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Abstract

We view sharedmemoriesasstructureswhich de�ne re-
lationsoverthesetof programsandtheir executions.Anim-
plementationis modeledbya transducer, where therelation
it realizesis its language. Thisapproach allowsus to cast
sharedmemoryveri�cation aslanguageinclusion.Weshow
thata speci�cationcanbeapproximatedbyanin�nite hier-
archy of �nite-state transducers, called thememorymodel
machines.Also,checkingwhetheranexecutionisgenerated
bya sequentiallyconsistentmemoryis approachedthrough
a constraint satisfactionformulation. It is proved that if
a memoryimplementationgeneratesa non interleavedse-
quentialandunambiguousexecution,it necessarilygener-
atesonesuch executionof boundedsize. Our papersum-
marizesthe key resultsfrom the �r st author's dissertation,
and mayhelp a practitioner understandwith clarity what
“sequentialconsistencychecking is undecidable”means.

1. Intr oduction

Sharedmemoryconsistency models(“consistency mod-
els”) arecentrally importantin the designof high perfor-
mancehardwarebasedon sharedmemorymultiprocessing
(e.g., [1]) aswell ashigh performancesoftwarebasedon
sharedmemorymulti-threading(e.g.,[2]). To mitigatethe
complexity of designingsharedmemoryconsistency pro-
tocols, either post-facto veri�cation (e.g., [3]) or correct
by constructionsynthesis(e.g.,[4]) areemployed. Shared
memorymultiprocessormachinesareprogrammedaccord-
ing to their consistency models,which de�ne the possible
outcomesof runningconcurrentprograms.The semantics
of sharedmemoryaredescribedby their consistency mod-
els which specifythe setof valuesthat load s arepermit-
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ted to return for any program. Typical programsconsist
of load s, store s, andotherspecialinstructionssuchas
barrier s, andfence s. In this paper, we consideronly
load s (synonymouswith read s) and store s (synony-
mouswith write s), as is customaryin a study of basic
sharedmemoryconsistency issues.

For mostpracticalpurposes,weaksharedmemorymod-
elssuchastheSparcTSO[5] or theItaniummemorymodel
[6] areof interest.However, mostprogrammersunderstand
sharedmemoryin termsof sequentialconsistency(SC)for
threereasons:(i) SC has,traditionally, beenthe memory
modelof choiceto supportin hardware;(ii) excellenttheo-
reticalunderstandingexistswith respectto SC;and(iii) pro-
grammersstrive to obtaina semanticsthatmatchesSC for
particularprogramsof interestby insertingthe leastnum-
berof fences[7, 8]. Thus,it is importantto have theoreti-
cal issuesaboutsequentialconsistency well understoodby
programmersin simpleandintuitive terms,andin termsof
modelsthat they caneasilyrelateto. We believe that this
is not the casetoday: thereareresultswhich canbe mis-
understood,practicalissuesthat have not beenconsidered
adequately, and in addition, new resultsthat warrantdis-
seminationat an intuitive level. Theaim of this paperis to
offer sucha perspective to practitionersaswell asto those
in formalmethods.

As an example of what we mean, consider [9] in
which the authorshave shown that the problemof verify-
ing �nite-state sharedmemoryconsistency protocols[10]
againstthe sequentialconsistency memory model is un-
decidable. Upon closer examination, [9] doesnot offer
a de�nite verdict on the practicalaspectof sharedmem-
ory consistency protocol veri�cation. What [9] shows
is that if a sharedmemory system is viewed in terms
of traces of executedinstructions, then the problem of
showing that thesetracesare containedin the language
of sequentialconsistency (formally de�ned in [9]) is un-
decidable. In [11], we show that if we model a �nite-
stateconsistency protocol in termsof triples of the form



hprogram; execution; correspondencei , where we not
only keeptheexecutions(asin currentapproaches)but also
(i) modeltheprogramsthatgave riseto theexecutions,and
(ii) model a correspondencerelation betweenwhich pro-
graminstructionsappearwherein the execution,then the
questionof decidability remainsopen. We arguethat our
way of modelingmemorysystemsavoidsall theproblems
pertainingto realizability that a tracebasedview invites.
Moreover, we believe thatour modelis muchmorefaithful
to reality in that a sharedmemorysystemis a transducer
from programsto executionsandnotmerelyanautonomous
processthatspewsexecutedinstructions.

As anotherexampleof a lessknown result,we recently
show [11] that for unambiguousexecutions(executions
whereeachaddressa is notwritteninto with thesamevalue
morethanonce),thequestionof verifying SCbecomesde-
cidable.Themannerin which this resultwasobtainedis, in
itself, interesting.Weshow thatgivenany unambiguousex-
ecution,onecangenerateconstraintsthatcaptureorderings
thatmustbedisobeyedfor theexecutionto besequentially
consistent.We show that theseconstraintsimply a bound
on the size of executionsto be searched.This result has
beenobtainedwithout makingany assumptionssuchaslo-
cationmonotonicityor symmetrythataremadein [12, 13].
It is also the �rst time that we believe that the notionsof
decidabilityandambiguityhavebeenrelated.

Viewssimilar to oursexist in otherwork also:for exam-
ple, in [14], theauthorspoint out thattheclassof protocols
consideredby [9] possiblyincludeinstancesthat areirrel-
evant (unrealizable)in practice. They go on to provide a
characterizationof decidablefamiliesof protocols,aswell
asdecisionprocedures.Others[15] have alsopointedout
suchdecidableprotocolclasses.However, thesedecidable
SC characterizationsleave out importantclassesof execu-
tionsthatour approachconsiders.

Roadmap. In Section2, we de�ne the notion of a mem-
ory modelasa relationover programsandexecutionsand
a sharedmemory systemas a transducer. We address
many detailsthat arenot addressedin relatedworks (e.g.,
[9, 14]) without which theconnectionsbetweende�nitions
andphysicallyrealizablesystemsareunclear;theseinclude
notionssuchas(i) establishinga relationbetweenmemory
requestsandresponsesusingacoloringrelation, (ii) theno-
tionsof immediateandtabular thatallow a �nite-statepro-
tocol to interactwith a (potentially) out-of-ordermemory
systemandcollectresponsescorrespondingto requests.In
Section3, we describewhathappensif we certify a mem-
orysystemto becorrectsolelybasedonexecutions(without
consideringprograms).In Section4,wedescribea�nite ap-
proximationto sequentiallyconsistentsharedmemorysys-
tems.In Section5, we presenta constraintbasedapproach
to verify �nite executions,andstatedecidabilityresultsap-
plicable to unambiguousexecutions.While we cannotdo

justiceto thelevel of detail it takesto explain thesenotions
adequately(which is what [11, 16] do), what we hopeto
achieve is an intuitive disseminationof our resultswhich
our formerpublicationsdonotdo.

2. Formalization of Shared Memory

Any work on sharedmemoryformalizationor veri�ca-
tion hasto startwith an understandingof what a memory
entails.After all, sharedmemoryis but a typeof memory.
It is commonpracticeto immediatelystartwith a mathe-
maticalde�nition. Here,we will startwith an intuitive ex-
planation,statingthe obvious,andbuild our formalization
on topof that.

We will explain a memorysystemusingtwo orthogonal
andcomplementaryviews: staticanddynamic. Statically,
a memorysystemis anarraywhosedimensionis known as
the addressspace. What eachaddresscanhold asdatum
formsthedataspaceof thememory. Dynamically, a mem-
ory systemis aninteractingcomponentwhichgeneratesre-
sponseto eachinstructionit receives. The instructionsit
receivesarebroadlyclassi�edasthosethatqueryandthose
thatupdate.Theinstructionsbelongingto theformerclass
areusuallycalledreadinstructions;thosein thelatterclass
arecalledwrite instructions.Thestateof a memorysystem
canbeuniquelyde�ned asthecombinationof thecontents
of its addressspace(staticpart)andthesetof instructionsit
is processing(dynamicpart).

Whatdistinguishesasharedmemoryfrom othertypesof
memoryis theenvironmentwith which thememorysystem
interacts. In a sharedmemory, typically, thereareseveral
usersand eachinstructionis taggedwith the identi�er of
the userissuingthe instruction. Hence,contraryto a sin-
gle usersystem,not only doesthememorydifferentiatean
instructionaccordingto its classor theaddresson which it
operates,but alsoaccordingto its issuer.

A sharedmemorysystemhasmultiple usersandassuch
it forms a concurrentsystem. Removing this concurrency
at thememorysidegoesagainsttheraisond'êtreof shared
memorysystems,i.e. increasedperformancethroughparal-
lelism. Allowing arbitrarybehavior by thememorysystem
wouldmakeprogramminginfeasible.Themiddlegroundis
to de�ne asetof behaviors: eachinstructionsequence(pro-
gram) is expectedto resultin oneof thepossiblyseveralal-
lowedresponsesequences(executions). A sharedmemory
modelde�nes this relation.Whena sharedmemorysystem
is claimedto conformto a certainsharedmemorymodel,
it is to be understoodthat a programcanonly result in an
executionde�ned by this sharedmemorymodel. Formal
veri�cation, then,is to provethisclaim.

We keepreferringto two seeminglydifferentnotions:a
sharedmemorymodelanda sharedmemorysystem.This
is notarbitrary. A sharedmemorymodelshouldbethede�-
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nition of a relation(whatit contains)andnot its description
(how it realizes). A sharedmemorysystem,on the other
hand,shouldbe the formal model of a design. It should
describehow it is to behavefor eachprogramit receives.

In our framework, closely following intuition, a shared
memorymodelis a binaryrelationover programsandexe-
cutions,calledaspeci�cation. A speci�cationis parameter-
izedoverthesetof users,addressspaceanddataspace.The
instructionsor theresponsesthatthememorymight receive
or generateandwhich responsecanbegeneratedfor which
instructionformsastructurecalledinterfaceandis alsopart
of thespeci�cation.

De�nition 1 A memoryinterface, F, is a tuple hI ; O; � i ,
where

1. I andO are two disjoint, nonemptysets,called input
(instruction)andoutput(response)alphabets,respec-
tively. Their union,denotedby � , is calledthealpha-
bet.

2. � � O � I is theresponserelation.

De�nition 2 Therw-interfaceis thememoryinterfaceRW
with (hereN is thesetof natural numbers):

1. I RW = f wi g � N3 [ f r i g � N2

2. ORW = f wo; r og � N3

3. For any � i 2 I RW , � o 2 ORW , wehave(� o; � i ) 2
� RW iff eitherthe�r st componentof � o is wo, the�r st
componentof � i is wi andthey agreeontheremaining
threecomponents,or the �r st componentof � o is r o,
the �r st componentof � i is r i and they agreeon the
secondandthird components.Formally,

� RW = f ((wo; p;a; d); (wi ; p;a; d)) j p;a; d 2 Ng[

f (( r o; p;a; d); (r i ; p;a)) j p;a; d 2 Ng

Also,for easeof notationthefollowingwill beused:

1. A partition of � , f R; W g, where

R = f r og � N3 [ f r i g � N2

W = f wi ; wog � N3

2. Three functions,� ; �; � , where for any � 2 � RW ,
� (� ) is thevalueof � 's secondcomponent,� (� ) that
of the third component,and � (� ) that of the fourth
componentif it exists,unde�ned(denotedby ? ) oth-
erwise.

De�nition 3 A memoryspeci�cation,S , for a memoryin-
terfaceF is thetuplehF; � i , where � � (( I F )� � (OF )� ) �
Perm , is theinput-outputrelation.

Here,Perm is the setof all permutationson (subsetsof)
naturalnumbers. We later employ Perm k for the set of
all permutationsover f 1 : : : kg. We shall let � S denote
dom(� S ) (a relationover (I S )� � (OS )� ). � of a mem-
ory is expectedto de�ne therelationbetweentheinput to a
memory, a(�nite) stringoverI whichmightbecalledapro-
gram or an instructionstream, andthe output it generates
for this input,a (�nite) stringoverO whichmightbecalled
an executionor a responsestream.1 For eachsuchpro-
gram/executionpair of thememory, � alsode�nes,through
permutation,themappingbetweenanindividualinstruction
of theprogramandits correspondingoutputsymbolin the
execution.2

For instance, consider an input-output relation for
RW which has the following element: ((( (r i ,1,1)
(r i ,1,1) ); ((r o,1,1,2) (r o,1,1,4) )) ; (21)). In
theprogram,wehavetwo readsissuedby processor1 to ad-
dress1. Theexecutiongeneratestwo differentvaluesread
for address1; 2 and4. By examiningthepermutation,we
seethat the �rst instruction's responseis placedat thesec-
ondpositionof theoutputstream,wherebyweconcludethat
thereturnedvaluefor the �rst readis 4. Similarly, thesec-
ond read's value is 2. So, intuitively, if the permutation's
i th value is j , the j th symbolof the outputstreamis the
responsecorrespondingto the i th instructionof the input
stream.

De�nition 4 A memoryspeci�cationS is calledproperif

1. � S is lengthpreserving.

2. For anyp 2 (I S )� , there existsq 2 (OS )� such that
(p; q) 2 � S .

3. � = (p; q) 2 � S implies; 6= � S (� ) � Perm j p j and
for any� 2 � S (� ), � (j ) = k implies� S (qk ; pj ).

If the �rst condition holds, the memory speci�cation is
length-preserving. Then,alength-preservingmemoryspec-
i�cation is onewhich matchesthe lengthof its input to its
output. Note that, without the third requirement,it is not
of muchuse.Example: SN D = hRW; � N D i , where� =
((p; q); n) 2 � N D implies p 2 (I RW )� , q 2 (ORW )� ,
jpj = jqj, � RW (qj ; pj ) and � (j ) = j , for j 2 [jpj],
� � n (� is thepermutationrepresentedby n). Theshared
memorySN D is length-preserving.If the secondcondi-
tion holds,a memoryspeci�cationis complete(e.g.,SN D

1Although we areusingthe wordsprogram andexecution, we do not
claim that the input is requiredto be the unfolding of a programandthe
outputto beits associatedexecution.This might or might not bethecase,
dependingon whereexactly the interface,userandmemoryarede�ned.
Onechoicemightput thecompilerat theuserside,quitepossiblyresulting
in aninput streamthatis differentfrom theactualorderingof instructions
in aprogramdueto performanceoptimizations.

2By itself, � de�nesthetypeof responserelationsallowed.
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is complete).Completenessis therequirementthata mem-
ory speci�cationshouldnot be ableto rejectany program
aslong asit is syntacticallycorrectwith respectto the in-
terface. This property, despiteits simplicity, is onewhich
hasbeenneglectedby all previouswork onsharedmemory
formalization,to thebestof our knowledge([17] considers
someof theseissues). The third condition is sayingthat
any permutationusedasamappingfrom theinstructionsof
the input to the responsesof the outputshouldbe respect-
ing the responserelationof the interface. Therearesome
subtlepointsto note.First, it requiresthatthelengthof the
outputstream,jqj, to be at leastasmuchasthe lengthof
the input stream,jpj; it couldbegreater(a problemwhich
is taken careof by the requirementof length-preserving).
Second,even for the sameinput/outputpair, therecanbe
morethanonepermutation.Sincewe aretrying to de�ne a
correctspeci�cationwithout any assumptions,theseseem-
ingly nottight enoughrequirementsarefavoredfor thesake
of generality. SN D satis�esthis third property.

Consistency modelsareviewedassetsof triples

hprogram str ing ; execution str ing ; permutation i

where the permutation describes the association be-
tween the individual instructions in the program string
and the corresponding “�nished” (or executed) el-
ementsin the execution string. For example, the triple
<Prog: write(p1,a,2); read(p2,a), Exec:
read(p2,a,0); write(p1,a,2), Perm: 21>

(where permutation 21 is an abbreviation for
f (1; 2); (2; 1)g – focussingonly on the rangeelements),
could be one element in the set that de�nes sequential
consistency. Note that the standardnotion of “program
order” canbe extractedfrom the �rst elementof the triple
(the programstring) by projectingthe string to individual
processors.

The executionstrings,which representthe temporalor-
der, canbetransformed,possiblyinto a differentstructure,
suchasa poset,suchthat the predicateof the consistency
model is satis�ed. For sequentialconsistency, however, a
posetstructureis not needed;onecantransformtheexecu-
tion stringsto a serial logical order, which is a total order
asdescribedearlier.

Consistencyprotocols are viewed as �nite-state ma-
chines over �nite strings. The alphabet of these
machines consists of instructions paired with colors.
The colors serve as a “marker dye”. We color
an instruction (e.g., <write_i(p,a,d),blue> or
<read_i(p,a),green> ) when it enters the system
(also notice our useof the _i subscriptto denotethe is-
suingeventcorrespondingto theseinstructions).Whenthe
instructionemergesafterhaving beingexecuted,wecantell
by observingits color which programinstructiongave rise
to it (andalsowe mark the completionevent of thesein-

structionsby the_o subscript).
We statewell-formednessconditionsfor speci�cations

andimplementations.Someof theseconditionsare:

� The speci�cation and implementationeffect length-
preservingmapsfrom programsto executions.

� The implementationcannotaccumulatean arbitrary
numberof instructionsthatit hasingested.

� The color setsare�nite. This modelsthe fact that in
any �nite-state implementationof a consistency pro-
tocol, thenumberof outstanding(un�nished)memory
instructionsis bounded.

� The implementationmakesa “color association”be-
tweeninputsymbolsandoutputsymbolsthatdoesnot
changeasmoreinstructionsareconsidered.This cap-
turesthattheassociationis decidedby a deterministic
processcarriedout by a �nite-state protocol (we call
this propertyimmediate).

� The color associationis de�ned by pendinginstruc-
tionsalone.In otherwords,“�nished input instruction
/ outputresponse”pairshave no effect in decidingthe
natureof the color associationfor future instructions
(wecall thispropertytabular).

Thereis oneadditionalandimportantproblem:themap-
ping betweeninstructionsand their associatedresponses.
The usualsolution is to imposecertainrestrictionson the
memorysystemsuchasin-ordercompletion.For instance,
if two readinstructionsof thesameaddressby thesameuser
await responses,the�rst suitablegeneratedresponse(same
addressanduser)belongsto theinstructionthatwasissued
�rst. We feel thatthis is anunnaturalrestrictionandcannot
bereasonablyenforcedonall memorysystems.

Hadwebeendealingwith in�nite statemachines,theso-
lution would have beentrivial: markeachinstructionwith
a uniquenaturalnumberandtagits responsewith thesame
number. This is, in fact,employedin de�ning speci�cations
aswe saw above. For �nite-statesystems,anin�nite alpha-
betis notpossible.

In the mostgeneralcase,a function hasto be supplied
to interpretpairsof stringsover colors: given any pair of
stringsof equallength,this functionwould generatea per-
mutationwhich would map instructionsto responses.A
colorsettogetherwith sucha(conversion) functionis called
acoloringscheme. it is nothardto seethatthismight result
in syntacticallydifferent, semanticallyequivalent strings,
somethingwe aretrying to avoid. Fortunately, we cando
better. In order to justify the useof a canonicalcoloring,
we alludeto �nitary arguments.Whena userissuesanin-
struction, it must have a certainmechanismto tell which
responseit receivesactuallycorrespondsto thatinstruction,
especiallywhenboth theuserandthememorysystemop-
eratein a settingwhereout of orderexecutionand pend-
ing instructions,instructionsthat have not yet received a
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responsefrom thememorysystem,areallowed. Let usas-
sumethat i is an instructionthat the user issuedand the
responser is thesymbolthatthememorysystemgenerated
for i . Whentheuserreceivesr from thememorysystem,it
shouldbeableto matchit with i without waiting for other
responses.Furthermore,oncei andr arepairedby theuser,
they shouldremainso;afuturesequenceof instructionsand
responsesshouldnot alter the oncecommittedmatchings.
Sincetheuseris a �nite-stateentity, it canretainonly a �-
nite amountof informationaboutpastinput; mostlikely, it
will onlykeeptrackof thependinginstructions.Theseideas
arethebasisfor requiringimplementationsto beimmediate
andtabular[11].

Onceanimplementationis assumedto beimmediateand
tabular, andthis assumptiononly dependson the�niteness
of thesystemandtheusers,we cando away with arbitrary
coloringsand work with a canonicalcoloring. We have
provedtheexistenceof anequivalentcanonicalcoloringfor
an arbitrarycoloring in [11]. This meansthat any shared
memorysystemcanbemodeledby atransducerwhichuses
thecanonicalcoloring.

3. Execution-basedFormalism

An alternative, and widely adopted,way to formalize
memorysystemsis to view them as machinesgenerating
responses.In thisview, anexecutionof amemorysystemis
thecollectionof responses,alsocalledeventsin this frame-
work, this memorysystemgenerates.A memorymodelis
describedin termsof a modelpredicateoverexecutions.A
memorysystemsatis�esa memorymodelif all theexecu-
tionsthesystemgeneratessatis�esthemodelpredicate.

As usual,amemorysystemis parameterizedover theset
of users,the setof addressesandthe setof differentdata
valueseachaddresscanhold, representedby P, A andD,
respectively. We will take all thesesetsas �nite. A read
eventis representedby r (p;a; d) wherep 2 P is theproces-
sorthatissuedtheinstruction,a 2 A is theaddressqueried
by thereadinstructionandd 2 D is thedatavaluereturned
by the memory. Similarly, a write event is representedby
w(p;a; d) with p, a, andd having the samemeanings.�
is the alphabetcontainingall readand write events. The
parametersof a read(write) event are extractedusing the
functions� , � and� . That is, for s = r (p;a; d), � (s) = p,
� (s) = a and� (s) = d.

How anexecutionis representedresultsin differentfor-
malizations. Therehasbeenresearchthat usedpartial or-
ders[18], graphs[19, 13] andtraces[9, 14, 20, 12]. Wewill
considerthelatterwhichhasalmostalwaysbeenusedin the
veri�cation of sequentialconsistency.

In trace-theoreticalrepresentation,we use a partially
commutative monoid insteadof the free monoid � � . Let
� 1, � 2 be stringsover � , let s; t be symbolsin � and let

� = � 1st� 2. Thenthestring� 1ts� 2 is 1-stepequivalentto
� if � (s) 6= � (t). An equivalenceclassis thetransitiveclo-
sureof 1-stepequivalence.We cansaythattwo stringsnot
necessarilysyntacticallyequalbut belongingto the same
equivalenceclasshave thesamesemanticvalue.

A string � = s1s2 � � � sn for si 2 � is serial
(interleaved-sequential)if for any i � n suchthat si =
r (p;a; d) is a readevent, either thereexists j < i with
� (sj ) = a, � (sj ) = d, andtheredoesnot exist j < k < i
suchthat� (sk ) = a and� (sk ) 6= d, or d is theinitial value
of a. For simplicity, we will assumethat the initial value
for eachaddressis 0. This is thestandardde�nition for se-
quentialconsistency; it requiresthateachexecutionallow a
(logical) reorderingsuchthatany readof anaddressreturns
thevalueof themostrecentwrite to thesameaddress.

In thisformalization,anexecutionis astringover� . The
modelpredicatefor sequentialconsistency is asfollows: An
executionis sequentiallyconsistentif it is in theequivalence
classof a serial string. We say that a memorysystemis
sequentiallyconsistentif all its executionsaresequentially
consistent.

Basedon this formalization,it hasbeenclaimedthat[9]
a sequentiallyconsistent�nite-state memorysystemhasa
sequentiallyconsistentregular language.Consequently, in
[9], it is provedthat it is undecidableto checkfor an arbi-
trary �nite-state memorysystemwhetherit is sequentially
consistentor not. This resulthasbeencited in almostall
of thesubsequentwork suchas[20, 12, 13, 15]. Beforear-
guingtherelevanceof this result,however, it �rst behooves
us to talk aboutan assumptionthathasnot beenexplicitly
stated.

3.1. Trace­basedFormalization and In­order Com­
pletion

We have said that the de�nition of sequentialconsis-
tency, or any memorymodel for that matter, requiredin-
formationon thesequentialorderof instructionsissuedper
processor, alsoknown asthe programorder. On the other
hand,we have not really talkedaboutprogramorderin the
context of trace-basedformalization. The conciliation of
thesetwo seeminglycontradictingfactslies in a crucialas-
sumption:thememorysystemis expectedto completethe
requestsit receivesin an orderwhich respectsper proces-
sor issuingorder. That is, if the memorysystemreceives
instruction i 1 at time t1 from processorp, instruction i 2

at t2 againfrom the sameprocessorand t1 < t2, then it
is assumedthat i 1 completes3 beforei 2. That is precisely
why theequivalenceclassesde�ned above do respectpro-
gramorder;eventsbelongingto thesameprocessorarenot
allowed to commute,henceat each1-stepequivalencethe
programordersremainthesame.

3This notionmight alsobecalled“commitment”.
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It is highly questionablewhetherthis assumptioncan
stayvalid, giventheever ambitiousoptimizationsdonefor
memorysystems.Therearealreadymemorysystemswhich
processtheir requestsoutof issuingorder.

Considerthe following scenario. Processorp issues
r (p;a)4 and then issuesr (p;b). If the secondreadcom-
pletesbeforethe�rst one,whatweobservein theexecution
will beof theform � 1r (p;b;d)� 2r (p;a; d0)� 3 for strings� i

over � . Any string in the equivalenceclassof this string
will alwayshave r (p;b;d) beforer (p;a; d0), contradicting
theinitial programorder.

One can say that an intermediatemachinethat would
convertwhatthememorysystemgeneratesinto astringfor
which theassumptionholdscanbeconstructed.We could
thentake the combinationof the memorysystemandthat
machineand work on the output of the intermediatema-
chinewithoutany problem.However, therearecaseswhere
a �nite-state machinesimply cannotgeneratesuchan out-
put.

Considernow a slight variation of the above scenario.
Processorp issuesr (p;a) and then issuesan unbounded
numberof r (p;b). That is, after readingaddressa, it polls
theaddressb for an unboundednumberof times. Assume
further that the readof a doesnot returna valueunlessall
thereadsof b complete.This will meanthatthe�nite-state
intermediatemachinemusthavethecapabilityof storingan
unboundedamountof information,in this caseall theread
eventsof addressb. This is clearlyandtheoreticallyimpos-
sible.

This assumptionof in-ordercompletionfound in trace-
basedformalization,therefore,restrictsits useto a subset
of all possiblememorysystems,not all of which arepure
theoreticalconcoctions.

Unfortunately, it is impossiblenot only to formalizeall
�nite-state memorysystemsusingtracetheory, but alsoto
expressthe �nitenessof a memorysystem.We will argue
thispoint next.

3.2. Finitenessand Trace­basedFormalization

It hasbeenarguedin [9] thatsincea memorysystemis
basicallya �nite-stateautomatonwhoselanguageis a sub-
setof � � , the memorysystemis �nite-state if andonly if
its languageis regular. Furthermore,aswe have previously
mentioned,this impliesthata �nite-statememorysystemis
sequentiallyconsistentif andonly if its languageis regular
andsequentiallyconsistent.

However, we believe that this characterizationof �nite-
nessis inadequate.Considerthe following set of execu-
tions,givenasa regularexpression:

w(1; a; 2)r (1; a; 1)� r (2; a; 2)� w(2; a; 1)
4This is therepresentationof theinstructionwhoseresponseis theread

eventr (p; a; d) for somed 2 D .

According to the de�nition of sequentialconsistency, the
memory systemgeneratingthis languageis sequentially
consistent.It is sequentiallyconsistentbecauseany string
belongingto this regularexpressionhasaserialstringin its
equivalenceclass.For instance,theexecution

w(1; a; 2)r (1; a; 1)r (2; a; 2)w(2; a; 1)

is equivalentto theserialstring

w(1; a; 2)r (2; a; 2)w(2; a; 1)r (1; a; 1)

Let usassumethatN is thecardinalityof thestatespace
of the �nite-state memorysystemgeneratingthis regular
expression. Think of the execution where we have 2N
r (1; a; 1) eventsand2N r (2; a; 2) events. By the execu-
tion string,we know that the �rst event is w(1; a; 2). This
is to befollowedby thereadeventr (1; a; 1). Notethat,by
theassumptiondiscussedin theprevioussection,we know
that,without any informationabouttherelative issuingor-
dersamongreadinstructionsbelongingto differentproces-
sors,at least2N instructionsmustbe issuedby thesecond
processorbeforethewrite instructionwhich is thelastto be
committedis issuedby this sameprocessor.

However, this cannotbe doneby a sequentiallyconsis-
tentand�nite-statemachine.Noting thatthecardinalityof
thestatespaceof themachinewasN , therearetwo possi-
bilities:

1. The machinegeneratesthe read event r (1; a; 1) be-
fore theissuingof theinstructioncorrespondingto the
event w(2; a; 1). If at the instantthe machinegener-
atesthis readeventwestopfeedingthe�nite-statema-
chinewith instructions,it will eitherterminatewith an
executionthatdoesnothaveaserialstringin its equiv-
alenceclassor it will hangwaiting for issuingof the
write instructionit guessed. The former caseresults
in a non-sequentiallyconsistentexecution. The latter
casewherethememorysystemsimply refusesto ter-
minatecomputationwill bediscussedbelow.

2. Themachinegeneratesthe�rst readeventaftertheis-
suingof theinstructioncorrespondingto thew(2; a; 1)
event. This meansthat themachinehasnot generated
any event for at least2N steps. This in turn implies
that,sincethereareN states,thereexistsat leastone
state,s, whichwasvisitedmorethanonce,suchthaton
onepathfrom s to s, the machineinputsinstructions
but doesnot generateany events. Let us assumethat
thementionedpathfroms to s wastakenk times.Con-
sidera differentcomputationwherethis pathis taken
2k times; eachtime this path is taken in the original
computation,in the modi�ed computationit is taken
twice. It is not dif�cult to seethatthis will changethe
program,the numberof instructionsissued,but will
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leave the executionthe same;no output is generated
onthepathfrom s to s. Hence,weobtainanexecution
which doesnot matchits program;theprogram'ssize
becomeslargerthanthesizeof execution.Putin other
words,the�nite-statememoryignorescertaininstruc-
tionsanddoesnotgenerateresponses.

Thebasicfallacy hereis theabstractionof input,or thepro-
gram. In the �rst case,wherethe memorysystemhangs
or doesnot terminate,the memorysystemcannotbe con-
sideredcorrectin any reasonablesense.A memorysystem
shouldalwaysgeneratean executionaslong asthestream
of memoryaccesses,or instructions,aresyntacticallycor-
rect. In thesecondcase,we have a memorysystemwhich
generatesits outputregardlessof what it receivesasinput.
Thereshouldbeawell-de�nedcorrespondencebetweenthe
instructionsa memorysystemreceivesandtheresponsesit
generates.

Rememberthattheinitial motivationfor sharedmemory
modelswasto capturesomesort of correctnessfor shared
memorysystems.Thetwo ruleswe havementionedabove,
thatthememorysystemdoesnotdeadlockandthatthepro-
gramandits executionmustberelated,shouldbeproperties
thataresatis�ed by any memorysystem,not only sequen-
tially consistentsystems.However, it is impossibleto char-
acterizetheserequirementswhenonly executionis present
in theformalization.

If thereaderis notconvincedaboutthenecessityof these
rules, we could proposean alternative argument. Going
backto the original de�nition, we notethat a sequentially
consistentmemorysystemis requiredto behaveasif it is a
singleusersystem. A singleusermemorysystem,on the
otherhand,cannotexhibit any of thebehaviors mentioned
above(deadlockor arbitraryexecution)andbedeemedcor-
rect.

It is thereforenot correctto prove a propertyin trace-
basedformalizationandthenclaimthatpropertyto hold for
memorysystemsin general. The reversedirection holds
as well: certainpropertiesof memorysystemscannotbe
expressedin trace-basedformalization. Finitenessis one
suchproperty. We have beenso far unableto characterize
for thetrace-basedformalizationthesetof executionswhich
canbegeneratedby �nite-statememorysystems.

Anotherpropertythathasbeenprovedto hold for mem-
ory systemsin trace-basedformalizationis theundecidabil-
ity we mentionedabove. As a corollary of the argument
we have given for the �niteness, the resultof undecidabil-
ity is not applicableto �nite memorysystemsin general.
We claim that the decidability of checking the sequential
consistencyof a �nite-statememorysystemis still an open
problem.

4.Finite Approximationsto SequentialConsis-
tency

In this section,we will de�ne for eachsharedmemory
instanceasetof machineswhoselanguage-unionwill cover
all possibleinterleaved-sequentialprogram/executionpairs
of thatinstanceat theinitial state� .

memory

... ...

Commit

Queues

Processor

Queues

Input instruction
stream

stream
responseOutput

size ksize j

array

Figure 1. The diagram of SCP ;C (j; k)

Let P be a parameterizedinstance(P; A; D), C be a
color setandlet j; k 2 N. For simplicity, we will assume
thatP = [jP j]5, A = [jAj], C = [jCj]. Then,themachine
SC(P ;C ) (j; k) is de�ned asfollows:

TherearejP j processor�fo queueseachof sizej such
thateachqueueis uniquelyidenti�ed by anumberin P, jCj
commit�fo queueseachof sizek, againeachwith aunique
identi�er from C, andthememoryarray, mem, of sizejAj.
Initially, thequeuesareempty, andthememoryarrayagrees
with � , that is, mem(i ) = �(i ), for all i 2 dom(�). At
eachstepof computation,themachinecanperformoneof
the following operations:readan instruction,commit an
instructionor generatea response.Thechoiceis donenon-
deterministicallyamongthoseoperationswhoseguardsare
satis�ed.

Let � = (p;c) bethe�rst unreadinstruction.Theguard
for readingsuchaninstructionis that the � (p) th processor
queueandthecth commitqueuearenot full. If this opera-
tion is chosenby themachine,thenonecopy of � is inserted
to theendof the� (p) th processorqueue,anotheris inserted
to theendof thecth commitqueueanda logical link is es-
tablishedbetweenthetwo entries.

Theguardfor committinganinstructionis theexistence
of at leastonenonemptyprocessor�fo queue.If this guard
is satis�ed and the commit operationis chosen,then the
headof oneof thenonemptyprocessorqueuesis removed
from its queue. Let us denotethat entry by (q; c). If

5For a setA , jA j givesthe cardinalityof A . For a naturalnumbern,
[n] givesthesetf 0; 1; : : : ; n � 1g.
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q 2 R, thentheresponse((r o; � (q); � (q); mem(� (q))) ; c)
replacestheentry linkedto (q; c) in thecth commitqueue.
If q 2 W , thenthe response((wo ; � (q); � (q); � (q)) ; c) re-
placestheentrylinkedto (q; c) in thecth commitqueueand
the� (q)th entryof thememoryarrayis updatedto thenew
value� (q), i.e.,mem[� (q)] = � (q).

The guardfor outputtinga responseis the existenceof
at least one nonemptycommit queuewhich has a com-
pletedresponseat its headposition.If indeedtherearesuch
nonemptyqueuesandthe outputoperationis chosen,then
oneof thesecommitqueuesis selectedrandomly, its head
entry is outputby themachineandremovedfrom thecom-
mit queue.

Let the language of an SCP ;C (j; k) machine,
L (SCP ;C (j; k)) , be the set of pairs of input accepted
by the machine and output generated in response
to that input. Let L P ;C denote the (in�nite) unionS

j;k 2 N at L(SCP ;C (j; k)) . In [11], we prove thatany pro-
gram/executionpair is interleaved-sequentialonly if it can
begeneratedby someSC machine.This impliesthatL P ;C

containsall andonly interleaved-sequentialexecutions;that
is, it is equivalent to the set of all sequentiallyconsistent
program/executionpairs.

Therelationrealizedby a �nite SCP ;C (j; k) is alsothe
languageof a 2-tapeautomaton,sinceit is �nite-state and
lengthpreserving(see[21]). The samecanbe saidabout
length-preservingsharedmemoryimplementationsof a �-
nite instance.Sincetheemptinessproblemfor regular lan-
guagesis decidable,it follows that it is decidableto check
whethera �nite instanceimplementationrealizesa relation
thatis includedin thelanguageof someSC machine.Fur-
thermore,completenessof an implementationof a �nite
instanceis also decidable;it suf�ces to constructa new
automatonwith the samecomponentswhosetransitionla-
belsareprojectedto the �rst (input) alphabetand then to
checkfor its universality. Theseobservationsallow us to
claim that it is decidableto checkwhethera memorysys-
tem M is completeand hasa languagethat is subsetof
SCP ;C M (j; k), for somej; k 2 N. NotethatSC machines
allow a semi-decisionprocedurefor sequentialconsistency
conformanceof aprotocolto beobtainedthroughlanguage
containment(sincewe do not know how to boundj andk
yet,adecisionprocedureis notobtained).

As a casestudy for the above ideas,in [11], we prove
�nite instancesof lazycaching[22] sequentiallyconsistent.
Themethodwe usedis basedon (regular) languageinclu-
sionand,thus,in principle,couldbefully automated.

5. A Constraint SatisfactionApproach

We saidthata concurrentexecutionis a combinationof
sequentialexecutions,oneperprocessorandtheconcurrent
executionis interleaved-sequentialif a certaininterleaving

of thesequentialexecutionsappearsasif executedby asin-
gle processor. Let us call this the logical order of a con-
currentexecution.Thelogical order, then,is a �ctitious or-
der thatconformsto all therequirementsenforcedby each
processor. But whatexactly do we meanby theserequire-
ments?

1

2

4

P1 P2 P3

w(2,a,1) w(3,a,2)

r(1,a,1)

r(1,a,2)

3

Figure 2. Sample concurrent execution, G1.

Look at theconcurrentexecutionG1 of Fig. 2.6 Wehave
four instructions.The requirementof processor2 is that a
write of value1 to addressa exists.Besidesthat,it imposes
noorderingwith respectto any otherinstruction.Samewith
processor3. Processor1,ontheotherhand,requiresthatthe
readof value1 precedethereadof value2 ataddressa. This
hasanindirecteffecton thewrite ordering:w( a,1) 7 must
precedew( a,2) . Hence,a logical order, in caseit exists,
mustsatisfyall theserequirements.For this instance,3, 1,
4, 2 is therequiredlogical order.

1

2

r(1,a,1)

r(1,b,1)

P1

Figure 3. Sample concurrent execution, G2.

Now, look at a snippetof a concurrentexecutionG2,
in Fig. 3. One requirementis that r(1, a,1) precede
r(1, b,1) . It is alsorequiredthat w( a,1) andw( b,1)
exist. However, it doesnot seemto relate thesewrites.
We mightconcludethatthesearetheonly requirementsen-
forcedby this pair of readsto differentaddressesandwe
wouldbewrong!

The trick is in negation. Insteadof expressingthe re-
quirementsasenforced orderings,we could expressthem
as forbiddenorderings. For instance,in Fig. 2, we could
say that processor1 forbids the orderingwherew( a,2)
precedesw( a,1) . In the caseof binary orderings,the

6Henceforth,theinitial valueateachaddressis assumedto be0.
7This is a shorthandfor w( p, a,1) for somep 2 P . Sincewe are

dealingwith unambiguousrunsexclusively, thereis atmostonesuchwrite.
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differenceis super�uous. However, for Fig. 3, if we say
that, for any otherwrite to b, w( b, d) suchthatd 6= 1, we
cannothave w( b,1) precedew( b, d) whenboth precede
w( a,1) , we introducea new requirement.

It turns out that a formalizationof the above ideasto
form a setof impossibleorderingsover thewritesof a con-
currentexecutionhelpsus form a new problem,equivalent
to interleaved-sequentialitychecking. For a given concur-
rent execution,we de�ne a set of constraintswhich basi-
cally combinesall possiblekindsof forbiddenorderingsfor
theexecution.

Theorem Let Gc bea legal (unambiguous)concurrentex-
ecutionand CSc be its constraintset. Then, Gc is
interleaved-sequentialif andonly if CSc is satis�able.

Previouswork on interleaved-sequentialitycheckingei-
ther completelyignoredthe problemof �nding the subset
of the executionthat violatedtheproperty[23], or tried to
characterizeit in termsof cycles[13]. With theconstraint
sets,we cande�ne what it meansto have a minimal subset
of a non interleaved-sequential(i-s, for short) concurrent
executionsuchthat the minimal subsetstill is a violating
execution,but any executionsubsetof it is not.

1

2

3

4

5

6

7

8

9

10

11

12

w(1,b,1)

r(1,a,1)

w(1,c,1)

r(1,b,1)

r(1,a,4)

w(1,a,3)

r(1,c,1)

w(2,a,1)

w(2,a,2)

w(2,b,2)

w(2,c,2)

w(2,a,4)

Figure 4. Sample non­i­s concurrent execu­
tion G3 illustrating cycles and the minimal set.
The dashed lines are the result of ordering
w( a,1) before w( a,2) . The dotted lines are
the result of ordering w( a,4) before w( a,3) .

Let us examinethe concurrentexecutionG3 that is not

i-s, given in Fig. 48 Assumethat a logical order is be-
ing searchedfor this execution. Startingfrom the require-
mentof processor2, we seethat 8 (w(2, a,1) ) mustbe
orderedbefore9 (w(2, a,2) ) since(8,9) 2 Ec. This
orderingimplies that 2 (r(1, a,1) ) is orderedbefore9
(w(2, a,2) ). Since(1,2) 2 Ec and(9,10) 2 Ec, we
have to order1 before10 which implies theorderingof 4
before10 (hencethe dashedline from 4 to 10). Contin-
uing in this manner, we eventuallycometo a point where
we have to order5 before12, which would violatea prop-
erty of interleaved-sequentiality. A similar analysiscould
beperformedfor thedottedlineswhich is the resultof or-
dering12 before6 dueto theedge(5,6) 2 Ec.

Given the above example, it is not clear how, solely
basedon cycles,we canpick a minimal setof verticesthat
still is not i-s. Clearly, just picking, say, vertices4 and10
becausethereis a cycle betweenthe two will not be cor-
rect. Actually, this concurrentexecutionis minimally non
i-s, that is, any removal of a vertex from the graphwould
make theremainingsubseti-s. This is preciselywherewe
canusetheconstraintset.
De�nition: Let Gc be a non i-s concurrentexecutionand
CSc its constraintset.Thenaminimalconstraintset,subset
of CSc, is a setwhich itself is unsatis�ablebut any proper
subsetof it is not.

Note that therecanbe morethanoneminimal setfor a
given Gc. This de�nition allows us to de�ne minimality
with respectto theconstraintset.

For P; A; D all �nite, we prove in [11] that the sizeof
any minimal instruction set of any non-i-s unambiguous
concurrentexecutionis bounded. An implementationhas
a non i-s unambiguousconcurrentexecutionif andonly if
thereexists a run that doesnot visit any statemore than
4jAj2(jD j + 1)3 times,generatinga noni-s concurrentex-
ecution. This boundmakes it possibleto havea decision
procedurefor detectingnoni-s unambiguousconcurrentex-
ecutionsin a memorysystem.

Even though, this result might seemintuitively trivial
sincethereareonly �nitely many differentwrite eventsin
the (in�nite) setof unambiguousexecutionsfor �nite val-
uesof P, A andD, it wasnotpossibleto obtainit usingthe
previousmethodsbasedoncycleanalysis.Themostimpor-
tantaspectis thatwe have not resortedto makingassump-
tions about the concurrentexecutions,aboutcertainrela-
tionsbetweeninstructionsandresponses.Thereis alsoan
interestingopenproblem.Whenwe talk aboutconstraints,
we do not take into accountthe fact that the machinethat
generatestheexecutionis actually�nite-state. Due to this
�niteness, the executionscannotbe arbitrarybut follow a
certainregularpattern,which so far we have not beenable

8Wehaveaddedsomeedges- dottedanddashedlines- thatarenotpart
of theconcurrentexecutionfor illustrationpurposes.Theseedgesactually
would have beenaddedby thealgorithmgivenin [13] or [15].
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to characterize.Thatmightrenderthede�nition of acertain
equivalencerelation,having only a �nite numberof equiv-
alenceclasses,possible.

6. Conclusion

This paperattemptsto allay thenotion that the issueof
decidability of sequentialconsistency is a closedchapter.
It offersa transducerbasedde�nition of sequentialconsis-
tency thataddressesimplementationconstraints.In thisset-
ting, decidability is still an openproblem. However, by
adoptinga constraint-basedapproach,onecan, for unam-
biguousexecutions,obtaina decisionprocedure.Thepro-
cedurefor generatingtheseconstraintsitself forms an al-
ternative to analyzingcycles(e.g.,[23]), andmayform the
basisfor amoreef�cient SAT-basedexecutioncheckingap-
proachthanreportedin [24]. All thesewill form thesubject
of ourcontinuedresearch.
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