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Abstract

We view shaled memoriesas structueswhich de nere-
lationsoverthesetof programsandtheir executions Anim-
plementationis modeledy a transducemwhere therelation
it realizesis its language. This approach allows usto cast
sharedmemoryeri cation aslanguageinclusion.\We show
thata speci cationcanbeapproximatedoyanin nite hier-
archy of nite-state transduces, called the memorymodel
madines.Also,chedkingwhetheranexecutions geneated
by a sequentiallyconsistenmemoryis approacdedthrough
a constmint satisfactionformulation. It is proved that if
a memoryimplementatiorgene@atesa noninterleavedse-
guentialand unambiguousxecution,it necessarilygener
atesone sud executionof boundedsize Our papersum-
marizesthe key resultsfromthe r st author's dissertation,
and may help a practitioner undeistandwith clarity what
“sequentialconsistencgheding is undecidable’'means.

1. Intr oduction

Sharednemoryconsisteng models(“consisteng mod-
els”) are centrallyimportantin the designof high perfor
mancehardwarebasedon sharedmemorymultiprocessing
(e.g.,[1]) aswell ashigh performancesoftware basedon
sharedmemorymulti-threading(e.g.,[2]). To mitigatethe
complity of designingsharedmemory consisteng pro-
tocols, either post-facto veri cation (e.g., [3]) or correct
by constructiorsynthesige.g.,[4]) areemployed. Shared
memorymultiprocessomachinesare programmediccord-
ing to their consisteng models,which de ne the possible
outcomesf running concurrentprograms. The semantics
of sharedmemoryaredescribedy their consisteng mod-
els which specifythe setof valuesthatload s arepermit-
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ted to returnfor ary program. Typical programsconsist
of load s, store s, andotherspecialinstructionssuchas
barrier s,andfence s. In this paper we consideronly
load s (synorymouswith read s) and store s (synory-
mouswith write s), asis customaryin a study of basic
sharednemoryconsisteng issues.

For mostpracticalpurposesyweaksharedmemorymod-
elssuchasthe SparcTSO[5] or theltaniummemorymodel
[6] areof interest.However, mostprogrammersinderstand
sharedmemoryin termsof sequentiatonsistencySC)for
threereasons:(i) SC has,traditionally, beenthe memory
modelof choiceto supportin hardware;(ii) excellenttheo-
reticalunderstandingxistswith respecto SC;and(iii) pro-
grammersstrive to obtaina semanticghat matchesSC for
particularprogramsof interestby insertingthe leastnum-
berof fenceg[7, 8]. Thus,it is importantto have theoreti-
cal issuesaboutsequentiatonsisteng well understoody
programmersn simpleandintuitive terms,andin termsof
modelsthat they caneasilyrelateto. We believe thatthis
is not the casetoday: thereare resultswhich canbe mis-
understoodpracticalissuesthat have not beenconsidered
adequatelyandin addition, new resultsthat warrantdis-
seminationat anintuitive level. Theaim of this paperis to
offer sucha perspectie to practitionersaswell asto those
in formal methods.

As an example of what we mean, consider[9] in
which the authorshave shown that the problemof verify-
ing nite-state sharedmemoryconsisteng protocols[10]
againstthe sequentialconsisteng memory model is un-
decidable. Upon closer examination, [9] doesnot offer
a de nite verdict on the practical aspectof sharedmem-
ory consisteng protocol veri cation. What [9] shaws
is that if a sharedmemory systemis viewed in terms
of tracesof executedinstructions, then the problem of
shaving that thesetracesare containedin the language
of sequentialconsisteng (formally de ned in [9]) is un-
decidable. In [11], we shav that if we model a nite-
stateconsisteng protocolin termsof triples of the form



hprogram; execution; correspondencé, where we not
only keeptheexecutiongasin currentapproaches)ut also
(i) modeltheprogramgshatgave riseto the executionsand
(i) modela correspondenceelation betweenwhich pro-
graminstructionsappeamwherein the execution,thenthe
guestionof decidabilityremainsopen. We arguethat our
way of modelingmemorysystemsavoids all the problems
pertainingto realizability that a trace basedview invites.
Moreover, we believe thatour modelis muchmorefaithful
to reality in that a sharedmemorysystemis a transducer
from programso executionsandnotmerelyanautonomous
procesgshatspevs executednstructions.

As anotherexampleof alessknown result,we recently
shav [11] that for unambiguousexecutions (executions
whereeachaddress is notwritteninto with thesamevalue
morethanonce),the questionof verifying SCbecomesle-
cidable. Themannerin which thisresultwasobtaineds, in
itself, interesting We show thatgivenany unambiguougx-
ecution,onecangenerateonstraintghat captureorderings
thatmustbe disobegedfor the executionto be sequentially
consistent.We show that theseconstraintamply a bound
on the size of executionsto be searched.This resulthas
beenobtainedwithout makingarny assumptionsuchaslo-
cationmonotonicityor symmetrythataremadein [12, 13].
It is alsothe rst time that we believe that the notions of
decidabilityandambiguityhave beenrelated.

Views similarto oursexistin otherwork also:for exam-
ple,in [14], theauthorspoint out thatthe classof protocols
considereddy [9] possiblyincludeinstanceghatareirrel-
evant (unrealizable)n practice. They go on to provide a
characterizatiof decidablefamiliesof protocols,aswell
asdecisionprocedures.Others[15] have alsopointedout
suchdecidableprotocol classes However, thesedecidable
SC characterizationkave out importantclassef execu-
tionsthatour approactconsiders.

Roadmap. In Section2, we de ne the notion of a mem-
ory modelasa relation over programsand executionsand
a sharedmemory systemas a transducer We address
mary detailsthat are not addressedh relatedworks (e.g.,
[9, 14]) without which the connectiondetweerde nitions
andphysicallyrealizablesystemsareunclearithesenclude
notionssuchas(i) establishinga relationbetweermemory
requestsindresponsessingacoloringrelation, (i) theno-
tionsof immediateandtabular thatallow a nite-state pro-
tocol to interactwith a (potentially) out-of-ordermemory
systemandcollectresponsesorrespondindo requestsin
Section3, we describewhat happensf we certify a mem-
ory systemnto becorrectsolelybasedn executiongwithout
consideringprograms)In Sectiord, we describea nite ap-
proximationto sequentiallyconsistensharednemorysys-
tems.In Section5, we presenta constraintbasedapproach
to verify nite executionsandstatedecidabilityresultsap-
plicableto unambiguousexecutions. While we cannotdo

justiceto thelevel of detailit takesto explainthesenotions
adequatelywhich is what[11, 16] do), what we hopeto
achieve is an intuitive disseminatiorof our resultswhich
our formerpublicationsdo not do.

2. Formalization of Shared Memory

Any work on sharedmemaoryformalizationor veri ca-
tion hasto startwith an understandingf what a memory
entails. After all, sharedmemoryis but a type of memory
It is commonpracticeto immediatelystartwith a mathe-
maticalde nition. Here,we will startwith anintuitive ex-
planation,statingthe obvious, andbuild our formalization
ontop of that.

We will explaina memorysystemusingtwo orthogonal
andcomplementaryiews: staticand dynamic. Statically
amemorysystemis anarraywhosedimensionis known as
the addressspace What eachaddressan hold asdatum
formsthe dataspaceof the memory Dynamically amem-
ory systemis aninteractingcomponentvhich generatese-
sponseto eachinstructionit recevves. The instructionsit
recevesarebroadlyclassi ed asthosethatqueryandthose
thatupdate.The instructionsbelongingto the former class
areusuallycalledreadinstructionsithosein thelatterclass
arecalledwrite instructions.The stateof amemorysystem
canbeuniquelyde ned asthe combinationof the contents
of its addresspace(staticpart) andthe setof instructionst
is processingdynamicpart).

Whatdistinguishes sharednemoryfrom othertypesof
memoryis theernvironmentwith which the memorysystem
interacts. In a sharedmemory typically, thereare several
usersand eachinstructionis taggedwith the identi er of
the userissuingthe instruction. Hence,contraryto a sin-
gle usersystemnot only doesthe memorydifferentiatean
instructionaccordingto its classor the addres®n whichi it
operatesbut alsoaccordingo its issuer

A sharedmemorysystemhasmultiple usersandassuch
it forms a concurrentsystem. Remaving this concurreng
atthe memorysidegoesagainstheraisond'étreof shared
memorysystemsi.e. increasegerformancehroughparal-
lelism. Allowing arbitrarybehavior by the memorysystem
would make programmingnfeasible. Themiddlegroundis
to de ne asetof behaiors: eachinstructionsequencépro-
gram) is expectedo resultin oneof thepossiblyseveralal-
lowed responsesequencegexecution$. A shared memory
modelde nesthisrelation. Whena sharedmemorysystem
is claimedto conformto a certainsharedmemorymodel,
it is to be understoodhata programcanonly resultin an
executionde ned by this sharedmemorymodel. Formal
veri cation, then,is to prove this claim.

We keepreferringto two seeminglydifferentnotions: a
sharednmemorymodelanda sharedmemorysystem. This
is notarbitrary A sharednmemorymodelshouldbethede -



nition of arelation(whatit contains)andnotits description
(how it realizes). A sharedmemorysystem,on the other
hand, shouldbe the formal model of a design. It should
describehow it is to behare for eachprogramit receves.

In our framework, closelyfollowing intuition, a shared
memorymodelis a binary relationover programsandexe-
cutions,calledaspeci cation A speci cationis parameter
izedoverthesetof usersaddresspaceanddataspace The
instructionsor theresponsethatthememorymightreceve
or generat@andwhich responseanbe generatedor which
instructionformsa structurecalledinterfaceandis alsopart
of thespeci cation.

De nition 1 A memoryinterface F, is a tuple hl;O; i,
whee

1. 1 andO are two disjoint, nonemptysets,called input
(instruction)and output(responsealphabetsyespec-
tively. Theirunion,denotedby , is calledthealpha-
bet.

2. O | istheresponseelation.

De nition 2 Therw-interfaceis thememornyinterfaceRW
with (here N is the setof natural numbes):

1.IRW =fwg N3[ fr;g N?
2. ORW = fw,;rog N3

3. Forany ; 2 IRW = 2 ORW 'wehave( o; i) 2
RW iff eitherthe r stcomponenbf , isw,, the r st
componenof ; isw andthey agreeontheremaining
threecomponentsor the r st componenbf 4 isr g,
the r stcomponenbf ; isr; andthey agreeon the
secondandthird componentstormally,

RW =1 ((wo; p;a; d); (s psa; d)) j p;a;d 2 Ngf
f((ro;p;a;d); (ri;p;a) jp;a;d2 Ng

Also,for easeof notationthe following will be used:

1. Apartitionof ,fR;Wg, whee

R=frog N°[ frig N?

W= fw;wg N3
2. Threefunctions, ;; , wheeforany 2 RW
( ) isthevalueof 'ssecondcomponent, () that
of the third componentand ( ) that of the fourth
componentf it exists,unde ned(denotedby ? ) oth-
erwise

De nition 3 A memoryspeci cation,S, for a memoryin-
terfaceF isthetuplehF; i,whee  ((IF) (OF))
Perm , is theinput-outputrelation.

Here,Perm is the setof all permutationn (subsetof)
naturalnumbers. We later employ Perm  for the set of
all permutationsover f1:::kg. We shalllet S denote
dom( S) (arelationover(1S)  (0S)). of amem-
ory is expectedo de ne therelationbetweertheinputto a
memorya( nite) stringoverl whichmightbecalledapro-
gram or aninstruction stream andthe outputit generates
for thisinput,a ( nite) stringoverO which mightbecalled
an executionor a responsestream® For eachsuch pro-
gram/eecutionpair of thememory alsode nes,through
permutationthe mappingbetweeranindividualinstruction
of the programandits correspondingutputsymbolin the
execution?

For instance, consider an input-output relation for
RW which has the following element: ((((r ;,1,1)
(ri11) )(r o112 (ro114) ));(21). In
theprogramwe havetwo readsssuedby processol to ad-
dressl. The executiongenerateswo differentvaluesread
for addresdl; 2 and4. By examiningthe permutationwe
seethatthe rst instructions responseés placedat the sec-
ondpositionof theoutputstreamwherebywe concludehat
thereturnedvaluefor the rst readis 4. Similarly, the sec-
ondreads valueis 2. So, intuitively, if the permutations
i™ valueis j, thej™ symbolof the outputstreamis the
responsecorrespondingo the i™ instructionof the input
stream.

De nition 4 A memoryspeci cationS is calledproperif
1. S islengthpreserving

2. Foranyp 2 (1 %) ,therexistsq 2 (O°) sud that
(pig)2 S.

3. =(p;g)2 S implies; 6 S( ) Permj,and
forany 2 S( ), (j)= kimplies ° (g;p;).

If the rst condition holds, the memory speci cation is
length-peserving Then,alength-preservingnemoryspec-
i cation is onewhich matcheghelengthof its inputto its
output. Note that, without the third requirementjt is not
of muchuse.Example: SNP = hRW; NPi where =
((p:q);n) 2 NP impliesp 2 (17Y) ,q 2 (ORY) ,
ipi = jai, ®(qg:p) and () = j, forj 2 [ipjl,
n ( isthepermutatiorrepresentetdy n). The shared
memorySNP is length-preserving.If the secondcondi-
tion holds,a memoryspeci cationis complete(e.g.,SN P

1Although we are usingthe words program and execution we do not
claim thatthe input is requiredto be the unfolding of a programandthe
outputto beits associate@xecution. This mightor might notbethecase,
dependingon whereexactly the interface,userand memoryare de ned.
Onechoicemight putthecompileratthe userside,quite possiblyresulting
in aninput streamthatis differentfrom the actualorderingof instructions
in aprogramdueto performanceptimizations.

2By itself, de nesthetypeof responseelationsallowed.



is complete).Completenesis the requirementhata mem-
ory speci cationshouldnot be ableto rejectany program
aslong asit is syntacticallycorrectwith respecto the in-
terface. This property despiteits simplicity, is onewhich
hasbeenneglectedby all previouswork on sharednemory
formalization,to the bestof our knowledge([17] considers
someof theseissues). The third conditionis sayingthat
ary permutatiorusedasa mappingfrom theinstructionsof
theinput to the responsesf the outputshouldbe respect-
ing the responseelation of the interface. Thereare some
subtlepointsto note. First, it requiresthatthelengthof the
outputstream,jqj, to be at leastas much asthe length of
theinput streamjpj; it could be greater(a problemwhich

is taken careof by the requiremenbf length-preserving).

Secondeven for the sameinput/outputpair, therecanbe
morethanonepermutation.Sincewe aretrying to de ne a
correctspeci cationwithout any assumptionstheseseem-
ingly nottight enoughrequirementsirefavoredfor thesale
of generality SNP satis esthisthird property
Consisteng modelsareviewedassetsof triples

hprogram_string ; execution_str ing ; permutation i

where the permutation describesthe association be-
tween the individual instructionsin the program string
and the corresponding “ nished” (or executed) el-
ementsin the executionstring. For example, the triple
<Prog: write(pl,a,2); read(p2,a), Exec:
read(p2,a,0); write(pl,a,2), Perm: 21>

(where permutation 21 is an abbreiation for
f(1;2);(2;1)g — focussingonly on the range elements),
could be one elementin the set that de nes sequential
consisteng. Note that the standardnotion of “program
order” canbe extractedfrom the rst elementof thetriple
(the programstring) by projectingthe string to individual
processors.

The executionstrings,which representhe temporalor-
der, canbetransformedpossiblyinto a differentstructure,
suchasa poset,suchthat the predicateof the consisteng
modelis satis ed. For sequentiakonsisteng, however, a
posetstructureis not neededpnecantransformthe execu-
tion stringsto a serial logical order, which is a total order
asdescribeckarlier

Consistency protocols are viewed as nite-state ma-
chines over nite strings. The alphabet of these
machines consists of instructions paired with colors.
The colors sene as a “marker dye”. We color
an instruction (e.g., <write_i(p,a,d),blue> or
<read_i(p,a),green> ) when it entersthe system
(alsonotice our useof the i subscriptto denotethe is-
suingeventcorrespondingo theseinstructions).Whenthe
instructionemegesafterhaving beingexecutedwe cantell
by observingits color which programinstructiongave rise
to it (andalsowe mark the completionevent of thesein-

structionsby the _o subscript).
We statewell-formednessonditionsfor speci cations
andimplementationsSomeof theseconditionsare:

The speci cation and implementationeffect length-
preservingnapsfrom programso executions.

The implementationcannotaccumulatean arbitrary
numberof instructiongthatit hasingested.

The color setsare nite. This modelsthe factthatin

ary nite-state implementationof a consisteng pro-

tocol, the numberof outstandingun nished) memory
instructionss bounded.

The implementationmakes a “color association"be-
tweeninput symbolsandoutputsymbolsthatdoesnot
changeasmoreinstructionsareconsideredThis cap-
turesthatthe associations decidedby a deterministic
processcarriedout by a nite-state protocol (we call

this propertyimmediatg.

The color associationis de ned by pendinginstruc-
tionsalone.In otherwords," nished inputinstruction
/ outputresponse’pairshave no effectin decidingthe
natureof the color associatiorfor future instructions
(we call this propertytabular).

Thereis oneadditionalandimportantproblem:the map-
ping betweeninstructionsand their associatedesponses.
The usualsolutionis to imposecertainrestrictionson the
memorysystemsuchasin-ordercompletion.For instance,
if two readinstructionsof thesameaddres$y thesameuser
await responseghe rst suitablegeneratedesponsg¢same
addressainduser)belongsto the instructionthatwasissued

rst. We feelthatthisis anunnaturakestrictionandcannot
bereasonablynforcedon all memorysystems.

Hadwe beendealingwith in nite statemachinestheso-
lution would have beentrivial: mark eachinstructionwith
auniquenaturalnumberandtagits responsavith the same
number Thisis, in fact,employedin de ning speci cations
aswe sawv above. For nite-state systemsanin nite alpha-
betis not possible.

In the mostgeneralcase,a function hasto be supplied
to interpretpairs of stringsover colors: given ary pair of
stringsof equallength,this functionwould generatea per
mutation which would map instructionsto responses.A
colorsettogethemith sucha(conversion) functionis called
acoloringschemeiit is nothardto seethatthis mightresult
in syntacticallydifferent, semanticallyequivalent strings,
somethingwe aretrying to avoid. Fortunately we cando
better In orderto justify the useof a canonicalcoloring,
we alludeto nitary arguments.Whena userissuesanin-
struction,it musthave a certainmechanisnto tell which
responsé recevvesactuallycorrespondso thatinstruction,
especiallywhenboththe userandthe memorysystemop-
eratein a settingwhereout of order executionand pend-
ing instructions,instructionsthat have not yet recevved a



responsdrom the memorysystemareallowed. Let usas-
sumethati is an instructionthat the userissuedand the
response is thesymbolthatthe memorysystemgenerated
for i. Whenthe userrecevesr from the memorysystemijt
shouldbe ableto matchit with i without waiting for other
responsed-urthermorepncei andr arepairedby theuser
they shouldremainso;afuturesequencef instructionsand
responseshouldnot alter the oncecommittedmatchings.
Sincetheuseris a nite-state entity, it canretainonly a -
nite amountof informationaboutpastinput; mostlik ely, it
will only keeptrackof thependingnstructions.Thesedeas
arethebasisfor requiringimplementationso beimmediate
andtabular[11].

Onceanimplementatiorns assumedo beimmediateand
takular, andthis assumptioronly dependsnthe niteness
of the systemandthe userswe cando away with arbitrary
coloringsand work with a canonicalcoloring. We have
provedtheexistenceof anequivalentcanonicakoloringfor
an arbitrary coloring in [11]. This meansthat any shared
memorysystemcanbemodeledby atransducewhichuses
thecanonicakoloring.

3. Execution-basedFormalism

An alternatve, and widely adopted,way to formalize
memory systemsis to view them as machinesgenerating
responsedn this view, anexecutionof amemorysystemis
thecollectionof responseslsocalledeventsin this frame-
work, this memorysystemgeneratesA memorymodelis
describedn termsof a modelpredicateover executions.A
memorysystemsatis esa memorymodelif all the execu-
tionsthe systemgeneratesatis esthe modelpredicate.

As usual,amemorysystems parameterizedvertheset
of users,the setof addresseandthe setof differentdata
valueseachaddresscanhold, representethy P, A andD,
respectiely. We will take all thesesetsas nite. A read
eventisrepresentellyr (p;a; d) wherep 2 P istheproces-
sorthatissuedheinstruction,a 2 A is theaddressjueried
by thereadinstructionandd 2 D is thedatavaluereturned
by the memory Similarly, a write eventis representedyy
w(p;a;d) with p, a, andd having the samemeanings.
is the alphabetcontainingall readand write events. The
parameter®f a read (write) event are extractedusing the
functions , and . Thatis,fors = r(p;a;d), (s) = p,

(s) = aand (s) = d.

How anexecutionis representedesultsin differentfor-
malizations. Therehasbeenresearctthat usedpartial or-
ders[18], graphq19, 13] andtraceq9, 14, 20, 12]. We will
considetthelatterwhichhasalmostalwaysbeenusedn the
veri cation of sequentiatonsisteny.

In trace-theoreticatepresentationwe use a partially
commutatve monoid insteadof the free monoid . Let

1, 2 bestringsover |, lets;t besymbolsin andlet

= ist ,. Thenthestring its ; is 1-stepequialentto

if (s) & (t). Anequivalenceclassis thetransitive clo-
sureof 1-stepequialence.We cansaythattwo stringsnot
necessarilysyntacticallyequal but belongingto the same
equivalenceclasshave the samesemantiovalue.

A string = 1S, sy fors 2 is serial
(interleaved-sequential)f for ary i n suchthats; =
r(p;a;d) is a readevent, eitherthereexistsj < i with

(sj) = a, (sj) = d, andtheredoesnotexistj < k < i
suchthat (sx) = aand (sx) 6 d, ordistheinitial value
of a. For simplicity, we will assumehatthe initial value
for eachaddresss 0. Thisis the standardle nition for se-
guentialconsisteny; it requireghateachexecutionallow a
(logical) reorderingsuchthatary readof anaddresseturns
thevalueof the mostrecentwrite to the sameaddress.

In thisformalization,anexecutionis astringover . The
modelpredicatdor sequentiatonsisteng is asfollows: An
executionis sequentiallyconsistenif it isin theequivalence
classof a serial string. We say that a memory systemis
sequentiallyconsistentf all its executionsaresequentially
consistent.

Basedon this formalization,it hasbeenclaimedthat[9]
a sequentiallyconsistentnite-state memorysystemhasa
sequentiallyconsistentegularlanguage.Consequentlyin
[9], it is provedthatit is undecidabldo checkfor anarbi-
trary nite-state memorysystemwhetherit is sequentially
consistenir not. This resulthasbeencited in almostall
of the subsequenwork suchas[20, 12, 13, 15]. Beforear
guingtherelevanceof this result,however, it rst behowes
usto talk aboutan assumptiorthat hasnot beenexplicitly
stated.

3.1 Trace-basedrormalization and In-order Com-
pletion

We have said that the de nition of sequentialconsis-
teng, or ary memorymodelfor that matter requiredin-
formationon the sequentiabrderof instructionsssuedper
processaralsoknown asthe programorder On the other
hand,we have not really talked aboutprogramorderin the
contet of trace-basedormalization. The conciliation of
thesetwo seeminglycontradictingfactslies in a crucialas-
sumption:the memorysystemis expectedto completethe
requestst recevesin an orderwhich respectger proces-
sorissuingorder Thatis, if the memorysystemreceves
instructioni; at time t; from processom, instructioni,
at t, againfrom the sameprocessolandt; < t,, thenit
is assumedhati; completed beforei,. Thatis precisely
why the equivalenceclassesie ned above do respectpro-
gramorder;eventsbelongingto the sameprocessoarenot
allowedto commute henceat eachl-stepequivalencethe
programordersremainthe same.

3This notionmight alsobe called“commitment”.



It is highly questionablenvhetherthis assumptioncan
stayvalid, giventhe ever ambitiousoptimizationsdonefor
memorysystemsTherearealreadymemorysystemsvhich
procesgheir requestsut of issuingordet

Considerthe following scenario. Processolp issues
r(p;a)* andthenissuesr(p;b). If the secondreadcom-
pletesbeforethe rst one,whatwe obserein theexecution
will beof theform (r(p;b;d) »r(p;a;d® 3 forstrings ;
over . Any stringin the equivalenceclassof this string
will alwayshave r(p;b;d) beforer(p;a;d%, contradicting
theinitial programorder

One can say that an intermediatemachinethat would
corvertwhatthe memorysystemgenerateito a string for
which the assumptiorholds canbe constructed We could
thentake the combinationof the memorysystemand that
machineand work on the output of the intermediatema-
chinewithoutary problem.However, therearecaseswhere
a nite-state machinesimply cannotgeneratesuchan out-
put.

Considernow a slight variation of the above scenario.
Processomp issuesr(p;a) andthenissuesan unbounded
numberof r(p;b). Thatis, afterreadingaddress, it polls
the addresd for an unboundechumberof times. Assume
furtherthatthe readof a doesnot returna valueunlessall
thereadsof b complete.Thiswill meanthatthe nite-state
intermediatanachinemusthave the capabilityof storingan
unboundedimountof information,in this caseall theread
eventsof addres$. Thisis clearlyandtheoreticallyimpos-
sible.

This assumptiorof in-ordercompletionfound in trace-
basedformalization,therefore restrictsits useto a subset
of all possiblememorysystemsnot all of which are pure
theoreticakoncoctions.

Unfortunately it is impossiblenot only to formalizeall

nite-state memorysystemsusingtracetheory but alsoto
expressthe nitenessof a memorysystem.We will argue
this point next.

3.2 Finitenessand Trace-basedFormalization

It hasbeenarguedin [9] thatsincea memorysystemis
basicallya nite-state automatorwhoselanguages a sub-
setof , the memorysystemis nite-state if andonly if
its languagas regular. Furthermoreaswe have previously
mentionedthisimpliesthata nite-state memorysystemis
sequentiallyconsistentf andonly if its languagds regular
andsequentiallyconsistent.

However, we believe that this characterizatiomf nite-
nessis inadequate.Considerthe following set of execu-
tions,givenasaregularexpression:

w(l;a;2)r(1;a;1) r(2;a;2) w(2;a;1)

4Thisis therepresentationf theinstructionwhoseresponsés theread
eventr (p; a; d) for somed 2 D.

According to the de nition of sequentialconsisteny, the

memory systemgeneratingthis languageis sequentially
consistent.It is sequentiallyconsistenbecausery string

belongingto thisregularexpressiorhasa serialstringin its

equivalenceclass.For instancetheexecution

w(1;a;2)r(1;a;1)r(2; a; 2)w(2;a;1)
is equivalentto the serialstring
w(l;a;2)r(2;a;2)w(2;a;1)r(1;a;1)

LetusassumehatN is thecardinalityof the statespace
of the nite-state memory systemgeneratingthis regular
expression. Think of the executionwhere we have 2N
r(1;a;1) eventsand 2N r(2;a;2) events. By the execu-
tion string, we know thatthe rst eventis w(1;a;2). This
is to be followedby thereadeventr(1; a; 1). Notethat, by
theassumptiordiscussedn the previoussection,we know
that, without ary informationaboutthe relative issuingor-
dersamongreadinstructionsbelongingto differentproces-
sors,atleast2N instructionsmustbe issuedby the second
processobeforethewrite instructionwhichis thelastto be
committedis issuedby this sameprocessar

However, this cannotbe doneby a sequentiallyconsis-
tentand nite-state machine.Noting thatthe cardinality of
the statespaceof the machinewasN , therearetwo possi-
bilities:

1. The machinegenerateghe readevent r(1;a;1) be-
fore theissuingof theinstructioncorrespondingo the
eventw(2;a;1). If attheinstantthe machinegener
atesthisreadeventwe stopfeedingthe nite-state ma-
chinewith instructionsjt will eitherterminatewith an
executionthatdoesnothave a serialstringin its equiv-
alenceclassor it will hangwaiting for issuingof the
write instructionit guessed The former caseresults
in a non-sequentiallyconsistenexecution. The latter
casewherethe memorysystemsimply refusegto ter-
minatecomputatiorwill bediscussedbelow.

2. Themachinegenerateshe rst readeventaftertheis-
suingof theinstructioncorrespondingo thew(2; a; 1)
event. This meanghatthe machinehasnot generated
ary eventfor atleast2N steps. This in turn implies
that, sincethereareN statesthereexistsat leastone
state s, whichwasvisitedmorethanonce suchthaton
onepathfrom s to s, the machineinputsinstructions
but doesnot generateary events. Let us assumehat
thementionedgathfrom s to s wastakenk times.Con-
sidera differentcomputationwherethis pathis taken
2k times; eachtime this pathis takenin the original
computation,in the modi ed computationit is taken
twice. It is notdif cult to seethatthiswill changethe
program,the numberof instructionsissued,but will



leave the executionthe same;no outputis generated
onthepathfrom s to s. Hence we obtainanexecution

which doesnot matchits program;the programs size

becomedargerthanthe sizeof execution.Putin other

words,the nite-state memoryignorescertaininstruc-

tionsanddoesnotgenerateesponses.

Thebasicfallagy hereis theabstractiorof input, or the pro-

gram. In the rst case,wherethe memorysystemhangs
or doesnot terminate,the memorysystemcannotbe con-
sideredcorrectin ary reasonablsense A memorysystem
shouldalwaysgeneratean executionaslong asthe stream
of memoryaccessesyr instructions,are syntacticallycor-

rect. In the secondcase we have a memorysystemwhich

generatedts outputregardlesof whatit recevesasinput.

Thereshouldbeawell-de ned correspondendeetweerthe
instructionsa memorysystenrecevvesandthe responseg

generates.

Remembethattheinitial motivationfor sharedmemory
modelswasto capturesomesort of correctnesgor shared
memorysystemsThetwo ruleswe have mentionedabove,
thatthememorysystemdoesnot deadlockandthatthepro-
gramandits executionmustberelated shouldbeproperties
thatare satis ed by any memorysystem,not only sequen-
tially consistensystemsHowever, it is impossibleto char
acterizetheserequirementsvhenonly executionis present
in theformalization.

If thereadelis notcorvincedaboutthe necessityf these
rules, we could proposean alternatve argument. Going
backto the original de nition, we notethat a sequentially
consistentnemorysystemis requiredto behae asif it is a
single usersystem. A singleusermemorysystem,on the
otherhand,cannotexhibit any of the behaiors mentioned
above (deadlockor arbitraryexecution)andbedeemedor-
rect.

It is thereforenot correctto prove a propertyin trace-
basedormalizationandthenclaimthatpropertyto hold for
memory systemsin general. The reversedirection holds
aswell: certainpropertiesof memory systemscannotbe
expressedn trace-basedormalization. Finitenessis one
suchproperty We have beenso far unableto characterize
for thetrace-basetbrmalizationthesetof executionsvhich
canbegeneratedy nite-state memorysystems.

Anotherpropertythathasbeenprovedto hold for mem-
ory systemsn trace-basetbrmalizationis theundecidabil-
ity we mentionedabove. As a corollary of the argument
we have givenfor the niteness,the resultof undecidabil-
ity is not applicableto nite memorysystemsin general.
We claim that the decidability of cheding the sequential
consistencyf a nite-state memorysysternis still an open
problem.

4. Finite Approximationsto SequentialConsis-
tency

In this section,we will de ne for eachsharedmemory
instancea setof machinesvhoselanguage-uniowill cover
all possibleinterleavred-sequentigbrogram/eecutionpairs
of thatinstanceattheinitial state .

Input instruction
stream

Commit
Queues

|

|

Processor
Queues

memory

array
Output response
stream

Figure 1. The diagram of SCp ¢ (j; k)

Let P be a parameterizednstance(P; A; D), C be a
color setandlet j; k 2 N. For simplicity, we will assume
thatP = [jPj]°, A = [jAj], C = [jCj]. Then,themachine
SC(p.c)(j; k) is de ned asfollows:

TherearejPj processorfo queueseachof sizej such
thateachqueueis uniquelyidenti ed by anumberin P, jCj
commit fo queuesachof sizek, againeachwith aunique
identi er from C, andthememoryarray, mem, of sizejAj.
Initially, thequeuesreempty andthememoryarrayagrees
with , thatis, mem(i) = (i), foralli 2 dom(). At
eachstepof computationthe machinecanperformone of
the following operations:readan instruction, commit an
instructionor generate responseThe choiceis donenon-
deterministicallyamongthoseoperationsvhoseguardsare
satis ed.

Let = (p;c) bethe rst unreadnstruction.The guard
for readingsuchaninstructionis thatthe (p)"" processor
queueandthec™ commitqueuearenotfull. If this opera-
tionis choserby themachinethenonecopy of isinserted
totheendofthe (p)™ processogueueanotheiis inserted
to theendof thec” commitqueueanda logical link is es-
tablishedbetweerthetwo entries.

The guardfor committinganinstructionis the existence
of atleastonenonemptyprocessorfo queue.lf this guard
is satis ed and the commit operationis chosen,then the
headof one of the nonemptyprocessogueuess removed
from its queue. Let us denotethat entry by (g;c). If

SFor asetA, jAj givesthe cardinalityof A. For a naturalnumbern,
[n] givesthesetf0; 1;:::;n 1g.



g2 R, thentheresponsé(ro; (9); (qg); mem( (Q)));c)
replaceghe entrylinkedto (q; ¢) in thec™ commitqueue.
If g2 W, thentheresponsdé(w,; (q); (9); (a));c) re-
placegheentrylinkedto (q; ) in thec™ commitqueueand
the (q)™" entryof thememoryarrayis updatedo the new
value (q),i.e.,mem[ (@)= (q).

The guardfor outputtinga responsas the existenceof
at least one nonemptycommit queuewhich hasa com-
pletedresponsatits headposition.|If indeedtherearesuch
nonemptyqueuesandthe outputoperationis chosenthen
oneof thesecommitqueuesds selectedandomly its head
entryis outputby the machineandremovedfrom the com-
mit queue.

Let the language of an SCp.c(j; k) machine,
L(SCp.c (j; k)), be the set of pairs of input accepted
by the machine and output generatedin response
to that input. Let Lp.c denote the (in nite) union

ik 2nat L(SCpic (j; k). In [11], we prove thatary pro-
gram/eecutionpair is interleaved-sequentiabnly if it can
begeneratedy someSC machine.ThisimpliesthatLp .c
containsall andonly interleaved-sequentiaxecutionsthat
is, it is equivalentto the setof all sequentiallyconsistent
program/eecutionpairs.

Therelationrealizedby a nite SCp ¢ (j; k) is alsothe
languageof a 2-tapeautomatonsinceit is nite-state and
lengthpreserving(see[21]). The samecanbe said about
length-preservingharedmemoryimplementation®f a -
nite instance.Sincethe emptinesgproblemfor regularlan-
guagess decidablejt followsthatit is decidableto check
whethera nite instancamplementatiorrealizesa relation
thatis includedin thelanguageof someSC machine.Fur-
thermore,completenes®f an implementationof a nite
instanceis also decidable;it sufces to constructa new
automatorwith the samecomponentsvhosetransitionla-
belsare projectedto the rst (input) alphabetandthento
checkfor its universality Theseobsenationsallow usto
claim thatit is decidableto checkwhethera memorysys-
tem M is completeand hasa languagethat is subsetof
SCp cw (j; k), for somej; k 2 N. NotethatSC machines
allow a semi-decisiorprocedurdor sequentiatonsisteng
conformancef aprotocolto be obtainedthroughlanguage
containmen{sincewe do not know how to boundj andk
yet, adecisionprocedurds not obtained).

As a casestudyfor the above ideas,in [11], we prove

nite instance®f lazy caching[22] sequentiallyconsistent.
The methodwe usedis basedon (regular) languagéenclu-
sionand,thus,in principle,couldbefully automated.

5. A Constraint Satisfaction Approach

We saidthata concurrenixecutionis a combinationof
sequentiaéxecutionspneperprocessoandtheconcurrent
executionis interleaved-sequentiaf a certaininterleaving

of thesequentiabxecutionsappearssif executedoy a sin-
gle processar Let us call this the logical order of a con-
currentexecution.Thelogical order, then,is a ctitious or-

derthatconformsto all the requirementenforcedby each
processarBut what exactly do we meanby theserequire-
ments?

P1 P2 P3

r(1,a,1)
w(2,a,1) w(3,a,2)

r(1,a,2)

Figure 2. Sample concurrent execution, Gj.

Look attheconcurrenexecutionG; of Fig. 2.5 We have
four instructions. The requiremenbf processo® is thata
write of valuel to address exists. Besideghat,it imposes
noorderingwith respecto ary otherinstruction.Samewith
processoB. Processot, ontheotherhand requireghatthe
readof valuel precedehereadof value2 ataddress. This
hasanindirecteffect onthewrite ordering:w(a,1) ’ must
preceden(a,2) . Hence,alogical order in caseit exists,
mustsatisfyall theserequirementsFor thisinstance 3, 1,
4, 2 istherequiredlogical order

P1

r(l1,a,1)

r(1,b,1)

Figure 3. Sample concurrent execution, G,.

Now, look at a snippetof a concurrentexecution G,
in Fig. 3. Onerequirementis thatr(1, a,1) precede
r(1, bl) . Itisalsorequiredthatw(a,1) andw(b,1)
exist. However, it doesnot seemto relate thesewrites.
We might concludethatthesearetheonly requirement&n-
forced by this pair of readsto differentaddressesand we
would bewrong!

The trick is in negation. Insteadof expressingthe re-
guirementsas enforced orderings,we could expressthem
asforbiddenorderings. For instance,in Fig. 2, we could
say that processorl forbids the orderingwherew(a,2)
precedesw(a,1l) . In the caseof binary orderings,the

8Henceforththeinitial valueat eachaddresss assumedo beO0.
“This is a shorthandior w(p, a,1) for somep 2 P. Sincewe are
dealingwith unambiguousunsexclusiely, thereis atmostonesuchwrite.



differenceis super uous. However, for Fig. 3, if we say
that, for ary otherwrite to b, w(b, d) suchthatd 6 1, we
cannothave w(b,1) precedew(b, d) whenboth precede
w(a,1) ,weintroduceanew requirement.

It turns out that a formalization of the above ideasto
form a setof impossibleorderingsover thewrites of a con-
currentexecutionhelpsus form a new problem,equialent
to interleaved-sequentialitchecking. For a given concur
rent execution,we de ne a setof constraintswhich basi-
cally combinesall possiblekindsof forbiddenorderingsfor
theexecution.

Theorem Let G, bealegal (unambiguousgoncurrenex-
ecutionand CS. be its constraintset. Then, G is
interleaved-sequentiaf andonly if CS; is satis able.

Previous work on interleaved-sequentialitgheckingei-
ther completelyignoredthe problemof nding the subset
of the executionthat violatedthe property[23], or tried to
characterizét in termsof cycles[13]. With the constraint
sets,we cande ne whatit meango have a minimal subset
of a non interleaved-sequentia(i-s, for short) concurrent
executionsuchthat the minimal subsetstill is a violating
execution,but any executionsubsedf it is not.

w(1,b,1) @

@&\\ @ w(2,a,1)
witel) (3) X@ w(2,a,2)
DA OB
r(1,a,4) @ 4@) w(2,c,2)
6 @ w(2,a,4)

r(1,a,1)

r(1,b,1)

w(1,a,3)

r(1,c,1)

Figure 4. Sample non-i-s concurrent execu-
tion Gjillustrating cycles and the minimal set.
The dashed lines are the result of ordering
w(a,1) before w(a,2) . The dotted lines are
the result of ordering w(a,4) before w(a,3) .

Let us examinethe concurrentexecutionGj; thatis not

i-s, given in Fig. 4% Assumethat a logical order is be-
ing searchedor this execution. Startingfrom the require-
mentof processoR, we seethat8 (w(2, a,1) ) mustbe
orderedbefore9 (w(2, a,2) ) since(8,9) 2 E.. This
orderingimpliesthat2 (r(1, a,1) ) is orderedbefore9
(w(2, a,2) ). Since(1,2) 2 E.and(9,10) 2 E., we
have to order1 before10 which impliesthe orderingof 4
before10 (hencethe dashedine from 4 to 10). Contin-
uing in this manney we eventuallycometo a point where
we have to order5 beforel2, which would violate a prop-
erty of interleaved-sequentiality A similar analysiscould
be performedfor the dottedlines which is the resultof or-
dering12 before6 duetotheedge(5,6) 2 E..

Given the abore example, it is not clear how, solely

basedon cycles,we canpick a minimal setof verticesthat
still is noti-s. Clearly just picking, say vertices4 and10
becausedhereis a cycle betweenthe two will not be cor
rect. Actually, this concurrentexecutionis minimally non
i-s, thatis, any removal of a vertex from the graphwould
male the remainingsubseti-s. This is preciselywherewe
canusethe constraintset.
De nition: Let G; be a noni-s concurrentexecutionand
CS. its constraintset. Thenaminimal constrainset,subset
of CS¢, is a setwhich itself is unsatis ablebut arny proper
subsebf it is not.

Note that therecanbe morethanoneminimal setfor a
given G.. This de nition allows us to de ne minimality
with respecto the constraintset.

For P; A; D all nite, we provein [11] thatthe size of
ary minimal instruction set of any non-i-s unambiguous
concurrentexecutionis bounded. An implementatiorhas
a noni-s unambiguougoncurrentxecutionif andonly if
thereexists a run that doesnot visit any statemore than
4jAj%(jDj + 1)® times,generatinga noni-s concurrenex-
ecution. This boundmalesit possibleto havea decision
proceduefor detectingioni-s unambiguousoncurentex-
ecutionsgn a memorysystem.

Even though, this result might seemintuitively trivial
sincethereareonly nitely mary differentwrite eventsin
the (in nite) setof unambiguousexecutionsfor nite val-
uesof P, A andD, it wasnot possibleto obtainit usingthe
previousmethoddasedn cycle analysis.Themostimpor-
tantaspecis thatwe have notresortedo makingassump-
tions aboutthe concurrentexecutions,aboutcertainrela-
tions betweeninstructionsandresponsesThereis alsoan
interestingopenproblem. Whenwe talk aboutconstraints,
we do not take into accountthe fact that the machinethat
generateshe executionis actually nite-state. Due to this
niteness, the executionscannotbe arbitrary but follow a
certainregular pattern,which sofar we have not beenable

8We have addedsomeedges dottedanddashedines- thatarenotpart
of theconcurrenexecutionfor illustration purposesTheseedgesactually
would have beenaddedby thealgorithmgivenin [13] or [15].



to characterizeThatmightrenderthede nition of acertain
equivalencerelation,having only a nite numberof equi-
alenceclassespossible.

6. Conclusion

This paperattemptso allay the notion thatthe issueof
decidability of sequentiakconsisteng is a closedchapter
It offersatransducebasedde nition of sequentiatonsis-
teng thataddressesnplementatiorconstraintsin this set-
ting, decidability is still an openproblem. However, by
adoptinga constraint-basedpproachone can, for unam-
biguousexecutions obtaina decisionprocedure.The pro-
cedurefor generatingheseconstraintdtself forms an al-
ternatve to analyzingcycles(e.g.,[23]), andmayform the
basisfor amoreef cient SAT-basedxecutioncheckingap-
proachthanreportedn [24]. All thesewill form thesubject
of our continuedresearch.
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