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ABSTRACT

Most distributed parallel programs in the high performance
computing (HPC) arena are written using the MPI library.
There is growing interest in using model checking for de-
bugging these MPI programs. In this context, partial-order
reduction has considerable potential for containing state ex-
plosion, given that MPI programs mostly interact through
communication and synchronization commands. Unfortu-
nately, there has been only limited successes in this area. In
this paper, we first define the formal semantics for a non-
trivial subset of MPI. We then prove independence theorems
based on the formal semantics, giving us a semantically clear
and general partial-order reduction approach for MPI. In
particular, we can smoothly handle many constructs such
as wait and test, which have not been considered while for-
mally modeling MPI in past work, and hence were not char-
acterized in terms of the dependency between MPI process
actions that they induce. Another complication with MPI
is that the notion of dependence between actions depends
on knowing future actions yet to be explored during model
checking. We show that the use of Flanagan and Godefroid’s
dynamic partial-order reduction algorithm helps determine
dependency information with respect to future quite natu-
rally. This paper presents the formal semantics of a sub-
set of MPI and a dynamic partial-order reduction algorithm
created using this semantics. Our initial results are encour-

aging.
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1. INTRODUCTION

Virtually all supercomputers and computational cluster ma-
chines are programmed in MPI [12], where the embedding
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language (C, C++, FORTRAN, etc.) specifies the intrapro-
cess computations, and MPI function calls (over 130 in MPI

1 [12], and over 300 in MPI 2) provide a plethora of com-
munication and synchronization commands. In fact, MPI
is considered the de facto standard for distributed program-
ming in the high performance computing (HPC) arena. While
MPI programs avoid the pervasive global state that makes
shared memory thread programs highly error prone, they
are still extremely error-prone, as numerous studies show
(e.g., [5]). Model checking can find deep-seated errors in
MPI programs [15, 19]. However, containing state explosion
is extremely important, especially given the fact that the
intraprocess computations can interleave in an exponential
number of ways. Partial-order reduction is a very natural
approach to containing state explosion in this setting be-
cause MPI programs interact only when the MPI functions
— such as various forms of send, receive, or barrier synchro-
nization — are invoked. Unfortunately, the semantics of MPI
are far from obvious; in fact, apart from an early LOTOS
specification for a small subset of MPI [7], or the specifi-
cation of some MPI operations including send, receive, etc.
[20] using automata communicating through channels, there
exists neither a more direct (e.g., transition system based)
nor extensive formal characterization for MPI. The devel-
opment of partial-order reduction methods for MPI is ham-
pered by this lack of formalization. In this paper, we present
a partial-order reduction method for a non-trivial subset of
MPI, capitalizing on a high level formal semantic definition
of MPI that we provide (full version in [14]), and capitalizing
on dynamic information.

MPI communication commands include dozens of flavors of
sends and receives. The send command always has to spec-
ify the receiver, but the receive command may or may not
specify the sender. The former case is that of a non-wildcard
receive, and the latter case a wildcard receive. Wildcard re-
ceives can match any sender targeting the process in which
the receive occurs (barring tag-matching, a detail we sup-
press in this paper). In addition, one finds various forms
of wait and test commands that help await (blocking se-
mantics) or test (probe and return true/false without block-
ing) for the completion of asynchronous message transmit-
tal. There are also many collective operations such as bar-
riers and reduces.

Past work in the formal analysis of MPI includes work by
Siegel and Avrunin [20, 22, 21, 18, 19] and our group [2, 13,
15, 14]. To make the contrast between past work and what



we propose here clearer, consider the two main commands
supported by MPI, namely send and receive. In [20, 22],
Siegel and Avrunin study “ordinary” flavors of these com-
mands (known as MPI_Send and MPI_Recv). The MPI run-
time system is allowed (but not required) to provide buffer-
ing for an MPI_Send. With buffering, the sender can post
the message and asynchronously proceed; without buffer-
ing, a rendezvous-based message exchange happens. In [20,
22], Siegel and Avrunin show that one can analyze wildcard-
free MPI programs for the absence of deadlocks by merely
considering rendezvous-based executions, thus not inviting
state explosion by modeling various degrees of the asyn-
chronous sending.! In [18], the authors propose the follow-
ing extension to their earlier result: in an MPI program
with wildcards, if all senders that can potentially match a
wildcard receive are known, then the same rendezvous-style
communication can be forced. The knowledge about the
senders comes in two ways: (i) all these sends are found
as moves out of the current global state s being examined
during depth-first search based explicit state enumeration
model checking, or (ii) only some of the sends are found as
moves out of s; in this case it is assumed that the remaining
sends will never be found offered in all future computations
from s (thus, what is offered can be considered the ample
set [4]). The authors propose a so-called urgent algorithm
based on these ideas.

While shown effective on many case studies, the urgent algo-
rithm only provides a partial answer to how partial-order re-
duction algorithms may be designed for MPI. First of all, the
urgent algorithm was defined with respect to a formal model
of MPI communication (introduced in [20]) that models only
a few MPI functions. Many functions, especially the deter-
ministic flavors of MPI send and receive, namely MPI_Issend
and MPI_Irecv (frequently used during MPI program op-
timization) are not modeled. These commands behave in
a deterministic manner because the associated communi-
cation buffers are explicitly provided by the user. They
are termed non-blocking MPI calls, because after posting
the send/receive, the computation advances without block-
ing, relying on a subsequent wait/test to check for message
transmittal. Although a recent paper [19] considers non-
blocking MPI commands, no partial-order reduction method
is proposed for these non-blocking operations. In short, the
approach taken in the urgent algorithm cannot be used as
the basis of partial-order reduction for most MPI functions
because: (i) a general understanding of the MPI seman-
tics is required, and (ii) dependency on the future must be
handled in a general manner. In this paper, we propose
a partial-order reduction algorithm for MPI based on more
general design principles. More specifically, we formalize the
communication semantics of MPI, and then state and prove
the classical notion of independence [4] among MPI program
commands with respect to the formal semantics.

The behavior of wildcard receives (that future sends may
induce a dependency on wildcard receives) is emblematic of
a much more general issue with respect to MPI (and concur-
rent program analysis in general). It is well known that de-
pendencies between operations will be precisely known only

'We note that a very similar result was obtained in another
setting by Manohar [11] and captured as the Slack Elasticity
theorem.

at runtime. This is one of the main reasons why Flanagan
and Godefroid devised the dynamic partial-order reduction
(DPOR) method [6] for general concurrent software analy-
sis. While the specific examples that motivated Flanagan
and Godefroid pertained to unknown aliasing relationships
and array range overlaps, we observe that the same think-
ing can be applied to the statically unknown (but dynam-
ically known) dependency information in a communication
oriented language such as MPI. We already foresee the pos-
sibility of handling many more dynamic features of MPI —
such as MPI_Cancel — which allows a pending MPI operation
to be canceled.

In the context of DPOR itself, our algorithm has two pri-
mary differences: (i) our DPOR algorithm is tailored for
MPI operations in some natural ways, and (ii) there is no
place in our DPOR algorithm where we need to perform
full expansion of a state to deflect unsoundness. Regard-
ing point (i), the MPI standard requires that correct MPI
programs terminate at an MPI_Finalize call. Hence, the
acyclic state-space requirement of MPI is checked by default
in our algorithm, which keeps fingerprints of visited states
in a hash table. For point (ii) we discuss this in detail with
respect to the example shown in Figure 11 in Section 6.

Roadmap: Section 2 contains examples illustrating MPI
and our contributions. Section 3 presents a simplified goto
based modeling language for MPI, the semantics of transi-
tions in that language, along with a number of theorems re-
garding the independence of transitions under the intended
semantics of MPI. Section 4 gives the dynamic partial-order
reduction algorithm that we have developed for use with
MPI based programs, and provides a proof sketch that a
number of interesting properties are preserved. Section 5
takes aim at the 2D diffusion example of [21]. We adapt
this example to our MPI communication primitives, and are
able to demonstrate the advantages of DPOR. We discuss
preliminary results and integration into a practical analysis
framework. Section 6 compares some interesting facits of
our work with existing related work. Section 7 gives some
future directions and concludes.

2. MOTIVATING EXAMPLES

We provide a few examples of MPI programs, partly to give
the reader a basic understanding of MPI, partly for illustra-
tion later, and partly to denote issues which our approach
cannot yet handle. Most MPI programs employ the sin-
gle program multiple data (SPMD) style. The subset of
MPI operations we model®includes MPI_Issend, MPI_Irecv,
MPI_Wait, MPI_Test, and MPI_Barrier; we also allow wild-
card receive operations. We will omit the prefix “MPI_" in
the remainder of this paper.

The N processes in an MPI distributed computation can
be differentiated based on the unique process rank (integers
in [{0,..., N —1}) that the MPI runtime system assigns to
each MPI process. Messages are addressed by process rank
(“rank”) or through wildcards (denoted by *) that stand
for ANY_SOURCE. Consider the simple communication pat-
tern where all processes send a message to the root process

’In our approach, the more familiar operations such as
MPI_Isend are modeled in terms of these more primitive
operations.



1 if(rank !'= 0){
2 h = Issend O (addrof x)

3 Wait h

4 } else {

5 for(int i = 0; i < N; ++i){
6 h = Irecv i (addrof x)

7 Wait h

8 }

9}

Figure 1: Deadlock caused by a mismatched hand-
shake.

if (rank==0){
count = 1
while(count < N){
h = Irecv * (addrof x) // Receive rank of
Wait h // completed proc
count++
¥
assert(x == 3);
9 } else {
10 //do some work
11 if(done){

W ~NOOU s WN -

12 h = Issend 0 (addrof rank) // Send rank to proc 0
13 Wait h

14 }

15 }

Figure 2: An assertion violation caused by non-
deterministic message order.

(rank 0) implemented in Figure 1. Here, Issend 0 means
“send to 0” while Irecv i means “receive from i.” This
code will deadlock as it contains a mismatched communica-
tion: waiting (through the wait h command) for an Irecv
with source rank 0 to complete before executing the Irecv
operations for other ranks.

Figure 2 shows a second example where a process can re-
ceive from multiple potential sources in any order. Here the
developer expected the process with rank == 3 to always
finish last. However unless this is guaranteed using some
other synchronization mechanism, it will be possible to vi-
olate this assertion. This example underscores the impor-
tance of model checking based verification of MPI programs,
as opposed to random-testing which can miss such bugs.

A third example shown in Figure 3 contains an error specific
to MPI — although it is tempting to program in this man-
ner. MPI makes no guarantee about process fairness. In
this example, while the user may have intended for a com-
munication to eventually force the termination of the while
loop, it may in fact continue forever. Liveness checking is
future work for us, however, if this example creates a cycle
our algorithm will detect the cycle and report it as an error.

Again, considering Figure 1, which actions in this program
are independent? It turns out that the Issend operations
from line 2 are dependent only on the Wait corresponding
to the Irecv operations on line 7 when i in the Irecv on
line 6 is equal to the rank of the sending process! Similarly
the Wait on line 3 is dependent only on the Irecv of line 6
when i is equal to the rank of the sending process. All other
program actions are independent. All this information is a
simple and direct consequence of our formal semantics, as
we show later. Without a formal semantics, finding such

1 if(rank !'= 0){

2 h = Issend 0 (addrof x)
3 } else {

4 h = Irecv * (addrof x)
5 flag = Test h

6 while(!flag){

7 // do some work that
8 // does not involve x
9 flag = Test h

0o }

1}

Figure 3: The while loop may never terminate.

1 if (rank’3==0)1{

2 h = Irecv * (addrof x);

3 i = Irecv * (addrof y);

4 flag = Test h;

5 Wait 1i;

6 } else {

7  if ((rank+2)%3==0){

8 h = Issend (rank+2)%rank (addrof x);

9 ) else {

10 h = Issend (rank+1)Y%rank (addrof x);
11 }

12 Wait h;

13 }

Figure 4: The role of dynamic information in POR
for MPI.

dependencies becomes difficult.

Our next example (Figure 4) demonstrates the need to use
dynamic information in the computation of dependencies.
Let this program be instantiated for N = 6 processes. This
program causes ranks 1 and 2 to send a message to rank
3; ranks 4 and 5 also send to rank 0. The messages can
be received in either order-meaning that the value in x on
rank 0, after the Wait h; executes, could be either from rank
5 or rank 6. Moreover, since Test is used on line 4 it is
possible that one of the messages is not received by this part
of the program. Although dependencies exist, our dynamic
partial-order reduction algorithm naturally forms clusters of
independence e.g., as in [3]; however, unlike in their work,
the clusters will not be statically and a priori determined.

3. LANGUAGE EXECUTION AND COMMU-
NICATION SEMANTICS

In this section we define the execution semantics for a sim-
ple goto-based program modeling language for MPI called
MPIC (our much more detailed semantics of MPI appears
in [14] that is cross-referenced with the natural language
standard [12]). The grammar for this language is shown in
Figure 5. We have followed the C convention in modeling
Boolean operations using Integers. Non-zero values are true;
zero is false. For communication we have chosen a represen-
tative operation from each of the point-to-point operation
groups.

The communication operations were chosen for their ap-
plicability in deterministic optimization. A program that
implements message packaging and queuing would use Is-
send and Irecv to indicate to the MPI subsystem that ad-
ditional buffering is unnecessary—thereby increasing perfor-
mance. Wait and Test both complete communications. Wait



int

intvar

const

var

intexp arithop intexp
intexp logicop intexp
unaryop intexp

label

’if” intexp ’then’ label ’else’ label
intexp

" exp )

var '=’ exp

const 1=
|
|
|
|
|
|
| ‘goto’ labexp
|
|
|
|
|
|
|
|
|
|

var ::
intexp ::

labexp ::
exp ::
localinstr ::

‘assert’ intexp

int =" "issend’ intexp
int =’ ’irecv’ intexp
bool =’ "test’ intvar
'wait’ intvar
’barrier-init’
’barrier_wait’
localinstr ’;” instr
localinstr
comminstr ’;” instr
comminstr

label ’:” instr

(instr) ™

comminstr ::

instr ::

prog ::

Figure 5: The Grammar of MPIC.

Match ((sreq, dests, -, types, completed; ),
(srca, destg, —, types, completeds)) =
A dest; = desta
A completed; = false
A completeds = false
ANV srcy = srca
VA typer = recv
N srcy = *
V A types = recv
A 8Srca = *
AV Atyper = send
N types = recv
V A typer = recv
A types = send
Completed (-, _,-,_,¢c) =c¢

Type (- t,-) =t
Address (-,_,a,_,_) =a

Figure 6: Helper functions.

blocks until the communication completes, whereas Test is
always enabled and returns in a flag whether the commu-
nication has completed. Barrier is used to conservatively
represent all of the collective communication operations of
MPI-any of which may have a synchronizing effect (includ-
ing the actual Barrier function supported by MPI that is
always synchronizing).

Figure 6 provides four helper functions that are used in the
remainder of our presentation. Communications between
processes are determined using meta-data provided in the
request. When two requests can form a communication we
say they Match. The predicate Match evaluates to true when
two message requests, one sending and the other receiving,
can be combined to create a communication. The functions
Completed, Type, and Address, provide access to the corre-
sponding fields of the request tuple.

A state is a tuple (¢, p) where c is the collective context and
p is a function mapping process identifiers (pids in N) onto
the state of each process. Processes are individually mod-
eled by a local store [ and global store g. Each local store [;
of process i is a function from addresses in N onto values also
in N. The global store can only be accesses via MPI opera-
tions. Each global store g; is a function from pids to a set of
request tuples. A request is a five-tuple Nx NxNxB x B in-
dicating the source, destination, memory address to be read
or written, message type (being either send or receive), and
an indication whether the message has been completed. The
state of collective operations such as Barrier are recorded in
the collective context c. The collective context ¢ is mod-
eled using a tuple {vacant, in, out} x P({i:i € 0..N — 1}),
representing the state of the collective operation and the
processes that are currently participating. The parameter
N is constant in our system and represents the number of
processes participating in the distributed computation.

Each of the rules in Figures 7 and 8 manipulate the state
tuple. Operations with multiple rules model the disjoint na-
ture of the transition type. The Barrier operation is mod-
eled using six rules implementing two transition types: an
entrance and an exit. The reachable state space, viewed as
a unary predicate 3, is recursively defined by the execution
of these rules parameterized over the transition relation of a
given program and some fixed number of processes N. The
transition relation is defined using two functions. The proc
function returns the AST node for a given pc value. Se-
quential control flow is modeled by the next function. The
pc € N is held in the local store of each process.

Although suppressed for simplicity in this presentation, data
is transmitted between processes in the Wait (2) and Test
(2) rules.

Again consider the example of Figure 1. This program uses
Assignment, Goto, Issend, Irecv, and Wait. We assume the
existence of a suitable evaluator E for expressions in our
language and that control flow is simplified into conditional
goto statements. The rule for Assignment says that if there
is a state (¢, p) such that proc maps to an assignment for the
current pc of process 4, in the next state the system updates
the value of the pc with next(pc), and assigns the evaluated
value of expression e in the current state to the memory
location referenced by x. Goto is very similar except the
expression evaluated is assigned to the pc in the next state.
Issend and Irecv are again similar with the exception that x
contains a numeric handle to the request that is created by
the execution of this operation.

Before we elaborate on the semantics of Wait, we should
mention a bit about requests. The natural language MPI
standard [12] uses the term request extensively without giv-
ing a formal definition to it. Send and receive operations,
regardless of their type (we show only Issend and Irecv in
this paper), all produce or activate requests; Wait and Test
operations consume or deactivate and possibly deallocate re-
quests depending on the flavor of operation and request. In
our work we have defined a request to be a five-tuple that
contains the rank of the sender and receiver, the address
of memory to be read or written, the type of message be-
ing requested (either send or receive), and whether or not



Assignment:

3(e,p) A p(i) = (L,g) A proc(l(pc)) = (assign x e)
(¢, pli = (l[pe — next(pe), E(addrofz), p(i)] — Ele, p(i)]], 9)])

Goto:

E(e,p) A p(i) = (I,9) A proc(l(pc)) = (gotoe)
Y(e,pli = (l[pc — Ele, p(i)]], 9)])

Assert:
Y(e,p) A p(i) = (l,g9) N proc(l(pc)) = (assert e) A Ele,p(i)] = true
E(e,pli = (I[pe — next(l(pc))], 9)])

Barrier_init (1):
Y((vacant,0),p) A p(i) = (,g) A proc(l(pc)) = (barrier_init)
E((in, {i}), pli — (U[pc — next(U(pc))], 9)])

Barrier_init (2):
Y((in,s),p) A p(i) =(,g9) N i ¢ s A proc(l(pc)) = (barrier_init)
E((in, s U{i}), pli — (U[pe — next(l(pc))], 9)])

Barrier_wait (1):
2((in,s),p) A p(i)=(,g) AN s={i:i€0..(N-1)} A
s £ {i} A proc(l(pc)) = (barrier wait)
E((out, s\ i), pli — (I[pc — next(l(pc))], 9)])

Barrier_wait (2):
2((in, s),p) A pi)=(,g) AN s={i:i€0..(N-1)} A
s={i} A proc(l(pc)) = (barrier wait)
> ((vacant, ®), p[i — (I[pc — next(l(pc))], 9)])

Barrier_wait (3):

Y((out, s),p) A p(i) = (l,9) A proc(l(pc)) = (barrier wait) AN i €s A s\i#0
E((out, s\ ), pli = (I[pc — next(l(pc))l, 9)])

Barrier_wait (4):

Y((out, s),p) A p(i) = (I,9) A proc(i(pc)) = (barrier wait) AN i€s A s\i=10
> ((vacant, D), p[i — (I[pc — next(l(pc))], 9)])

Issend:
Y(e,p) A p(i) = (l,g9) N proc(l(pc)) = (issend x dest addr)
E(e, pli = (U[pe — neat(l(pc)), E[(addrof x),p(i)] — (|Dom(g)| + 1)],
gl(|Dom(g)| + 1) — (i, E[dest, p(i)], E[addr, p(i)], send, false)])])
Irecv:

Y(e,p) Ap(i) = (l,9) A proc(l(pe)) = (irecv z src addr)

(e, pli = (U[pc — next(l(pc)), E[(addrof x),p(i)] — (|[Dom(g)| + 1)],
gl(|Dom(g)| + 1) — (E[src, p(i)], i, Eladdr, p(3)], recv, false)])])

Figure 7: Semantic definitions of Assignment, Assert, Goto, Barrier_init, Barrier_wait, Issend, and Irecv.



Wait (1):

S(e,p) A p(i) = (l,g9) A proc(l(pc)) = (wait e) A
V (Ele,p(i)] € Dom(g) A Completed(g(E[e,p(7)]))))

U[pc — next(l(pc)), El(addrof e), p(i)] — 0], g)])

™
=12
hSH
INE=)

Wait (2):

Y(e,p) A p(i) = (li,g:) N proc(li(pc)) = (wait e) A
Ele, p(i)] € Dom(gi) A p(j) = (I;,9;) N Match(g;(k), gi(E[e, p(:)])) A
m < k = ~Match(g;(m), gi(Ele, p(i)]))
Y(e, pli = (li[pe — next(li(pc)), E[(addrof e), p(i)] = 0],
gi[Ele, p(i)] — gi(Ele, p(i)])[false/true]]),
J (i, gilk — g;(k)[false/true]])])

Test (1):

(e, p) A p(i) :( g) N proc(l(pe)) = (test e1 e2) A
(Eler,p(i)] =0 V (Ele1,p(i)] € Dom(g) A Completed(g(Eler, pi]))))

(e, i — (llpe — neat(l(pe)), El(addrofer), p(3)] — 0, Bl(addrofez), p(3)] — truel, g)])
Test (2):
S(e,p) A p(i) = (li, gi) A proc(li(pc)) = (test ex e2) A Ele1,p(i)] € Dom(gi) A
—~Completed(gi(Ele1,pi])) Ap(j) = (1, 9;) A Match(g;(k), gi(Eles, pi]))
m < k = =Match(g;(m), gi(Ele, p(i)]))
3(c, pli — (lLi[pc — next(l(pc)), Ele1, pi] — 0, Elea, pi] — true],
gilEler, pi] = gi(Eler, pi])[false/truel]), j — (I, 9;[k — g;(k)[false/true]])])

)
A

Test (3):
X(e,p) A p(i) = (i, gi) N proc(li(pe)) = (test e1 e2) A
Ele1,p(i)] € Dom(gi) A —Completed(gi(Elex,p(i)])) A
p(j) = (lj,95) N ~Match(g;(k), gi(Eles, p(i)]))

E(e, pli = (U[pe — next(I(pc)), Elez, p(i)] — falsel, g)])

Figure 8: Semantic definitions of Wait and Test.



this particular request has been completed. Moreover, we
ignore deallocation and deactivation and focus only on the
producer/consumer relationship that exists between Issend,
Irecv, Wait, and Test in this restricted context. A model
that admits more of these operations (such as Ssend-init
and Start) would have to take into account the additional
complexity (cf. our TLA+ model of MPI [14]).

A process completes the communication initiated by an Is-
send or Irecv by executing a Wait or Test. The Wait opera-
tion is paired with an Issend or Irecv on a particular process
via a request handle returned by the Issend or Irecv. The
execution semantics are similar to Assignment as it requires
that some process ¢ be positioned to execute a Wait opera-
tion in the current state. The additional restriction for Wait
(1) is that either the request handle passed to the Wait eval-
uates to 0 (E[e,p(i)] = 0), a special value outside Dom(g)
used to represent REQUEST _NULL, or if the handle is valid
then the request has been completed by the Wait or Test of
another process. In this case the pc of the process is up-
dated to next(pc) and the handle is set to 0. The additional
restriction for Wait (2) is that the request handle evaluate
to a value in Dom/(g;) and there must be some other request
on process j that will Match the request g(E[e,p(¢)]). The
final clause, in connection with the deterministic structure
of a single process, enforces the program order matching re-
quirement for requests imposed by MPI. In this case the pc
and handle are updated as before. In addition, the global
store is modified to reflect that the communication has com-
pleted. The data is also moved from sender to receiver in
this step although tacit in our presentation.

3.1 Assumptions and Properties of Interest

Some well-formedness assumptions are made of MPI pro-
grams that are handled by our DPOR algorithm. It is as-
sumed that a process does not access the buffer passed to
an Issend or Irecv until after the Wait or Test returns and
if Test is used, the flag returned by Test is true. More
formally, for any process ¢, if a is an address such that
Jr : (Address(gi(r)) = a) A ~Completed(g:(r)) then it as-
sumed that no other action of process ¢ will read or write
li(a). This assumption is necessary for correctness accord-
ing to the MPI standard [12]. An example that violates this
assumption is: h = irecv 3 (addrof h). A second assump-
tion is that programs cannot explicitly reference the program
counter of any process, i.e., statements of the form pc = exp
and v = irecv 2 (addrof pc) are a violation of this assump-
tion. It possible to check these assumptions, with modest or
no over-approximations, using existing static analysis meth-

ods.

Only certain properties are preserved by our reduction al-
gorithm. In particular, under this execution semantics, the
reduction algorithm proposed here preserves (i) deadlocks,
(i) cycles®, and (iii) local assertions, more formally, asser-
tions on Dom(l;) for each process i that are invariant under
stuttering.

3.2 Independence

3The MPI standard requires all processes to eventually call
Finalize, after which there can be no more communication
via the MPI library. Therefore, all cycles are considered
errors.

We can now discuss the independence properties of the tran-
sition semantics presented in Figures 7 and 8. For com-
pleteness we restate the definition of independence from [8].
For any state ¢ € X, the set of transitions enabled in o,
enabled(c) is defined as enabled(c) = {t; |ti(c) € X}. A
transition t; of process ¢ and a transition t; of process j
where i # j are independent (i.e., I(t;,t;)) if

Vo € ¥ : t;,t; € enabled(o) =
(t; € enabled(t;(a)) A ti(t;(c)) =1t;(ti(0)))

We say that two transitions ¢; and ¢; are dependent if =1 (¢, ;).

With the transition semantics defined we are able to state
and prove a number of theorems regarding the independence
of the different transition types. For brevity we will only
provide proof sketches, keeping the details for Appendix A.

THEOREM 1. If t; is an Assignment, Goto, Assert, or
Barrier transition for a given process © and t; is any transi-
tion of process j where i # j then I(t;,t;).

To prove this theorem for Assignment, Goto, and Assert it is
sufficient to note that disjoint memory spaces are read and
written. For each of the Barrier transitions, the key observa-
tion is that the execution of other processes cannot disable
the enabled transition into or out of a Barrier. In both cases
independence is with respect to observable behavior.

Corresponding theorems for Issend, Irecv, Wait, and Test
require some additional proof machinery. Figure 9 gives
the definition for the Complete predicate and pseudo-code
for the Index operation. The Complete predicate returns
true for two transitions when they could be used to cause
a communication between two processes. In the pseudo-
code, post(t) is the state generated by executing transition ¢,
proc(t) is the process that executed ¢. The Index operation
takes a transition t as an argument and returns the handle
of the request referenced by t.

THEOREM 2. If t; is an Issend, Irecv, Wait, or Test of
process i and t;j is any transition of another process j where
i # j and —~Complete(t;,t;) then I(t:,t;).

Intuitively, Complete indicates when two transitions could
result in a communication under the right execution inter-
leaving order. This theorem says that transitions that can-
not result in a communication are independent with respect
to the observable behavior. This is the case again because
the transitions involved read from and write to disjoint mem-
ory spaces.

The consequence of the above two theorems is that all of the
program’s non-communication actions are independent and
many of the communication actions are also independent.
Moreover, we have given a simple predicate (i.e., Complete)
that can be evaluated during model checking to determine
whether two MPI communication operations are in fact de-
pendent. Using this predicate, the questions from Section 2



Index(t) =
IF t is a Wait or Test
THEN
return the evaluated handle argument
ELSE
IF t is an Issend or Irecv
return the value written into the handle address
ELSE
return the null request value

Complete(a, () =
Let (c1, p1) = post(a) in

Let (l1, g1) = pi(proc(a)) in
Let (c2, p2) = post(f) in
Let (l2, g2) = pa(proc(B)) in
Let i = Index(a) in

Let j = Index(f) in
IF =(i = null)A—=(j = null)
THEN

Match(g1(2), g2(5))
ELSE
false

Figure 9: The Complete operation.

pertaining to the independence of actions in Example 1 can
be answered.

4. DYNAMIC PARTIAL-ORDER REDUCTION

FOR MPI

As discussed in Section 2, traditional partial-order reduc-
tion techniques have prohibitive limitations in the setting of
MPI for the following reasons: (i) Addressing is most likely
computed at run time as a function of the pid or rank of
a process. (ii) In the presence of wildcard receive opera-
tions it becomes difficult to know if all possible Issends will
be interleaved without fully expanding the state. (iii) The
dependencies are only between operations that Complete,
therefore, one needs to compute the trajectory of the han-
dle returned by the Issend or Irecv.

The algorithm we propose and have implemented appears
in Figure 10. The algorithm adds pids of processes with en-
abled transitions to the interleave set arbitrarily in the for-
ward direction (e is the choose operator). A state at top(s)
on line 24 is popped from the search stack s when that state
has no enabled transitions or when there are no more transi-
tions to try from nextinterleaved. The nextinterleaved
function iterates through the enabled transitions for each
process in interleave(q), returning each in turn. When a
state ¢ is about to be popped from s, the transition executed
to generate ¢, namely tran(q), is compared to transitions in
the search stack using the Complete predicate. The state v
is the state before the closest dependent transition. In v we
schedule the process proc(q) that executed to generate g.

The correctness of this algorithm depends upon the types
of properties we are trying to preserve by the reduction. As
stated in Section 3.1, we are interested in verifying local as-
sertions, the absence of deadlocks, and the absence of cycles.

THEOREM 3. If a local assertion is violated, a deadlock
exists, or a cycle exists in the full state space, then it will be
ezplored by the algorithm of Figure 10.

’

q, g : state

s : stack

h : state set

1 q := initial state

2  interleave(q) := {e p: I t, € enabled(q)}

3 push(s, q)

4 ho:={q}

5

6 while size(s) > 0

7 q := top(s)

8 if |interleave(q)| > O

9 t, := nextinterleaved(q)

10 q" :=tp(q) (* Local assertions are checked here. %)
11 if ¢ ¢ h

12 h :=h U {¢}

13 interleave(q’) := {e p: I t, € enabled(q)}
14 push(s, ¢')

15 else (x Cycles are detected here. *)

16 if 3 i € Dom(s) : slil = q

17 report an error and exit

18 end if

19 end if

20 else

21 if 3 i € Dom(s): Complete(tran(s[il), tran(q))
22 v := pre(s[max(i € Dom(s):

23 Complete(tran(s[i]), tran(g)))]1)

24 interleave(v) := interleave(v) U {proc(tran(q))}
25 end if

26 pop(s)

27 end if
28 end while

Figure 10: Dynamic partial-order reduction based
depth first search.

PROOF. (Sketch) The proof proceeds in two parts. The
first part shows that the transitions explored by the algo-
rithm form persistent sets at each state-thereby preserving
local assertions and deadlocks. We note that if no transi-
tions are executed from a given state by the algorithm, then
there must be no enabled transitions at that state. This
empty set is therefore persistent trivially. If the enabled set
is non-empty then any transition that is enabled and not
independent of the transition selected but not executed in
a given state will eventually be executed by the algorithm.
This means that the stack will be searched when that transi-
tion is backed off of and the process executing the transition
will be scheduled before the dependent transition.

The second part of the proof shows that a cycle may be de-
layed but will not be ignored. Since all cycles are considered
errors when the cycle is eventually closed it is reported at
line 18. [

Appendix A provides a complete description of our proof.*

S. EXPERIMENTS USING DPOR FOR MPI
IN MPIC

To demonstrate the effectiveness of the specialization of partial-

order reduction for MPI primitives, consider the two dimen-
sional diffusion simulation described in [21]. Here the au-
thors model the MPI primitives using Promela and attempt
to model check for a 4 x 4 grid (16 processes). They re-
port that the model checker runs out of memory. It is not

4The appendix may be removed and cited seperately in the
final version of this paper as space constraints require.



if (rank == 0){

h = Irecv * (addrof x);
} else {

h = Issend 0 (addrof x);
}
Wait h;

DO WN -

Figure 11: A non-deterministic receive operation.

clear whether the authors attempt to use the partial-order
reduction implemented in SPIN.

To handle this program we made a few modifications. First
we changed the pseudo-code shown in their paper into C. We
then transformed the program so that all of the Send and
Recv operations were the corresponding Issend and Irecv
operations followed by a Wait. Optimization came next-we
moved the MPI operations such that setting up buffers for
communication could overlap the sending and receiving of
buffers. °

From the program text we extract a model automatically
using the Microsoft Phoenix compiler [16]. We then auto-
matically simplified the model by inlining and slicing such
that only the communication skeleton is preserved. We are
then able to verify this example generating only 7 x 10°
states in about one minute on an ordinary laptop computer
(2 GHz, 1GB memory). We could not handle this example
without partial-order reduction. Additional experiments to
collect statistics are in progress. The next section discusses
one more example which elucidates the inner workings of
our algorithm even more.

6. DISCUSSIONS AND ADDITIONAL RE-
LATED WORK

Our algorithm is similar in many respects to the algorithm
proposed in [6], with one notable difference. In the Gode-
froid and Flanagan work, when a process p is added to the
backtrack set backtrack(v) for some state v, the algorithm
checks to insure that p is enabled. If p is disabled, a check is
performed to find some transition ¢ € enabled(v) such that
p becomes enabled in t(v). If no such ¢ can be found v is
fully expanded. Our algorithm does not require this check
as a result of the semantics of MPI. In particular, only Wait
and the Barrier operations can become disabled. We have
already shown that Barrier transitions are independent of
transitions of other processes.

For Wait, consider the execution sequence in Figure 11,
instantiated for three processes. If the communication
execution order is Irecv; Issendi; Waitissend,; ISsends;
Waitirecv; then the problem is that the Irecv operation may
not form a communication with the Issend of process 2
because Waitissena,; Will force a match and disable the ability
of Waitirecy to form a communication non-deterministically
under our execution semantics. However after executing the
algorithm, the following interleaved sets would be produced
(shown between transitions):

5This program code can be downloaded from our web-site at

www.cs.utah.edu/formal_verification/verification_environment.

{0, 1, 2} In this state we force the Issends to happen
first in the subsequent exploration sequence

Irecv

{1, 0} The Waitirecy is disabled

Issend;

{1, 0} The Waitirecy has no other choice and the
Issends does not complete the Issend;
operation so process 2 is not scheduled

waitlssendl

{2, 0} The Waitirecy is still forced to match Issend;

Issends

{0}

waitlrecv

Since the Issends is eventually forced to happen first—
meaning above the receive, then it remains to show that
some interleaving will either have Waitissena, Or Waitrirecy
before Waitissend, We know this is the case because
Waitirecv and Waitissena, are guaranteed to happen in
both orders whenever they appear along any path because
Complete(Waitirecy, Waitissend; )-

6.1 Other Related Work

This paper has focused on the presentation of a partial-order
reduction algorithm that is enabled by the communication
semantics of MPI. Other models of MPI exist including [20]
where the authors build a model of MPI from first princi-
ples. They then propose an urgent scheduling for MPI oper-
ations included in their model that preserve a halting prop-
erties. They have implemented many of the MPI primitives—
including a number of non-blocking operations in the SPIN
[19] model checker. The approaches are difficult to compare
because they work for different subsets of MPI. It is also not
clear how or whether partial-order reduction is being used
in their current implementation.

Other previous work in formalizing MPI such as [7, 14, 20,
13, 2] do not implement the semantics proposed directly in
a model checker. Rather these models serve to augment the
program model in a library format.

There are several model checkers that have partial-order re-
duction such as SPIN [10], Zing [1], Verisoft [9], Bogor [17]
and perhaps others. In each of these, the reduction is not
tailored to MPI.

Partial-order reduction has been studied extensively—a sur-
vey of which is beyond the scope of this paper. This work is
most closely related to the dynamic partial-order reduction
algorithm of Godefroid and Flanagan [6]. The two primary
differences being (i) our algorithm is tailored for MPI oper-
ations, and (ii) there is no place in our algorithm where full
expansion is used to deflect unsoundness.

7. FUTURE DIRECTIONS

One problem that faces software model checking is getting a
reasonable model to verify from some piece of source code.
We have mentioned in Section 5 that we have a framework
that helps in this regard although details are not included
in this paper. Static analysis to help reduce the size of the
models checked is an important area of future work.

There is immense potential for additional research in this
area. There are many more MPI operations that require



a formal semantic characterization, to show independence.
We conjecture that these proofs are mechanizable. Once the
independence theorems are known they can be used in model
checking to eliminate unnecessary redundant exploration by
the model checker.

More significantly, the approach of formalizing communica-
tion libraries and building formal semantics based partial-
order reduction algorithms may emerge to be a viable ap-
proach in analyzing other library based parallel and dis-
tributed programs.
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APPENDIX
A. PROOFS

A.1 Proof of independence theorems
For each of the proofs to follow we assume the requirements
of Section 3.1 hold.

LEMMA 1. Ift; is an Assignment, Goto, or Assert tran-
sition for a given process i and t; is any transition of process
J where i # j, then I(t;,t;).

PrOOF. To show the enabledness condition, suppose t; is
an Assignment, Goto, or Assert transition of process ¢ that is
enabled at s. Now suppose that ¢; is disabled in ¢;(c). Then
the action of process j changed the local store [; of process
i (as the enabling condition for ¢; is only dependent on ;).
Since none of the semantic rules allows such a modification
we have a contradiction. Now suppose that t; is disabled
in t;(c). We can see that t; is only able to write the local
store of process i. Therefore it is not possible to disable any
action of process j, including ;.

Now to show the commutativity property, again suppose
that ¢; is a transition, as before, of process i enabled at o
and t; is a transition of process j where t;,t; € enabled(o).
Since we have t; € enabled(t;j(c)) A Xtj(o) and t; €
enabled(t;(c)) A Xti(o) clearly there some o1 = t;(t;(0))
and o2 = t;(ti(0)). We conclude o1 = o2 as the modified
stores are disjoint. []

LEMMA 2. Ift; is a Barrier transition for a given process
i and t; is any transition of process j where i # j then
I(ts,t5).

PRrooF. To show the enabledness condition, suppose t; is
a Barrier transition of process 4, ¢; is a transition of another
process, and t;,t; € enabled(o) for some o € X. Now sup-
pose for contradiction that executing t; causes t; to become
disabled. The enabledness conditions of ¢; is only depen-
dent upon actions of process i and the state of the collective
context. The collective context changes only in response
to all processes entering or exiting the barrier. Therefore
we can conclude that ¢; was disabled by an action of pro-
cess i, a contradiction. Now suppose that t; is disabled in
t;(o) Since ¢; only modifies the collective context of o and
the I;(pc) of process i then t; must be a Barrier operation.
If ¢; is a Barrier_init that is enabled in ¢ and disabled in
ti(o) then ¢; must have added j to the collective context—a
contradiction. If ¢; is a Barrier_wait that is enabled in o
and disabled in t;(o) then ¢; must have removed j from the
collective context—a contradiction.

Now to show the commutativity condition, suppose t; and
t; are Barrier transitions of processes ¢ and j respectively
(all other transitions commute trivially). Further suppose
ti,t; € enabled(c) for some state 0. We can conclude that
t; and t; are both the same type of Barrier transition (either
init or wait). In this case we note that the set s is unordered
and the change in the collective context state would be the
same after executing in either order. Therefore ¢;(¢;(0)) =

tj(ti(O'))A |:|

One interesting consequence of Lemma 2 is that it is un-
necessary to examine more than one execution interleaving
order of processes entering and exiting barrier operations.
This can greatly reduce the cost of analysis when barriers
are heavily used to force lock-step execution.

DEFINITION 1. Transitions t1 is said to complete ta if
Complete(t1,t2) evaluates to true.

LEMMA 3. If t; is an Issend, Irecv of process i and t; is

any transition of another process j where i # j and —Complete(t;,t;)

then I(ts,t;).

PrOOF. To show enabledness, suppose t; is an Issend or
Irecv of process 7 and t; is any transition of process j where
ti, t; € enabled(o) for some o € 3. Suppose to the contrary
that t; ¢ enabled(t;(c)). Then t; must have written ;(pc).
We have assumed that this is not possible. Now suppose
that t; ¢ enabled(ti(c)). Since ¢; only writes the local and
global stores of process i, it is not possible to disable any
transition of another process and in particular ¢;.

To show commutativity, since ~Complete(t;,t;), regardless
of the transition type of ¢;, under the well-formedness as-
sumptions, t; and t; write and read disjoint memory loca-
tions. Therefore t;(t;(0)) = t;(ti(0)). O

LEMMA 4. Ift; is a Wait of process i and t; is any transi-
tion of another process and —Complete(t;,t;) then I(t;,t;).

PrOOF. To show enabledness, suppose t; is a Wait of pro-
cess ¢ and t; is any transition of process j where ¢;,t; €
enabled(c) for some o € X. Suppose to the contrary that
t; ¢ enabled(t;(c)). Then t; must have modified some of
the enabling conditions of the Wait. We know that ¢; could
only have written to the local or global store of process
if it were completing the message between processes j and
¢ (implying t; is a Wait or Test transition). However, we
have assumed —Complete(¢;,t;), meaning that if t; were a
Wait or Test, the corresponding request would not Match
the request of t; and therefore would reference disjoint mem-
ory space under our well-formedness assumptions. Since no
other transition could change the enabling condition of ¢; we
have t; € enabled(t;j(c)). Now suppose t; ¢ enabled(ti(0)).
Then t; must have written [;(pc) or t; was a Wait on a re-
quest of process i. Under our well-formedness assumptions,
process ¢ could not write to [;(pc). Similarly ¢; only accesses
the memory area referenced by t; if Complete(t;,t;), which
we have assumed not to be the case.

To show commutitivity, suppose t; is a Wait of process 4, and
t; is any transition of another process and t;,t; € enabled(o)
for some o € X. Since we have ~Complete(t;,;), we know
that ¢; does not post or complete another request that could
cause communication between process i and process j. t; €
enabled(c) means we must consider two cases: (i) When
the communication has already happened, and (ii) when the
communication has not yet happened but the corresponding
request necessary to complete this communication has been
posted.



For case (i), the Wait operation updates only the local and
global stores of process ¢. Under our assumptions any other
operation would manipulate disjoint memory space. For
case (ii), the Wait operation non-deterministically chooses
between posted requests that Match the one being waited on
that are not Completed in the current state. Upon choosing
a request on process k to form a communication the Wait
marks the local and remote requests, transfers data from
sender to receiver, and writes the local store of process i. If
t; is any transition except for a Wait or Test on the request
of process k commutitivity is trivial. Otherwise we have as-
sumed —Complete(t;,t;) so t; could not be a Wait or Test
on the request of process k. [

LEMMA 5. Ift; is a Test of process ¢ and t; is any transi-
tion of another process j where i # j and —Complete(t;,t;)
then I(ti,t;).

PrOOF. To show enabledness, it need only be the case
that other processes are not allowed to write I;(pc) (which we
have assumed to be the case). Now suppose t; ¢ ¢;(c). Then
t; must have written l;(pc) or ¢; was a Wait on a request of
process i. Neither case is possible under our semantics and
assumptions.

To show commutitivity, the proof is essentially the same
as that for Wait with a third case: (iii) When the com-
munication has not yet happened and the corresponding
request necessary to complete this communication has not
been posted. Since we have =Complete(¢;,t;), we know that
t; does not post or complete another request that could
cause communication between process ¢ and process j. There-
fore the Test operation will write only the local store I; of
process i. Thus making commutitivity with all other tran-
sition types trivial. [

The final theorem of this section combines all of the lemmas
as a convienence for the proofs in the next section.

THEOREM 4. For all transitions t1, t2, and states o € 33,
t1,t2 € enabled(o) and =Complete(t,t2) = I(t1,t2).

ProOOF. We conclude this theorem from Lemmas 1, 2,
3, 4, 5, the definition of Complete and I. [

A.2 Proof of correctness of the reduction al-

gorithm.
We begin with two definitions from [8].

DEFINITION 2. The set of transitions T enabled in state q
is persistent in state q if and only if all nonempty sequences
of transitions

th—1 ty,

t t
4= — @ — " 1

from q in Ag and including only transitions t; ¢ T,1 <i <
n, tn s independent in qn with all transitions in T'.

DEFINITION 3. A set Ts of transitions is a conditional
stubborn set in state s if Ts contains at least one enabled

transition, and if for all transitions t € T, the following con-

ty_
dition holds: for all sequences ¢ = q1 JIQQJZ(];’, cee— qlni

Gn+1, of transitions such that t and t, are dependent in qn,
at least one of the t1,--- ,ty, is also in Ts.

The proof will show that for all states visited by the algo-
rithm that if the set of enabled transitions is non-empty,
then the set of transitions explored by the algorithm at that
state is a conditional stubborn set[23].

LEMMA 6. When backing off of a state created by a com-
munication operation of process p, p is added to the inter-
leave set of the pre-state of the nearest dependent transition
in the search stack.

PROOF. When Complete evaluates to true we do not
know whether the two transitions compared are Indepen-
dent. Lines 21-25 of Figure 10 clearly show the algorithm
performing a search through s for the nearest transition such
that Complete evaluates to true. When such a state v is
found, p is added to interleave(v), thus making all enabled
transitions of p at v available through nextinterleaved(v).
By executing p at v, the algorithm will again search through
s to find the nearest transition such that Complete evaluates
to true. This will continue until no such transition is found.
We have thereby over-approximated the dependence rela-
tion, guaranteeing that p will not be scheduled in states in s
only when we can show that the two transitions are in fact
Independent.

O

THEOREM 5. At line 26 the set of transitions T explored
by the algorithm of Figure 10 is persistent in top(s).

PROOF. Let top(s) be denoted g. Also, let the set of
transitions executed from ¢ be denoted T'.

There are two cases: T'= 0, and T' # 0. If T = () then
enabled(q) = (0 on lines 2 or 14. When T = enabled(q) the
set is trivially persistent in q.

It is shown in [8] that a conditional stubborn set [23] in some
state ¢ is persistent in q. We will show that when T # (),
at line 27, T is a conditional stubborn set and therefore
persistent in q.

Let w be the least sequence such that s.w € Ag, for all 1 <
i < n, the transitions ¢; € w are not in 7', and last(w) = t,
is dependent with some transition ¢ € T'. All transitions t;
for 1 < i < n are independent with the transitions of pro-
cesses in interleave(q) therefore they are moves of different
processes. Now consider two cases: proc(tn) = proc(t) and
proc(tn) # proc(t). Since all transitions in w are of pro-
cesses different from proc(t) then some transition in w must
have written lp,oc()(pc) (a contradiction) or ¢ = t,,. For the
other case, proc(t,) # proc(t). Since Complete(tn,t) we can



conclude that both ¢, and t are an Issend, Irecv, Wait, or
Test operation. Ift, is an Issend, Irecv, or Test, ¢,, will even-
tually be executed through some maximal execution of the
algorithm from o as they cannot be disabled. Therefore by
Lemma 6 we have that proc(tn) € interleave(q) and ¢, € T,
a contradiction. If ¢, is a Wait, t, could become disabled
by the execution of ¢ where Complete(t,t,). We conclude ¢
is a Wait or Test transition associated with an Issend—the
execution of which precludes the Wait or Test associated
with the matching Irecv from choosing non-deterministically
between available requests. However, the algorithm will
schedule the process with the enabled Wait or Test (let this
transition be t') on the Irecv at ¢ because it completes the
Wait or Test for the Issend-thus trying the completing op-
erations in either order. Now ¢, € enabled(t'(g)) which
is explored by the algorithm and cannot become disabled.
Therefore ¢, will eventually be explored. By Lemma 6,
when post(ty) is about to be popped from the search stack,
Complete(t',t,) will evaluate to true, causing proc(t,) to be
added to interleave(q) and t, to be executed. Therefore
we have t, € T. [

The MPI standard requires that all processes eventually call
MPI_Finalize. A cycle in the full state space will prohibit
processes from reaching MPI_Finalize and therefore is an
error. The algorithm shown in Figure 10 checks for cycles
while performing the model checking. It is therefore desir-
able to show that the algorithm actually detects the presence
of cycles.

THEOREM 6. The algorithm of Figure 10 discovers a cy-
cle in the reduced state space if and only if there is a cycle
n Aq.

PRrROOF. In the = direction, the proof is trivial since all
transitions explored by the algorithm are in Ag. For the
< direction, suppose there exists some cycle in A that is
not explored by the algorithm. Let w represent the least
sequence in Ag that contains the unexplored cycle be as
follows:

to t1 tn

W=4qo —q1—q2 " — (Qn
where there exists some 0 < ¢ < n such that ¢; = ¢, for
some ¢; € w. Now let j be the maximal transition index
such that the algorithm explores the prefix of w, t1 - - - t; (the
algorithm explores at least the initial state go). Theorem 5
shows that in g; the set of transitions that are explored by
the algorithm are a persistent set in ¢;. The next transition
t;+1 may not be explored by the algorithm at g; because ¢;41
is enabled but independent of all other transitions explored
from g;. Therefore we have that t;;1 remains enabled in
the next state and conclude that the algorithm eventually
explores t;11. Let ¢’ be the state generated by the algorithm
upon executing t;41. Now there are two cases: either (i) ¢’
closes the cycle, detected by lines 17-19 of the algorithm,
or (ii) there are more transitions in w. This process can
iterate until the final transition in w. At this point every
transition in w has been explored by the algorithm and the
final state is a revisit in the search stack as all of the state
transitions necessary to create the cycle have been taken by
the algorithm. [



