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Abstract. For about ten years now, Bo Kagstrom’s Group in Umea,
Sweden, Jerzy Wasniewski’s Team at Danish Technical University in
Lyngby, Denmark, and I at IBM Research in Yorktown Heights have
been applying recursion and New Data Structures (NDS) to increase the
performance of Dense Linear Algebra (DLA) factorization algorithms.
Later, John Gunnels, and later still, Jim Sexton, both now at IBM Re-
search also began working in this area. For about three years now almost
all computer manufacturers have dramatically changed their computer
architectures which they call Multi-Core, (MC). It turns out that these
new designs give poor performance for the traditional designs of DLA
libraries such as LAPACK and ScalLAPACK. Recent results of Jack Don-
garra’s group at the Innovative Computing Laboratory in Knoxville, Ten-
nessee have shown how to obtain high performance for DLA factorization
algorithms on the Cell architecture, an example of an MC processor, but
only when they used NDS. In this talk we will give some reasons why
this is so.

1 Introduction

Multi-core/Many Core (MC) can be considered a revolution in Computing. In
many of my papers I have talked about the fundamental triangle of Algorithms,
Architectures and Compilers [7] or the Algorithms and Architecture approach [1,
12,11]. MC is revolution in Architectures. The fundamental triangle concept says
that all three areas are inter-related. This means Compilers and Algorithms must
change and probably in a radical way. The LAPACK and ScaLAPACK projects
under the direction of Jim Demmel and Jack Dongarra started an enhancement
of LAPACK and ScaLAPACK projects in late 2004. Then in 2006, Jack Don-
garra started another project, called PLASMA, which was directed at the effect
MC would have on LAPACK. His initial findings were that traditional BLAS
based LAPACK will need substantial changes. So, what appeared at first to
be enhancements of these libraries now appears to be directed at more basic
structural changes.

For about 10 years now the work of Bo Kagstrom’s Group in Umea, Sweden,
Jerzy Wasniewski’s Team at Danish Technical University in Lyngby, Denmark,



and I at IBM Research in Yorktown Heights have been applying recursion and
New Data Structures (NDS) to increase the performance of Dense Linear Algebra
(DLA) factorization algorithms. More recently, John Gunnels and Jim Sexton
of IBM research have also become somewhat involved. It turns out that the
results of our researches are also relevant to MC processors. A useful result of
our research was the introduction of new data structures, (NDS) [9,12,10,2, 3,
15,14].

The essence of MC is many cores on a single chip. The Cell BBE (broad band
engine) is an example. Cell is a heterogeneous chip consisting of a single tradi-
tional PPE (power PC processor) and 8 SPE’s (Synergistic Processing Element)
and a novel memory system interconnect. Each SPE core can be thought of as a
processor and a ”cache memory”. Because of this, ”cache blocking” is still very
important. Cache blocking was first invented by my Group at IBM in 1985 [16]
and the Cedar project at the University of Illinois.

The advent of the Cray 2 was a reason for the introduction of level 3 BLAS [6]
followed by the introduction of the LAPACK [4] library in the early 1990’s. Now,
according to some preliminary results of the PLASMA project, this level 3 BLAS
approach is no longer adequate to produce high performance LAPACK codes for
MC. Nonetheless, it can be argued that the broad idea of ” cache blocking” is still
mandatory as data in the form of matrix elements must be fed to the SPE’s so
they can be processed. And, equally important, is the arrangement in memory
of the matrices that are being processed. So, this is what we will call ”cache
blocking” here.

My invited lecture at PPAMO07 addressed ”cache blocking” as it relates to
dense linear algebra factorization algorithms (DLAFA). It repeated some of my
early work on this subject and it sketched a proof that DLAFA could be viewed
as just doing matrix multiply by adopting the linear transformation approach
of applying equivalence transformations to a set of matrix equations Ax = b to
produce an equivalent (simpler) form of these equations Cx = d. Examples of C'
are LU = PA, for Gaussian elimination, LLT = A, for Cholesky Factorization,
and QR = A, for Householder’s factorization. I adopted this view to show a
general way to produce a whole collection of DLAFA as opposed to the commonly
accepted way of describing the same collection as set of distinct algorithms [8].
A second reason was to indicate that for each linear transformation I performed
I was invoking the definition of matrix multiplication. Here is the gist of the
proof as it applies to LU = PA.

1. Perform n = [N/NB]| rank NB linear transformations on A to get U.

2. Each of these n composed NB linear transformations is matrix multiply by
definition.

3. By the principle of equivalence we have Az = b if and only if Uz = L~!Pb.

Matrix multiplication clearly involves ”cache blocking”. Around the mid 1990’s
I noticed, see page 739 of [9], that the API for Level 3 BLAS GEMM could hurt
performance. In fact, this API is also the API for 2-D arrays in Fortran and
C. LAPACK and ScalLAPACK also use this API for full arrays. On the other
hand, high performance implementations of GEMM do not use this API as doing



so would lead to sub-optimal performance. In fact, some amount of data copy
is usually done by most high performance GEMM implementations. Now, level 3
BLAS are called multiple times by DLAFA. This means that multiple data copy
will usually occur in DLAFA that are use standard level 3 BLAS. The full NDS
are storage formats that are good for GEMM. This was another main message of
my invited talk at PPAMO7.

DLAFA algorithms can be expressed in terms of scalar elements a; ; which
are one by one block matrices. Alternatively, they can be expressed in terms of
partitioned submatrices, A( : I +NB —1,J : J : NB — 1) of order NB. See [§]
for a definition of colon notation. The algorithms are almost identical. However,
the later description automatically incorporates ” cache blocking” into a DLAFA.
Take the scalar statement c; ; = ¢; ; — a; by, ; representing matrix multiply as
a fused multiply-add. The corresponding statement for partitioned submatrices
becomes a kernel routine for level 3 BLAS GEMM. However, it is imperative to
store the order NB SB’s as contiguous blocks of matrix data, as this is what
level 3 BLAS GEMM does internally. We remark that this is not possible with
the standard Fortran and C API. This was another main message of my talk
at PPAMO7 which emphasized the importance of storing the submatrices of
DLAFA as contiguous blocks of storage. An essence of NDS for full matrices is
to store their submatrices as contiguous blocks of storage.

The simple format of full NDS has each rectangular block (RB) or square
block (SB) as being in standard column major (CM) or standard row major
(RM) format, see [12,11] for more details. These formats are the same as block
data layout (BDL). BDL is described in [17] and this papers shows that BDL is
the format that leads to minimal L1, L2, TLB misses for matrix operations that
treat rows and columns equally. This result is true because the cache mapping
of a SB is the identity mapping for most cache designs.

The last part of my invited lecture spoke about the recent results of the
PLASMA project as it related to the Linpack benchmark LU = PA when run-
ning on the Cell processor. According to Dongarra’s Team it was crucial that
NDS be used as the matrix format. Using the standard API did not yield good
performance results.

I close this extended abstract of my invited lecture by mentioning recent
results obtained by considering the IBM new Blue Gene/L computers [5]. The
simple format of full NDS needs to be re-arranged internally to take into account
”cache blocking” for the L0 cache. The LO cache is a new term defined in [14]
and it refers to the register file of the FPU that is attached to the L1 cache. Full
details are given in [14].
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