l
Voo =1 10 o1 20]:

The determinanbf the secondfundamentaform matrix,
alsodenotedasl |, is

Il = LN M
_mn(m 1)(n  1)VxoVo2

2n2\/2
m<n<Vy3
AZ '

(4.8)

And nally , the Gaussiarcunatureis,

! - WVZOVOZ Vlzl . (4 9)
| A4 ' '

We omit the derivationsof othersecondordersurface
featuressuchasmeancurvature,principal curvaturesand
asymptoticdirections,sincethey are easily derived from
the rst andsecondundamentaforms.

5 Examples

Toillustratethemainideaof this paperwe choosehe
simplecurve caseto give two exampledn this section.

The rst examplecomputeghe curvatureof arational
conicsection.The secondexampledoesthe samework on
the samecurve, but within the context of NURBS.

Example 1 (Curvaturesof an ellipsevia the rational forward operato
Considerthe r stquadrmantof theellipse

X3 X3
R R

az  ?

with parametrizationof

_a (1 t%),
xa(t) = EETE
b 2t

Xo(t) = t2’

attheinterval [0; 1].
Rawriting the parametrizationin homaenouscoordi-
nateform,wehave

x(t) = [a(1 t?); 2bt; 1+ t2]:

Using blossomingwe can easily nd the rational Bézier
contml pointsof this conic sectionin homaenouscoordi-
nates,

[PO;WO] = [a;0;1];
[PL,W1]= [a;b;1];
[P2;W2]= [0; 2b;2]:

The r storder forward differencesat the r stcontrol point
are,

1(P)I0] =
1(W)[0] =

By De nition [0, the r st order rational forward difference

atthe r stcontml pointis,

1(P)IOIWO 1 (W)I[O]PO _ [O; 1] + Ofa; 0] _
W02 1

P1 PO=[ajb [a;0]= [0;b];
W1 Wo= o0

1[0] = = [0;b]



The r st order forward differencesat the second(middle)
contmol pointare,

1(P)[1]= P2 P1=[0;20
(W)[1]= W2 Wi= 1L

[a;bl = [ ajhl;

Theefore, the secondorder forward differencesat the r st
contmol pointare,

2(P)0] = 1(P)[1]
2(W)[0] = 2(W)[1]

Now again by De nition [ the secondorder rational for-
ward differenceat the r stcontmol pointis,

2(P)IO]WO  »(W)[O]PO _ [ &0]
W02 B 1

Basedonthe r standsecondrder rational differences,

1(P)0] = [ &b
1(W)[0] = 1

2[0] =

[x%0)] = 2
x0)] = 2

1[0] = [0; 2hy;
(2 1) 2[0]=[ 4a;0F

And, by Eq. @), thecurvatue of theellipseatt = 0, i.e.,
themajorend,is,

n 1k 1 zk
n k 1k3

2ab
=5 T a=if

Althoughwe de ne therationalforwarddifferenceop-
eratorandits applicationin the context of Bézierpatches,
the mainideaactuallyextendsto NURBS asshavn in the
following example.

[0 =[ a0}

[2;0] _

Notethat the polynomialforward differencehasto be di-
videdby 1 ( 1) ,whichnormalizes* (™) =2
bakto 1 (cf Eg.(J). Nonethelessye canuseDef-
inition [ as usualto get the r st order rational forward
differenceat the r stcontmol point,

0] = 1(P)IO]WO  ((W)[0]PO
! W02
O;b] Ofa; b
- B2 28 5 oy

The r st order forward differencesat the second(middle)
contmol pointare,

P2 P1_ [ &30 [ab _ .
Hﬁwmhvé(ug = [ ab
1(W)[1] = ﬁ: L

Theefore, the secondorder forward differencesat the r st
contmol pointare,

_ a(P)1]  1(P)[O]
2(P)[0] = —

=[ ab [0;0=] a;0]

_ AW a(W)I0] _
2(W)[0] = - = L

Now again by De nition [, the secondorder rational for-
ward differenceat the r stcontmol pointis,

2(P)[0]W0
W02

[&; W - [ 2a:f]

2(W)[O]PO

2[0] =

_ [ 0]
= -

Basedonthe r standsecondrder rational difference

Example 2 (Rational forward differ encesin the contextof NURBS)

Considerthe sameellipse as the above example blos-
soming however, the explicit parametrizationusing the
knot vector of 1;0;1;2 (insteadof O0;0;1; 1, which
essentiallyresultsin a Bézier curve) so that the de Boor
contml pointsare,

[PO;WOQ]= [a; b;1];
[PL;,W1]= [a;b;1];
[P2;W2]=[ a;3b;3:

The r storderforward differencesat the r stcontmol points
are,

_P1 PO_ [ [a B _ ...
(PO = Ty = g = )

W1 wo_
(W0 = —7——=0:

[x%0)] = 2
[x°0)] = 2

1[0] = [0; 20);
2 1) [ 2ab=1] 4a; 24:

And,by Eq. B2, thecurvatue of theellipseatt = 0, i.e,,
themajorend,is,

n 1k 1 2|(
n k 1k3

_2ab_
= o - &

Notethat, compaedto Examplel, we havethe same
result for [x%0)] ( 1[0]), but different one for [x°{0)]
(' 2[0]). However, there is actually no inconsistencyere,
asweare talking aboutthethe secondderivativeup to any
term parallel to the r st derivative Both [x°{0)] ( 2[0])
canbeusedto computehecurvatue.



6 Rational Bézier Hyper-Surfaces

Differential computationon a rational Bézier man-
ifold, with arbitrary dimensionand co-dimension,is a
formidableproblem. With the rationalforward difference
operatiorintroducedn this paperwetry to make amodest
steptowardthis goal- the co-dimensiori case.

Consideringan m dimensionalrational Bézier patch
embeddingn R™*! spacethe rst fundamentaform is
anm m matrix, the(i; j )-th elementof whichis merely
the dot productof thetwo partial derivativesalongi andj
directions,

L(ij) = Xe Xy = ning ¢ g (6.1)

By analogousreasoning,the m partial derivatives
fxy;i = 0, ;m 1g spanthe tangenthyperplane,
and their cross product, de ned as ( in the equation,
feg; ;em g is the orthonormalbaseof the embedding
spaceand(Xy, ); is thej-th componendf xy,),

€ €m
(Xto)o (Xto)m
Xto Xtm 1 = . . ’
(Xtm )o (Xt Im

gives the normal direction of the hypersurface. For the
non-mixed secondorderderivatives,it is obviouswe have
thesameresultasthesurfacecaseor asthe(iso-parametric)
curve case.For the mixed secondorderpartial derivatives,
althoughthe notationsare more complicatedwe are able
to make a similar argumentbelov aswe did in the surface
casefor Xy .

X¢ = @ p(to;  itm 1)
@ w(to,  stm 1)
- ptiW Wtip.
w2

(ptitj w Wtitj p) + (ptiwtj

W ptj ) i
w2 w2 '

[Xtitj ] =

Onceagain,the secondierm on the above equationis ac-
tually in the tangenthyperplane and can be discarded.
This is true becausdéhe (m + 1)-th scalarproductof the

m partial derivativesfx;, ;i = 0; ;m 1g, andv =
(pt; Wy, Wy, ;) de nedas,
(Xto)o (Xto)m
Xty Xtm . VI= : . : ;
(Xt )o (Xt Im

vanishes.Speci cally, by observingthatany multiple ap-
pearanceof ary vectorin an (m + 1)-th scalarproduct
makesthe productO,

[(ptow W, p) (ptm W W, p) (pt| Wtj Wy, ptj )]
= [( wm thi) Pto Pt PPty Pt 1 (ptthj )]
[( Wm 1Wtj ) pto ptj 1p ptj+1 ptm 1 (pt| Wti)]

=0

Hencewe have thefamiliar expressiongor the secondr-
derpartialderivatives,

[Xtiti] = ni(ni 1) tit; =0 m 1

. L 6.2
Xeg; = ning g3 ) =0 sm 1 16 (6-2)
andthesecondundamentaform,
Gy =i DAL= 0 jmo g
A
v, (6.3)
()= ninj—;i;j =0, ;m 1 i6j
A
where
Vtitj = [ to tm 1 titj];
A= k to t1 tm 1k:

7 Conclusion

In this paper a rationalversionof the forward differ-
enceoperatoron control meshess introduced. With the
rational forward differenceoperation,it turnsout thatthe
basicdifferentialgeometrycomputatioron rationalBézier
patchegesultsin very compactsimpleformulasthat spe-
cialize to previously known forms for their polynomial
counterpartsand resemblethose from classicaldifferen-
tial geometry A generalizatiorto co-dimensionl hyper
surfacess alsodiscussedandwe believe thatthis formula-
tion is moreamenabléf the Béziermanifold hasarbitrary
co-dimensions.This new approachalso leadsdirectly to
simple,uni ed implementationshathandleall dimensions
within singlealgorithm.

Currently we are consideringhe third andhigheror-
der differential computationon Bézier patches. The ex-
tensionto higher (> 2) order derivativesis not straight-
forward, sincethe lower orderderivativesalreadyspanthe
embeddingeuclidean3D space. For example,when de-
rving Xuvv by Xwyv = @uw =@ , thetermdueto the
derivative of the denominatoof x,, cannolongerbeig-
noredin Xy N , which is usedto compute ecnodal
curves.

Anotherdirectionfor extensionis symboliccomputa-
tion on NURBS (SeeG. Elber[3]). Speci cally, we have



successfullymanagedo eliminatethe higherdegreeterms
of thesecondandthird orderderivativesof arationalcurve,
aswell asthesecondrderderivativesof arationalsurface,
andwe wouldlik e to exploreits extensionto sometypesof
symboliccomputation.
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